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1.

(a)

Original problem

Φ(z = 0) = 0
x

y

z

q (0, 0, d)

Method of images problem

x

y

z

q P+ = (0, 0, d)

−q P− = (0, 0,−d)
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(b)

Φ(~r) =
1

4πε0

 q∣∣∣~r − ~P+

∣∣∣ +
−q∣∣∣~r − ~P−

∣∣∣


=
q

4πε0

(
1

a+
− 1

a−

)

a+ =

√
(x− 0)

2
+ (y − 0)

2
+ (z − d)

2
a− =

√
(x− 0)

2
+ (y − 0)

2
+ (z + d)

2

=
√
x2 + y2 + z2 + d2 − 2zd =

√
x2 + y2 + z2 + d2 + 2zd

=⇒ Φ(x, y, z) =
q

4πε0

(
1√

x2 + y2 + z2 + d2 − 2zd
− 1√

x2 + y2 + z2 + d2 + 2zd

)

Φ(x, y, 0) =
q

4πε0

(
1√

x2 + y2 + d2
− 1√

x2 + y2 + d2

)
= 0 =⇒ boundary condition satisfied

~E(x, y, z) =
1

4πε0

(
q (~r − ~p+)

|~r − ~p+|3
+
−q (~r − ~p−)

|~r − ~p−|3

)

~E(x, y, z) =
q

4πε0

(
x ı̂+ y ̂+ (z − d) k̂

(x2 + y2 + z2 + d2 − 2zd)
3
2

− x ı̂+ y ̂+ (z + d) k̂

(x2 + y2 + z2 + d2 + 2zd)
3
2

)

=
q

4πε0

(
x

(
1

(x2 + y2 + z2 + d2 − 2zd)
3
2

− 1

(x2 + y2 + z2 + d2 + 2zd)
3
2

)
ı̂

+y

(
1

(x2 + y2 + z2 + d2 − 2zd)
3
2

− 1

(x2 + y2 + z2 + d2 + 2zd)
3
2

)
̂

+

[
z

(
1

(x2 + y2 + z2 + d2 − 2zd)
3
2

− 1

(x2 + y2 + z2 + d2 + 2zd)
3
2

)

− d

(
1

(x2 + y2 + z2 + d2 − 2zd)
3
2

+
1

(x2 + y2 + z2 + d2 + 2zd)
3
2

)]
k̂

)

σ(x, y, z = 0) = −ε0
∂Φ

∂r

∣∣∣∣
z=0

~E = −∂Φ

∂r
r̂ =⇒ ∂Φ

∂r
=
∣∣∣ ~E∣∣∣

=⇒ σ(x, y, z = 0) = −ε0
∣∣∣ ~E(x, y, z = 0)

∣∣∣
= − qε0

4πε0


√√√√0 + 0 + d2

(
1

(x2 + y2 + d2)
3
2

+
1

(x2 + y2 + d2)
3
2

)2


σ(x, y, z = 0) = − qd
2π

1

(x2 + y2 + d2)
3
2

2



(c)

Original problem (x-z and y-z planes are considered as the grounded perpendicular conducting planes, and
the point q is considered at an arbitrary z point c)

Φ(x = 0) = 0 x

Φ(y = 0) = 0

y
z

q (a, b, c)

Method of images problem

x

y
z

q P1 = (a, b, c)

−q P2 = (a,−b, c)q P3 = (−a,−b, c)

−q P4 = (−a, b, c)

Φ(~r) =
1

4πε0

 q∣∣∣~r − ~P1

∣∣∣ +
−q∣∣∣~r − ~P2

∣∣∣ +
q∣∣∣~r − ~P3

∣∣∣ +
−q∣∣∣~r − ~P4

∣∣∣


=
q

4πε0

(
1

r1
− 1

r2
+

1

r3
− 1

r4

)

r1 =
√

(x− a)2 + (y − b)2 + (z − d)2 r2 =
√

(x− a)2 + (y + b)2 + (z − d)2

=
√
x2 + y2 + z2 + a2 + b2 + c2 − 2xa− 2yb− 2zd =

√
x2 + y2 + z2 + a2 + b2 + c2 − 2xa+ 2yb− 2zd

r3 =
√

(x+ a)2 + (y + b)2 + (z − d)2 r4 =
√

(x+ a)2 + (y − b)2 + (z − d)2

=
√
x2 + y2 + z2 + a2 + b2 + c2 + 2xa+ 2yb− 2zd =

√
x2 + y2 + z2 + a2 + b2 + c2 + 2xa− 2yb− 2zd

3



For convenience label λ = x2 + y2 + z2, χ = a2 + b2 + c2, α = 2xa, β = 2yb, γ = 2zd

r1 =
√
λ+ χ− α− β − γ r2 =

√
λ+ χ− α+ β − γ

r3 =
√
λ+ χ+ α+ β − γ r4 =

√
λ+ χ+ α− β − γ

=⇒ Φ(x, y, z) =
q

4πε0

(
1√

r + p− α− β − γ
− 1√

r + p− α+ β − γ

+
1√

r + p+ α+ β − γ
− 1√

r + p+ α− β − γ

)
Φ(0, y, z) =

q

4πε0

(
1√

r + p− β − γ
− 1√

r + p+ β − γ

+
1√

r + p+ β − γ
− 1√

r + p− β − γ

)
= 0

Φ(x, 0, z) =
q

4πε0

(
1√

r + p− α− γ
− 1√

r + p− α− γ

+
1√

r + p+ α− γ
− 1√

r + p+ α− γ

)
= 0 =⇒ boundary conditions satisfied

Consider the electric field generated by the image charges only

~E′(x, y, z) =
1

4πε0

−q
(

(x− a) ı̂) + (y + b) ̂+ (z − c) k̂
)

(r + p− α+ β − γ)
3
2

+
q
(

(x+ a) ı̂) + (y + b) ̂+ (z − c) k̂
)

(r + p+ α+ β − γ)
3
2

+
−q
(

(x+ a) ı̂) + (y − b) ̂+ (z − c) k̂
)

(r + p+ α− β − γ)
3
2


=

q

4πε0

(
− (x− a) ı̂+ (y + b) ̂+ (z − c) k̂

(r + p− α+ β − γ)
3
2

+
(x+ a) ı̂+ (y + b) ̂+ (z − c) k̂

(r + p+ α+ β − γ)
3
2

− (x+ a) ı̂+ (y − b) ̂+ (z − c) k̂
(r + p+ α− β − γ)

3
2

)
Now consider ~E′(a, b, c)

(r + p) |(a,b,c) = 2
(
a2 + b2 + c2

)
α|(a,b,c) = 2a2 β|(a,b,c) = 2b2 γ|(a,b,c) = 2c2

=⇒ ~E′(a, b, c) =
q

4πε0

(
− 2b ̂

(4b2)
3
2

+
2a ı̂+ 2b ̂

(4a2 + 4b2)
3
2

− 2a ı̂

(4a2)
3
2

)

=
q

16πε0

((
a

(a2 + b2)
3
2

− 1

a2

)
ı̂+

(
b

(a2 + b2)
3
2

− 1

b2

)
̂

)

~F (a, b, c) = q ~E′(a, b, c)

=
q2

16πε0

((
a

(a2 + b2)
3
2

− 1

a2

)
ı̂+

(
b

(a2 + b2)
3
2

− 1

b2

)
̂

)
For convenience, we will label the normal vector to each conducting plate as êa and êb, respectively. The

force acting on q has a magnitude of q2

16πε0

(
a

(a2+b2)
3
2
− 1

a2

)
in the direction of êa, and a magnitude of

q2

16πε0

(
b

(a2+b2)
3
2
− 1

b2

)
in the direction of êb.
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2.

∫
V

(
φ∇2ψ − ψ∇2φ

)
d3x =

∮
S

(
φ
∂ψ

∂n
− ψ ∂φ

∂n

)
da (Green’s second identity)∫

V

(
G(~x, ~x′)∇2G(~x′, ~x)−G(~x′, ~x)∇2G(~x, ~x′)

)
d3x =

∮
S

(
G(~x, ~x′)

∂G(~x′, ~x)

∂n
−G(~x′, ~x)

∂G(~x, ~x′)

∂n

)
da

(Labelling φ = G(~x, ~x′) and ψ = G(~x′, ~x))

−4π

∫
V

(G(~x, ~x′)−G(~x′, ~x)) δ(3)(~x− ~x′) d3x =

∮
S

(0− 0) da

(∇2G(~x, ~x′) = ∇2G(~x′, ~x) = δ(3)(~x− ~x′), G(~x, ~x′)|~x∈S = G(~x′, ~x)|~x∈S = 0)

−4π (G(~x, ~x′)−G(~x′, ~x)) = 0

=⇒ G(~x, ~x′) = G(~x′, ~x)

3.

∫
V

∇ · ~Ad3x =

∮
S

~A · ~n da (Gauss’s theorem)∫
V

∇2G(~x, ~x′) d3x =

∮
S

∇G(~x, ~x′) · ~n da (considering ~A = ∇G(~x, ~x′))∫
V

−4π δ(3)(~x− ~x′) d3x =

∮
S

∂G(~x, ~x′)

∂n
da

−4π =

∮
S

∂G(~x, ~x′)

∂n
da

If we have that ∂G(~x,~x′)
∂n is a constant, then the above expression is still valid. Substituting ∂G(~x,~x′)

∂n = A gives
us ∮

S

Ada = −4π

=⇒ A = −4π

a
where a is the area of the surface in question
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