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Problem 1
a)

flx,y) =x192 — 2291 + 211
fy,z) =y122 —yo w1 + 3171
=—T1Y2 +T2Y1 +T1 Y1
# —f(z,y) = [ is not alternating

b)

g is clearly a tensor since each component of x and y are mapped linearly.

9(x,y) =w1Yy3 — T30
9(y, ) = y1 73 — Y3 11
= —(v1y3 — 2391)
= —g(z,y) = g is alternating

21g = Ag

2g=Ale'®e* — e @el)
=elned —ednel
=2et NéP

- g:el/\e3

c)

h is clearly not a tensor, as the maps of x and y are not linear, and so h is not an alternating tensor.
Problem 2

a)

F=5e0e®e®—3e @ ®e? G=c'®e’—etxe
AF =53 ne® Ae2 —3et Ae? A e? AG=e'Ne® —et A e
AF =53 ne® A e?



b)

AF (2,y,2) =5e> Ae® N e?(x,y,2)

3 Ys Zz3
=5| o5 Y5 25
T2 Y2 22

AF(z,y,2) =523 (ys 22 — Y2 25) + Y3 (12 25 — x5 22) + 23 (5 Y2 — 22 Y5)]

AG(z,y) = (e' Ae® —et Ae)(z,y)
T W
Ts Ys
=T1Ys —T5Y1 — TalYs + T5Ya
AG(z,y) = (ya —y1) x5 + (21 — 4) Y5

Ty Y4
s Ys

(AF AN AG) (v,w,m,y,2) = (5e3 Aed Ae?) A (er Ae® — et Aed)(v,w, 2y, 2)
=5(3 NN net Ned —e AN N2 Aet Aed)(v,w, 1,7, 2)

(AF N AG)(v,w,x,y,2) =0

Problem 3

AG(vy,...,vE) = Z(sgna) G (Vvi,...,Vg)

=G(vi,..., VL) ngna (G symmetric i.e. G = G)
=G(vy,...,Vg) Z sgn(eo o) (since o — e o 0 € Sy, isomorphism)
=G(vi,...,Vg) Z(— sgno) (since e inversion)

= ngna:—ngna

= AG(v1,...,vk) =0
Let us show that the converse is not true. Consider G(z,y,2) = x1y1 + 21. We then have

AG(z,y,2) =Y (seno) G (,y, 2)

g
= G(%QJ)"'G(Q,ZJU) +G(z,x,y) —G(x,z,y) —G(y,x,z) _G(zvyax)
=iy tzatyizsi i+ +Y1—T121— Y1 — Y101 — 21— 21y — 21
=0.

Therefore AG = 0. G, however, is not symmetric, since G(z, z,y) = 121 + y1 # 191 + 21 = G(z,y, 2),
and so the converse does not hold.

Problem 4
i)

det(Lnxn) f(Vi, ooy vin) = (1) nf) Vi, oo, Vi)
(1n><nv17 ey 1n><nvn)
(v

17...7Vn)

=f
=/
=1

= det(1lnxn)



ii)

Define A(ay,...,a,) = ( ay ... Gy ) to be the n x n matrix made up of columns ay,...,a,, and
Ai(b) = A(ar,...,ai—1,b,ai41,...,a,) to be the n x n matrix made up of columns ay, ..., a,, replacing
a; with b. If we show that ii) is satisfied when only considering a set of unit vectors e; with (e;); = 67,
then any set of vectors can be written as a linear combination of these vectors, and so by the multilinearity
of f ii) will be satisfied for any set of n vectors.

Af(ab+Bo)f(er,...,en) = f(AT(ab+ Bc)er,..., Al (ab+ Bc)ey,)
= f(a1,...,aqi—1,ab+ Be,aip1,...,an)
=af(ar, ..., aq;—1,0,0i41, .- an) + B flar, ..., aqi—1,¢ Gix1,-.-,ap)
af(Ai(b)ey,..., Al (b)e,) + B f(Al(c)er,...,Al(c)ey)
=aAi(b)f(e1,...,en) +BAI(c)f(e1,...,en)
=(aA;(b)+ B A (c))f(e1,...,en) + BAI(c)f(e1,...,e,)
= det(A;(ab+ Bc)) = adet(A;(b)) + Sdet(4;(c))

iii)
Define A(aq,...,ay) as before, and A; ;(b) = A(a1,...,ai—1,b,ai41,...,a;-1,b,a;41,...,a,) to be the
n X n matrix made up of columns ay,...,ay, replacing both a; and a; with b. As before, we only need

to satisty iii) for a set of unit vectors.

A j(b) f(er,...,en) = f(Aij(b)er,..., A j(b)ey,)
= flar,...,0i—1,b,Gi41, -, Gj-1,b, G541, ..., Cp)
=—f(ai,...,ai—1,b,ai41,...,a5-1,b,a;41,...,a)
=0
= det(4;,;(b)) =0

Problem 5
a)

We must first show that A°(V) is an algebra by showing that the operation satisfies left and right
distributivity and compatability with scalars.

<Z(fi + ¢>i)> A Z(gj +7) | = Z Z (fi +¢i) A(gs +5)

i j k \itj=k

> (fin (g +v) + i A g +5))

i+j=k

[
=[]

Z (fing; + fiNvj+ i Ngj + di Av;)

[
=[]

itj=k
=30 fing |+ D finy
ko \iti=k ko \itji=k
X D ding |+ D s
k \it+j=k k \it+i=k

= left and right distributivity



K2

<ZCf¢>A zj:gj :zk: N cfing

i i+j=k

> | DD fing
k

i+j=Fk

Z Z fiNegi
k

i+j=Fk

K2

()

= compatability with scalars

Thus A*(V) is an algebra. We can show the algebra is unital by considering the operation between an
element fy + ...+ f; and a proposed identity eg + ... + ep,.

j k \itji=k
=foNeo+ (foNer+ fine)) + ...+ (ficr Aem + fihem—1)+ fiNenm
=fo+th+...+fieathi
= ej=¢eg (5? i.e. eg is the only non-vanishing e;
We thus require that f; Aeg = f; foralli =0,...,1L.

1
fineo(Vi, ..., Vigo) = ol A(fi®eo) (v, ..., Vi)

= Y s o) (i@ ) (Vi Vi)

= 5 S sEmo)(fi @ o) (Vorny - Voro)
= %Z(Sgna)fi(vou)v — 5 Vo(i)) €0

= S (sgn)ff (v, Vi)

e
= 7? Afl'<V1, . ,Vi)
=eo fi(vi,...,v;) (since f is alternating)
Thus the 0-tensor that maps to 1 is the identity element of A*(V'), and so A*(V) is a unital algebra.

Now we must show that it is also an associative algebra by considering the operation between elements
fot+t...+fa, 90+ ...+ gy, and hg + ...+ he.



= ¢o A ho
4+ ¢o Ah1+ @1 A hg
+ ...
+ Gatb—1 ANhe + Gatp Aher
+ Gats A he
= (foAgo) N ho
+ (fo Ago) N1+ (foAgr+ fi Ago) Aho
+ ...
+ (fa—1 A gy + fa N go—1) A he + (fa A gy) A et
+ (fa N gb) A he
= fo A (g0 A ho)
+ fo A(go A h1+ 91 Aho) + f1 A(go A ho)
¥
+ fa—1 A(go A he) + fa A (go—1 A he + go A he—1)
+ fa N (gb A he)
(using the associativity and distributivity of A)
= fo Ao
+foAn+ fiNy
+ ...
+ fa—1 AN Vote + fa A Vote-1
+ fa AYote (=2 jikep 9 NPy p=10,...,b+¢)

—Z(Z fmvp)

()+(=2)

)
(=) (5 (2 0))
(=)~ () ()

Thus A*(V) is an associative algebra.



b)
dim(A*(V)) = (Z) 0<k<n

e dim(At (V) =S ( )_Qn

Problem 6

We need to identify the set Q¥(M) of differential k-forms on M with the space of smooth functions that
map M to the set of alternating k-tensors on R%.

As was discussed in the lectures, we can think of each element w in Q¥(M) as a map from M to
Ak(TpM ), which maps a point on a manifold to an alternating k-tensor on the tangent space of the
manifold point. Thus if we can show that the tangent space of a point in M = R? is simply R¢ itself,
then we have shown what has been asked.

For any point p € M = R% we can consider the identity mapping « : R* — R¢ defined simply as
a(p) = p. This mapping satisfies all the necessary requirements to be a primitive coordinate patch for
M. Thus, the tangent space at a point p is simply T, M = im(Da(p)) = im(14xq) = RY.

Thus any element of Q¥(M) can be identified as a smooth function mapping M to AF(R9).



