
MAU11102: Linear Algebra II

Homework 10 due 10/04/2020

Ruaidhŕı Campion
19333850

Theoretical Physics

I have read and I understand the plagiarism provisions in the General
Regulations of the University Calendar for the current year, found at
http://www.tcd.ie/calendar.
I have completed the Online Tutorial in avoiding plagiarism ‘Ready, Steady,
Write’, located at http://tcd-ie.libguides.com/plagiarism/ready-steady-write.

Problem 1

q(x) = xTAx

=
(
x1 x2 x3

) 1 1 −1
1 1 0
−1 0 −1

 x1
x2
x3


=

(
x1 x2 x3

) x1 + x2 − x3
x1 + x2
−x1 − x3


= x21 + x22 − x23 + 2x1x2 − 2x1x3

= x21 + (x21 + 2x1x2 + x22)− (x21 + 2x1x3 + x23)

= x21 + (x1 + x2)2 − (x1 + x3)2

= y21 + y22 − y23

x = My ⇒
y1 = x1

y2 = x1 + x2
y3 = x1 + x3

or
x1 = y1

x2 = −y1 + y2
x3 = −y1 + y3

or M =

 1 0 0
−1 1 0
−1 0 1


ε1 = 1
ε2 = 1
ε3 = −1

⇒ Signature of q = (2, 1, 0)
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Problem 2

q(x) =
∑
i,j

aijxixj

a11, a22, a33 = 4

a12 + a21 = −2, a13 + a31 = 2, a23 + a32 = −2

A is symmetric⇒ aij = aji

⇒
a12 = a21 = −1
a13 = a31 = 1
a23 = a32 = −1

⇒ A =

 4 −1 1
−1 4 −1
1 −1 4



⇒ q(x) = xT

 4 −1 1
−1 4 −1
1 −1 4

x

χA(t) = det(tI −A)

=

∣∣∣∣∣∣
t− 4 1 −1

1 t− 4 1
−1 1 t− 4

∣∣∣∣∣∣
= (t− 4)((t− 4)(t− 4)− 1)− (t− 4 + 1)− (1 + t− 4)

= (t− 4)(t2 − 8t+ 15)− 2t+ 6

= t3 − 12t2 + 45t+ 54

= (t− 3)2(t− 6)⇒ λ1, λ2 = 3, λ3 = 6

q(x) = 3y21 + 3y22 + 6y23

= yTBy

= yT

 3 0 0
0 3 0
0 0 6

 y

= yTdiag(λ1, λ2, λ3)y

We can find M where x = My such that M is an orthogonal matrix consisting
of eigenvectors of A, and B = MTAM . We will find the eigenvectors of A and
obtain a set of orthonormal vectors from these, which will make up M .

(A− 3I)v = 0⇒

 1 −1 1 0
−1 1 −1 0
1 −1 1 0

 r2 + r1
r3 − r1

 1 −1 1 0
0 0 0 0
0 0 0 0



v1 = v2 − v3 ⇒ vλ1
=

 1
1
0

 , vλ2
=

 −1
0
1


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(A− 6I)v = 0⇒

 −2 −1 1 0
−1 −2 −1 0
1 −1 −2 0

 r1 + 2r3
r2 + r3

 0 −3 −3 0
0 −3 −3 0
1 −1 −2 0


− 1

3r1
− 1

3r2

 0 1 1 0
0 1 1 0
1 −1 −1 0

 r1 − r2
r3 + r2

 0 0 0 0
0 1 1 0
1 0 −1 0


v1 = v3
v2 = −v3

⇒ vλ3 =

 1
−1
1


w1 =

vλ1

||vλ1
||

=
1√
2

 1
1
0


u2 = vλ2 − (vλ2 , w1)w1 =

 −1
0
1

+
1√
2

1√
2

 1
1
0

 =
1

2

 −1
1
2


w2 =

u2
||u2||

=
1√
6

 −1
1
2


w3 =

vλ3

||vλ3 ||
=

1√
3

 1
−1
1



⇒M =

 1√
2

 1
1
0

∣∣∣∣∣∣ 1√
6

 −1
1
2

∣∣∣∣∣∣ 1√
3

 1
−1
1

 =


1√
2
− 1√

6
1√
3

1√
2

1√
6
− 1√

3

0 2√
6

1√
3



or

x1 = 1√
2
y1 − 1√

6
y2 + 1√

3
y3

x2 = 1√
2
y1 + 1√

6
y2 − 1√

3
y3

x3 = 2√
6
y2 + 1√

3
y3

or

y1 = 1√
2
x1 + 1√

2
x2

y2 = − 1√
6
x1 + 1√

6
x2 + 2√

6
x3

y3 = 1√
3
x1 − 1√

3
x2 + 1√

3
x3

We can already say that q is positive definite, as A is symmetric and all eigen-
values of A are positive (3, 3, 6). We can also say that q is positive definite if
all corner minors of A are positive.

Order 1 corner minor = det(4)

= 4 > 0

Order 2 corner minor =

∣∣∣∣ 4 −1
−1 4

∣∣∣∣
= 4(4)− (−1)(−1)

= 15 > 0

Order 3 corner minor =

∣∣∣∣∣∣
4 −1 1
−1 4 −1
1 −1 4

∣∣∣∣∣∣
= 4(4(4)− 1) + (−4 + 1) + (1− 4)

= 54 > 0

All corner minors are positive⇒ q is positive definite.
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Problem 3

q(x) =
∑
i,j

aijxixj =
∑
i<j

(xi − xj)2, 1 ≤ i, j ≤ n

⇒
∑
i

aiix
2
i +

∑
i 6=j

aijxixj = (n− 1)
∑
i

x2i − 2
∑
i<j

xixj ∀ x

⇒
∑
i

aiix
2
i =

∑
i

(n− 1)x2i ,
∑
i 6=j

aijxixj =
∑
i<j

−2xixj

⇒ aii = n− 1 ∀ i , aij + aji = −2 ∀ i 6= j

Consider x1 = x2 = . . . = xn = 1, i.e. x =


1
1
...
1

. Then q(x) = 0⇒ q(x) is not

positive definite. Thus, A cannot have full rank. If aij 6= aji then the columns
of A are linearly independent, and thus A has full rank. Thus aij = aji = −1.

⇒ An =


n− 1 −1 . . . −1
−1 n− 1 . . . −1
...

...
. . .

...
−1 −1 . . . n− 1


χA1

(t) = det(t) = t⇒ λ = 0⇒ (0, 0, 1)

χA2
(t) =

∣∣∣∣ t− 1 1
1 t− 1

∣∣∣∣ = t(t− 2)⇒ λ = 0, 2⇒ (1, 0, 1)

χA3
(t) =

∣∣∣∣∣∣
t− 2 1 1

1 t− 2 1
1 1 t− 2

∣∣∣∣∣∣ = t(t− 3)2 ⇒ λ = 0, 3, 3⇒ (2, 0, 1)

χA4
(t) =

∣∣∣∣∣∣∣∣
t− 3 1 1 1

1 t− 3 1 1
1 1 t− 3 1
1 1 1 t− 3

∣∣∣∣∣∣∣∣ = t(t− 4)3 ⇒ λ = 0, 4, 4, 4⇒ (3, 0, 1)

χA5
(t) =

∣∣∣∣∣∣∣∣∣∣
t− 4 1 1 1 1

1 t− 4 1 1 1
1 1 t− 4 1 1
1 1 1 t− 4 1
1 1 1 1 t− 4

∣∣∣∣∣∣∣∣∣∣
= t(t−5)4 ⇒ λ = 0, 5, 5, 5, 5⇒ (4, 0, 1)

...

⇒ χAn
(t) = t(t− n)n−1 ⇒ λ = 0, n, n, . . . , n⇒ (n− 1, 0, 1)

∴ Signature of q(x) = (n− 1, 0, 1)
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Alternatively, we can use the fact that A is symmetric to find n+, n− and n0.
There exists only one vector in ker(A)⇒ n0 = 1 and rk(A) = n+ +n− = n− 1.
q(x) ≥ 0⇒ n− = 0⇒ n+ = n− 1.

∴ Signature of q(x) = (n− 1, 0, 1), as before.

Problem 4

q(x) = xTAx

=
(
x1 x2

)( 1 1
3 a

)(
x1
x2

)
= x21 + ax22 + 4x1x2

= (x21 + 4x1x2 + 4x22) + (a− 4)x22

= (x1 + 2x2)2 + (a− 4)x22

> 0 ∀ x1, x2 ∈ R\{0}
(x1 + 2x2)2 ≥ 0

⇒ (a− 4)x22 > 0

⇒ a > 4
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