Mathematics 1123
Sample Test
January 12

Answer all questions

1 (i) Define what is meant by a function from a set X to a set Y.

A function from a set X to a set Y is a relation f between the elements of
X and Y (if z is f-related to y, write f(z) = y) such that:

1. VeeX dyeyY flx)=y;

2. Ve e X VyzeY If f(x) =y and f(x) =2, then y=z.

(ii) Define what it means for f: X — Y to be onto (surjective).

A function f: X — Y is onto (or surjective) if
YyeY dreX with f(z)=y.

(iii) What does the vertical line test of a graph tell?

The vertical line test determines whether the conditions 1 and 2 (see 1 (i))

hold.
(iv) Define lim f(r) =L, lim f(z)= L.
lim f(z) =L & Ve >0 3§ >0 Vx € R (O<a—x<5):>
T—a—
[f(z) = L| <,

lim f(2) =L & Ve>0 3N>0 vaeR (2>N)=|f(2) - Ll <e
(v) If xl;r{r}lﬁ f(z) = Ly and :clgg+ f(z) = Lq, prove Ly # Ly = alclir(lz f(z) does not
exist.

The ordinary limit lim f(z) exists and is equal to L < the left- and right-

hand limits xlggf f (wx_j aand mlillrll+ f(z) exist and both are equal to L. Thus:

if lim f(z) and wl—l»r;l— f(z) exist and are equal to Ly and Lo, respectively,

r—a

but L; # Lo, then the ordinary limit lim f(z) does not exist.

2 (i) Let f(z) = —x if 2 <0, f(z) = 22 if # > 0. Find f’(0) or show it does not
exist.

The limit lim f(@) = 1(0) = lim /(@) = lim -1 }f z<0 does not
z—0 x—0 z—0 X z—0 x if =z Z 0

exist (because the left-hand limit is —1 and the right-hand limit is 0), thus

f/(0) = lim f@) = /) does not exist.

-0 -0
(ii) Let f(z) = zsin if 2 # 0, f(0) = 0. Find f/(0) or show it does not exist. Is
f(z) continuous at z = 07

B in L
The limit lim (@) = /() = lim /(@) = lim T lim sin1 does not
x—0 rz—0 z—0 X r—0 xT r—0 x
exist (because the function sin 1 (z # 0) keeps oscillating back and forth
fz) = f(0)

between -1 and 1), thus f/(0) = lim

does not exist. Since
z—0 x—0



1
—1<sint <1, —z < zsini <z, we have hn%)xsm; =0= f(0), so f(x)
is continuous at = = 0.
(iii) If lim f(z) = L; and lim g(z) = Lo, prove lim f(z)g(z) = L1Lo.

Assume f,g: R — R are functions; a,L;,Ls € R; and lim f(z) = Ly,

lim g(z) = Ly. Fix € > 0. Since lim f(x) = L;, we have
Tr—a

r—a
0o >0V e Rwith 0 < |z —a| <do:  |f(x)|—|L1] < |f(z) — L1] <,
thus
Vo € R with 0 < |z —al| < dp : |f(z)] < |Li| + e
Again, since lim f(z) = Ly, we can choose (possibly) another §; > 0 such
that
Vo € R with 0 < |z —al| < 47 : |f(z) — L1] <

2\L|

Since lim g(x) = L, we have

r—a

62 >0 Ve e RwithO < |z —a| <d2: |g(x)— Lao| < SAEDE
Take 6 = minimum {dg, d1,d2}. Then Yz € R with 0 < |z — a|] < § we have

|f(x)g(z) — L1La| = [f(z)g(x) — f(x)L2 + f(z)L2 — L1Lo|
= |r@ (o) L2) + (f(@) = L1) Lo
< ’f ( L2)‘ '(f(x)—L1>L2‘
= |f(@)]|g(z) — La| + [f(z ) Lll\Lzl

€
< (ILi|+ +
_ofL.f
T 272 ¢

This proves lim f(z)g(x) = L1Lo.

r—a

(iv) Find the linear approximation and the quadratic approximation to sin(.05).
Linear approximation: sin(.05) ~ .05
Quadratic approximation: sin(.05) ~ .05

3 (i) Find & o if

(a) y=ze®sinx

d
ﬁ = (ze”) sinz + ze®(sinz)’

(" + xze¥)sinx + ze® cosx
e

(14 z)sinz + ze” cosx

= ea"((l —l—x)sinm—i—mcosw)



(b) y=1In ((sin(ar;2

dy

dx (sin(

(sin(2? + 1))3

(sin(2? + 1))3

sin(a? + 1)

+1))")

1
1
1

1

cos(z? + 1)

“ sin(x? 4+ 1)

= 6xcot(z? +1)

(c) %y +ya? =1

V=53

dy _

(2 + 2%y =1,
(d) z=t>+1,y=2t+1
dx
¥ =
dt ’ dt

(i) Let f(z) = 2& =9

22—4

down, local extrema, points of inflection. Hence sketch this function.

)

-3cos(x? +1) -2z

1
x2’

dy _
dzr

1 . 9 3 /
W((sm(aﬂ —|—1)) )

dy
dzx

dy
dt

T dx

dt

-3(sin(z” + 1))2 - (sin(2® + 1))/

-3(sin(z” + 1))2 cos(z? +1) - 2z

m -3(sin(z” + 1))2 ccos(a? +1) - (22 +1)

find where f(z) increases, decreases, is concave up, concave

o —20(32>+4
The derivatives of f are: f'(z) = %, f'(z) = ﬁ~ The table
below shows where f(z) increases, decreases.
z || (=00,=3) | =3 | (=3,—-2) | =2 | (=2,0) | 0 | (0,2) | 2] (2,3) |3 | (3+c0)
2 B
g 3
positive negative » positive positive 7 | negative positive
f(z) 0 < 4.5 3 0
f/(x) - — - 0 + + ¥
£ () - - - + >0 + - - -

This table further shows that f has a local minimum at z = 0, f(0) = 4.5;
that f is concave up on (—2,2) (since f”(x) > 0 for x € (—2,2)); that
f is concave down on (—oo,—2) and (2,400) (since f”(z) < 0 for z €
(=00, —2) U (2,400); and that f does not have a point of inflection.

With this, we can sketch the graph of f.



Graph of f(z) = 2(x2:9)

4 (i) State and prove Rolle’s Theorem.

Theorem (Rolle’s theorem): Let a,b € R, a < b, and let f: [a,0] — R
be a function. If

f is continuous on [a, b],

f differentiable (a,b),

and f(a) = £(b),
then Jc € (a,b) such that f’(¢) = 0.
Proof: If f is a constant function on [a, b], we have f’(c¢) = 0 for all ¢ € (a, b),
hence the conclusion of the theorem is obviously true.

Suppose f is not constant on [a,b]. Then there are 1, x5 € [a,b] with

f(@1) = inf f([a,b]),  f(x2) = sup f([a, b)),

and at least one of these points, z1, 2, must belong to (a, ) (since f is not
constant). So f has a local extremum at ¢ € {z1,z2} N (a,b), and f'(c) = 0.
(ii) State the Mean Value Theorem and prove that if f'(z) =0, all z in [a, b], then
f(z) = constant on [a, b].
Theorem (The Mean Value Theorem): Let a,b € R, a < b, and let
f:[a,b] — R be a function. If
f is continuous on [a, b] and
f differentiable (a,b),

then 3¢ € (a,b) such that f'(c) = W'



As an application of the Mean Value Theorem, we can prove that: If
f:[a,b] — R is differentiable and f’(z) = 0 for all € [a,b], then f is
constant on [a,b]. Indeed, the Mean Value Theorem implies that for any
ap € [a,b)

/ f(b) — f(a())

flo ==

for some ¢ € (ag,b). But f'(¢) = 0. So f(b) = f(ap) for all ag € [a,b),
which implies that f is constant on [a, b].

(iii) A Boat B is 2 miles from the shore. The person in the boat wants to get to
a point that is 1 mile inland from a point three miles down the shore. If the person
can row at 2 miles per hour and walk at 4 miles per hour, what route should they

take?

Make a diagram:

2+ B Boat
1 4
8= EI“O) ‘ shore
1 2 3

P

The person in the boat B is 2 miles from (the nearest point on) the shore,
and wants to reach the point P in the least time. Let ¢, be the rowing time,
t, the walking time, and let S = (z,0) (z € [0,3]) be the ‘optional’ point
(on the shore) the person should row towards first. Then we have:

BS = Va2 +/4,

SP=B-2)2+1,

RowBSintr:%:#

Walk SP in t, — %:@

Total time is the sum of those: t = ¢, +t, = x/x;ﬁ + \/W
Now % - 2\/;2+4 + 4\/(;”:;’)2“. Set that equal to zero to get:

x -3
_|_
2Va?+4  4/(3—-x)2+1

So the person in the boat B should first row toward S = (1,0) in order to
reach point P in the least time.

=0 & rz=1



5 (i) Use Riemann sums to derive the formula for the arc length of y = f(x) from
r=atox =0

Suppose f: [a,b] — R is continuous and differentiable (a,b € R, a < b).
Pick 2o, x1,...,2n € [a,b] with a =z < 21 < -+ <z, = b.
Consider the segment lines between

(2o, f(wo)) and (z1, f(21)),

(xlvf(xl)) and (x27f(x2))7 s

(@n—1, [(2z-1)) and (zy, f(2n)).
This polygonal path approximates the curve y = f(x) from = = a to z = b,
and its length approximates the arc length of y = f(x) from = a to z = b.
For all k € {1,2,...,n}, the length of the k-th line segment is

by = \/(ﬂﬁk - 361%1)2 + (f(fﬂk) - f(kafl))Q,

and, by the Mean Value Theorem, there exists ¢, € [zr_1, 2k such that

f'er) = Mv so fak) = flzr—1) = f'(cr) (zh — 2h1).

T — Tk—1

Thus

Oy,

\/(zk - $k—1)2 + (f'(Ck)(iCk - xk—l))g
= 1+ f'(ck)(xk — xk,l).

Now, the length of the entire polygonal path is the sum of the lengths of
the individual line segments,

ka = Z\/1+f'(0k)($k — Tp-1),
k=1 k=1

and it has the form of a Riemann sum.

Increasing n, and the number of points zg,z1,...,2, € [a,b], such that
sup {|zx —zx—1| : k€ {1,...,n}} — 0, we have that the arc length ¢ of
y = f(z) from = a to = b is given by:

0 = 7}1_)11;()%& = /b V14 (f'(x))?de.
k=1 @
(ii) If

Flz) = 1 if z is rational
“ 1 0 if x isirrational
what is f: f(z)dz? Explain your reasoning.

(1) This function is not Riemann integrable, it is a result due to Dirichlet.!
To prove this, let P = {zg, 21, X2, -+ ,2,} be a partition of [a,b] (meaning
a =1z < 1 < 29 < --- < xy = b). From any subinterval [zj_1,z]

Ip. G. Lejeune-Dirichlet, Werke, vol. 1, Berlin, 1889 (p. 132).



pick a rational number ¢ and an irrational number 7. Then, the lower
Riemann sum is

n

L(P,f) = (zx — 2p—1) f(re) =0,

k=1

and the upper Riemann sum is

UP,f) = (e — 2x-1)f(gr) = 20 — 20 =b—a > 0.
k=1

Hence
b
[ f@e = wt @)} = v-a >0
and
b
/ f@)de = sup{L(P,[)} = o.

It follows, therefore, that f is not Riemann integrable.
(iii) Integrate
(a) [zlnz’dx

/mln(x2)dx =

1
/ln(u)du (letting z2 = u, 2xdx =du, zdr = Edu)

N~ N~

.’172 ( IH(ZEQ) — 1) + C (where C is the integration constant)

(b) [z?Inzdx

/x2 In(z)dz

!/ D 1 -
uv — /U'U ( letting uw = zz, v = In(z), we have u = gzd, v =

8|~
S—

= %x?’ In(z) — %/ﬁdm
_ 13
= 3¢ (ln(x)ff) +C

(c) [ 2241 g

x+2
241 5
/x + der = /(x+7—2>dx
T+ 2 T+ 2

5
== - 2

22
= ?+5ln(x+2)—2x+c




(d) [ &2 de

x+2d - ( T n 2 )d
xz—l—lx - 24+1 2241 v
1
= d 2 [ ———d
/x2+1x+ /acQ—&—lx

= —In@*+1)+C, + 2/71 dx

2 +1
1 1

. du (z = tan(u
tan®(u) +1 cos?(u) (= tantu))

In(z? +1)+C; + 2/

In(z? + 1)+ C; + 2tan"*(2) + Cs

/%dm - /(:cf2_xil_(x—31)2)dx

4 4 3
/fodx_/ix—ldw_/7(x—1)2dx

= 4ln(z—2) — 41n(x—1)+73 1 +C

(f) [ cos? zsin® zdx

2
/COSQ(QT) sin(z)dr = / (cos(x) sin(x)) dx
1 2
= / (5 SIH(QZL')) dx ( since sin(2a) = 2sin(a) cos(a) )
= /sin2(2x)dx
_ 1- COS(4'I) 1 — cos(2a)
= / 9 €T ( since sin“(a) = — )

o= 0ol k| = |



6 (i) Prove that the volume of a pyramid with square base is 1/3 h B, where h is
the height and B is the area of the base.

Consider f: [0,h] — R defined by f(z) = (h;§)2B. Then, for any x € [0, h],
f(x) is the area of a cross-section parallel to the base at distance z from
the base. Hence the volume V' is

vV = /Oh f(z)dz
= /h Mde
0

2
B h
= (h — z)%dx
0
1
= -hB.
3

(ii) Find the volume of the solid formed by revolving the region bounded by y =
22+ 1,y =0, 2 =0 and z = 1, about the y-axis. Do it first by disks and then by
cylindrical shells.

Disks: V = fol mdy + ff (1= (Vy—=1)%)dy = 3.
Cylindrical shells: V = fol 2rx(x? + 1) = 3.

(iii) Define hyperbolic sine and cosine. Why are they called hyperbolic?
Hyperbolic sine: For any = € R, the hyperbolic sine of z, denoted sinh(z),

is defined by sinh(z) = 61_;%.

Hyperbolic cosine: For any z € R, the hyperbolic cosine of x, denoted
cosh(z), is defined by cosh = %

Why are they called hyperbolic? Reason: The equation of the unit circle
is u? + v = 1. For any real number z, we have cos?(x) + sin®(z) = 1;
thus the point (cos(x),sin(x)) lies on the circle u? + v? = 1. Now consider
the hyperbolic sine and cosine. For any real number x, we have coshQ(x) -
sinh?(z) = 1; thus the point (cosh(z)—sinh(z)) lies on the curve u?—v? = 1,
which is a hyperbola. This explains the name hyperbolic sine and cosine.




