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Question 1

The Lorentz invariants of the system are

E ·B =

 k
k
0

 ·

 0
0
2 k

 E2 −B2 = (k2 + k2 + 0)− (0 + 0 + 4 k2)

= 0 = −2 k2

1.

Since E′ = 0 can satisfy both E′ · B′ = 0 and E′2 − B′2 < 0, we can find a reference frame where
the electric field vanishes, provided that the magnetic field does not also vanish in this frame (else
E′2 − B′2 = 0 ≮ 0). Since there is no reference frame where the magnetic field vanishes (explained in
next section), we can definitively say that there is a Lorentz transformation to another reference frame
such that the electric field vanishes.

E′ = γ (E+ βββ ×B)− γ2

γ + 1
βββ (βββ ·E) 0

0
0

 =
1√

1− β2

 k
k
0

+

 βx

βy
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×
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2 k

− 1(
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)(
1√
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2
+ 1

)
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 ·
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0


(letting E′ = 0, substituting E and B as given and γ = 1√

1− v
2

c
2

= 1√
1−β

2
with β ≡ |βββ|)

=
k√
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 1 + 2βy
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0

−
k
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(
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Taking the z-component of the above expression, we have that (βx + βy)βz = 0. If βz ̸= 0 then
βx + βy = 0, and so we also have that 1 + 2βy = 1 − 2βx = 0. This gives us βx = 1

2 , βy = − 1
2 . By

inspection, these values for βx and βy also satisfy the expressions for βz = 0. Thus if we can find B′ in

terms of βz, we can use the invariance condition E′2 −B′2 = −2 k2 =⇒ B′2 = 2 k2 to solve for βz.

B′ = γ (B− βββ ×E)− γ2

γ + 1
βββ (βββ ·B)
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=
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By inspection, βz = 0 results in B =

 0
0

k
√
2

, and thus B′2 = 2 k2 as required. Therefore the

transformed field is given by

βββ =

 1
2

− 1
2
0

 E′ = 0 B′ =

 0
0

k
√
2


2.

Since we have that E′2 −B′2 < 0 in any reference frame, then in order to have a reference frame where
B′ = 0, we would need to satisfy the requirement E′2 < 0, which is not possible, and so we can deduce
that there is no Lorentz transformation to another reference frame such that the magnetic field vanishes.

3.

Since we have that E′ · B′ = 0 in any reference frame, then either the electric field and magnetic field
are perpendicular, or one of E′ and B′ are 0. Since in both of these cases we have that E′ ∦ B′, there
is no Lorentz transformation to another reference frame such that the electric and magnetic fields are
parallel.

Question 2

1.

•

Λ0
0 = γ Λ0

k = −γ βk = Λk
0 Λk

k = 1 +
γ − 1

β2 β2
k Λk

l =
γ − 1

β2 βk βl

Λ0
0 = g0ρ g

0σ Λρ
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k = g0ρ g
kσ Λρ

σ Λk
k = gkρ g

kσ Λρ
σ Λk

l = gkρ g
lσ Λρ

σ

= g00 g
00 Λ0

0 = g00 g
kk Λ0

k = gkk g
kk Λk

k = gkk g
ll Λk

l

= γ = γ βk = 1 +
γ − 1

β2 β2
k =

γ − 1

β2 βk βl

Since we are considering a Lorentz boost in the y-direction, we have that βββ =

 βx

βy

βz

 =

 0
β
0

.

Thus the transformation matrix is given by

(Λµ
ν) =


γ 0 γ β 0
0 1 0 0
γ β 0 γ 0
0 0 0 1

 =


cosh ζ 0 sinh ζ 0

0 1 0 0
sinh ζ 0 cosh ζ 0
0 0 0 1


using

γ =
1√

1− β2
γ β = cosh ζ

sinh ζ

cosh ζ

=
1√

1− sinh
2
ζ

cosh
2
ζ

= sinh ζ

=
cosh ζ√

cosh2 ζ − sinh2 ζ

= cosh ζ

2



•

x =


x0

x1

x2

x3

 x′ =


x′
0

x′
1

x′
2

x′
3

 =


x0

x1 cos θ + x3 sin θ
x2

−x1 sin θ + x3 cos θ


x′
ρ = Λρ

ν xν

Λ0
0 = 1 Λ1

1 = cos θ Λ1
3 = sin θ Λ2

2 = 1 Λ3
1 = − sin θ Λ3

3 = cos θ

=⇒ (Λµ
ν) =


1 0 0 0
0 cos θ 0 sin θ
0 0 1 0
0 − sin θ 0 cos θ


2.

(Fµν) =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 F ′
µν = Λµ

ρ Λν
σ Fρσ

•

E′
x = F ′

01 B′
x = F ′

32

= Λ0
ρ Λ1

σ Fρσ = Λ3
ρ Λ2

σ Fρσ

= Λ0
0 Λ1

1 F01 + Λ0
2 Λ1

1 F21 + 0 = Λ3
3 Λ2

0 F30 + Λ3
3 Λ2

2 F32 + 0

= γ · 1 · Ex + γ β · 1 ·Bz = 1 · γ β · (−Ez) + 1 · γ ·Bx

= γ (Ex + β Bz) = γ (Bx − β Ez)

E′
y = F ′

02 B′
y = F ′

13

= Λ0
ρ Λ2

σ Fρσ = Λ1
ρ Λ3

σ F13

= Λ0
0 Λ2

2 F02 + Λ0
2 Λ2

0 F20 + 0 = Λ1
1 Λ3

3 F13 + 0

= γ · γ · Ey + γ β · γ β · (−Ey) = 1 · 1 ·By

= γ2
(
1− β2

)
Ey = By

= Ey

E′
z = F ′

03 B′
z = F ′

21

= Λ0
ρ Λ3

σ Fρσ = Λ2
ρ Λ1

σ Fρσ

= Λ0
0 Λ3

3 F03 + Λ0
2 Λ3

3 F23 + 0 = Λ2
0 Λ1

1 F01 + Λ2
2 Λ1

1 F21 + 0

= γ · 1 · Ez + γ β · 1 · (−Bx) = γ β · 1 · Ex + γ · 1 ·Bz

= γ (Ez − β Bx) = γ (Bz + β Ex)

E′ =

 γ (Ex + β Bz)
Ey

γ (Ez − β Bx)

 B′ =

 γ (Bx − β Ez)
By

γ (Bz + β Ex)
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•

E′
x = F ′

01 B′
x = F ′

32

= Λ0
ρ Λ1

σ Fρσ = Λ3
ρ Λ2

σ Fρσ

= Λ0
0 Λ1

1 F01 + Λ0
0 Λ1

3 F03 + 0 = Λ3
1 Λ2

2 F12 + Λ3
3 Λ2

2 F32 + 0

= 1 · cos θ · Ex + 1 · sin θ · Ez = − sin θ · 1 · (−Bz) + cos θ · 1 ·Bx

= Ex cos θ + Ez sin θ = Bx cos θ +Bz sin θ

E′
y = F ′

02 B′
y = F ′

13

= Λ0
ρ Λ2

σ Fρσ = Λ1
ρ Λ3

σ F13

= Λ0
0 Λ2

2 F02 + 0 = Λ1
1 Λ3

3 F13 + Λ1
3 Λ3

1 F31 + 0

= 1 · 1 · Ey = cos θ · cos θ ·By + sin θ · (− sin θ) · (−By)

= Ey = By

(
cos2 θ + sin2 θ

)
= By

E′
z = F ′

03 B′
z = F ′

21

= Λ0
ρ Λ3

σ Fρσ = Λ2
ρ Λ1

σ Fρσ

= Λ0
0 Λ3

1 F01 + Λ0
0 Λ3

3 F03 + 0 = Λ2
2 Λ1

1 F21 + Λ2
2 Λ1

3 F23 + 0

= 1 · (− sin θ) · Ex + 1 · cos θ · Ez = 1 · cos θ ·Bz + 1 · sin θ · (−Bx)

= −Ex sin θ + Ez cos θ = −Bx sin θ +Bz cos θ

E′ =

 Ex cos θ + Ez sin θ
Ey

−Ex sin θ + Ez cos θ

 B′ =

 Bx cos θ +Bz sin θ
By

−Bx sin θ +Bz cos θ
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Question 3

1.

The electric and magnetic fields generated by a fixed unit charge in a stationary frame are given by

E =
1

r2
r̂ B = 0

=
sin θ cosϕ x̂+ sin θ sinϕ ŷ + cos θ ẑ

r2

using Gaussian units and spherical coordinates for convenience. We also have β = v
c = 1

5 and γ =
1√
1−β

2
= 5√

24
for the moving reference frame. We can find the transformed fields using the expressions

obtained in Question 2.2.

E′
x = γ (Ex + β Bz) E′

y = Ey E′
z = γ (Ez − β Bx)

=
5√
24

(
sin θ cosϕ

r2
+ 0

)
=

sin θ sinϕ

r2
=

5√
24

(
cos θ

r2
− 0

)
=

5 sin θ cosϕ

r2
√
24

=
5 cos θ

r2
√
24

B′
x = γ (Bx − β Ez) B′

y = By B′
z = γ (Bz + β Ex)

=
5√
24

(
0− 1

5

cos θ

r2

)
= 0 =

5√
24

(
0− 1

5

sin θ cosϕ

r2

)
= − cos θ

r2
√
24

=
sin θ cosϕ

r2
√
24

E′ =



5 sin θ cosϕ

r2
√
24

sin θ sinϕ

r2

5 cos θ

r2
√
24


=



5x
√
24

(
x2 + y2 + z2

) 3
2

y(
x2 + y2 + z2

) 3
2

5 z
√
24

(
x2 + y2 + z2

) 3
2



B′ =



− cos θ

r2
√
24

0

sin θ cosϕ

r2
√
24


=



− z
√
24

(
x2 + y2 + z2

) 3
2

0

x
√
24

(
x2 + y2 + z2

) 3
2
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2.

The Lorentz invariants in the stationary frame are given by

E ·B =
1

r2
· 0 E2 −B2 =

1

r4
− 0

= 0 =
1

r4

In the moving frame we have

E′ ·B′ =
5 sin θ cosϕ

r2
√
24

(
− cos θ

r2
√
24

)
+

sin θ sinϕ

r2
· 0 + 5 cos θ

r2
√
24

sin θ cosϕ

r2
√
24

= −5 sin θ cos θ cosϕ

24 r4
+ 0 +

5 sin θ cos θ cosϕ

24 r4

= 0

E2 −B2 =
25 sin2 θ cos2 ϕ

24 r4
+

sin2 θ sin2 ϕ

r4
+

25 cos2 θ

24 r4
− cos2 θ

24 r4
− 0− sin2 θ cos2 ϕ

24 r4

=
24 sin2 θ cos2 ϕ

24 r4
+

sin2 θ sin2 ϕ

r4
+

24 cos2 θ

24 r4

=
1

r4

(
sin2 θ cos2 ϕ+ sin2 θ sin2 ϕ+ cos2 θ

)
=

1

r4

We therefore have

E ·B = E′ ·B′ = 0 E2 −B2 = E′2 −B′2 =
1

r4
=

1(
x2 + y2 + z2

)2

as expected.
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