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We can rearrange the given relationships as follows to result in an expression for sin 6 as follows:
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For a BCC lattice we have that ||51|| = HI_;2H = ||53|| = a, and likewise for an FCC we have ||51|| =
||b2|| = ||bs]] = 3¢ Thus if we denote ¢ = b3 = b} = b3, where c is either a or 3%, then the above
expression reduces to
. nievh? + k2 + 12
sinf = .

47

As we do not know X or ¢, we can take the ratio of the values of sinf for successive peaks. Assuming
monochromatic radiation and first-order diffraction, this leads to
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where 6; and (h;, k;,1;) correspond to the diffraction angle and Miller indices of the i*® peak.

For a BCC structure, we have that peaks only occur whenever h + k 4 [ is an even number. For an
FCC structure, we have that peaks only occur whenver h, k and [ are of the same parity. We can thus
deduce the possible values of h? + k2 4 [2 for each structure as follows:

BCC: W2+ k2 +12=124+12 402,22+ 02 + 02,22 + 12 + 12,22 + 22 + 0%,
32 41240%,22 42242232422 412,424+ 02+0%,...
=2,4,6,8,10,12,14,16, ...

2+ k2 + 1P
= \/ sl il el — 1.414,1.225,1.155,1.118, 1.095, 1.080, 1.069
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FCC: R+ k2 +12=12+12+12,224+ 024+ 0%,22+ 22+ 02,32 + 12 + 12,
22+22+22,42+02+02,33+32+12’42+22+02’“‘
=3,4,8,11,12,16,19, 20, . ..
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2+ k2 + 1
— \/ l+é2+];;1+ l;“ =1.155,1.414,1.173,1.044, 1.155, 1.090, 1.026




From the figure, the following values were found:

20 = 23°,27°,39°, 46°, 48°, 56°, 63°, 70°

sin 91‘4_1

: = 1.171,1.430,1.171, 1.041, 1.154, 1.113, 1.098
sin 6;

~ 1.155,1.414,1.173,1.044, 1.155, 1.090, 1.026

g [h2,  +k2, 412
The calculated values of % most closely resemble the allowed values of W for the FCC

structure, and so we can deduce that the data corresponds to an FCC structure.
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From the attached diagram at the end, the distance between atomic steps is simply 4 times the diagonal
of the base of a unit cell. Since tungsten has a BCC structure, each unit cell of tungsten has two atoms.

Thus the volume of a unit cell is V' = 27’”, where m is the mass of a tungsten atom. The length of each
1

side of the unit cell is thus L = V3 = (277") g, and so the diagonal along the face of the unit cell is

1
V2 =2 (27’”) * . We therefore have
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(using the low-temperature limit as discussed in class)
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As can be seen, the calculated required energies differ by several orders of magnitude depending on if the
system is treated classically or quantum mechanically. The classical regime is only somewhat accurate
for high temperatures, which is not the case for a temperature change from 0 K to 10 K, and so we can
deduce that the answer obtained using quantum mechanical expressions is far more accurate.



b)

Ty
Classical: AE:/ C,dT
T

300 K
= / 3RdT
0K
=900 K-8.3145 J K !
= 7483.05 J
Ty
Quantum: AF :/ C,dT
T;

300 K 4
:/ dTQNkB( ) / dz LQ
Op (er — 1)
300 K 3
T3
9R/ / L2 dwar
300 K 3
K T3
_ IR / / deer/m / LT T da
) e’c—l e“—l

300 K

(switching the order of mtegratlon by inspection of the graph of x against T' (diagram at end))

[ poo 4 o 300
= ? / _Ope” 5 dx +/ : 7(300 K)'e >—dz
0p |J 2o 4(e® —1) 0 4(er —1)

LY 300 K

9R %0 du (300 K)* [T0% gt
=7 | et E o ™
exp( ) 1 D 0 (e® —1)

COR| 6p[T | (30 K)* /330% wler
4 u eXp(sg(?K)_l 93D 0 (ez - 1)2
- . 4 428 K 4z
9.83145 J K 48K (300 K) /soo R_ale
B 4 ek —1 (428 K)3 (e —1)°
~ 4223.38 J (using Mathematica)

Again, the classical and quantum answers differ by a significant amount, due to the fact that the steps
used to calculate the classical energy assumes that the heat capacity is a constant 3R, which is not the
case. These values are on the same order of magnitude however, unlike the 0 K to 10 K case, due to the
fact that the classical approach is more applicable for higher temperatures. However, the temperature
change is still not large enough to warrant a classical approach, and so yet again the quantum mechanical
expressions are more accurate.
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Denote by n the number of electrons in the Fermi sphere, and V' the spatial volume of the system.
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We can derive a similar expression for the 2-D case.
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Since N is simply a% where a is the side length of a unit square in the square lattice, we have that
kp = —V%:Z For Z =1,2,3,4, we thus have
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Writing the radii as factors of Z simplifies the construction greatly, as the width of the first Brillouin
zone is 7. Attached is the diagram of the Fermi surfaces for a nearly free electron for Z = 1,2,3,4, and
the corresponding first four Brillouin zones.



