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Autonomous systems

( Definition 3.1 — Autonomous systems

A system of ordinary differential equations is called autonomous, if it
has the form y/(t) = f(y(t)) for some vector-valued function f.

@ We shall mainly focus on the 2 x 2 case and study the system

@ Suppose that the functions f, g are continuously differentiable. Then
there is a unique solution for each initial condition (x¢, o) and each
solution (x(t),y(t)) corresponds to a differentiable curve in R?.

@ A phase portrait for a given system is a graphical depiction of all the
curves that correspond to solutions of the system. Every point must
lie on some curve and distinct curves do not intersect by uniqueness.
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Analysis of linear systems, page 1

@ First of all, we shall analyse the phase portrait of the linear system

y'(t) = Ay(t)

when A is a 2 x 2 diagonalisable matrix with eigenvalues A1, A2 # 0.

o In this case, J = B~'AB is diagonal for some matrix B, so one may
use the change of variables z(t) = B~!y(t) to find that

Z'(t)= B 'y'(t) = B~'Ay(t) = BT'ABz(t) = Jz(t).
@ This is a diagonal system that we can readily solve to get
At

2.(t) = Meze(t) = zk(t) = cpe™.

@ In particular, the new variables z1, 2o satisfy a relation of the form

ettt A2/A
z22626A2t=62< ) :Kz12/ Yoifer #0.
c1
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Analysis of linear systems, page 2

@ In terms of the new variable z(t), the solution of the system is

A1t

1€ A1t
() = [0 =acen + e

)\2t62.

@ In terms of the original variable y(t), the solution is thus
y(t) = Bz(t) = c1eMvy + ey,

where vy, is an eigenvector of A with eigenvalue \; for each k.

@ When ¢; = 0, the last equation describes the line that contains the
vector vo. When ¢y = 0, it describes the line that contains vy.

@ If it happens that A1 < A2 < 0, then every solution curve approaches
the origin as t — 400 and its direction is parallel to vy as t — +oc.

o If it happens that A1 < 0 < A9, then every solution curve must be
parallel to v; as ¢ — —oo and also parallel to vy as t — +o0.
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Analysis of linear systems, page 3

@ Next, we analyse the phase portrait of the 2 x 2 linear system

yY'(t) = Ay(t)

when A is a non-diagonalisable matrix with a single eigenvalue \ # 0.

@ Once again, we let J = B~'AB be the Jordan form of A and we use
the change of variables z(t) = B~ ly(t) to find that

Z'(t)= B 'y/(t) = B~'Ay(t) = B'ABz(t) = J2(t).

J

@ Since ! is a fundamental matrix for this system, we conclude that

sty =ce=|% L[] =] e
teM e ey (et + co)eM |
@ In particular, the new variables z1, 2o satisfy a relation of the form
z9 Clt + c2 2
- )

- —t+ 2 ife £0.
Z1 C1 C1
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Analysis of linear systems, page 4

@ In terms of the new variable z(t), the solution of the system is
z(t) = creMer + (cit + co)eMes.
@ In terms of the original variable y(t), the solution is thus
y(t) = Bz(t) = creMvy + (e1t + c2)eMwy,

where v1, v are the columns of B which form a Jordan basis for A.

A

@ When ¢ = 0, the last equation reduces to y(t) = coeMwvy and this

describes the line which contains the eigenvector vs.

o If it happens that A < 0, then every solution must approach the origin
as t — 400 and its direction must be parallel to vy as ¢t — +o0.

o If it happens that A > 0, then every solution must approach the origin
as t — —oo and its direction must be parallel to vy as t — —o0.
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Analysis of linear systems, page 5

o Finally, we analyse the phase portrait of the 2 x 2 linear system

Y'(t) = Ay(t)

when the eigenvalues of A are A = a + ib, where a,b € R and b > 0.
@ Since the eigenvalues are distinct, the corresponding eigenvectors are
linearly independent and they are also complex conjugates because

Av = (a+ib)v = Av = (a—ib)v.
@ Let us write v = v + ivy for some real vectors vy, vy. To see that
these vectors must be linearly independent, we note that
C1

avi+ =0 = 5(04—6)—1—;—2(0—6):0

= icit+co=1ici—co=0
— c¢1=cy=0.
@ We now use the vectors w1, v to obtain a basis of real solutions.
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Analysis of linear systems, page 6

@ Since v = vy + vy is an eigenvector with eigenvalue A = a + ib,

y(t) = eMv = e (cos(bt) + isin(bt)) - (v1 + ivg)

is a solution of the system. The same is true for its conjugate and for
any linear combination of the two, so both the real and the imaginary
part of y(t) are solutions. Let us then consider the functions

e (cos(bt)vy — sin(bt)vs),
e (sin(bt)vy + cos(bt)vz).

y1(t) = Rey(?)
y2(t) = Imy(?)

@ These are real solutions of the system which are linearly independent
when ¢t = 0, so they actually form a basis for the space of solutions.

@ Thus, every solution of the system can be expressed in the form

y(t) = ayi(t) + caya(t).
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Analysis of linear systems, page 7

@ Let B be the matrix whose columns are the vectors v{,vs. Then B is
invertible and the change of variables z(t) = B~ 1y(t) gives

w0 =[] o [0

@ In particular, the new variables 21, 2o satisfy a relation of the form
21(t)% + 22(t)* = €2 (cy cos(bt) + ¢ sin(bt))2

+ ™ (—cy sin(bt) + e cos(bt))2

= 62‘”(0% + c%)

o If it happens that @ = 0, then the last equation describes a circle. If it
happens that a # 0, on the other hand, it describes a spiral that winds
towards the origin when a < 0 and away from the origin when a > 0.
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Phase portraits of linear systems, page 1

In order to summarise our results, we shall now consider six cases.

@ Suppose that A has two distinct eigenvalues of the same sign. Then
the phase portrait contains two lines and some curves that look like
parabolas. In this case, we say that the origin is an improper node.

@ Suppose that A has two distinct eigenvalues of opposite sign. Then
the phase portrait contains two lines and some curves that look like
hyperbolas. In this case, we say that the origin is a saddle point.

©® Suppose that A is diagonalisable but has a single eigenvalue A\ # 0.
Then there exists a matrix B such that B~'AB is diagonal and

B 'AB=)X = A=)ABB! — A=)\

This is obviously a very special case. In fact, every nonzero vector is
an eigenvector of A and the phase diagram consists of lines through
the origin. In this case, we say that the origin is a proper node.
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Phase portraits of linear systems, page 2

@ Suppose that A is non-diagonalisable with a single eigenvalue A\ # 0.
Then the phase portrait contains a single line and some curves which
are asymptotically tangent to the line at the origin. Needless to say,
this case is closely related to the first case involving two eigenvalues
of the same sign. Thus, one still calls the origin an improper node.

@ Suppose that A has two complex eigenvalues A = +ib, where b > 0.
Then the phase portrait consists of ellipses around the origin and we
say that the origin is a centre.

@ Suppose that A has eigenvalues A = a + ib, where a # 0 and b > 0.
Then the phase portrait consists of spirals around the origin and we
say that the origin is a spiral point. The spirals get to wind towards
the origin when a < 0 and away from the origin when a > 0.

These are the only cases that may arise, if the matrix A is invertible.
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Critical points

( Definition 3.2 — Critical point

Consider the autonomous system y/(t) = f(y(t)). We say that c is a
critical or equilibrium point of this system, if ¢ is a constant solution
of the system. This is the case if and only if f(c) = 0.

@ For instance, the critical points of the linear system y'(t) = Ay(t) are
the constant vectors ¢ that satisfy Ac = 0. When A is invertible, the
only critical point is thus the origin ¢ = 0.

@ As another example, consider the 2 x 2 nonlinear system

2(t)=1-y(t), yt)=4-2(t)>
Then the critical points are the points (x¢,yo) that satisfy
1—yy=0, 4—a23=0.

Thus, it easily follows that the only critical points are (£2,1).
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Definition of stability

~

(" Definition 3.3 — Stability and asymptotic stability

Suppose that ¢ is a critical point of the system y'(t) = f(y(t)).

@ We say that c is stable if, given any € > 0, there exists 6 > 0
such that every solution of the system satisfies

|ly(0) —c|| <d = |ly(t)—c|| <e forallt>0.

® We say that c is asymptotically stable, if it is stable and there
exists & > 0 such that every solution of the system satisfies

ly(©) —ell <6 = lmy@)=ec
. %

@ Loosely speaking, stability means that every solution which is initially
close to the critical point ¢ must remain close to ¢ at all times.
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Stability of linear systems

~

(" Theorem 3.4 — Stability of linear systems

Consider the system y/(¢t) = Ay(t), where A is a constant matrix.
@ The zero solution is stable if and only if the eigenvalues of A
have real part Re A < 0 and those with Re A = 0 are simple.

® The zero solution is asymptotically stable if and only if every
eigenvalue of A has real part Re A < 0.

-

@ This theorem is closely related to the fact that every solution of the
system can be written as y(t) = e“¢ for some constant vector c.

@ The entries of the matrix exponential e*4 involve expressions of the
form t7e* and those approach zero as t — oo whenever Re A < 0.

@ If one of the eigenvalues has positive real part, however, then some
solutions grow exponentially and the zero solution is unstable.
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Stability of linear systems: Example 1

o Let a € R be a fixed parameter and consider the linear system

v -y, a=|i "]

a
@ The characteristic polynomial of A is easily found to be
FO) =2 — (tr AN +det A = N2 — 2a) +a® + 1.
@ The eigenvalues of A are the roots of this polynomial, namely
A=a)?+1=0 = A—a=4i = A\=a+i.

@ These are complex with real part a, so the zero solution is unstable
when a > 0, asymptotically stable when a < 0, and also stable but
not asymptotically stable in the remaining case a = 0.
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Stability of linear systems: Example 2

@ Let a € R be a fixed parameter and consider the linear system

v =y, A= ]

@ In this case, the characteristic polynomial of A is
FO) =22 — (tr A)A +det A = \? — 2a\ +a® — 1.
@ Proceeding as before, we conclude that the eigenvalues of A are
A=a)?-1=0 = A—a=+1 = A=a=+l.

o If a < —1, then both eigenvalues are negative and the zero solution is
asymptotically stable. If @ > —1, then a positive eigenvalue exists and
the zero solution is unstable. If a = —1, finally, then A = 0, —2 and
the zero solution is stable but not asymptotically stable.
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Stability of nonlinear systems: Example 1

@ We study the stability of the zero solution in the case that
2’ (t) = =2z — zy?, Y (t) = =23 + 2%y.
@ The distance between the point (x(¢),y(t)) and the origin is
rt) = Ve@)2+yt)? = r@t)*==z@)? +yt)
@ To show that this distance is actually decreasing, we note that

2r(t)r'(t) = 2x(t)a’(t) + 2y(t)y'(t)
= 22(—22 — 2y?) + 2y(—2y> + 2°y)

= —d2® - 22297 — 4y + 2277

@ Thus, solutions which are initially close to the origin are close to the
origin at all times. This implies that the zero solution is stable.
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Stability of nonlinear systems: Example 2

@ We show that the zero solution is asymptotically stable when
o' (t) = =2z + day?, Y (t) = —y — 222
@ In this case, we define H(t) = x(t)? + y(t)* and we note that

H'(t) = 22(8)a’ (1) + 4y (t)*y/ (¢)
= 22(—2x + 4ay®) + 43 (—y — 22?)

— —da? + 8P — Ayt — 8%
@ This shows that H'(t) = —4H(t), so it easily follows that

H(t)=Ce = H(0)e ™ = lim H(t)=0.

t—00

o Since H(t) = z(t)? + y(t)* goes to zero, each of x(t),y(t) must go
to zero as well. Thus, the zero solution is asymptotically stable.
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First Lyapunov theorem

~

(" Definition 3.5 — Lyapunov function

Consider the n x n system y'(t) = f(y(t)) in the case that £(0) = 0.
We say that V: R™ — R is a Lyapunov function for the system, if the
following properties hold in an open region R around the origin.

® V(x) is continuous in R,

® V(x) >0 for all x € R with equality if and only if x =0,

® VV(zx)- f(x) <0 forall x € R.

- /

~

(" Theorem 3.6 — First Lyapunov theorem

Consider the n x n system y'(t) = f(y(t)) in the case that £(0) = 0.
If a Lyapunov function exists, then the zero solution is stable.

- /
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First Lyapunov theorem: Some comments

@ The third condition in the definition of a Lyapunov function V() is
meant to ensure that V(y(t)) is decreasing in ¢ for every solution of
the system. More precisely, one may use the chain rule to find that

d d
% V(y(t)) = % V(yl(t)?QQ(t)? ... 7yn(t))
_OVdy OV dy OV dyn

Oy dt T Oyo dt T Oyn dt
=VV(y(t) y'(t) = VV(y(t)) - fly(t).

@ When it comes to applications in physics, a very natural choice for a
Lyapunov function is given by the energy. In fact, an object’s energy
must be either conserved or else decreasing for physical reasons.

@ We shall mainly look at 2 x 2 systems and seek Lyapunov functions
that have the form V(z,y) = ax? + by? for some a,b > 0.

21/39



First Lyapunov theorem: Proof, page 1

@ Let € > 0 be given and choose 0 < r < € small enough so that

C,={zcR":||z|| = r}

is contained within R. Since V is continuous, it attains a minimum
value m > 0 over the compact set C, and one has

m < V(x) whenever ||z|| =7. (L1)
@ Since V is continuous at = 0, there also exists § > 0 such that
lz]|<d = V(x)<m. (L2)

@ Note that the last two equations imply that § < r. To prove stability,
we show that every solution which satisfies ||y(0)|| < 0 is actually a
global solution which satisfies ||y(t)|| < r < ¢ for all ¢ > 0.
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First Lyapunov theorem: Proof, page 2

@ Now, suppose that the inequality ||y (¢)|| < r is violated at some point
and let T" be the first such point. When it comes to times 0 <t < T,
the graph of y(t) lies within C, so it lies within R and one has

L V() = YV () - ¥/(1) = TV (D) - Fly(D) <0

@ In particular, V(y(t)) is decreasing on [0,7") and (L2) implies that
ly(O)ll <o = V(y@) <V(y(0)) <m
for all 0 <t < T'. Taking the limit as ¢t — T', we conclude that
V(y(T)) < V(y(0)) <m.

@ However, the last equation contradicts (L1) because ||y(T)|| = r by
definition. Thus, the inequality ||y(¢)|| < r must hold at all times.
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First Lyapunov theorem: Example 1

@ We show that the zero solution is stable in the case that
d(t)=y* =% ()= —y— 2ay.

@ Consider the function V (x,y) = ax? + by? for some a,b > 0. This is
certainly continuous and non-negative, while V(z,y) = 0 if and only
if x =y =0. To show that V is a Lyapunov function, we compute

ov ov
VV-f=—5- a'(t) + oy y'(t)
= 2az(y® — 23) + 2by(—y — 227)

= (2a — 4b)zy® — 2ax — 2by>.
@ We need to ensure that VV - £ < 0 and this is obviously true, if we

let @ = 2b > 0. In other words, V' (x,%) = 2bz? + by? is a Lyapunov
function for any constant b > 0, so the zero solution is stable.
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First Lyapunov theorem: Example 2

@ We show that the zero solution is stable in the case that

dt)=y* -2z,  y(t)=2—y.
@ To see that V(x,y) = 2% + y? is a Lyapunov function, we note that

8V av
V- f = -6+ 5-v'(t)
=2z (y —~ 2z) +2y(ﬂc2 v)
= (22 - 2)y° + (2y — 4)2°
@ This expression is not negative at all points, but it is negative near
the origin since both 2x — 2 and 2y — 4 are negative near the origin.

o Consider the region R = (—1,1) x (—2,2), for instance. Since this is
open and one has VV - f < 0 within R, the zero solution is stable.
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Pendulum equation, page 1

Consider a pendulum consisting of a mass m which is attached to a
massless string of length L. To describe its motion, we look at the
angle 6(t) formed between the pendulum and the vertical axis.

Since the pendulum moves along a circle of radius L, its position at
time t is the length of the arc corresponding to the angle 6, namely

Position = Arc length = L - 0(t).

The only force acting on the pendulum is the gravitational force and
its component in the direction of motion has length —mgsin 6(¢).

According to Newton's second law of motion, we must thus have

9" — g

m(LO)" = —mgsinf =— ~7 sin 6.

This nonlinear equation is also known as the pendulum equation.
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Pendulum equation, page 2

@ Let us now express the pendulum equation as a 2 x 2 system. If we
introduce the variables z = 6(t) and y = 6’(t), we can then write

129/: Izell:_g- .
T Y, Y Lsmx

@ The zero solution x = y = 0 corresponds to the equilibrium vertical
position and it ought to be stable for physical reasons. In order to
prove its stability, we shall now consider the function

1
V(z,y) = 3 mL*y? + mgL(1 — cos ).

@ This function actually represents the pendulum’s energy. It is the sum
of the kinetic energy %mv2 and the potential energy mgh, where v is
the velocity and h is the height above the equilibrium position.

@ We need to show that V(z,y) is a Lyapunov function for the system.
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Pendulum equation, page 3

@ Consider the region R = (—7, 5) x R. This is obviously open, while
L 99
V(z,y) = 3 mL*y” + mgL(1 — cos z)
is continuous and non-negative. Since —5 < x < 7, we also have
V(z,y)=0 <= y=0and cosz=1 < xz=y=0.

@ This proves the first two properties of a Lyapunov function, while

ov ov
VV.-f= a_xx/(t) + a—yy/(t)
= mgLsinz -y +mL% - (—gsinz)/L = 0.

@ Thus, V(z,y) is a Lyapunov function and the zero solution is stable.

28/39



Second Lyapunov theorem

~

(" Definition 3.7 — Strict Lyapunov function

Consider the n x n system y'(t) = f(y(t)) in the case that £(0) = 0.
We say that V: R™ — R is a strict Lyapunov function for the system,
if the following properties hold in an open region R around the origin.

® V(x) is continuously differentiable in R,

® V(x) >0 for all x € R with equality if and only if x =0,

® VV(zx)- f(x) <0in R with equality if and only if = 0.

- /

~

(" Theorem 3.8 — Second Lyapunov theorem

Consider the n x n system y/'(t) = f(y(t)) when f(0) = 0. If there is
a strict Lyapunov function, the zero solution is asymptotically stable.

- /
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Second Lyapunov theorem: Proof, page 1

@ Choose € > 0 so that the sphere ||x|| = ¢ is contained within R.
Since the zero solution is stable, there exists § > 0 such that

ly(0)|| <6 = |lyt)|| <e forallt>0.

@ We note that V(y(t)) is non-negative and also decreasing since

d

2 V(@) =VV(y®)-y'(t) = VV(y(1) - Fy(1) < 0.

@ Thus, V(y(t)) attains a limit L > 0 as t — oo. If L =0, then

lim V(y(t) =0 = tl_i)rgloy(t) =0

t—o00

and asymptotic stability follows. To finish the proof, it remains to
show that the remaining case L > 0 leads to a contradiction.
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Second Lyapunov theorem: Proof, page 2

@ Suppose now that L > 0. Then there exists v > 0 such that
llz|| <y = V(x)<L.

@ Since we also have V(y(t)) > L at all times, the solution must lie in
the annulus v < ||y(¢)|| < ¢ at all times. Letting m be the maximum
value attained by VV - f in this annulus, we find that m < 0 and

d

ZV(0) = YV () - fy©) <m.

@ Integrating over the interval [0, ¢], we may thus conclude that
V(y(®) < V(y(0)) +mt = lim V(y(t)) = —oo.
@ This obviously contradicts the fact that V(y(t¢)) > 0 at all times.
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Second Lyapunov theorem: Example 1

@ We show that the zero solution is asymptotically stable when
)=y’ -z,  Y(t)=—y—3zy’.
@ Consider the function V(x,y) = ax? + by? and note that

oV oV
VV .- f= 9 ' (t) + En y'(t)
= 2ax(y3 — )+ 2by(—y — 3xy2)

= (2a — 6b)xy> — 2ax? — 2by>.
o If we now let 0 < a = 3b, then the last equation ensures that
VV . f = —6bx* — 2by* < 0

with equality only at the origin. Thus, V(z,y) = 3bx? + by? is a strict
Lyapunov function and the zero solution is asymptotically stable.
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Second Lyapunov theorem: Example 2

@ Let a > 0 be a fixed parameter and consider the system
2 (t) = ay® — z, Y (t) = 2% — 2y.
@ We define the function V(z,y) = 22 + y* and we note that

ov ov
VV.f = %x/(t) + a—yy/(t)
= 2z(ay® — x) + 2y(2” — 2y)
= (2y — 2)2% + (2az — 4)°.

L1y x (—1,1) because

a’a

@ This expression is negative within R = (—
VV-f<(1-2)22+(2-4y*<0

within R. In fact, VV - f = 0 only at the origin, so V(z,y) is a strict
Lyapunov function and the zero solution is asymptotically stable.

33/39



Linear approximation

\

/Theorem 3.9 — Linear approximation

Suppose that ¢ is a critical point of the system y'(t) = f(y(t)) and
that f is continuously differentiable. Then z(t) = y(t) — c satisfies

2'(t)=A-z(t)+ R(t) - 2(t),

where A is the Jacobian matrix with entries a;; = g—y?(c) and R(t) is
J
a matrix whose entries go to zero as ||z|| goes to zero.

v

@ In other words, the difference z(t) = y(t) — c satisfies a system that
behaves like the linear system 2’ = Az near the critical point c.

@ This suggests that the stability of the critical point c is closely related
to the eigenvalues of the Jacobian matrix A. If all the eigenvalues are
negative, for instance, then z(t¢) behaves like a linear combination of
decaying exponentials, so one expects ¢ to be asymptotically stable.
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Linearisation method

\

/Theorem 3.10 — Linearisation method

Suppose c is a critical point of the system y'(¢t) = f(y(t)) and f is
continuously differentiable. Let A be the Jacobian matrix as before.

@ If every eigenvalue of A has negative real part, then the critical
point ¢ is both stable and asymptotically stable.

9 @ If some eigenvalue of A has positive real part, then c is unstable.

@ We shall mainly be concerned with 2 x 2 systems of the form

(t) = flx,y), Y1) =g(z,y).

@ In that case, the Jacobian matrix at a critical point (zg, yo) is

A |fe(@o,90)  fy(@o,y0)
92 (20, Y0)  gy(T0,Y0)|
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Linearisation method: Example 1, page 1

@ Consider the critical points of the 2 x 2 nonlinear system
2(t) = 2? —y, y(t)=x—uy.

@ To find them explicitly, one needs to solve the equations

x2—y=m—y=0 = z=y, 2?2 —z=0.

It easily follows that the critical points are P(0,0) and Q(1,1).

@ To study their stability properties, we look at the Jacobian matrix

o[t 2 -]
9z Gy 1 -1

and we compute its eigenvalues. Since the eigenvalues depend on z,
one needs to examine each of the critical points separately.
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Linearisation method: Example 1, page 2

@ When it comes to the critical point P(0,0), the Jacobian matrix is

0 —1
A=l 3
and its eigenvalues are the roots of the characteristic polynomial
—141iv3
NiA+1=0 — )\:TZ\/_.

Thus, their real part is negative and P is asymptotically stable.
@ When it comes to the critical point (1, 1), the Jacobian matrix is

2 -1
=[5
and its eigenvalues are the roots of the characteristic polynomial
1+
M-oA-1=0 = A= 2‘/5.

In particular, one of the eigenvalues is positive and () is unstable.
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Linearisation method: Example 2, page 1

@ We study the critical points of the 2 x 2 nonlinear system
d(t)=x(y—1), YH)=z-y-L
@ To find them explicitly, one needs to solve the equations
x(y—1) =0, xr=y+1.

When x = 0, the second equation gives y = —1. When y =1, the
second equation gives x = 2. This means that the system has two
critical points, namely R(0,—1) and S(2,1).

@ To study their stability properties, we look at the Jacobian matrix

[ H-pr ]
A [gx Py I

and we compute the eigenvalues of A for each of the critical points.
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Linearisation method: Example 2, page 2

@ When it comes to the critical point R(0,—1), the Jacobian matrix is

-2 0
A= .
This is lower triangular, so its eigenvalues are the diagonal entries. As
those are both negative, we conclude that R is asymptotically stable.

@ When it comes to the critical point S(2,1), the Jacobian matrix is

0 2
A=
i
and its eigenvalues are the roots of the characteristic polynomial
—143
NEA—2=0 = A= 5 =21

In particular, one of the eigenvalues is positive and S is unstable.

39/39



