MA121 Tutorial Problems #8
Solutions

. Letting f(x,y, z) = 2%yz, find the rate at which f is changing at the point (1,2,1) in the
direction of the vector v = (1,2,2).

To find a unit vector u in the direction of v, we need to divide v by its length, namely
V[ =VI2+224+22=3 — u= év = (1/3,2/3,2/3).

The desired rate of change is given by the directional derivative D, f = V f - u. Since
Vf(z,y,2) = uyz, 2%z, 2%y) = Vf(1,2,1) = (4,1,2),

we may thus conclude that the desired rate of change is

4+2 1+2 2—10
3 3 7 37

C»Dl*—‘

Dyf =Vf-u=

. Letting f(z,y) = x%e¥ + zy, find the direction in which f increases most rapidly at the
point (2,0). What is the exact rate of change in that direction?
The direction of most rapid increase is that of the gradient vector

Vi(,y) = (fo fy) = (2we’ +y, 2%’ +2) =  V[f(2,0) = (4,6).

To compute the exact rate of change in that direction, we need to find a unit vector u in
the same direction. This amounts to dividing the vector V f(2,0) by its length, namely

IVF(2,0)| = VA2 +62=V52 =— u=(4/V52,6/V52).

The desired rate of change is then given by the directional derivative

52
Duf=Vf- u—\/_ \/_ =5 52 = 2¢/13.

. Suppose that u = x> — y?, where x = rcos@ and y = rsinf. Compute u, and ug.

Using the definitions of u, x,y together with the chain rule, one finds that

Up = Uy Ty + UyYr = 20 cOsl — 2y sin b,

Uy = Uz Ty + UyYp = —227 8In 60 — 2yr cos 0.



. Suppose that z = z(r, s, t), wherer =u—v, s =v —w and t = w — u. Assuming that all
partial derivatives exist, show that z, + z, + z, = 0.

Using the definitions of z,r, s, t together with the chain rule, one finds that

Zy = ZpTy + 258y + 2ty = 20 — 24,
Zy = 2Ty + 258y + 2ty = — 2 + 2,

Zw = ZrTw + 258w + 2etyw = —25 + 2¢.

Once we now add these three equations, we get the desired identity z, + 2z, + 2, = 0.
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. Suppose that w = w(u,v), where u = v~ —y™' and v = y~' — 271 Assuming that all

partial derivatives exist, show that x*w, + y*w, + 2*w, = 0.
Using the definitions of w, u, v together with the chain rule, one finds that

-2
Wy = Wyly + Wyly = —T “Wy,

_ =2 -2
Wy = Wylly + WUy =Y "Wy — Y "Wy,

W, = Wyll, + WYV, = z_Qwv.

Once we now combine these three equations, we get the desired identity

2w, + way + 22w, = —w, + (W, — wy) +w, = 0.

. Find the minimum value of f(x,y) = 22* — 4x + 3y* over the closed disk

D ={(z,y) e R*: 2* +y* < 9}.

To find the critical points, we need to solve the equations
0=folz,y) =do—4=4x—-1), 0= fy(z,y)=0y.
Thus, the only critical point is (1,0) and this corresponds to the value f(1,0) = —2.
Next, we check the points on the boundary of the disk. Along the boundary,
v'=9—1> = f(r,y)=22"—42+3(9—2%) = -2 — 4o + 27
and we need to find the minimum value of this function on [—3,3]. Noting that
g(r) = -2 —42+27 = ¢(z)=-20—-4=-2(x+2),

we see that the minimum value may only occur at x = —3, x = 3 or x = —2. Since

the smallest value we have found so far is the value f(1,0) = —2 we obtained above.



7. Find the mazimum value of f(z,y) = x3+y> —3xy over the closed triangular region whose
vertices are the points (0,0), (1,0) and (1,2).

e To find the critical points, we need to solve the equations

0= fu(z,y) =32> =3y =3(a° — y),
0= fy(z,y) = 3y* — 3z = 3(y* — x).

These give y = 2% and also = y?, so we easily get
r=y=1" = 2'-2=0 = 2@*-1)=0 = z2=0,1

Thus, the only critical points are (0,0) and (1,1), while f(0,0) =0 and f(1,1) = —1.

e Next, we check the points on the boundary of the region. Along the horizontal side,
y=0 = [lz,y)=2"
and we have 0 < z < 1, so the maximum value is f(1,0) = 1. Along the vertical side,
r=1 = fx,y)=9v"—-3y+1
and we need to find the maximum value of this function on [0, 2]. Noting that
) =y =3+l = g =3"-3=301"-1),

we see that the maximum value may only occur at y =0, y = 2 or y = 1. Since

9(0)=1, ¢g(2)=8-6+1=3, g(I)=1-3+1=—1,

the largest value we have found so far is the value g(2) = 3 corresponding to f(1,2) = 3.
It remains to check the boundary points along the hypotenuse. For these points,

y=2r = f(r,y)=2"+(22)° - 32(27) = 92° — 627
and we need to find the maximum value of this function on [0, 1]. Noting that
h(z) =92 — 622 = H(x) =272° — 122 = 32(9z — 4),
we see that the maximum value may only occur at x =0, z = 1 or = 4/9. Since
h(0) = 0, h(1) =9 —6 =3, h(4/9) = —32/81,

the maximum value over the whole triangular region is the value f(1,2) = 3.



