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1.

(i)

Lϕ(ϕ
′
1, ϕ

′
2) =

1

2
∂µϕ

′
1 ∂

µϕ′1 +
1

2
∂µϕ

′
2 ∂

µϕ′2 − V
(
(ϕ′1)

2
+ (ϕ′2)

2
)

=
1

2
∂µ(ϕ1 cosα+ ϕ2 sinα) ∂

µ(ϕ1 cosα+ ϕ2 sinα)

+
1

2
∂µ(−ϕ1 sinα+ ϕ2 cosα) ∂

µ(−ϕ1 sinα+ ϕ2 cosα)

− V
(
ϕ21 cos

2 α+ ϕ22 sin
2 α+ 2ϕ1 ϕ2 cosα sinα+ ϕ21 sin

2 α+ ϕ22 cos
2 α− 2ϕ1 ϕ2 cosα sinα

)
=

1

2

(
cos2 α∂µϕ1 ∂

µϕ1 + cosα sinα (∂µϕ1 ∂
µϕ2 + ∂µϕ2 ∂

µϕ1) + sin2 α∂µϕ2 ∂
µϕ2

)
+

1

2

(
sin2 α∂µϕ1 ∂

µϕ1 − cosα sinα (∂µϕ1 ∂
µϕ2 + ∂µϕ2 ∂

µϕ1) + cos2 α∂µϕ2 ∂
µϕ2

)
− V

(
ϕ21 + ϕ22

)
=

1

2
∂µϕ1 ∂

µϕ1 +
1

2
∂µϕ2 ∂

µϕ2 − V
(
ϕ21 + ϕ22

)
= Lϕ(ϕ1, ϕ2)

(ii)

Lϕ =
1

2
∂µϕ1 ∂

µϕ1 +
1

2
∂µϕ2 ∂

µϕ2 − V
(
ϕ21 + ϕ22

)
=

1

2
gµν ∂µϕ1 ∂νϕ1 +

1

2
gµν ∂µϕ2 ∂νϕ2 − V

(
ϕ21 + ϕ22

)
(re-writing Lϕ in terms of the metric tensor for convenience)

∂λ

(
∂Lϕ

∂(∂λϕi)

)
=
∂Lϕ

∂ϕi
(E-L equations of motion)

∂λ

(
1

2
gµν δλµ ∂νϕi +

1

2
gµν ∂µϕi δ

λ
ν

)
= −

∂V
(
ϕ21 + ϕ22

)
∂ϕi

1

2
gµν ∂µ∂νϕi +

1

2
gµν ∂ν∂µϕi = −

∂V
(
ϕ21 + ϕ22

)
∂(ϕ21 + ϕ22)

∂
(
ϕ21 + ϕ22

)
∂ϕi

1

2
gµν ∂µ∂νϕi +

1

2
gνµ ∂ν∂µϕi = −V ′ · 2ϕi

∂µ∂
µϕi = −2ϕi V

′ (simplified equations of motion)

∂µJ µ = ∂µ(ϕ2 ∂
µϕ1 − ϕ1 ∂

µϕ2)

= ∂µϕ2 ∂
µϕ1 + ϕ2 ∂µ∂

µϕ1 − ∂µϕ1 ∂
µϕ2 − ϕ1 ∂µ∂

µϕ2

= gµν ∂µϕ2 ∂νϕ1 − gµν ∂µϕ1 ∂νϕ2 + 2ϕ1 ϕ2 V
′ − 2ϕ2 ϕ1 V

′

= gµν ∂µϕ2 ∂νϕ1 − gνµ ∂νϕ2 ∂µϕ1 + 0

= 0
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(iii)

∂µψ
∗ ∂µψ − V

(
2 |ψ|2

)
= ∂µ

(
ϕ1 − i ϕ2√

2

)
∂µ

(
ϕ1 + i ϕ2√

2

)
− V (2ψ ψ∗)

=
1√
2
(∂µϕ1 − i ∂µϕ2)

1√
2
(∂µϕ1 + i ∂µϕ2)− V

(
2

(
ϕ1 + i ϕ2√

2

)(
ϕ1 − i ϕ2√

2

))
=

1

2
(∂µϕ1 ∂

µϕ1 + i (∂µϕ1 ∂
µϕ2 − ∂µϕ2 ∂

µϕ1) + ∂µϕ2 ∂
µϕ2)− V

(
2
ϕ21 + ϕ22

2

)
=

1

2
∂µϕ1 ∂

µϕ1 +
1

2
∂µϕ2 ∂

µϕ2 − V
(
ϕ21 + ϕ22

)
= Lϕ

Lϕ = ∂µψ
∗ ∂µψ − V

(
2 |ψ|2

)
= gµν ∂µψ

∗ ∂νψ − V (2ψ ψ∗) (again re-writing Lϕ for convenience)

∂λ

(
∂Lϕ

∂(∂λψi)

)
=
∂Lϕ

∂ψi
(where ψ1 = ψ, ψ2 = ψ∗)

∂λ

(
gµν ∂(∂µψ

∗ ∂νψ)

∂(∂λψi)

)
= −∂V (2ψ ψ∗)

∂(2ψ ψ∗)

∂(2ψ ψ∗)

∂ψi

gµν ∂λ
(
δλµ δ

i
2 ∂νψ + ∂µψ

∗ δλν δ
i
1

)
= −V ′ · 2

(
δi1 ψ

∗ + ψ δi2
)

gµνδi2 ∂µ ∂νψ + gµν δi1∂ν ∂µψ
∗ = −2

(
δi1 ψ

∗ + ψ δi2
)
V ′

gµνδi2 ∂µ ∂νψ + gνµ δi1∂ν ∂µψ
∗ = −2

(
δi1 ψ

∗ + ψ δi2
)
V ′

gµν ∂µ∂νψj = −2ψj V
′ (i ̸= j, i.e. i = 1, 2 ⇐⇒ j = 2, 1)

∂µ∂
µψj = −2ψj V

′

∂µ∂
µψ = −2ψ V ′ ∂µ∂

µψ∗ = −2ψ∗ V ′

If the real and imaginary parts of the above expressions are considered separately, then the resulting
expressions are simply the equations of motion in terms of ϕ1 and ϕ2.
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2.

(a)

LCS → L′
CS = ϵαβγ (Aα + ∂αΛ) ∂β(Aγ + ∂γΛ)

= ϵαβγ (Aα + ∂αΛ) (∂βAγ + ∂β∂γΛ)

= ϵαβγ (Aα ∂βAγ +Aα ∂β∂γΛ + ∂αΛ ∂βAγ + ∂αΛ ∂β∂γΛ)

= LCS + ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ + ϵαβγ ∂αΛ ∂βAγ

ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ =
1

2
ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ +

1

2
ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ

=
1

2
ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ +

1

2
ϵαγβ (Aα + ∂αΛ) ∂γ∂βΛ

=
1

2
ϵαβγ (Aα + ∂αΛ) ∂β∂γΛ− 1

2
ϵαβγ (Aα + ∂αΛ) ∂γ∂βΛ

=
1

2
ϵαβγ (Aα + ∂αΛ) (∂β∂γΛ− ∂γ∂βΛ)

= 0

ϵαβγ ∂αΛ ∂βAγ = ϵαβγ ∂αΛ ∂βAγ + ϵαβγ Λ ∂α∂βAγ − ϵαβγ Λ ∂α∂βAγ

= ∂α
(
ϵαβγΛ ∂βAγ

)
− 1

2
ϵαβγ Λ ∂α∂βAγ − 1

2
ϵαβγ Λ ∂α∂βAγ

= ∂α
(
ϵαβγΛ ∂βAγ

)
− 1

2
ϵαβγ Λ ∂α∂βAγ − 1

2
ϵβαγ Λ ∂β∂αAγ

= ∂α
(
ϵαβγΛ ∂βAγ

)
− 1

2
ϵαβγ Λ ∂α∂βAγ +

1

2
ϵαβγ Λ ∂β∂αAγ

= ∂α
(
ϵαβγΛ ∂βAγ

)
− 1

2
ϵαβγ Λ (∂α∂βAγ − ∂β∂αAγ)

= ∂α
(
ϵαβγΛ ∂βAγ

)
=⇒ LCS → LCS + ∂α

(
ϵαβγΛ ∂βAγ

)
The difference in the transformed Lagrangian and the original Lagrangian is not necessarily zero, and
so the Lagrangian is not invariant under this transformation. The effect on the action can be found by
considering only the added term, i.e.

δS = S − S′

=

∫
d3x (LCS − L′

CS)

=

∫
d3x ∂α

(
ϵαβγΛ ∂βAγ

)
=

∑
α

ϵαβγΛ ∂βAγ

∣∣∣∣∣
∞

−∞

If the surface terms fall off at infinity fast enough, then there is no effect on the action, i.e. δS = 0.
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(b)

∂µ

(
∂LCS

∂(∂µAi)

)
=
∂LCS

∂Ai

∂µ
(
ϵαβγ Aα δ

µ
β δ

i
γ

)
= ϵαβγ δiα ∂βAγ − δiα J α

ϵαβi ∂βAα = ϵiβγ ∂βAγ − J i

J i = ϵiβγ ∂βAγ − ϵαβi ∂βAα

= ϵiβγ (∂βAγ − ∂γAβ)

J i = ϵiβγ Fβγ

(c)

J α = ϵαβγ Fβγ

∂αJ α = ϵαβγ ∂αFβγ

= ϵαβγ (∂α∂βAγ − ∂α∂γAβ)

= ϵαβγ∂α∂βAγ − ϵαβγ ∂α∂γAβ

= ϵαβγ∂α∂βAγ − ϵβγα ∂β∂αAγ

= ϵαβγ∂α∂βAγ − ϵαβγ ∂β∂αAγ

= ϵαβγ (∂α∂βAγ − ∂β∂αAγ)

= 0

(d)

0 = ϵαβγ Fβγ

= ϵαβγ ∂βAγ − ϵαβγ ∂γAβ

= ϵαβγ ∂βAγ + ϵαβγ ∂βAγ

= 2 ϵαβγ ∂βAγ

=⇒ ϵαβγ ∂βAγ = 0 for any α

and ∂βAγ = ∂γAβ for any β, γ

LCS = ϵλµν Aλ ∂µAν

TCS
βα =

∂LCS

∂(∂βAγ)
∂αAγ − δβα LCS

= ϵλµν Aλ δ
β
µ δ

γ
ν ∂

αAγ − δβα ϵλµν Aλ ∂µAν

TCS
βα = ϵλβν Aλ ∂

αAν (since ϵλµν ∂µAν = 0)

4



(e)

TCS
00 = A2 ∂

0A1 −A1 ∂
0A2

= A2 ∂0A1 −A1 ∂0A2 (since ∂0 = gα0 ∂α = ∂0)∫
d3xTCS

00 =

∫
d3xA2 ∂0A1 −

∫
d3xA1 ∂0A2

=

∫
d3xA2 ∂1A0 −

∫
d3xA1 ∂2A0 (since ∂βAγ = ∂γAβ)

= A2A0|∞−∞ −
∫
d3xA0 ∂1A2 − A1A0|∞−∞ +

∫
d3xA0 ∂2A1 (integrating by parts)

= 0− 0 +

∫
d3xA0 (∂2A1 − ∂1A2) (neglecting surface terms at infinity)

= 0 (since ∂βAγ = ∂γAβ)
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3.

LE = −1

4
Fµν F

µν

= −1

4
gλµ gρν Fµν Fλρ

= −1

4
gλµ gρν (∂µAν − ∂νAµ) (∂λAρ − ∂ρAλ)

Tαβ =
∂LE

∂(∂αAγ)
∂βAγ − δαβ LE

= −1

4
gλµ gρν ((δαµ δ

γ
ν − δαν δ

γ
µ) (∂λAρ − ∂ρAλ) + (∂µAν − ∂νAµ) (δ

α
λ δ

γ
ρ − δαρ δ

γ
λ)) ∂

βAγ +
1

4
δαβ Fµν F

µν

= −1

4

(
(δαµ δ

γ
ν − δαν δ

γ
µ)F

µν + (δαλ δ
γ
ρ − δαρ δ

γ
λ)F

λρ
)
∂βAγ +

1

4
δαβ Fµν F

µν

= −1

4
(Fαγ − F γα + Fαγ − F γα) ∂βAγ +

1

4
δαβ Fµν F

µν

= F γα ∂βAγ +
1

4
δαβ Fµν F

µν

Consider Θαβ = Tαβ − ∂γ
(
F γαAβ

)
∂γ

(
F γαAβ

)
= ∂γ

(
−Fαγ Aβ

)
= −∂γ

(
Fαγ Aβ

)
Thus the term added to Tαβ to get Θαβ is anti-symmetric in α and γ, and thus Θαβ can also be
considered a stress-energy tensor.

Θαβ = Tαβ − ∂γ
(
F γαAβ

)
= F γα ∂βAγ +

1

4
δαβ Fµν F

µν − ∂γF
γαAβ − F γα ∂γA

β

= F γα
(
∂βAγ − ∂γA

β
)
+

1

4
δαβ Fµν F

µν − 0 (since ∂γF
γα = 0 from e.o.m.)

Θαβ = F γα F β
γ +

1

4
gαβ Fµν F

µν (since δαβ = gαγ δγ
β = gαβ)

Fµν F
µν = F00 F

00 + Fi0 F
i0 + F0j F

0j + Fij F
ij

= 0 + (−Ei)
(
Ei

)
+ (Ej)

(
−Ej

)
+

(
−ϵijk Bk

) (
−ϵij lBl

)
= −2EiE

i + ϵijk ϵ
ij lBk Bl

= −2EiE
i + 2 δlk B

k Bl

= 2
(
B⃗2 − E⃗2

)
F β

γ = −gβλ Fαγ

=⇒ Θαβ = −gβλ Fαγ Fλγ +
1

2
gαβ

(
B⃗2 − E⃗2

)
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Θ00 = −g0λ F 0γ Fλγ +
1

2
g00

(
B⃗2 − E⃗2

)
Θij = −gjλ F iγ Fλγ +

1

2
gij

(
B⃗2 − E⃗2

)
= −F 0γ F0γ +

1

2

(
B⃗2 − E⃗2

)
= F iγ Fjγ − 1

2
δij

(
B⃗2 − E⃗2

)
= −F 00 F00 − (−Eγ) (Eγ) +

1

2

(
B⃗2 − E⃗2

)
= F i0 Fj0 + F ik Fjk −

1

2
δij Bk B

k +
1

2
δij E⃗

2

= 0 + E⃗2 +
1

2

(
B⃗2 − E⃗2

)
= Ei

(
−Ej

)
+

(
−ϵiklBl

)
(−ϵjkmBm)− 1

2
δij Bk B

k +
1

2
δij E⃗

2

=
1

2

(
B⃗2 + E⃗2

)
= −EiEj +

(
δij δ

l
m − δim δlj

)
BlB

m − 1

2
δij Bk B

k +
1

2
δij E⃗

2

= −EiEj + δij BlB
l −Bj B

i − 1

2
δij Bk B

k +
1

2
δij E⃗

2

= −EiEj −BiBj +
1

2
δij

(
B⃗2 + E⃗2

)
Θ0i = −giλ F 0γ Fλγ +

1

2
δ0i

(
B⃗2 − E⃗2

)
Θi0 = −g0λ F iγ Fλγ +

1

2
δi0

(
B⃗2 − E⃗2

)
= F 0γ Fiγ + 0 = −F iγ F0γ + 0

= F 00 Fi0 + F 0j Fij = −F i0 F00 − F ij F0j

= 0− Ej
(
−ϵijk Bk

)
= 0 + ϵijk Bk Ej

= ϵijk E
j Bk = ϵijk EjBk

=
(
E⃗ × B⃗

)
i

=
(
E⃗ × B⃗

)
i

Θ00 =
1

2

(
B⃗2 + E⃗2

)
Θ0i = Θi0 =

(
E⃗ × B⃗

)
i

Θij = −EiEj −BiBj +
1

2
δij

(
B⃗2 + E⃗2

)
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