PDEs, Homework #1
Solutions

. Show that the linear change of variables
v=x+Y, w=x—Yy
transforms the equation ug, = 0 into the wave equation Uy, — Uy = 0.
Differentiating with respect to x, we use the chain rule to get
Up = UyVUgp + UpyWyp = Uy + Uyy-
Differentiating with respect to y, we then similarly find that

Uy = (Uow Uy + UpwWy) + (UwoVy + Uwwy)
= Uyy — Uy + Uy — Uy
= Uypyy — Uyw-

. Which of the following PDFEs are linear? Which of those are homogeneous?

2 2 :
Py by, = sin(ay), ety =0, T+ Yy, =

Only the first and the third are linear. Only the third is homogeneous.
. Find all solutions uw = u(zx,y) of the equation u,, = xy.

In this case, one may simply integrate the given PDE, namely

2

Upy = TY == ux:/xydy:%—i—C’l(I)

2 2,2
— u:/ﬂwl(x) dz = =+ Cy(a) + Ch(y).

. Find all separable solutions uw = F(x)G(y) of the equation zu, = yu,.

To say that u = F/(z)G(y) is a solution of xu, = yu, is to say that

G'(y) _ F'(x)

yGly)  aF(z)

Here, we need a function of y to be equal to a function of x, so this implies
G'(y) _ F(z)
yGy)  aF(x)

for some A € R. Once we now solve these two separable ODEs, we find that

cF(2)G'(y) = yF'(2)G(y) <=

=X = Gy =NGy), F(z)=F(z)

Gly) = Cie' 2 F(z) =™ ? = u(z,y) = Cyet .



. Find all separable solutions v = F(x)G(y)H(z) of the equation u, — u, +u, = 0.
To say that u = F(z)G(y)H(z) is a solution of u, — u, + u, = 0 is to say that
F'(z)G(y)H (2) = F(z)G'(y) H(z) + F(x)G(y) H'(2) = 0.
Dividing through by F(x)G(y)H (z), we now arrive at the equation
Fe) Gy _ H(z)
Fz)  G(y) H(z)
Here, the left hand side depends only on z,y and the right hand side only on z, so
Flle) G'ly) _ H(2) _
Flx)  G(y) H(z)

Using the exact same argument as above, we can similarly argue that

F) Gl ., Fl _GW

Fo) ~ Cly) Flo) G T

This allows us to deduce three equations for the three unknowns, namely
Fl@) = uF(z),  Gy) = (u-NG(y),  H(:) = -AH(2).
Solving these three simple ODEs, we conclude that
F(z) = Cie!”, G(y) = Coe=My, H(z) = Cse™.
Thus, every separable solution of the given PDE has the form
u(z,y, z) = F(2)G(y)H(z) = Cper=th=Ny=2z,

. Find all solutions u = u(x,t) of the equation u; + 2xtu, = €'

In this case, the characteristic equations are

dt dz du
— =1 — = 2uxt — =€
ds ’ ds o s ©
and we shall assume that u(xg,0) = f(x¢). Then we have t = s and also
d
Y otds = 2sds  —> logr =s+C = x:xoeSQ,
x

so the rightmost characteristic equation gives
du=e'ds=¢e’ds = u=e'+C = u=-¢e®—1+uy.
Once we now recall that s = ¢, we may finally conclude that

w=e —1+ f(zg) = e — 1+ flze™®).



7. Find a function f(x) for which the initial value problem
Uy + uy = 22U, u(z,x) = f(x)
has no solutions and a function f(x) for which it has infinitely many solutions.

e In this case, the characteristic equations are

dx dy du
o1, Yy
ds ’ ds ’ ds

and we shall assume that u(0,yy) = g(yo). Then we have x = s and y = s + yo, so

d
N ords=2sds — logu=s>+C = u = uge® .
u

Eliminating y, and s, we may thus conclude that

r=s=y—y = ux,y)=g(le” =gy -2
= wu(z,z) =g(0)e”.

Now, if f(z) is a constant multiple of e**, then the initial value problem will have an
infinite number of solutions, as g can be any function for which ¢(0) is equal to that
constant. And if f(z) is not a constant multiple of e*”, then no solutions exist.

8. Show that the characteristic curves for the equation yu, — xu, = 0 are circles around
the origin. Conclude that u(x,0) = f(x) must be even for any solution w.

e In this case, the characteristic equations are

dx_ d_y_ du_

- = 0.
dS y?

= —ux, _— =
ds ds
The easiest way to solve this system of ODEs is to note that

=y, y=—-12 — 1'=y=-2 = "+2=0.
This gives x = Cysins + Cycos s and also y = 2’/ = C coss — Cy8in s, so
2% +y* = (O sins + Cycos 5)* + (O cos s — Cysins)? = CF + C.
To show that u(x,0) = f(x) must be even, we need to show that
u(z,0) = u(—=x,0)

for all x € R. This follows trivially by above since the points (+x,0) liec on the same
characteristic curve and since u is constant along this curve.



10.

11.

12.

Find all solutions uw = u(z,y) of the equation u, + u, +u = e¥~".

In this case, the characteristic equations are

so we have r = s + ¢ and y = s + ¥y, while
w4 u =V = o,
Note that this ODE is first-order linear with integrating factor e, namely

(e*u) = e’ =  yu=ee +C
=  e’u= (e’ —1)e"" + .
Imposing a generic initial condition such as u(zg,0) = f(x¢), we conclude that
y=s=c—x9 = u=(1—e%)e ™+ f(xg)e*®
= u=(1—-e"e""+ f(x—y)e .
Find all solutions u = u(x,y, z) of the initial value problem
Uy + 2yu, + u, = 3u, u(z,y,0) = f(z,y).
In this case, the characteristic equations are
¥ =u, y = 2y, 2 =1, u = 3u

and the initial condition u(zo,yo,0) = f(x0,yo) implies that

x = xp€’, y = yoe, z=s, u = f(zo,yo)e™.
Once we now eliminate xg, yo and s, we may conclude that

To = xe 7, Yo =ye ¥ = u= f(ze * ye

_22)63Z.
Which of the following second-order equations are hyperbolic? elliptic? parabolic?

U,$$ — Qny + Uyy - O, 3“5533 _I_ uq}y + uyy - O’ U.Z‘.Z‘ - 5uxy - uyy = 0

The first equation is parabolic since A = 22 — 4 = (. The second equation is elliptic
since A = 12 — 4 -3 < 0. The third equation is hyperbolic since A = 52 + 4 > 0.

For which values of a is the equation auy, + Ay, + uy, = 0 elliptic?
The discriminant A = B2 — 4AC = a? — 4a is negative if and only if

ala—4)<0 <= 0<a<d4



