ODEs, Homework #3
Solutions

1. Suppose A, B are constant square matrices such that ettet? = e!A+B) for all t € R.
Show that AB = BA. Hint: differentiate twice and let t = 0.

e Differentiating the given identity with respect to ¢, we find that
HAtB = tATB) . ptAgtB | tARBtB — (A+ B)e t(A+B)
Differentiating once again, we now get
A2et4etB & ActABetB 4 ActABetB 4 otAB2etB = (A+ B)2 t(A+B)
so we can let ¢ = 0 to conclude that

A+ AB+ AB+B*>=A>+ AB+ BA+ B> = AB = BA.

2. Compute the matriz exponential et in the case that
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1
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e In this case, A = 1 is a double eigenvalue with corresponding eigenvectors

0 1
v = 0 s Vo = —1
1 0

There is also a simple eigenvalue, namely A = 2, with corresponding eigenvector
0
V3 = 1
1

Since three linearly independent eigenvectors exist, A is diagonalizable and so
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. Compute the matriz exponential e in the case that A = {_4 _3} .

In this case, the eigenvalues of A are given by
Mo(trAA+detA=0 = MN+22+5=0 = \=-142i

Since the eigenvalues are distinct, A is diagonalizable, and it is easy to check that

ool ] me L]

are eigenvectors corresponding to A = —1 + 27 and A = —1 — 24, respectively. Thus,
1 1 _1 -1+ 2 0
P_[z‘—l —z‘—J = F AP—{ 0 —1—2@}

A ¢ |cos(2t) + sin(2t) sin(2t)
= = [ —2sin(2t) cos(2t) — sin(2t)] '

. Let xg,v9 € R be fixed. Find the unique solution of the initial value problem
2" (t) — 22/ (t) + 2z(t) = €', 2(0) = o, 2'(0) = wvo.
To find the homogeneous solution x;, we note that
MN_224+2=0 = AN=14+i = x, =ce'sint+ cye’cost.
Based on this fact, we now look for a particular solution of the form
z, = Ae’.
It is easy to check that this is a solution if and only if
e =a) —2u, 4+ 21, =A <—= A=1

Writing « = x3, + ,, as usual, the initial condition x(0) = zy now gives

r=oce'sint+celcost+e = o=+l = c=a,—1
and the initial condition z'(0) = v, gives

7' = cie'(sint + cost) + cpe'(cost —sint) + ¢ = wvg=c; +cg+ 1.
In particular, vg = ¢; + ¢ and the unique solution is

x = (vo — mo)e' sint + (zg — 1)e’ cost + €.



. Find all solutions of the non-homogeneous scalar ODFE

2" (t) — 22/ (t) + 2x(t) = te*.

To find the homogeneous solution z;, we note that
N _22A4+2=0 = AN=1+i = x, =cie'sint+ cye’cost.
Based on this fact, we now look for a particular solution of the form
x, = Ate* + Be?.

Differentiating twice, one finds that

) = 2Ate” + (A 4 2B)e*

ah = 4Ate* + 4(A + B)e™

ah — 22 + 2z, = 2Ate* + 2(A 4 B)e™.

Thus, z, is a particular solution when A =1/2 and B = —1/2, so

t€2t €2t

95:$h+xp:cletsint—i—@etcost—}—T_7,

. Find all solutions of the non-homogeneous third-order scalar ODE
y"(t) — 24" (t) — y'(t) + 2y(t) = sint.
To find the homogeneous solution 3, we note that

M o2X2 - 4+2=0 = NO)A-2)-(A—-2)=0
— A=2)A—-1)A+1)=0

—  Yp = cle% + @et + 03e_t.

Based on this fact, we now look for a particular solution of the form
yp = Asint + Bcost.
Differentiating three times, one finds that

y, = Acost — Bsint, y, = —Asint — B cost, y, = —Acost + Bsint.

Once we now combine all these facts, we get

sint =y, — 2y, —y, + 2y, = 2(2A + B)sint + 2(2B — A) cost.

It easily follows that A = 1/5 and B = 1/10, hence

B oy . _, . sint  cost
Y=ynty,=cre” +ce +c3e +—5 +—10.



7. Find all solutions of the non-homogeneous scalar ODE
y'(t) + 2/ () +y(t) =2¢7" + 1.
e To find the homogeneous solution ¥, we note that
M422+1=0 = A\+1)P2 =0 = vy,=cie +oegte™
Based on this fact, we now look for a particular solution of the form
y, = At’e" + Bt + C.

Differentiating twice, one finds that

y, =2Ate" — At’e" + B
yy = 2Ae™" — 4Ate”" + AtPe"
Yo 4 2y, +yp = 2Ae”" + Bt + 2B + C.

In particular, y, is a solution when 24 =2, B =1 and C' = —2B, so

yp:t2e_t+t—2 == yzyh—i-yp:cle_t+62t6_t+t26_t+t—2.

8. Find all solutions of the non-homogeneous scalar ODE
y'(t) — 3y (t) +2y(t) =t* +t + 1.
e To find the homogeneous solution v, we note that
M-3A+2=0 = MA-1)A-2)=0 = vy, =cre +ce*.
Based on this fact, we now look for a particular solution of the form
yp = At + Bt + C.
Differentiating twice, one finds that

Yy — 3y, + 2y, = 2A — 3(2At + B) + 2(At> + Bt + C)
= 24t + (2B — 6A)t + (2C — 3B + 2A).

In particular, we need to have 24 = 2B — 6A = 2C — 3B +2A =1 and so

t?
A=1/2, B =2, C=3 = y:clet+c262t+§+2t+3.



9. Determine the unique solution of the initial value problem
() =z —vy, y'(t) =z + v, x(0) = xo, y(0) = yo.

e To solve the initial value problem, we first express it as a system, namely

v =y, w0 =2 A=) T

Now, the eigenvalues of A are given by
Mo(trAN+detA=0 = MN-22+2=0 = =1+

Since the eigenvalues are distinct, A is diagonalizable, and it is easy to check that

S

are eigenvectors corresponding to A = 1+ ¢ and A = 1 — ¢, respectively. Thus,

0 1-—z2

P:{_i ﬂ — P*AP:F“ 0}

1 _ cost —sint
—_— etA:P-etP AP'P 1:et )
sint cost

and the unique solution of the initial value problem is

y(t) = etAy(O) _ [a:ocost—yosmt] .

ZTosint + ygcost
10. Show that E(t) = z(t)* + y(t)? is decreasing for all solutions x,y of the system
2(t)=—xy’ —z, Y () =2 -y

e Indeed, E(t) is decreasing because

E'(t) = 2z2’ + 2yy’ = —W— 22° —i—W— 2y? < 0.



