MAU1102: Linear Algebra II Homework 4

due 21/02/2020

Ruaidhri Campion

19333850

February 19, 2020

Problem 1

diag ()\1, /\27 )\3)
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Problem 2

f(A):an"+~~+f1A+fOI:ZfiAi

=0

n
= f(Av = Z fiA'v, where v is any arbitrary eigenvector of A
i=0

— Xn:fi)\iv, as Av =\

=0

= fv

f annihilates A = f(A)=0
= f(A) =)o =0

v # 0 as v is an eigenvector

= f(A)=0



Problem 3
(1)

xal(t)

det(tI — A)
t—3 -3 3
3 t+2 -2
3 2 t—2
t—=3)((t+2)(t—2)+2(2) +33(t—2)+2(3) +3(3(2) — 3(t + 2))
xa(t) = t3(t—3)=1t> -3t

(2)
t,t* and (t — 3) clearly do not annihilate A
= p(t) =t(t — 3) or t*(t — 3)

3 3 -3 0 3 -3

-3 =2 2 -3 -2 -1

0 0 O

= [0 =3 3 |#o0
0 -3 3
= p(t) = xa(t) = *(t = 3) = 7 - 3¢°

(3)

The Cayley-Hamilton Theorem states that x4(A) =0
= A%(A—3I)=0
= A% =342
Multiplying both sides by A gives: A* = 34% = 3(3A4?) = 3242

We can repeat this until we have: A2920 = 32018 42

9 9 -9 1 1 -1
A2=| -9 -9 9 =32 -1 -1 1
-9 -9 9 -1 -1 1

1 1 -1
42020 _g2020 [ ¢ {1
-1 -1 1



Problem 4

t -1 -1
det(tl —A) = |1 t—-2 —1
1 -1 t-2
t((t—22 =)+ (t—2+1)— (-1 —t+2)
= P-4 +5t-2=0

t =1 is clearly a solution
13— 4? + 5t -2

t—1 B

t =1, t = 2 are solutions to this quadratic

2 —3t+2

= A=1, A =1 and A = 2 are the eigenvalues of A.

(A= XHv=0
-1 1 1]o0 B -1 1 1]0
A=1:| =1 1 1jo | 27 (0 0 00
-1 1 1]0 300 0 0 0|0
1 1
1 =22+ T3=>0V=0C 1 4+ca| O
0 1
-2 1 10 o 0 1 —1]0 0 1 —1]0
A=2:( =10 1jo | T =1 0 100 frs=m| ~1 0 110
-1 1 0]0 302 0 1 —11]0 0 0 010
1
Ty =x9=x3=>v=c3| 1
1

A is a 3 x 3 matrix and has 3 unique eigenvectors

= A is diagonalisable.

xa(t) = det(tI — A)
= 342 +5t—2
(t—1)>2(t—-2)=0

(t—1) and (¢t — 2) clearly don’t annihilate A
= p(t) = (t—1)(t —2) or (t —1)*(t —2)

-1 1 1 -2 1 1

(A-D)(A-20) = | -1 1 1 -1 0 1

-1 1 1 -1 1 0
0 00
= 000
0 00

=p(t)=(t—1)(t—2)=1>—3t+2



