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1 Problem 1

1.1
3 2 0 2
3 1 1 3
2 2 2 2
2 2 0 1

 c2 − 2
3c1

c4 − 2
3c1


3 0 0 0
3 −1 1 1
2 2

3 2 2
3

2 2
3 0 − 1

3

 c1 + 3c2
c3 + c2
c4 + c2


3 0 0 0
0 −1 0 0
4 2

3
8
3

4
3

4 2
3

2
3

1
3


c1 − 3

2c3
c2 − 1

4c3
c4 − 1

2c3


3 0 0 0
0 −1 0 0
0 0 8

3 0
3 1

2
2
3 0


1
3c1
−2c2
3
2c3


1 0 0 0
0 2 0 0
0 0 4 0
1 −1 1 0



Basis of V1 =




1
0
0
1

 ,


0
2
0
−1

 ,


0
0
4
1





2 2 2
3 1 2
1 1 0
1 2 1

 c2 − c1
c3 − c1


2 0 0
3 −2 −1
1 0 −1
1 1 0

 c1 +
3
2c2

c3 − 1
2c2


2 0 0
0 −2 0
1 0 −1
5
2 1 − 1

2



c1 + c3


2 0 0
0 −2 0
0 0 −1
2 1 − 1

2


1
2c1
−c2
−2c3


1 0 0
0 2 0
0 0 2
1 −1 1



Basis of V2 =




1
0
0
1

 ,


0
2
0
−1

 ,


0
0
2
1




1.2

Upon comparison, basis of V1 ∩ V2 =




1
0
0
1

 ,


0
2
0
−1


 ,

as these are the only common vectors in the bases of V1 and V2.
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1.3

Upon comparison, basis of V1 relative to V1 ∩ V2 =




0
0
4
1


 ,

as this is the only vector in the basis of V1 not in the basis of V1 ∩ V2.

2 Problem 2

2.1

(f1, f2) ◦ [v]f = v, i.e.

(
2 3 5
1 1 2

)
r2 −

1

2
r1

(
2 3 5
0 − 1

2 − 1
2

)
r1 + 6r2

(
2 0 2
0 − 1

2 − 1
2

)
1
2r1
−2r2

(
1 0 1
0 1 1

)

[v]f =

(
1
1

)
2.2

Mf→e ◦ e = f

Mf→e ◦
(

1 0
0 1

)
=

(
2 3
1 1

)

Mf→e =

(
2 3
1 1

)

Mf→e ◦ [v]f =
(

2 3
1 1

)
◦
(

1
1

)
=

(
2 + 3
1 + 1

)
=

(
5
2

)
= v

2.3(
2 3 1
1 1 0

)
r2−

1

2
r1

(
2 3 1
0 − 1

2 − 1
2

)
r1+6r2

(
2 0 −2
0 − 1

2 − 1
2

)
1
2r1
−2r2

(
1 0 −1
0 1 1

)
(

2 3 0
1 1 1

)
r2−

1

2
r1

(
2 3 0
0 − 1

2 1

)
r1+6r2

(
2 0 6
0 − 1

2 1

)
1
2r1
−2r2

(
1 0 3
0 1 −2

)

[e1]f =

(
−1
1

)
, [e2]f =

(
3
−2

)
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2.4

Me→f ◦ f = e

Me→f ◦
(

2 3
1 1

)
=

(
1 0
0 1

)

Me→f =

(
1 0
0 1

)
◦
(

2 3
1 1

)−1
=

1

2− 3

(
1 −3
−1 2

)

Me→f =

(
−1 3
1 −2

)

Me→f ◦Mf→e =

(
−1 3
1 −2

)
◦
(

2 3
1 1

)
=

(
−2 + 3 −3 + 3
2− 2 3− 2

)
=

(
1 0
0 1

)

Me→f ◦Mf→e = I

2.5

e1 = −1
(

2
1

)
+ 1

(
3
1

)
= −f1 + f2

e2 = 3

(
2
1

)
− 2

(
3
1

)
= 3f1 − 2f2

So φ (e1) = −φ (f1) + φ (f2)

= −
(

1
5

)
+

(
3
9

)
=

(
2
4

)

and φ (e2) = 3φ (f2)− 2φ (f2)

= 3

(
1
5

)
− 2

(
3
9

)
=

(
−3
−3

)
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A = [φ]e,e has columns φ (e1) and φ (e2)

⇒ A =

(
2 −3
4 −3

)
2.6

[φ]f,e ◦Me→f =

(
1 3
5 9

)
◦
(
−1 3
1 −2

)
=

(
−1 + 3 3− 6
−5 + 9 15− 18

)
=

(
2 −3
4 −3

)
= A

This matrix [φ]f,e ◦Me→f is the same as A = [φ]e,e.
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