MAU11102: Linear Algebra II
Homework 7 due 20/03/2020

Ruaidhri Campion
19333850
Theoretical Physics

I have read and I understand the plagiarism provisions in the General Regula-
tions of the University Calendar for the current year, found at
http://www.tcd.ie/calendar.

I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady,
Write’, located at http://tcd-ie.libguides.com/plagiarism/ready-steady-write.

Problem 1
Let f(x) = az? + bx + ¢ for some a,b,c € K.
(1)

f(x)=2ax+b¢ KVa+#0

= f+ f’ is not a linear functional.
(2)

1 2
/ flx)dx = ﬂ—i—bi—i—cac
0
b
= -+-+cekK

1
= f— / f(z)dz is a linear functional.
0

(3)

f'2)=2ax+bls=4a+be K

= f > f(2) is a linear functional.
(4)

1 1
/ fA(x)dr = / (a®z* + 2abx® + (2ac + b?)z? + 2bcx + *)dx
0 0

1
_ a’xd n abz? n (2ac + b*)2? +bea? 4 P
5 2 3 0

a’> ab  2ac+ b
= 4247 2c K
5+2+ 3 +oc+c €

1
= f / f?(z)dz is a linear functional.
0



Problem 2

—1

1 -1 0
Let e = 0 , 0 1 1 = (e, ez, e3) be the given basis of V.
-1 0 1
e* = (e],e5,¢e5) is the basis of V* dual to e
=eje; =1, eje; =0Vi#j.
Let e] = (a1 az a3), e5 = (b1 ba b3), €5 = (c1 ca c3).
-1 -1
6;62 = (a1 as ag) 0 =0 6;62 = (bl b2 b3) 0 =1 €§€2 = (01 Co 63)
0 0
=a =0 =b =-1 =c =0
1 1
eyer = (0 az a3) 0 =1 | ese; = (—1bg bs) 0 =0 ejer =(0cac3)
-1 -1
=a3=—1 = b3 =-1 =c3=0
0 0
ejes=(0ax —1)[ 1 | =0 |ebes=(—1by —1)| 1 | =0| eje3=(0c20)
1 1
=ap =1 =by=1 =c=1
= =(01-1), (~11 —1), (010)).
Alternatively, we can obtain e* by finding the inverse
of the matrix whose columns are made from e.
1 -1 0
M = 0 0 1
-1 0 1
1 -1 0|1 0 O 1 -1 0(1 0 O 1 —-11]0
0O 0 1{0 1 0 |rs+ry | O 0 1]0 1 O Jri—r3| O 110
-1 0 1|0 0 1 0 -1 1]1 0 1 0 -1 1 |1
oty 0o o0 1 -1 10 00 1
e 00 10 10 e ors| 001 011
P72\ 0 -1 01 -1 1 00 1[0 1
0 1 -1
M1t=] -11 -1
0 1 0

=e*=(01-1),(-11 —=1), (010)), as before.
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Problem 3

Let e = (1,2, 2%) = (e1, €2, e3) be the given basis of V.

a1 a2 ais
[U]e = a21 Qg2 423 y Qij = U(€i7€j)~
a31 asz ass

Q
—~
-
s
Il

/0 (1 - o) f(x)g(x)de
= [ =@

= o(g, f) = o is symmetric = a;; = a;;.

1
ayn = o(er,er) =o(1,1) :/ (1—z)dx =2 — T
0 2 o
1 2 23
a121021:0(61,62)10(1@):/ (1l —a)de = - — —
o 2 3
1 B
a3 = asz; = oler, e3) = o(1,2%) = / 2?(1—2)de = — — =
0 31
1 3 411
az = o(ez, e2) = o(z,x) =/ x2(1 —z)dxr = r_r
0 3 4 1o
1 24 75
a23=a3220(62763):‘7(%962):/ (1 —z)de = — —
o 41 5
1 25 26|
022 = ofes,0) = ola”a?) = [ 21— o)t = T - T
0 56 |,

El-l-orm
g-8l-cl~




Problem 4

Let e = << (1) ) , ( )) = (e1, e2) be the standard basis of R?.

> , aij = U(Ghej).

apn =o(er,er) =0

) — (1)(1)+2(1)(0) +3(0)(1) + 4(0)(0) = 1

a12 = 0'(61,62) =0

(1)(0)+2(1)(1) +3(0)(0) +4(0)(1) = 2

Il

Q
TN TN N
TN TN N N

ag = o(ez, e1) (0)(1)+2(0)(0) +3(1)(1) +4(1)(0) = 3

— O O RO ORF
— N N~
N N

Il

_ o P, O O O

agy = 0(eg,€2) =0 (0)(0)+2(0)(1) +3(1)(0) +4(1)(1) = 4

N N N~
S~ N7 N7 NN

[o]F = ( ; i ) # [0]e = o is not symmetric.

- (A7) - (5 )

[0]e is invertible = o is non-degenerate.

We can also show that ¢ is non-degenerate by
showing that it is non-degenerate in either argument.

o(z,y) = 191 + 271Y2 + 321 + 4T2y2

o(z,y) =0Vy € K? y1(x1 + 322) + y2 (221 + 42) =0V y € K2
Ty + 3x9 = 221 + 4o :OVy€K2

T =29 =0Vye€ K?

r=0VyeK?

o is non-degenerate in the first argument.

o(x,y) =0V € K? z1(y1 + 2y2) + 2 (3y1 + 4yp) = 0V € K2
Y1+ 2yp = 3y1 + 4y, = 0V z € K2
ylzyQZOVJZEK2

y=0Vzec K>

o is non-degenerate in the second argument.

L4 4 41 [T AT A1

= o is non-degenerate.



