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Problem 1

If A is an eigenvalue, then det (Al — A) = 0, i.e.

(5 3) (%)l

A-1 -1
‘ 2 A—4‘:0
A-DA-4)-(-1)(2)=0
M —B5A+6=0

A =2, A = 3 are the eigenvalues of A.

Av=X = (A—-A)v=20

(L 4)-(32))-r
(Zafs) - (2300)
wen (54000 (33]0)

For A =2, v1 = vy. For A =3, 201 = vs.

Thus the eigenvectors of A = ¢; < 1 > , C2 ( ; ) .

We can make a matrix M such that the columns of M are the eigenvectors,

. 1 1
1.e.M—<1 2)

e = (3 (L1)(1))
- (4G

) , which is a diagonal matrix.
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Problem 2

The subspace U C K? is A-invariant if Au=w € UYu € U, i.e.

0 1 0 Ug w1
—4 4 0 (%) = w2
-2 1 2 us ws
w1 U2
W = —4uq + dus
w3 —2u1 + ug + 2us
c1 + 3co
= —4(c1 + 2¢2) + 4(eq + 3e2) (as u is a linear combination of v; and vs)
—2(e1 + 2¢2) + (c1 + 3¢2) + 2(c1 + 2¢2)
c1 + 3c2
= 402
c1 + 3¢
1 3
= 0 + c2 4
1 3
1 2 1 2
= ¢ |3 1 — 3 + co 1 + 3
1 2 1 2
= (3er+c2)vr + (—c1 + c2)ve
k1v1 + kave

w is also a linear combination of v; and wve, and so Au =w € U, i.e.

U C K3 is A-invariant.

Problem 3
1.

If X is an eigenvalue, then det (A — A) =0, i.e.

A0 0 5 =3 2
0O X0 )]—-|6 —4 4 =0
0 0 A 4 -4 5

A—5 3 -2

-6 AX+4 -4 |=0

—4 4 A=5

(A =5)(A+4)(A—=5) +16) — 3((—6X + 30) — 16) — 2(—24 + 4\ 4+ 16) =0
AN —6X2+11A—6=0



A =1 is clearly a solution

A —6X2+11)N—6
)\jl =X —-B5\A+6=0

A =2 and A = 3 are solutions to this equation.

Thus the eigenvalues of A are 1,2 and 3.

2.
Av=X = (A—-Iv)=0
5 -3 2 A0 O
6 —4 4 ]—-10 X0 v=0
4 -4 5 0 0 A
5-A -3 2 |0
6 —4-X 4 |0
4 —4  5-X|0
4 -3 2 .8, 4 =3 200\ o 4 0 —4]0
A=1:[6 -5 4 2o 5 jo ) o2 0 —5 110
4 —4 4/0) 7™ o -1 2/0) ™ \o 0 oo
1
V] = Vs, Vg = 203 = UV = (] 2
1
3 -3 2 o 3 =3 210 3 =3 010
A=2:16 —6 4 a0 0 0f0 ) =65 [ O 0 0]0
4 —4 3j0) P 3P \o o %o 0 0 %]0
1
V1 =2, v3=0=>v=1cy 1
2 -3 2 4 2 -3 210 L3 2 0 —1]0
A=3:|6 -7 4 oo o2 —2fo | IR Lo 2 —2]0
4 -4 20 37\ o 2 —2]0 37 \o o0 00
. 1
V1 = ZV3, U3 =V3 = UV =2C3 2
2
2
1 1 1
Thus the eigenvectorsof A=cy | 2 |,ca| 1 |,ec3| 2
1 0 2



We can make a matrix M such that the columns of M are the eigenvectors

1 1 1
ie M= 2 1 2
1 0 2
-2 2 -1 5 =3 2 1 11
M™'AM = 2 -1 0 6 —4 4 2 1 2
1 -1 1 4 -4 5 1 0 2
-2 2 -1 1 2 3
= 2 -1 0 2 2 6
1 -1 1 1 0 6
1 00
= 0 2 0 |, which is a diagonal matrix.
0 0 3



