8 Homogeneous with constant coefficients
Theorem 8.1 (Scalar homogeneous). Consider the nth-order scalar ODE
Y™ + a1y + L+ ay +agy =0
together with the associated characteristic equation
AN+ ap N A+ ag = 0.
If \i,..., A\, € C are the complex roots of this equation, then the solution
y(t) = en(t) + .. + cutn(t)
of the ODE can be determined by associating each root A\, with a function y; as follows.

e A real root ) is associated with e, if it is a simple root. If it has multiplicity m > 2,
then it is associated with e, tel, ... tm~leM.

e The complex roots A = o & i3 are associated with e* sin(5t) and e* cos(5t), if they
are simple roots. If they have multiplicity m > 2, then they are associated with

e sin(Bt), e cos(Bt), ..., " te* sin(Bt), ™ e cos(t).

Example 8.2 (Double root). In the case that y” — 4y’ + 4y = 0, we have
Modl+4=0 = (A-22=0 = y=ce*+cte*
Example 8.3 (Complex roots). In the case that y” — 4y’ + 13y = 0, we have
M4\ +13=0 = AX=243 = y=ce*sin(3t)+ ce* cos(3t).
Example 8.4 (Third-order). In the case that y"” — 2y” — 4y’ + 8y = 0, we have

N2 4 +8=0 = XN(\A-2)—4(A—-2)=0
— A=2)A=2)A+2)=0

—  y=ce® 4 cote® + cze .

Example 8.5 (Fourth-order). In the case that y”" — y = 0, we have

M-—1=0 = W+1)N\-1)=0
= y=ocisint+co cost + cse! + cqe™t.



