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1.

Φ(x⃗) =
1

4π ε0

∫
V

ρ(x⃗′)G(x⃗, x⃗′) d3x′ +
1

4π

∮
S

(
Φ(x⃗′)

∂G(x⃗, x⃗′)

∂n′ −G(x⃗, x⃗′)
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∂n′
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4π

∮
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cos θ′
∂G(x⃗, x⃗′)

∂n′ da′,

Since Φ(x⃗) = A cos θ and G(x⃗, x⃗′) = 0 on the surface, and ρ(x⃗) = 0. Since the surface is a sphere, the
derivative of G can be written as

∂G(x⃗, x⃗′)

∂n′ =
∂G(x⃗, x⃗′)

∂r′
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∂r′
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(
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)∣∣∣∣∣
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)
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=

∞∑
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4π

(2l + 1) rl+1
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)
Y ∗
lm(θ′, ϕ′)Ylm(θ, ϕ)

=

∞∑
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l∑
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4π al−1

rl+1
Y ∗
lm(θ′, ϕ′)Ylm(θ, ϕ)

=⇒ Φ(x⃗) = A

∮
S

cos θ′
∞∑
l=0

l∑
m=−l

al−1

rl+1
Y ∗
lm(θ′, ϕ′)Ylm(θ, ϕ) da′
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∫ 2π
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dϕ′
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dθ′
∞∑
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l∑
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a2 cos θ′ sin θ′Y ∗
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∞∑
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∫ 2π

0

dϕ′
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√
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4π
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√
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3
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=⇒ Φ(x⃗) = A

∞∑
l=0

l∑
m=−l

(a
r

)l+1
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∫ 2π

0

dϕ′
∫ π

0

dθ′
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√
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∞∑
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∫ 2π

0
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√
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∞∑
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√
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cos θ

Φ(x⃗) = A
(a
r

)2
cos θ

Φ(x⃗)|r=a = A cos θ lim
r→∞

Φ(x⃗) = 0,

and thus the boundary conditions are met.

2.

Say we are given a Green’s function G(x⃗, x⃗′) satisfying Neumann boundary conditions. If we consider a new
Green’s function G(x⃗, x⃗′) = G(x⃗, x⃗′) + F (x⃗), we can show that this satisfies the same boundary conditions

since ∇2′G(x⃗, x⃗′) = ∇2′G(x⃗, x⃗′) +∇2′F (x⃗) = ∇2′G(x⃗, x⃗′), and
∂G(x⃗,x⃗′)

∂n′ =
∂G(x⃗,x⃗′)

∂n′ + ∂F (x⃗)
∂n′ =

∂G(x⃗,x⃗′)
∂n′ . From

Green’s second identity, we have∫
V

(
G(x⃗, x⃗′)∇2G(x⃗′, x⃗)− G(x⃗′, x⃗)∇2G(x⃗, x⃗′)

)
d3x =

∮
S

(
G(x⃗, x⃗′)

∂G(x⃗′, x⃗)

∂n
− G(x⃗′, x⃗)

∂G(x⃗, x⃗′)

∂n

)
da

−4π

∫
V

(G(x⃗, x⃗′)− G(x⃗′, x⃗)) δ(3)(x⃗− x⃗′) d3x =

∮
S

(
G(x⃗, x⃗′)

∂G(x⃗′, x⃗)

∂n
− G(x⃗′, x⃗)

∂G(x⃗, x⃗′)

∂n

)
da

G(x⃗, x⃗′)− G(x⃗′, x⃗) = − 1

4π

∮
S

(
G(x⃗, x⃗′)

∂G(x⃗′, x⃗)

∂n
− G(x⃗′, x⃗)

∂G(x⃗, x⃗′)

∂n

)
da

If we assume that the Green’s function takes the simplest form allowable, i.e. G(x⃗,x⃗′)
∂n = − 4π

a , where a is the
area of the surface in question, we get∮

S

(
G(x⃗, x⃗′)

∂G(x⃗′, x⃗)

∂n
− G(x⃗′, x⃗)

∂G(x⃗, x⃗′)

∂n

)
da = −4π

a

∮
S

(G(x⃗, x⃗′)− G(x⃗′, x⃗)) da

= −4π

a

∮
S

(G(x⃗, x⃗′)−G(x⃗′, x⃗)) da− 4π

a

∮
S

(F (x⃗)− F (x⃗′)) da

= −4π

a

∮
S

(G(x⃗, x⃗′)−G(x⃗′, x⃗)) da− 4π (F (x⃗)− F (x⃗′))

For G to be symmetric we must have G(x⃗, x⃗′)−G(x⃗′, x⃗) = 0, and so the above expression must be 0. We thus
get

F (x⃗)− F (x⃗′) = −1

a

∮
S

(G(x⃗, x⃗′)−G(x⃗′, x⃗)) da

=⇒ F (x⃗) = −1

a

∮
S

G(x⃗, x⃗′) da

Thus, given any Green’s function G(x⃗, x⃗′) that satisfies Neumann boundary conditions, we can add the term
− 1

a

∮
S
G(x⃗, x⃗′) da to get another Green’s function that satisfies the same conditions that is symmetric under

an exchange of its two position variables.
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3.

(a)

Since Φ is continuous at the boundary, i.e. when r = R, we can equate the two piecewise functions evaluated
at the boundary to find a relationship between Al and Bl.

∞∑
l=0

Al R
l Pl cos θ =

∞∑
l=0

Bl
1

Rl+1
Pl cos θ

=⇒ Bl = Al R
2l+1

σ(θ)

ε0
n̂ = E⃗out − E⃗in

∣∣∣
surface

σ(θ)

ε0
n̂ · n̂ = (−∇Φout +∇Φin) · n̂|surface

σ(θ)

ε0
=

∂Φin

∂n
− ∂Φout

∂n

∣∣∣∣
surface

=
∂Φin

∂r
− ∂Φout

∂r

∣∣∣∣
r=R

=

∞∑
l=0

l Al r
l−1 Pl(cos θ)−

∞∑
l=0

(−l − 1)
Bl

rl+2
Pl(cos θ)

∣∣∣∣∣
r=R

=

∞∑
l=0

(
l Al R

l−1 Pl(cos θ) + (l + 1)Al R
l−1 Pl(cos θ)

)
=

∞∑
l=0

(2l + 1)Al R
l−1 Pl(cos θ)

1

ε0

∫ π

0

σ(θ)Pλ(cos θ) sin θ dθ =

∞∑
l=0

(2l + 1)Al R
l−1

∫ π

0

Pl(cos θ)Pλ(cos θ) sin θ dθ

(multiplying across by Pλ(cos θ) sin θ and integrating with respect to θ over [0, π])

= −
∞∑
l=0

(2l + 1)Al R
l−1

∫ −1

1

Pl(x)Pλ(x) dx

(
x = cos θ
dx = − sin θ dθ

)

=

∞∑
l=0

(2l + 1)Al R
l−1

∫ 1

−1

Pl(x)Pλ(x) dx

=

∞∑
l=0

(2l + 1)Al R
l−1 2δlλ

2l + 1
(using

∫ 1

−1
Pl(x)Pm(x) dx = 2δlm

2l+1 )

= 2Aλ R
λ−1

=⇒ Aλ =
1

2Rλ−1 ε0

∫ π

0

σ(θ)Pλ(cos θ) sin θ dθ

In Gaussian units, where 1
4πε0

= 1, the above expression is equivalent to

Al =
4π

2Rl−1

∫ π

0

σ(θ)Pl(cos θ) sin θ dθ
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(b)

Al =
4k π

2Rl−1

∫ π

0

dθ sin θ cos θ Pl(cos θ)

= − 4k π

2Rl−1

∫ −1

1

xPl(x) dx

(
x = cos θ
dx = − sin θ dθ

)
=

4k π

2Rl−1

∫ 1

−1

P1(x)Pl(x) dx

=
4k π

2Rl−1

2δ1l
2(1) + 1

(using
∫ 1

−1
Pl(x)Pm(x) dx = 2δlm

2l+1 )

=
4k π

3Rl−1
δ1l

Al =


4k π

3
, l = 1

0, l ̸= 1

=⇒ Bl =


4k π R3

3
, l = 1

0, l ̸= 1

=⇒ Φ(r, θ) =


4k π

3
r cos θ, r < R

4k π R3

3

cos θ

r2
, r > R

E⃗(r, θ) ≡ −∇Φ(r, θ)

= −∂Φ

∂r
r̂ − 1

r

∂Φ

∂θ
θ̂ − 1

r sin θ

∂Φ

∂φ
φ̂

=


−4k π

3
cos θ r̂ +

4k π

3
sin θ θ̂ + 0, r < R

8k π R3

3

cos θ

r3
r̂ +

4k π R3

3

sin θ

r3
θ̂ + 0, r > R

=


−4k π

3

(
cos θ r̂ − sin θ θ̂

)
, r < R

4k π R3

3r3

(
2 cos θ r̂ + sin θ θ̂

)
, r > R

=


−4k π

3
ẑ, r < R

4k π R3

3r3

(
2 cos θ r̂ + sin θ θ̂

)
, r > R
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