MAZ2EO1 Tutorial solutions #3

1. Use the chain rule to compute the partial derivatives zy, z; in the case that

z = In(2? +9°), r = s%t, y = sin(st).

According to the chain rule, one has

+ 20 ot I ycos(st)
2y = ZpTs + 2,Ys = - 2s -t cos(st),
vY 2 + y3 72 + y3

2z 3y?
2 = 22T + ZyYr = 2 ¥ s cos(st).

Sl
x2+y3 x2+y3

2. Consider the function f(z,y, z) = 22e¥/* at the point (3,0,1).
(a) What is the rate at which f is changing in the direction of u = (1,2,1)7
The gradient at the given point is
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>:<6,9,0>.

Noting that the vector w has length ||u|| = v/6, we conclude that

1 6+18:24\/6:4\/6

(b) Find a unit vector in the direction in which f increases most rapidly.

The direction of most rapid increase is that of the gradient Vf = (6,9,0). To find a
unit vector v in the same direction, we simply divide by the length of V f to get

IVAl=VE+R=3/13 = v= <2/\/E,3/¢E,o>.

3. Consider the function f(z,y) = \/sin(22y) + 2% + 2y at the point (1,0).
(a) Find the direction in which f is decreasing most rapidly.

The direction of most rapid decrease is that of =V f = — (f,, f,). In this case,

P cos(2?y)(x?y), + 32> 2xycos(z?y) 4 3a?
’ 2¢/sin(z?y) + 23 + 2y 2y/sin(a2y) + a3 + 2y

and we can similarly compute
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Once we now substitute z = 1 and y = 0, we get the vector
=Vf=—={fo fy) = = (3/2,3/2).

(b) Find the equation of the tangent plane at the given point.
At the given point, we have f, = f, = 3/2 by above, so the tangent plane is

3 3
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Since xg = 1 and yo = 0, we have zo = f(1,0) = 1 and this gives
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. Suppose that z = f(x — y,y — z) for some function f. Show that z, + z, = 0.

In this case, we have z = f(u,v), where u =x —y and v =y — z, so

Zy = Zylg + ZyVp = 2y — 2o,

Zy = Zylby + 2pUy = —2Zy + 2.

Adding these two equations, we conclude that z, + z, = 0.



