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1.

f(x, y) = (x− 2)2 + (y − 1)2

g(x, y) =
(x
4

)2
+
(y
3

)2
− 1

∇f(x0, y0) = λ∇g(x0, y0)

⇒ 2(x− 2)̂ı+ 2(y − 1)̂ =
λx

8
ı̂+

2λy

9
̂

⇒ x =
32

16− λ
, y =

9

9− λ
g(x, y) = 0

⇒
(

8

16− λ

)2

+

(
3

9− λ

)2

= 1

64(9− λ)2 + 9(16− λ)2 = ((16− λ)(9− λ))2

64(81− 18λ+ λ2) + 9(256− 32λ+ λ2) = (144− 25λ+ λ2)2

7488− 1440λ+ 73λ2 = 20736− 7200λ+ 288λ2 + 625λ2 − 50λ3 + λ4

λ4 − 50λ3 + 840λ2 − 5760λ+ 13248 = 0

We cannot solve this analytically, and so we will use the Newton-Raphson iteration.

λn+1 = λn −
h(λn)

h′(λn)

h(λ) = λ4 − 50λ3 + 840λ2 − 5760λ+ 13248

h′(λ) = 4λ3 − 150λ2 + 1680λ− 5760

Graphing this function gives approximate roots λ = 5, λ = 24

λ0 = 5 λ0 = 24

λ1 = 2873
610 λ1 = 145

6

λ2 = 4.737508589 λ2 = 24.16137202

λ3 = 4.737782761 λ3 = 24.16136655

λ4 = 4.737782788 λ4 = 24.16136655 ≡ λb

λ5 = 4.737782788 ≡ λa

fa(x, y) =

(
32

16− λa
− 2

)2

+

(
9

9− λa
− 1

)2

= 1.943488147 = fmin

fb(x, y) =

(
32

16− λb
− 2

)2

+

(
9

9− λb
− 1

)2

= 37.59680455 = fmax
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2. ∫ ∫
R

f(x, y)dA =

∫ 3

0

∫ 2

0

4xyex
2+y2dxdy

=

∫ 3

0

2y

∫ 2

0

2xex
2+y2dxdy

=

∫ 3

0

2yex
2+y2

∣∣∣∣x=2

x=0

dy

= ex
2+y2

∣∣∣x=2

x=0

∣∣∣∣y=3

y=0

= ey
2+4 − ey

2
∣∣∣y−3
y=0

= e13 − e9 − e4 + 1 = (e9 − 1)(e4 − 1) = 434256.7099

3.

(a)

x = 2±
√
7 + 12y − 4y2

= 2±
√
(2y − 7)(2y + 1), −1

2
≤ y ≤ 7

2

dx

dy
= ± 12− 8y

2
√

7 + 12y − 4y2

dx

dy
= 0⇒ y =

3

2
⇒ x = 2± 4

⇒ Ellipse, where − 2 ≤ x ≤ 6, −1

2
≤ y ≤ 7

2
(sketch on page 3)

x = 2±
√

7 + 12y − 4y2

(x− 2)2 = 7 + 12y − 4y2

4y2 − 12y + ((x− 2)2 − 7) = 0

y =
12±

√
144− 16((x− 2)2 − 7)

8

=
12±

√
144− 16(x2 − 4x− 3)

8

=
12± 4

√
12 + 4x− x2
8

=
3±
√
12 + 4x− x2

2
, −2 ≤ x ≤ 6

⇒
∫ 6

−2

∫ 3+
√

12+4x−x2
2

3−
√

12+4x−x2
2

f(x, y)dydx
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(b)

x2

2
≤ y ≤

√
3− x2, 0 ≤ x ≤ 1

⇒
√

2y ≤ x ≤
√

3− y2

0 ≤
√
2y ≤ 1⇒ 0 ≤ y ≤ 1

2

0 ≤
√
3− y2 ≤ 1⇒

√
2 ≤ y ≤

√
3

⇒ Graphs don’t intersect, need x = 1 for
1

2
≤ y ≤

√
2 (sketch below)

⇒
∫ 1

2

0

∫ √2y

0

f(x, y)dxdy +

∫ √2

1
2

∫ 1

0

f(x, y)dxdy +

∫ √3

√
2

∫ √3−y2

0

f(x, y)dxdy
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4.

(a)

f(x, y) = x2 + y2, y2 ≤ x ≤ 1, −1 ≤ y ≤ 1

⇒ V =

∫ 1

−1

∫ 1

y2
(x2 + y2)dxdy

=

∫ 1

−1

(
x3

3
+ xy2

)∣∣∣∣x=1

x=y2
dy

=

∫ 1

−1

(
1

3
+ y2 − y6

3
− y4

)
dy

=
y

3
+
y3

3
− y7

21
− y5

5

∣∣∣∣y=1

y=−1

=
88

105

(b)

f(x, y) =
x2

a
, 0 ≤ y ≤

√
b2 − x2, 0 ≤ x ≤ b

⇒ V =

∫ b

0

∫ √b2−x2

0

x2

a2
dydx

x = r cos θ, y = r sin θ

⇒ 0 ≤ r ≤ b, 0 ≤ θ ≤ π

2

⇒ V =

∫ π
2

0

∫ b

0

(r cos θ)2

a
rdrdθ

=
1

a

∫ π
2

0

cos2 θ

∫ b

0

r3drdθ

=
1

a

∫ π
2

0

r4 cos2 θ

4

∣∣∣∣∣
r=b

r=0

dθ

=
1

a

∫ π
2

0

b4 cos2 θ

4
dθ

=
b4

4a

(
1

2

(
θ +

sin(2θ)

2

))∣∣∣∣θ=π
2

θ=0

=
b4

8a

(π
2

)
=

πb4

16a
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5.

f(x, y, z) = s2 = (x− x0)2 + (y − y0)2 + (z − z0)2

g(x, y, z) = ax+ by + cz + d

∇f(x0, y0, z0) = λ∇g(x0, y0, z0)

⇒ 2(x− x0)̂ı+ 2(y − y0)̂+ 2(z − z0)k̂ = λaı̂+ λb̂+ λck̂

⇒ x = x0 +
λa

2
, y = y0 +

λb

2
, z = z0 +

λc

2

g(x, y, z) = 0

⇒ a

(
x0 +

λa

2

)
+ b

(
y0 +

λb

2

)
+ c

(
z0 +

λc

2

)
+ d = 0

λ

2
(a2 + b2 + c2) = −(ax0 + by0 + cz0 + d)

λ

2
= −ax0 + by0 + cz0 + d

a2 + b2 + c2

s2 = (x− x0)2 + (y − y0)2 + (z − z0)2

=

(
λ

2
a

)2

+

(
λ

2
b

)2

+

(
λ

2
c

)2

=

(
λ

2

)2

(a2 + b2 + c2)

=

(
−ax0 + by0 + cz0 + d

a2 + b2 + c2

)2

(a2 + b2 + c2)

=
(ax0 + by0 + cz0 + d)2

a2 + b2 + c2

⇒ s =
|ax0 + by0 + cz0 + d|√

a2 + b2 + c2
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6.

f(x1, x2, . . . , xn) = (2x1)(2x2) . . . (2xn) = 2nx1x2 . . . xn

g(x1, x2, . . . , xn) =
x21
a21

+
x22
a22

+ . . .+
x2n
a2n
− 1

∇f(x1, x2, . . . , xn) = λ∇g(x1, x2, . . . , xn)

2nx2x3 . . . xnê1+2nx1x3 . . . xnê2+. . .+2nx1x2 . . . xn−1ên =
2λx1
a21

ê1+
2λx2
a22

ê2+. . .+
2λxn
a2n

ên

⇒ 2nx1x2 . . . xn
xi

=
2λxi
a2i

⇒ x2i
a2i

=
f(x1, x2, . . . , xn)

2λ

g(x1, x2, . . . , xn) = 0

⇒ f(x1, x2, . . . , xn)

2λ
+
f(x1, x2, . . . , xn)

2λ
+ . . .+

f(x1, x2, . . . , xn)

2λ
= 1

nf(x1, x2, . . . , xn)

2λ
= 1⇒ 2λ = nf(x1, x2, . . . , xn)

⇒ x2i
a2i

=
1

n
⇒ xi =

ai√
n

f(x1, x2, . . . , xn) = 2nx1x2 . . . xn

= 2n
(
a1√
n

)(
a2√
n

)
. . .

(
an√
n

)

=

(
2√
n

)n
a1a2 . . . an =

(
2√
n

)n n∏
i=1

ai
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7.

u = [x1 x2 . . . xn]
T , v = [1 2 . . . n]T

||u|| = 1⇒
√
x21 + x22 + . . .+ x2n = 1⇒ x21 + x22 + . . .+ x2n − 1 = 0

f(x1, x2, . . . , xn) = u · v = x1 + 2x2 + . . .+ nxn

g(x1, x2, . . . , xn) = x21 + x22 + . . .+ x2n − 1

∇f(x1, x2, . . . , xn) = λ∇g(x1, x2, . . . , xn)

⇒ ê1 + 2ê2 + . . .+ nên = λ(2x1ê1 + 2x2ê2 + . . .+ 2xnên)

⇒ x1 =
1

2λ
, x2 =

2

2λ
, . . . , xn =

n

2λ

g(x1, x2, . . . , xn) = 0

⇒
(

1

2λ

)2

+

(
2

2λ

)2

+ . . .+
( n
2λ

)2
= 1

2λ =
√

12 + 22 + . . .+ n2 = ||v||

u = [x1 x2 . . . xn]
T

=

[
1

2λ

2

2λ
. . .

n

nλ

]T
=

1

2λ
[1 2 . . . n]T

=
1

||v||
v
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8.

f(x1, x2, . . . , xn) = (2x1)(2x2) . . . (2xn) = 2nx1x2 . . . xn

g(x1, x2, . . . , xn) =
x21
a21

+
x22
a22

+ . . .+
x2n
a2n
− 1

∇f(x1, x2, . . . , xn) = λ∇g(x1, x2, . . . , xn)

2nx2x3 . . . xnê1+2nx1x3 . . . xnê2+. . .+2nx1x2 . . . xn−1ên =
2λx1
a21

ê1+
2λx2
a22

ê2+. . .+
2λxn
a2n

ên

⇒ 2nx1x2 . . . xn
xi

=
2λxi
a2i

⇒ x2i
a2i

=
f(x1, x2, . . . , xn)

2λ

g(x1, x2, . . . , xn) = 0

⇒ f(x1, x2, . . . , xn)

2λ
+
f(x1, x2, . . . , xn)

2λ
+ . . .+

f(x1, x2, . . . , xn)

2λ
= 1

nf(x1, x2, . . . , xn)

2λ
= 1⇒ 2λ = nf(x1, x2, . . . , xn)

⇒ x2i
a2i

=
1

n
⇒ xi =

ai√
n

f(x1, x2, . . . , xn) = 2nx1x2 . . . xn

= 2n
(
a1√
n

)(
a2√
n

)
. . .

(
an√
n

)

=

(
2√
n

)n
a1a2 . . . an =

(
2√
n

)n n∏
i=1

ai
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9.

(a)

b−Ax =


b1
b2
...
bn

−


a11 a12 . . . a1k
a21 a22 . . . a2k
...

...
. . .

...
an1 an2 . . . ank




x1
x2
...
xk



=


b1
b2
...
bn

−
 a11x1 + a12x2 + . . .+ a1kxk

a21x1 + a22x2 + . . .+ a2kxk
...an1x1 + an2x2 + . . .+ ankxk



=


b1 − a11x1 − a12x2 − . . .− a1kxk
b2 − a21x1 − a22x2 − . . .− a2kxk

...
bn − an1x1 − an2x2 − . . .− ankxk


||b−Ax||2 = (b1−a11x1−a12x2−. . .−a1kxk)2+. . .+(bn−an1x1−an2x2−. . .−ankxk)2

∂

∂xi
||b−Ax||2 = 2(b1 − a11x1 − a12x2 − . . .− a1kxk)(−a1i) + . . .

+ 2(bn − an1x1 − an2x2 − . . .− ankxk)(−ani)

= −2a1i

b1 − k∑
j=1

a1jxj

− . . .− 2ani

bn − k∑
j=1

anjxj


= 2

n∑
m=1

ami

 k∑
j=1

amjxj − bm
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(b)

ATAxmin = AT


a11 a12 . . . a1k
a21 a22 . . . a2k
...

...
. . .

...
an1 an2 . . . ank




xmin,1
xmin,2

...
xmin,k



=


a11 a12 . . . a1k
a21 a22 . . . a2k
...

...
. . .

...
an1 an2 . . . ank


T 

a11xmin,1 + a12xmin,2 + . . .+ a1kxmin,k
a21xmin,1 + a22xmin,2 + . . .+ a2kxmin,k

...
an1xmin,1 + an2xmin,2 + . . .+ ankxmin,k



=


a11 a21 . . . an1
a12 a22 . . . an2
...

...
. . .

...
a1k a2k . . . ank



∑k
j=1 a1jxmin,j∑k
j=1 a2jxmin,j

...∑k
j=1 anjxmin,j



=


a11
∑k
j=1 a1jxmin,j + a21

∑k
j=1 a2jxmin,j + . . .+ an1

∑k
j=1 anjxmin,j

a12
∑k
j=1 a1jxmin,j + a22

∑k
j=1 a2jxmin,j + . . .+ an2

∑k
j=1 anjxmin,j

...

a1k
∑k
j=1 a1jxmin,j + a2k

∑k
j=1 a2jxmin,j + . . .+ ank

∑k
j=1 anjxmin,j



=


∑n
m=1 am1

∑k
j=1 amjxmin,j∑n

m=1 am2

∑k
j=1 amjxmin,j
...∑n

m=1 amk
∑k
j=1 amjxmin,j



ATb =


a11 a21 . . . an1
a12 a22 . . . an2
...

...
. . .

...
a1k a2k . . . ank




b1
b2
...
bn



=


a11b1 + a21b2 + . . .+ an1bn
a12b1 + a22b2 + . . .+ an2bn

...
a1kb1 + a2kb2 + . . .+ ankbn



=


∑n
m=1 am1bm∑n
m=1 am2bm

...∑n
m=1 amkbm


xmin minimises ||b−Ax||

⇒ xmin minimises ||b−Ax||2

⇒ ∂

∂xmin,i
||b−Ax||2 = 0 ∀ 1 ≤ i ≤ k
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⇒ 2

n∑
m=1

ami

 k∑
j=1

amjxmin,j − bm

 = 0 ∀ 1 ≤ i ≤ k

⇒
n∑

m=1

ami

k∑
j=1

amjxmin,j =

n∑
m=1

amibm ∀ 1 ≤ i ≤ k

⇒ ith row of ATAxmin = ith row of ATb ∀ 1 ≤ i ≤ k

∴ ATAxmin = ATb

(c)

ATAx0 = ATb holds if x0 is a local maximiser or minimiser of r(x).

ATb has no dependence on x and is thus constant.

rank(A) = rank(AT ) = rank(ATA) = k

⇒ ATA is a k × k matrix of rank k.

⇒ There exists a unique x0 such that ATAx0 = ATb

⇒ r(x) has one global extremum.

r(x) = ||b−Ax||2 ≥ 0 ∀ x

⇒ If r(x) has only one global extremum, it must be a global minimum.

∴ r(x) has a global minimiser and no other extrema.

(d)

f(x) = ||b−Ax||2

g(x) = ||x|| −R =

√√√√ k∑
p=1

x2p −R

∇f(x) = δ∇g(x), δ ∈ R

⇒ ∂

∂xi
||b−Ax||2êi = δ

∂

∂xi
(||x|| −R)êi ∀ 1 ≤ i ≤ k

2

n∑
m=1

ami

 k∑
j=1

amjxj − bm

 = δ

1

2

(
k∑
p=1

x2p

)− 1
2

2xi


Let εi = 2

n∑
m=1

ami

 k∑
j=1

amjxj − bm


⇒ εi =

δ√∑k
p=1 x

2
p

xi =
δ

||x||
xi
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g(x) = 0⇒ ||x|| = R⇒ εi =
δ

R
xi

⇒ 2

n∑
m=1

ami

 k∑
j=1

amjxj − bm

 =
δ

R
xi

2

n∑
m=1

ami

k∑
j=1

amjxj −
δ

R
xi = 2

n∑
m=1

amibm ∀ 1 ≤ i ≤ k

⇒
(
2ATA− δ

R
I

)
x = 2ATb

Let δ = −2Rλ⇒ x = xλ

⇒ (ATA+ λI)xλ = ATb

λ||x||2 = λ

(
k∑
p=1

x2p

)
∂

∂xi
(||b−Ax||2 + λ||x||2) = 0 ∀ 1 ≤ i ≤ k

2

n∑
m=1

ami

 k∑
j=1

amjxj − bm

+ 2λxi = 0

n∑
m=1

ami

k∑
j=1

amjxj + λxi =

n∑
m=1

amibm ∀ 1 ≤ i ≤ k

⇒ ATAx+ λx = ATb

⇒ (ATA+ λI)x = ATb

We just showed that xλ is a solution of this linear system.

⇒ xλ is a maximiser or minimiser of ||b−Ax||2 + λ||x||2

ATb has no dependence on x and is thus constant.

ATA+ λI is a k × k matrix of rank k.

⇒ xλ is a unique solution of this linear system.

⇒ ||b−Ax||2 + λ||x||2 has one global extremum at xλ.

||b−Ax||2 + λ||x||2 ≥ 0 ∀ x

⇒ If ||b−Ax||2+λ||x||2 has one global extremum, it must be a global minimum.

∴ xλ is the only minimiser of ||b−Ax||2 + λ||x||2
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