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Maths 212, Homework #9
First four problems:
due Thursday, Jan. 26

Show that the sequence f,(x) = 2"(1 — z) converges uniformly on [0, 1].
Show that the function f(x) = 1/z is uniformly continuous on (1, 2).
Show that the function f(x) = 1/x is not uniformly continuous on (0, 1).

Let f,: X — R be a sequence of continuous functions such that
fn — f uniformly on X.

Given a sequence of points x, € X with z,, — z, show that f,(z,) — f(z) as well.

Let f,: X — R be a sequence of bounded functions such that f, — f uniformly on X.
Show that f is bounded as well.

Let f,.,g.: X — R be sequences of bounded functions such that
fn — [ uniformly on X, gn — ¢ uniformly on X.

Show that f,g, — fg uniformly on X as well.

Let f: X — R be uniformly continuous on X and let {z,} be a Cauchy sequence in X.
Show that the sequence {f(z,)} is also Cauchy.

Show that the sequence f,(x) is uniformly convergent on R.

T 1+ na?
Let f,: X — R be a sequence of uniformly continuous functions such that

fn — f uniformly on X.

Show that f is uniformly continuous on X as well.
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Some Hints

Show that f,(z) attains its maximum at x = n/(n + 1). You will also need to know that

n+1\"
— e.
n

Given points x,y in the interval (1,2), one has

(@) — f)] = ’xx;y’ <z —yl.

Letting x, = 1/n and y, = 1/(n+ 1), one has |f(z,) — f(y.)| = 1.

Note that f(x,) — f(z) by continuity and then use the triangle inequality
|fu(@n) = f(@)] < |falzn) = fl@n)| + [f(20) — f(2)].

Use the triangle inequality |f(z)| < |f(z) — fv ()] + [ fa(2)]

Use the previous problem together with the triangle inequality
[fn(@)gn(z) — f(2)g(@)] < |ful2)] - lgn(x) — g(2)| + [g(@)] - | fulz) — f(2)].
Write the definition of uniform continuity in the form

|f(zn) — flan)] <e whenever d(z,,T,) < 9.

Show that f,(z) attains its maximum at x = 1/4/n.

Use the triangle inequality

[f(@) = fW)| < 1f(@) = ful@)] + [fu(2) = fu)] + [ fuly) = FW)I-



