MA2327, Problem set #5
(Practice problems with solutions)

. Consider the following systems. Is the zero solution stable? Asymptotically stable?

(a) 2’ = =2y, ¢y =2z (b) ' =2+2y, =2 ()2’ =z -5y, vy =2 -3y
. Show that V(z,y) = 222 + 2xy + y? is a Lyapunov function for the system

7' (t) = 2z + 2y, Y (t) = —4x — 2y.

. Show that V(z,y) = In(1 + 2?) + »? is a Lyapunov function for the system

() =x(y—1), Yt)=—

. Let a > 0. Show that V(z,y) = 2? + 2y? is a strict Lyapunov function for the system
7'(t) = ay® — z, Y (t) = —y — az’.
. For which values of a is the zero solution stable? Asymptotically stable?

d(t) = ax(@® + %) —ay’, Y1) = ay(a® + ) + 2%
Hint: use the given equations to determine E(t) = x(t)* + y(¢)? explicitly.
. For which values of a is the zero solution stable? Asymptotically stable?
2'(t) = az(t) + (a + Dy(t), y'(t) = (a— 1)x(t) + ay(t).
. Determine the critical points of the autonomous system

d(t)=(z-D@x+y), Yt)=y-2"

Which of these points are stable? Which of them are asymptotically stable?

. Determine the critical points of the autonomous system
() =z(x+y—1), y(t) =2 —y — 1.

Which of these points are stable? Which of them are asymptotically stable?



1. Consider the following systems. Is the zero solution stable? Asymptotically stable?

(a)a'==2y, y=20  (b)a'=z+2y y=2  (c)2'=2-5y, y=2-3y

In each case, we write the given system in the form y'(t) = Ay(t) and then we compute
the eigenvalues of A to determine stability. In the first case, we have

A:[g _(ﬂ — AN44=0 = \==+2,

so the zero solution is stable but not asymptotically stable. In the second case, we have

A:E (ﬂ = N-A-2=0 = I=-1,2

so one eigenvalue is positive and the zero solution is unstable. In the third case, we have
1 =5 2 .
A= | _3 — AN+2)24+2=0 = I=-1=+1,

so the zero solution is both stable and asymptotically stable.

2. Show that V(x,y) = 22* + 2zy + y? is a Lyapunov function for the system

2 (t) = 2x + 2y, y'(t) = —4x — 2y.

It is clear that V satisfies the first two properties of a Lyapunov function because
Viz,y) =22+ 2y +y* = (2 +y)* +2> >0

and equality holds only at the origin. The third property also holds because

ov ov

3 y'(t) = (4 + 2y)(2x + 2y) + (2x + 2y)(—4x — 2y) = 0.

3. Show that V(z,y) = In(1 + 2?) + y? is a Lyapunov function for the system

1'2

Zt)=z(y—-1), y@)= TR

The given function is certainly continuous and we also have
1+2°>1 = Ih(l+2°)>0 = V(r,y)=mh{1l+2*)+3°>0
with V(x,y) = 0 if and only if z = y = 0. The result now follows by noting that
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4. Let a > 0. Show that V(x,y) = 2%+ 2y? is a strict Lyapunov function for the system

() =ay? -z,  Y(t)=—y—a’.

It is clear that V satisfies the first two properties of a Lyapunov function, while
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Rearranging terms, one may express the last equation in the form

(t) = 2x(ay® — x) + 4y(—y — ax?).

VV - f = =221 + 2ay) — 2y*(2 — ax).

When it comes to the open region R = (—l 1) X (

a’a

1 1

— 105 E)’ we thus have

VV .- f<—22*(1-1/2) = 24°(2 - 1) = —2® — 23
within R. This implies that VV - f < 0 and that equality holds only at the origin.

5. For which values of a is the zero solution stable? Asymptotically stable?
2(t) = ax(z® +y°) —xy®, Y (t) = ay(z® + ¢°) + 2.

Hint: use the given equations to determine E(t) = z(t)? + y(t)? explicitly.

Consider the function F(t) = z(t)? + y(t)?. Its derivative is easily seen to satisfy
E'(t) = 2x(t)a' (1) + 2y(1)y' (1)
= 2a2%(2? + i) — 22%7° + 2ay*(2* + 1) + 22°F°
= 2a(2” +y°)* = 2aB(t)’

and this is a separable equation. Since E = 0 is a solution, it follows by uniqueness that
every other solution satisfies F # 0 at all points. We may thus separate variables to get

dE
== 20E° = /E2 dE = /2a dt = —E()'=2at+C.
Setting t = 0 now gives C' = —F(0)~! and this implies that
1 1 2aF -1 E
E(t) E(0) E(0) 1 —2aFE(0)t

Case 1. If it happens that @ = 0, then E(t) is constant and the distance from the origin is
constant as well. Thus, the zero solution is stable but not asymptotically stable.

Case 2. If it happens that a < 0, then E(t) is defined for all times ¢ > 0 and it is easily
seen to approach zero as t — oco. Thus, the zero solution is asymptotically stable.

Case 3. If it happens that a > 0, then E(t) is not defined for all times ¢t > 0. In fact, it
becomes infinite when 2a£(0)t = 1, so the zero solution is unstable.



6. For which values of a is the zero solution stable? Asymptotically stable?

2'(t) = ax(t) + (a + 1)y(t), y'(t) = (a — 1)z(t) + ay(t).

The given system is linear and it can be written in the form y'(t) = Ay(t), where

A:[ a a—l—l]‘
a—1 a

The eigenvalues of A are the roots of the characteristic polynomial
Mo(trAA+detA=0 = N —-2a\+1=0 = A=a+tVa®-1

Case 1. When —1 < a < 1, the eigenvalues are complex with real part equal to a. Thus,
the zero solution is stable, if —1 < a < 0, and asymptotically stable, if —1 < a < 0.

Case 2. When a < —1, the eigenvalues are real and they are easily seen to be negative. In
particular, the zero solution is both stable and asymptotically stable.

Case 3. When a > 1, the eigenvalues are real and they are easily seen to be positive. In
particular, the zero solution is neither stable nor asymptotically stable.

7. Determine the critical points of the autonomous system

?t)=(-DE+y), yO=y—2"

Which of these points are stable? Which of them are asymptotically stable?

To find the critical points (x,y), we need to solve the system of equations
(x—1)(x+y) =0, y— a2 =0.
When x = 1, the second equation gives y = 22 = 1. When z = —y, it gives
y:x2:y2 = 9y =01

We conclude that the critical points are A(1,1), B(0,0) and C(—1,1). Let us now check
these points for stability by computing the eigenvalues of the Jacobian matrix

g fz fy _ 2r4+y—1 z—1
9z Gy —2x 1

When it comes to the point A(1,1), we have

2 0
J—{_Q 1} — A=2/1



and the eigenvalues are positive, so this point is unstable. At the point B(0,0), we have

-1 -1
‘]:[O 1] = A=-1,1

and this point is unstable as well. At the point C'(—1, 1), we have

—1 447

J:{_z _2] — MNH+A+2=0 = = 5

2 1

Thus, the eigenvalues are complex with negative real part and C' is asymptotically stable.

8. Determine the critical points of the autonomous system
dt)=zz+y—-1), YH=2"-y-1

Which of these points are stable? Which of them are asymptotically stable?

To find the critical points (x,y), we need to solve the system of equations
z(xr+y—1)=0, 2 —y—1=0.
When x = 0, the second equation gives y = 22 — 1 = —1. When z = 1 — y, it gives
P=y+l1=2-1 = 2°+2-2=0 = (z—-1)(z+2)=0.

We conclude that the critical points are A(0, —1), B(1,0) and C'(—2,3). Let us now check
these points for stability by computing the eigenvalues of the Jacobian matrix

e fyl 22+ y—1 z
J_[gx gy}_{ 2z —1}'

When it comes to the point A(0,—1), we have

-2 0
J:[ 0 _1] — A=-2-1

so this point is both stable and asymptotically stable. At the point B(1,0), we have

J—E _ﬂ — M-3=0 = A==£V3

and one eigenvalue is positive, so this point is unstable. At the point C'(—2,3), we have

—34++/33

J:[_2 _2} — MN43\-6=0 = I\= 5

-4 -1

Once again, one of the eigenvalues is positive, so the point C' is unstable as well.



