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Linear homogeneous systems

/Definition 2.1 — Linear homogeneous systems

\

A linear homogeneous system is a system that has the form

y'(t) = Alt)y(1), (LHS)

where y(t) is the vector of unknowns and A(t) is a square matrix.

/Theorem 2.2 — Superposition principle

~

-

The set of solutions of a linear homogeneous system is closed under
addition and scalar multiplication. In other words, the sum of any two
solutions is a solution and scalar multiples of solutions are solutions.

v

@ The superposition principle asserts that the solutions of (LHS) form a
vector space. If one can find some solutions that form a basis for this
vector space, then every solution will be a linear combination of them.
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Linear independence of functions

4 Definition 2.3 — Linear independence of functions

~

The functions y1(t),y2(t),...,yn(t) are called linearly dependent, if
there exist constants ¢y, co, ..., c, which are not all zero such that

Otherwise, we say that the functions are linearly independent.

ayi(t) + cay2(t) + ... + cpyn(t) =0 for all t.

/

o

Linear independence of vector-valued functions is a bit more subtle
than linear independence of constant vectors. This is because the
coefficients ¢ are not allowed to depend on t. For instance,

are linearly independent functions, even though one has ys = ty;.

3/50



Linear independence of functions: Example

@ We check that yi(t), y2(t), ys(t) are linearly independent when

wo=. wo=[]  wo=

@ Suppose that c1y1(t) + coy2(t) + c3ys(t) = 0, in which case

crel +eat + ez =cit+cpt+c3=0 forall t.

One may analyse this relation by considering special values of ¢ or by
differentiating, for instance. Differentiating twice, we get c1e! = 0 for
all ¢, hence also ¢; = 0. The given relation may thus be reduced to

cot +c3 =0 for all t.

o Lettingt =0 and ¢t = 1, we now get c3 = 0 = c2 + c¢3. This implies
that ¢ = 0 for all k, so the given functions are linearly independent.
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Linear independence of solutions

\

/Theorem 2.4 — Linear independence of solutions

Suppose that yi(t), y2(t), ..., yn(t) are solutions of the n x n system
y'(t) = A()y(1). (LHS)

Then yi(t),y2(t),...,yn(t) are linearly independent functions if and
\only if ¥1(0),y2(0),...,yn(0) are linearly independent vectors.

%

@ The solutions of an n x n linear homogeneous system form a vector
space of dimension n. In fact, let vi,vo, ..., v, be any basis of R"
and let yx(t) be the unique solution of the initial value problem

y(t) = A()ye(t),  yr(0) = vy

o Then yi(t),y2(t),...,yn(t) are easily seen to form a basis for the
space of solutions. However, such a basis is not usually explicit.
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Basis of solutions: Example, page 1

@ We obtain a basis of solutions for the linear homogeneous system

yO = a0y, a0- |} )

(&

@ In this case, A(t) is lower triangular, so it is easier to look at the
corresponding equations one by one. Let us start by writing

2 (t) = x(t), Y (t) = elz(t) + 2y(t).
@ When it comes to the leftmost equation, one clearly has
o) =x(t) = 2x(t) =ce.
@ We now insert this fact in the rightmost equation to find that
Y (t) — 2y(t) = ez (t) = cre®.

This is a first-order linear equation with integrating factor ;1 = e~

2t
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Basis of solutions: Example, page 2

@ Multiplying by the integrating factor, we conclude that

(e_Zty)' =c = e_zty(t) =cit+cy
= y(t) = (e1t + co)e*.

@ This shows that every solution of the system has the form

cret et 0
y(t) = |:(C]_t':C2)€2t:| =c1 Lem] +c2 [em] .

@ In other words, every solution is a linear combination of

et

yi(t) = |:t62t:| ; ya(t) = |:€02t:|

and these functions form a basis for the space of solutions.
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Systems with constant coefficients

@ When A is constant, the linear system y/(t) = Ay(t) can always be
solved explicitly by relating A to its Jordan form, say J = B~ AB.

@ More precisely, the change of variables z(t) = B~ly(t) gives
Z/(t)= B 'y (t) = B 'Ay(t) = B"'ABz(t) = Jz(t).

@ This is a linear system that involves a lower triangular matrix, while
each of the corresponding equations has the form

2, = M2k OF 2 = Zp—1 + Ap2k-
In particular, each of these equations is first-order linear and one may

determine the variables zj inductively using integrating factors.

@ The corresponding formula for the solution y(t) = Bz(t) turns out to
be simple when A is diagonalisable but a bit technical, otherwise. We
shall thus use another approach to deal with the general case later.
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Eigenvector method

/

Theorem 2.5 — Eigenvector method )

-

Consider the n x n linear system y/(t) = Ay(t) in the case that A is
constant and diagonalisable. Let vy, vs,..., v, be linearly independent
eigenvectors and let A1, Ao, ..., A, be the corresponding eigenvalues.
Then every solution of the system has the form

Anty,

y(t) = 616>\1t’01 + cze’\2t'vg +...+che )

@ The coefficients ¢ may be taken to be real, if the eigenvalues of A
are all real. Otherwise, the coefficients ¢, will generally be complex.

@ To prove this theorem, we note that each y;(t) = e*!vy, satisfies
y.(t) = Mee oy, = Mt Ay, = Ay (t).

This gives n solutions which are linearly independent when ¢ = 0, so
every other solution must be a linear combination of them.



Eigenvector method: Example 1

@ We use the eigenvector method to solve the linear system

oo 13 2
v =m0, a=[; 2.
@ The eigenvalues of A are the roots of the characteristic polynomial
FO) =X —(trAA+det A=)\ —8A+7=(\-T)(A—1),

namely A\ =7 and A2 = 1. These correspond to the eigenvectors

ool e[

@ According to the previous theorem, the solution of the system is

7

Tt t
y(t)zcle cie —1—026]

t t
V1 + e’ vy = .
2c1€™ — et
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Eigenvector method: Example 2

@ We use the eigenvector method to solve the linear system

100
y(t)=Ay(t), A=12 3 0
2 1 4
@ Since A is lower triangular, its eigenvalues A = 1, 3,4 are merely the

diagonal entries of A. These are distinct, so A is diagonalisable and
one may easily check that the corresponding eigenvectors are

-3 0 0
V1 = 3 s Vo = —1 , vy = 0
1 1 1
@ In view of the previous theorem, the solution of the system is thus
—3cqet
y(t) = cre'vy + 0263tvz + 03e4tv3 = 3cret — cpedt

Cc1 et + CQe3t + 03e4t
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Matrix exponential: Definition

4 Definition 2.6 — Matrix exponential A
Given a square matrix A, we define its exponential e as the series
ATt A4 A2y —iiA’“
n 2! U kU
k=0
9 It can be shown that this series converges for every square matrix A. )

@ To compute the powers of a square matrix, one relates them to the
powers of its Jordan form J = B~'AB using the computation

A¥ = (BJB Yk = BJ*B7L.

@ A similar approach can be used for the exponential of A since
1 1
A _ Lok _ L pgkp-1_ p Jp-1
e _Zk!A _Zk!BJ B! =Be/B7L
k=0 k=0
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Matrix exponential: Properties

\

/Theorem 2.7 — Properties of the matrix exponential

Suppose A, B are n x n matrices and let ®(t) = !4 for all t € R.

© The exponential property e85 = e4eB holds when AB = BA,
but this property is generally false for arbitrary matrices.

@ The exponential function ®(t) = e/ is such that ®'(t) = AD(t).
In particular, it is a matrix solution of the system y'(t) = Ay(t).

t
© The columns of ®(t) = e/ are vector solutions of 3/ (t) = Ay(t)
and they also form a basis for the space of all solutions.

- /

@ The second property may be stated simply as (e!4) = Ae!4. This
resembles the chain rule for the standard exponential function.

@ The product rule (AB)' = A’B + AB’ also holds for matrix-valued
functions, but the chain rule (A2)" = 2AA’ is generally false.
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Matrix exponential: Jordan forms

( Theorem 2.8 — Matrix exponential of a Jordan form

Suppose that J is a k x k Jordan block with eigenvalue A. Then the

exponential e/ is a lower triangular matrix and the entries that lie ¢
steps below the diagonal are equal to %e*t for each 0 < j < k.

@ For instance, the exponential of a 3 x 3 Jordan block is given by

A et
J=11 X\ — = | teM M
2
1\ BN gedt oM

@ The exponential of a Jordan form is obtained by exponentiating each
Jordan block separately. As a typical example, one has
2 e?t |
J = 3 — /= edt
1 3 tedt 3t
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Matrix exponential: Example 1, page 1

@ We compute the matrix exponential of the diagonalisable matrix
4 1
A= [2 3] .
@ The characteristic polynomial of this matrix is given by

FO) =2 —(tr AN +det A= X2 —7A+10= (A —2)(A—5),

so the eigenvalues are real and distinct, namely A; = 2 and Ay = 5.
@ The corresponding eigenvectors are easily found to be

<[ -]

Once we now merge the eigenvectors to form a matrix B, we get

11 T, )
o[ 1] = semun- ]
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Matrix exponential: Example 1, page 2

J

@ Since the Jordan form J is diagonal, the same is true for ¢!/ and

1 2 e?t
J=B AB:[ 5] = eth[ e5t]‘
@ As for the exponential of the original matrix A, this is given by
J=B'AB — A=BJB! =— 4=Be/B L
@ In view of our computations above, we must thus have

=l [T sl b

1 |: 62t+265t _62t+65t:|

- 5 —2€2t+265t 262t+e5t

@ The exact same approach applies for any diagonalisable matrix A.
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Matrix exponential: Example 2, page 1

@ We compute the matrix exponential of the non-diagonalisable matrix

a=ls o3

@ In this case, the characteristic polynomial of A is given by

FO) =X = (trA)A+det A= X2 —61+9=(\—3)2

so the only eigenvalue is A = 3. The only eigenvector turns out to be

v — 2
=13/
@ This implies that A is not diagonalisable and that the Jordan form is

J=B'AB=’ — =]
1 3 te3t e3t]”

Let us now find a matrix B such that J = B~1AB is in Jordan form.
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Matrix exponential: Example 2, page 2

@ Pick any nonzero vector v; which is not an eigenvector and let
vy = (A — \)vy, B=[v; wvo.

@ There are obviously infinitely many choices and one possibility is

B R B

@ In view of our computations above, we must thus have

_ 1 6] [e 1 -2/3
tA _ tJ 1 _
¢r=BB = [0 9] [te3t e3t] [0 1/9]

e [1+6t  —4t
=€ .
9t 1-—6t

@ This approach applies for any non-diagonalisable 2 x 2 matrix A.
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Matrix exponential: Example 3, page 1

@ Finally, we consider a real matrix A with complex eigenvalues, say
1 -1
A= .
i
@ The characteristic polynomial of this matrix is easily found to be

) =2 —(trAA+det A=) —22+2=(\—-1)2+1.

The eigenvalues A = 1 44 are complex conjugates of one another and
the same is true for the corresponding eigenvectors which are given by

-] e[}

@ This implies that A is diagonalisable and that we also have
B:[ L 1} — J:B_lABz[l-H ]
—i 1 1—1

In particular, one may proceed as before to compute e'/ and then e4.
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Matrix exponential: Example 3, page 2

J

@ Since the Jordan form .J is diagonal, the same is true for !/ and

. t it
J:B_IAB:[lJFZ 1_2.] — et"z[ee ete—it:|'

@ In view of our computations above, we must thus have
tA_piipo1_ | 1 1] [ee /2 i/2
¢r=Berb = [—i Z:| [ ele”| [1/2 —i/2
el [ et peit (et — )
9 [i(e—it _ 6it) et 4 it ]

t

@ On the other hand, one has e** = cost + isint, so this implies that

olA et [ZCost —2sint] _ [etcost —etsint]
5 = .

- 2sint 2cost et sint el cost

Needless to say, €' will always turn out to be real when A is real.
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Fundamental matrix

(Definition 2.9 — Fundamental matrix

LWe say that ®(¢) is a fundamental matrix for a linear homogeneousJ

system, if the columns of ®(¢) form a basis for the space of solutions.

@ The most common example is the matrix exponential ®(t) = ‘4. It is
a fundamental matrix for the system y'(¢t) = Ay(t), if A is constant.

4 Theorem 2.10 — Properties of fundamental matrices h

Let ®(¢) be a fundamental matrix for the system y'(t) = A(t)y(¢).

@ Every solution is a linear combination of the columns of ®(t).
@® Every solution has the form y(t) = ®(t)c for some vector c.

® The fundamental matrix itself is a matrix solution of the system.
In other words, one has the matrix identity ®'(t) = A(t)®(¢).

- /
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Fundamental matrix: Special cases

@ It is only in a few special cases that one may explicitly determine a
fundamental matrix for the linear system y/(t) = A(t)y(t).

@ When A(t) is either upper or lower triangular, the system can be
solved explicitly by solving the corresponding equations one by one.
Let yi(t) be the unique solution of the initial value problem

yi(t) = A()ye(t),  yk(0) = ey

Then yi(t),y2(t), ..., yn(t) form a basis for the space of solutions.

@ When A(t) is a matrix that commutes with its antiderivative B(t), a
fundamental matrix for the system is given by

This is the case, in particular, when A(t) = A is a constant matrix.
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Variation of parameters: Intuition

@ Let us now turn our attention to the linear inhomogeneous system

y'(t) = A(t)y(t) + b(t). (LIS)

When it comes to the special case b(t) = 0, there is a fundamental
matrix ®(t) which satisfies the identity ®'(t) = A(t)®(t) and every
solution has the form y(t) = ®(t)c for some constant vector c.

@ To deal with the general case, we look for solutions that have the
form y(t) = ®(t)c(t), where ¢(t) is not necessarily constant. Since

y'(t) = ¥ (t)e(t) + @) (1)
= A(t)®(t)c(t) + ®(t)c (1)
= A(t)y(t) + (1)< (t),

we do obtain a solution of (LIS), provided that ®(¢)c/(t) = b(t).
@ Thus, one may use ®(t) to solve the inhomogeneous system as well.
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Variation of parameters: Main result

~

4 Theorem 2.11 — Variation of parameters

Consider the linear inhomogeneous system
y'(t) = A)y(t) + b(t). (LIS)
If A(t) and b(t) are continuous, then every solution has the form
y(t) = B(t)e + (1) / (1)~ 'b(t) dt,

where c¢ is a constant vector and ®(¢) is a fundamental matrix for the
associated linear homogeneous system y/(t) = A(t)y(t).

%

@ The integral term in the equation above is itself a particular solution
of the system. According to the theorem, every solution is thus the
sum of the homogeneous solution ®(¢)c and a particular solution.
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Variation of parameters: Example

@ We use variation of parameters to solve the inhomogeneous system

y'(t) = Ay(t) +b(t), A= [

-]

@ Since A is constant, a fundamental matrix is ®(¢) = ¢4 and thus

y(t) = ee+ et / e~ Hb(t) dt

et 0 1
—te? e_t] {t} dt

/1]
) |
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Higher-order scalar equations

@ Suppose that we need to solve a scalar linear equation such as

y" (t) — 5y" () + 7y’ (t) — 3y(t) = 0.

This is a 3rd-order equation, so one may express it as a 3 x 3 system.

@ More precisely, let y be the vector with entries 3,4/, %" and note that

Y Yy 0 1 0]y
y= |y = Yy =1y =10 0 1| |y | =Ay.
y// yll/ 3 _7 5 y//

@ Since the scalar equation is linear, the same is true for the system, so
one may determine y using methods we have already developed.

@ This kind of approach is certainly valid, but it is not very efficient, as
we are only interested in the first entry of y. It is thus worth having
some related results that deal with scalar equations directly.
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Linear homogeneous equations

~

4 Theorem 2.12 — Linear homogeneous equations

Consider the scalar linear homogeneous equation
any™(t) + ...+ agy/ (t) + a1y (t) + agy(t) = 0. (LHE)

If the coefficients aj are all constant, then one may obtain a basis of
solutions by solving the corresponding characteristic equation

A\ 4 .. 4 a 2+ N+ ao =0

and by associating each root A with solutions of (LHE) as follows.

@ If a real root A has muItipIicity k, it gets associated with the &
functions {tje)‘t}J —» hamely with M teM Lt le,

@ If a pair of complex roots A = a + bi has multiplicity k, it gets

L associated with the 2k functions {#/e® sin(bt), t/e*" cos(bt)} R )
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Linear homogeneous equations: Example 1

@ We use the previous theorem to solve the homogeneous equation

y"(t) = 5y"(t) + T/ (t) — 3y(t) = 0.
@ In this case, the associated characteristic equation is given by
A —BX+TA-3=0.
@ Noting that A = 1 is a root, one easily finds that
Mo+ TA-3=0-1DA\—4r+3) =1 -123\-3).

@ This means that A = 1 is a double root, while A = 3 is a simple root.
Thus, a basis of solutions is formed by the functions e, te, e3! and
every solution of the given equation has the form

y(t) = cre! + cotel + c3e3t.
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Linear homogeneous equations: Example 2

@ Let us now solve an initial value problem such as
y'(t) —y(t) =0, y(0)=1,  y(0)=3.
@ In this case, the associated characteristic equation gives
M-1=0 = M+1)OA-1)=0 = I=-1,1

Since the roots are both simple, every solution has the form

y(t) = cre’ + coet.

o Next, we turn to the initial conditions and we note that

y(t) = crel + et =  1=9(0) =c1 + ca,
/

Yy (t)=ciel —coet = 3=9/(0)=c; —ca.
@ Solving this system of equations, we find that ¢; =2 and o = —1.
Thus, the unique solution is given by y(t) = 2e! — et
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Linear homogeneous equations: Example 3

@ The equation that describes a simple harmonic oscillator is
my(t) = —ky(t).
Here, the constants k, m are both positive, so one may also write
Y () + wy(t) =0, w=k/m.
@ Solving the associated characteristic equation, we now get

2 = \=+tiw.

N+w=0 = N=-w
This is a pair of complex roots, so every solution has the form

y(t) = c1 sin(wt) + co cos(wt).

@ In particular, every solution of the given equation is periodic.
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Linear homogeneous equations: Example 4

@ As our last example on homogeneous equations, we now solve
y"' (t) + Ty (t) + 19y (t) + 13y(t) = 0.
@ In this case, the associated characteristic equation is given by
A+ TA% + 19X + 13 = 0.
Noting that A = —1 is a root, one may factor the cubic as
N4 TA2 19N+ 13 = (A4 1)(A\2 + 61 + 13).

@ The roots of the quadratic factor are easily found to be

_ —6+V62—-4-13 —6+4i
- 2 2

@ We may thus conclude that every solution has the form

A = -3+

y(t) = cre™t + coe 3 sin(2t) 4 cze 3 cos(2t).
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Linear inhomogeneous equations

@ Suppose that we need to solve an inhomogeneous equation such as
y'(t) — 3y (t) + 2y(t) = 2t + 5.

@ The solution of such an equation can be expressed as the sum of the
homogeneous solution y;, and a particular solution ¥,,. More precisely,
the difference z = y — y,, between any two solutions satisfies

2"(t) — 32/ (t) + 22(¢) = 0,

so it is a solution of the corresponding homogeneous equation.

@ This proves the useful identity y = y;, + y,. We already know how to
find the homogeneous solution ¥, so we need only worry about y,,.

@ There are two methods for finding a particular solution: the method
of undetermined coefficients and variation of parameters. The former
is generally simpler, but it only applies in a few special cases.
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Undetermined coefficients: Main result

/Theorem 2.13 — Undetermined coefficients

Consider the scalar linear inhomogeneous equation

any ™ (t) + ... + agy” (t) + a1y (t) + aoy(t) = f(t). (LIE)

Suppose that the coefficients aj are all constant and that the right
hand side f(t) is a linear combination of terms that have the form

e, t7e sin(bt), e cos(bt).

Then the solution y(t) satisfies a higher-order homogeneous equation,
\so it can itself be expressed as a linear combination of such terms.

@ One typically uses this theorem to write down an explicit formula for
a particular solution y,. It is easy to predict the terms that appear in
the formula, but their exact coefficients need to be determined.
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Undetermined coefficients: General rules

The general rules for finding a particular solution y,, are the following.

@ If f(t) contains the term t*e*, then y, contains the expression
k
Z Ajtje)‘t = Aktke)‘t + ...+ Alte)‘t + Aoekt.

@ If f(t) contains either the term t*¢® sin(bt) or the term t*e? cos(bt),
but not necessarily both, then y, contains the expression

ZAtje sin(bt) +ZBtJe cos(bt).

© If either of the expressions above repeats part of the homogeneous
solution, then it needs to be multiplied by ¢ repeatedly until it no
longer contains terms which appear in the homogeneous solution.
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Undetermined coefficients: Some comments

@ Let us explain the overall approach by looking at the special case

@ Our initial guess for a particular solution ,, is dictated by the right
hand side f(¢). Some typical choices appear in the table below.

f(t) Yp
t262t AthQt + Bt€2t + C€2t
te?t — 3t Ate®t + Be?t + Cedt
341 A + B2 + Ct+ D
t4+cost | At+ B+ Csint + Dcost

@ These choices are dictated by rules @ and @. According to the last
rule, we also need to adjust our initial choice whenever it repeats part
of the homogeneous solution. In this case, we have y; = c1e! + coe ™,

so there is no overlap with ¥, and thus no need for adjustments.
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Undetermined coefficients: Example 1

@ We use undetermined coefficients in order to solve the equation
y'(t) — 3y'(t) + 2y(t) = 2t + 5.
@ We have y = y + ¥, and the homogeneous solution is given by

M-3\+2=0 = (\-1)(LA-2)=0

- Yp = clet + 02€2t.

@ To find a particular solution y,, we let y, = At 4+ B. This gives
Yy — 3y, + 2y, = —3A + 2At + 2B,
so we need to have 24 = 2 and 2B — 3A = 5. It easily follows that
A=1 = B=4 = y=ce'+ce?+t+4.
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Undetermined coefficients: Example 2

@ We use undetermined coefficients in order to solve the equation
y"(t) + 5y (t) + 6y(t) = 8e*.
@ Once again, ¥y = yp, + yp and the homogeneous solution is given by

MibA+6=0 = A+2)(A+3)=0

=  Yp = cle_zt + 026_3t.

@ To find a particular solution y,, we let y, = Ae?. This gives
Y + 5yp, + 6yp = 4Ae” + 5(2A4e”) + 6Ac™ = 204,

so we need to have 204 = 8. In other words, A = 2/5 and thus

2
Y=yn+tYp = 616_% + 626_3t + gezt.
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Undetermined coefficients: Example 3

@ We use undetermined coefficients in order to solve the equation
y"(t) + 5y’ (t) + 6y(t) = sint.

@ As in the previous example, the homogeneous solution is given by

3t

Yp = 016727& + coe

@ To find a particular solution, we let 3, = Asint + B cost and we note
that y, = Acost — Bsint, while y, = —Asint — Bcost. This gives

Y, + 5y, + 6y, = 5(A — B)sint + 5(A + B) cost,

so we need to have A— B =1/5and A+ B =0.
@ Solving these two equations, we get A = 1/10 and B = —1/10, so

1 1
y=yn+yp=cre 2 +coe ¥+ 1gsint = 75 cost.
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Undetermined coefficients: Example 4, page 1

@ We use undetermined coefficients in order to solve the equation
y'(t) +y(t) = 2sint + 4e’.
@ The homogeneous solution y;, can be found by noting that
N+1l=0 = I==+i =— yp = c18int + co cost.

@ Let us now worry about the particular solution y,. Based on the right
hand side of the given equation, a natural guess for 3, would be

yp:Asint+Bcost+Cet.

@ However, this function repeats terms that are already present in yp,
so we need to adjust these terms and seek a solution of the form

y, = Atsint + Btcost + Ce'.
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Undetermined coefficients: Example 4, page 2

o Differentiating the last equation twice, one finds that

y, = Atsint + Btcost + Ce',
y, = Asint + Atcost + Bcost — Btsint + Ce',
Yy, = 2Acost — Atsint — 2Bsint — Bt cost + Ce'.

@ We need to ensure that y;,’ + y, = 2sint + 4e’ and we also have
yz')' +yp =2Acost — 2Bsint + 20¢!
by above. Comparing these two equations, we arrive at the system
2A =0, —2B =2, 2C = 4.
@ This determines the coefficients A, B and C, so the solution is
Y =1Yn+yp=cisint + cycost —tcost + 2¢l.
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Undetermined coefficients: Example 5, page 1

@ We use undetermined coefficients in order to solve the equation
Y (1) — 2y (t) + y(t) = 2e" + 3t + 4.
@ The homogeneous solution y;, can be found by noting that

M_2A4+1=0 = (\-12=0
- yh:clet+02tet.

@ Next, we turn to the particular solution y,. Our initial guess
Yp = Aet + Bt +C

repeats part of the homogeneous solution, so this part needs to be
adjusted. Since te! is also repeating part of y;,, one needs to take

Yp = At*et + Bt + C.
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Undetermined coefficients: Example 5, page 2

o Differentiating the last equation twice, one easily finds that
Yp = At?et + Bt + C,
y, = 2Ate' + At’¢' + B,
yy = 2Ae" + 4Ate" + At?e’,
Yy — 2y, + yp = 2Ae’ + Bt + C — 2B.
@ On the other hand, we need to ensure that the solution vy, satisfies
Yy — 2y +yp = 2¢" + 3t + 4.
o Comparing these two expressions, we arrive at the system
2A =2, B =3, C—-2B=4.
@ This determines the coefficients A, B and C, so the solution is
Y=Ynht+yp= ciel + cate! + t2e! + 3t + 10.
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Linear independence and Wronskian

(" Definition 2.14 — Wronskian h
The Wronskian of the functions y(t), y2(t), ..., yn(t) is defined as

y1(t) yo(t) Yn (1)
vi6) () v (t)
W (t) = det :
. A O T Al () y () )

/Theorem 2.15 — Linear independence and Wronskian

Suppose that the Wronskian of some scalar functions is not identically
_zero- Then these scalar functions are linearly independent.

/

@ The converse of this theorem is not true in general. For instance, the
Wronskian of the functions y1(t) = 2 and y2(t) = t|t| is identically
zero, but these functions are linearly independent.
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Variation of parameters: General case

" Theorem 2.16 — Variation of parameters (General case)

Consider the general scalar linear inhomogeneous equation
an()y™ (1) + ...+ ar(t)y' (t) + ao(t)y(t) = f(b). (LIE)

Suppose that y1(t),y2(t), ..., yn(t) are linearly independent solutions
of the associated homogeneous equation. A particular solution of (LIE)

is then y,(t) = c1(t)y1(t) + ca(t)y2(t) + ... + cu(t)yn(t), where the
coefficients ¢ (t) are determined using the equation

-1

(1) y1(t) ya(t) ... wnlt) 0
at) | vy (t) yo(t) .. () :
L (1) Rl (R el () g () Ft)/an(t) )




Variation of parameters: Second-order case

[ Theorem 2.17 — Variation of parameters (Second-order case)

Suppose that yi(t), y2(t) are linearly independent solutions of
and consider the corresponding inhomogeneous equation

A particular solution of (LIE) is then provided by the formula

= S5 S5

a(t)y" (t) +b(t)y'(t) + c(t)y(t) =0 (LHE)

a(t)y”(t) + o)y (t) + c(t)y(t) = f(t). (LIE)

Kwhere W (t) = y1(t)yh(t) — v} (t)ya(t) is the Wronskian of y; and yso. )
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Variation of parameters: Example

@ We use variation of parameters to find a particular solution of
y"(t) + y(t) = sect.
@ The solution of the associated homogeneous equation is given by
N4+1=0 = \=+i — yp = c18int + co cost.
o Letting y1(t) = sint and y2(t) = cost, we now find that

sint cost

W(t) = det {cost —sint

] —sin?t — cos’t = —1.

@ According to the previous theorem, a particular solution is thus

yp(t) :sint/cost-sectdt—cost/sint-sectdt

int
—smt/ﬂdt— cost Slidt
cost

= tsint + (cost)log(cost).
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Reduction of order

@ Suppose that we know one solution 31 of the homogeneous equation
an(D)y™ () + ...+ a1ty (1) + ao()y(t) = 0 (LHE)
and that we need to solve the associated inhomogeneous equation
an ()2 () 4+ ...+ ar ()2 () + ao(t)z(t) = f(t). (LIE)

@ Then the substitution z = y v gives rise to an equation for v which
involves the derivatives of v but not v itself. Such an equation is a
lower-order equation for v/, so it is generally easier to solve.

@ This approach can be used for any linear inhomogeneous equation. In
particular, we are not assuming that the coefficients aj, are constant.

@ When it comes to second-order equations, one may use this approach
to find all solutions of (LIE), if just one solution of (LHE) is known.
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Reduction of order: Example, page 1

o It is easy to check that y;(t) = t? satisfies the homogeneous equation
2y (t) — 2ty (t) + 2y(t) = 0.
We now use this fact to solve the inhomogeneous equation
t22"(t) — 262/ (t) + 22(t) = tvt, > 0.
@ First of all, we change variables by letting z = yyv. This gives
z = t?o, 2 = 2tv + 20, 2 =20 + 4t + t2"
and the inhomogeneous equation that needs to be solved becomes

t\/f =12 — 2ty + 2z
= 2820 + 430 + th" — 430 — 2630 + 2850
= 4" + 230,
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Reduction of order: Example, page 2

@ Setting w = v’ for convenience, we now arrive at the equation
' 428w =tvVt = w4 20w =172

This is a first-order linear equation with integrating factor

[ = exp (/ 2t~ dt) = e2lost+C — g2,
@ Letting K =1 for simplicity, we may finally conclude that

(pw) =t7?  —  pw =22+ ¢
= w=23? + clt_Q.

@ Since v/ = w and z = t?v by above, this also implies that

v= 4t~ Y2 _ clt_l +cg — z= —Att — cit + 02t2.
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Summary of available methods

= A)y(t).
t) is constant and diagonalisable.

o Homogeneous systems: /(¢

~—

— Eigenvector method: if A

o

— Matrix exponential: if A(t) is constant.
— Solvable equations: if A(t) is lower/upper triangular.

@ Inhomogeneous systems: y'(t) = A(t)y(t) + b(t).
— Variation of parameters: this method applies in all cases.

o Homogeneous scalar equations: > _, ax(t)y™ (t) = 0.
— Characteristic equation: if the coefficients a; are constant.
— Reduction of order: if one solution is already known.

o Inhomogeneous scalar equations: >_;_ ax(t)y¥)(t) = f(1).
— Undetermined coefficients: if ay are constant and f is simple.
— Variation of parameters: this method applies in all cases.

— Reduction of order: if one homogeneous solution is known.
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