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e Say G is closed in X, i.e. X \ G is open in X.

e Since X\ G is open in X, it can be written as X \G = HNX for some set H open in R” (Proposition
4.5).

e By taking the complement of both sides, G can thus be written as G = X \ (H N X), i.e. the set
of elements of X not shared with H, which is by definition X \ H.

e G = X\ H can also be written as (R" \ H) N X, i.e. the set of elements in X shared with those in
R"™ not in H.

e Since H is open in R”, F = R"™\ H is closed in R™, and thus there exists a closed set F in R™ for
which G = Fn X.

e Say G = FFN X for some F closed in R™.
e As before, X \ G = X \ (FN X) can be written as X \ G = (R"\ F) N X.
e Since F is closed in R™, J =R"™\ F is open in R".

e Since there exists a set J open in R™ such that X \G = JNX, then X\ G is open in X (Proposition
4.5).

e By definition, G is closed in X.

e Say that a subset X of R"™ is closed in R™, and a subset G of X is closed in X.

e From (a), if a subset G of X is closed in X then there exists a closed set F in R™ for which
G=FnX.

e Since I’ and X are both closed in R"™, then G can be expressed as an intersection of closed sets in
R", and therefore is closed in R™.

e Let a subset W of Y be the set of all elements in Y that are strictly less than c.

e X\ f~1(W), the complement in X of the preimage of W under f, will thus be the set of all elements
in X that map to a value greater than or equal to ¢, i.e. X \ f=1(W) = {x € X| f(z) > ¢}.

e W can be written as (—oo,¢) NY, i.e. as an intersection of Y and an open set in R™, and is thus
open in Y (Proposition 4.5).

e Since f is a continuous function and W is open in Y, f~1(W) is open in X (Proposition 5.7).

e Therefore the complement in X of this preimage is closed in X, i.e. X\ f~1(W) ={z € X | f(z) >
c} is closed in X.
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Say that ¢ is continuous at (0,0). Then, by definition, for any given positive real number ¢ there
exists a positive real number § such that |g(x) — ¢((0,0))| < & whenever |z — (0,0)] < §. = can be
written in the form of either x = (0,0) or z = (e cost,e ! sint) for some ¢t € R, as x € R. Since
|9((0,0)) —g((0,0))| < € for any positive € and |(0,0) — (0,0)| < ¢ for any positive d, only the case where
x = (et cost,e”! sint), needs to be considered. Thus if g is continuous at (0,0), then for any positive
real number ¢ there exists a positive real number § such that |g((e™! cost,e™t sint)) — g(0,0)] < €
whenever 0 < | (et cost,e! sint) — (0,0)] < §. Thus, from the definition of a limit of a function,
the limit of g((e™% cost,e™t sint)) as (e~! cost,e”! sint) tends to (0,0) is g(0,0). Therefore, since
f(t) =g((e™t cost,e”t sint)), g(0,0) = v, and lim;_, oo €~ cost = lim;_,oo e ¥ sint = 0, if g is continuous
at (0,0), then lim;_, o f(t) = v.

Say that lim;, f(¢t) = v. By definition, this means that for any given positive real number e
there exists a real number L such that |f(t) — v| < € whenever ¢ > L. From substitution, this is
equivalent to stating that for any given positive real number € there exists a real number L such that
lg((e™" cost,e " sint))—g(0,0)| < e whenever ¢t > L. The condition “whenever ¢t > L” can also be written
as “whenever | (e™ cost,e™" sint)| < | (e cost,e " sint) |”. By labelling § = | (™% cost,e™ " sint) |
it is now true that for any given positive real number e there exists a positive real number § such that
lg((e™* cost,e™t sint)) — g(0,0)] < &€ whenever | (e~ cost,e™! sint)| < 4. Since x can be written in the
form of either = (0,0) or # = (e™! cost,e™t sint), and for any positive € and &, |g(0,0) — g(0,0)| <
and |(0,0) — (0,0)] < 0 are true, it is thus true that, for any given positive real number ¢ there exists a
positive real number § such that |g(x) — g(0,0)| < € whenever |z — (0,0)| < §. Therefore, by definition,
if limy_, oo f(t) = v, then g is continuous at (0, 0).



