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2010 final exam
In this case, the characteristic equation gives
M4+1=0 = I==4i = z(t)=csint+cycost
for some constants ¢y, co. In particular, we have |z(t)| < |c1| + |eal.
The solution of this non-homogeneous equation has the form
z(t) = ¢y sint + cocost + Atsint + Bt cost

for some arbitrary constants c;, co and some constants A, B that one can determine, if
needed. Since z(t) is not a solution of the homogeneous equation, one of A, B must be
nonzero, and this already implies that z(¢) is unbounded.

In this case, the method of undetermined coefficients gives
z(t) = ¢y sint + cp cost + Asin(2t) + B cos(2t),
so the solution is easily seen to be bounded.
Indeed, the ODE implies (0) = 0 and this is contrary to the initial condition.

Using separation of variables to solve the ODE, we get

dz dz dt
t—=2 =— —= [ — = logx=logt+C.
dt x t

Thus, x = Ct and the initial condition x(0) = 0 is satisfied for any C' whatsoever.

The given ODE is first-order linear with integrating factor

1
f=exp (‘ / tztfl) = exp (—5 log(t* + 1)) = (2 +1)72

Multiplying by this factor and integrating, we now get

t ot dt du
= — = = —Vu+C
(1Y) o Yy /2 T NG Vu

using the substitution u = ¢ + 1. This also implies that

y o 2 _2 2
mf\/t +14+4C = y=t*+1+0CVE2+1.

Since we need to have y(0) = 0, it easily follows that y = t* + 1 — V{2 + 1.




2b. Since z = 7!, we have 2’ = —y =23/, hence

1

Y —Pr=-Q <= -~y -Pyl=-Q <<= o +Py=0Qy

1

2c. Setting z =y~ as in the previous part, we end up with the ODE

which is first-order linear with integrating factor

dt
[ = exp (— / 7) =exp(—logt) =t!

We now multiply by this factor and integrate to get

logt
(t1o) = 280 o = | Bl

t2 t2

To compute the integral, let u = logt and dv = t~2dt. Then v = —t~! and so

logt
i—%dt:/udvzuv—/vdu:—t_llogt+/t_2dt.

Combining the last two equations, we now get
tlz=t"1logt — /t‘Q dt =t 'logt +t' +C,

so we may finally conclude that
z=logt+1+0Ct = y=z"'=(logt+1+Ct)"
3a. The fact that y; = e’ is a solution follows by the computation
(t+1D)y) —(t+2)y,+yp=t+1—t—2+1)" =0.
We now use reduction of order to find a second solution of the form y, = e'v. Since
Yo = e'v, yh = e'(v+ 1), yh = e'(v+ 20 +"),
we see that ¥y, = ev is also a solution, provided that
0=(t+1)yy — (t+2)yh +yo = (t+ 1)V + te'd'

Dividing through by (¢ + 1)e! gives a linear ODE with integrating factor

1 et
eXp( t+1dt) eXp(/ t+1dt> t+1




3b.

4a.

4b.

We now multiply by this factor and we integrate to get
(') =0 = v =C/u=Cre ' (t+1).
Using this fact and an integration by parts, we conclude that
v = Cl /et(t -+ 1) dt = —Cl(t —+ 1)€7t — Cle*t -+ CQ,
hence
Yo = GtU = —Cl<t + 1) — Cl + Cget = —Cl(t + 2) + Cget.
To find the homogeneous solution y;, we note that

Mo —d\+4=0 = MNA-1)—-40-1)=0
— A=1DA=2)A+2)=0

= Yp = clet + CQ€2t + 036_2t.

Based on this fact, we now look for a particular solution of the form
y, = Ate'.
Differentiating three times, one finds that
y, = Ae'(t+1), y, = Ae'(t +2), y, = Ae'(t+3).
In particular, y" — y, — 4y, + 4y, = —3Ae! and this implies

t

A=—-1 = y,=—tdé = y=cie'+coe® +cze? —te".

First of all, we compute the eigenvalues of the associated matrix, namely

A:[‘f Cll] = MN-2a\+(a®>-1)=0 = A=a=xl.

If a < —1, then both eigenvalues are negative and the zero solution is asymptotically
stable. If a > —1, then one eigenvalue is positive and the zero solution is unstable.
In the remaining case a = —1, the eigenvalues are A = —2,0 and the zero solution is
stable but not asymptotically stable.

Note that V' is positive definite with
V*(z,y) = 2z2’ + 2y’ = —22% + 4oy — 2ay* = —2(x — y)* +2(1 — a)y’.

It easily follows that V' is a strict Lyapunov function if and only if a > 1.



5a. Since y = 1 is a solution, we have ¢(t) = 0. Since y = t? is a solution, we have
24 2tp(t) +t2q(t) =0 = p(t)=—1/t.

5b. Note that A =1 is a simple eigenvalue with corresponding eigenvector
1
V3 = 0
0
There is also a double eigenvalue, namely A\ = 2, with only one eigenvector

v =

S = DN

This means that we are missing an eigenvector and that the Jordan form is

62t t€2t

PflAP — ; etP_lAP — e2t

S O N

1
2
0

_ o O

To actually find the columns of P, we need to solve the equations
A’Ul = 2’01, A’Uz = v + 2’02, A’Ug = V3.

Thus, we can take v, v3 to be the eigenvectors above, and we can take v, so that

x 0
(A—QI)’UQZ’Ul — Vo = 1+ZL’/2 — Vo = 1 ,
1/2 1/2

for instance. Then these three vectors give the columns of P and we get
2e% — 2et Ate? — 4e?t + 4et

et
1 _
etA —pP. etP AP | P 1 _ 0 62t 2t€2t
0 0 et



