MA121, Homework #4
Solutions

1. Compute each of the following limits:

. logx . ¥+ a2 —-5r+3
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Since the first limit gives co/oco, we may apply L'Hopital’s rule to get
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log x

Since the second limit gives 0/0, L’Hopital’s rule is still applicable and we find
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The last limit still gives 0/0, so we may apply L'Hopital’s rule once again to get
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2. Compute each of the following limits:

3° —1
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Setting x = 0 in the first limit gives 0/0, so we can apply L’Hopital’s rule to get

T __ 1 x\/
M; = lim 5 = lim (3°) = lim (3%)".

x—0 x x—0 x—0

To compute the derivative of 3%, we eliminate the exponent using logarithms, namely

flx)=3" = logf(x)=2xlogd = ﬁ-f’(x)zlog?)

—  f'(x) = f(x)-log3 = 3" log 3.
Returning to our computation above, we may now conclude that
M, = lim (3%) = lim 3"log3 = 3°log3 = log 3.
To compute the second limit Ms, we eliminate the exponent using logarithms, namely

1 x
My = lim (¢" +2)/* = log My = lim log(e” + 2)"/* = lim log(e” +2)
r— . e .
Since the last limit gives 0/0, we may then apply L'Hopital’s rule to get
(e +a)7 - (e"+1)
1

using simple substitution. This also implies that M, = e'°8 M2 = ¢2,
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3. Let f be the function defined by
_J O ifax#0
f(x)_{1 z'fx—O}'

Show that f is integrable on [0, 1].

Given any partition P = {xg,x1,...,2,} of the interval [0, 1], one clearly has
n—1
ST(f,P)=)_ inf f(x)-(wx1—2) =0
0 [zk:Th41]

because all the summands are zero. This also implies that sup S™(f, P) = 0 as well. To
compute the infimum of the upper Darboux sums, we use a similar computation to get

n—1

ST(f,P) = Z sup  f(x) - (xpe1 —xp) =1 (21 — x0) = 271.

=0 [TkTht1]
This gives inf ST(f, P) = infz; = 0 = sup S~ (f, P), so f is integrable on [0, 1], indeed.

4. Suppose f,qg are both integrable on |a,b] and f(x) < g(x) for all x € [a,b]. Show that

[ rwars [ a

Let P = {zg,x1,...,2,} be a partition of [a, b]. Starting with the inequality
f(x) < g(x) forall z € [y, vxi1],

we may take the infimum of both sides to get

inf f(z)< inf g(x).

[Tk, rt1] [Tk Tht1]
Multiplying by the positive quantity xx.1 — =, and then adding, we conclude that
n—1 n—1
S il f@) () <Y il gla)- (e ).
P [Tk, kt1] 0 [zr,Tht1]
Since the last inequality holds for all partitions P by above, we must actually have

ST(f,P) <5 (9, P)

for all partitions P. Taking the supremum of both sides, we finally deduce that

b b
[ 5@ dr = supfs (1)} < sup{s (0. P} = [ (o)



