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Maths 212, Homework #13
First four problems:
due Thursday, Feb. 23

Prove Minkowski’s inequality. In other words, show that the inequality

(o) E (S "L () W

holds for all real numbers x;, y; and each p > 1.
Show that (P is complete for each 1 < p < oc.

Let a = (ay, as,...) be a bounded sequence of real numbers and set
Tz = (ay1x1, agxa, . . .) for each © = (21, 29,...) € £,
Show that 7' is a bounded linear transformation T': ¢ — ¢* and compute its norm ||T|.

Let ¢y consist of all sequences of real numbers that contain only finitely many nonzero
terms. Show that £ is dense in /P for each 1 < p < oo.

Let Cy consist of all sequences of real numbers x = (x1, za, .. .) such that

lim z, = 0.

n—oo
Show that Cj is complete with respect to the metric induced by the /*°-norm.

Let ¢y be as in Problem 98 and set

Tx:an for each = = (1, x9,...) € .
n=1

Show that T': ¢, — R is continuous when ¢, is equipped with the ¢!-norm.
Show that T': £y — R is not continuous when £, is equipped with the ¢?>-norm.

Show that the averaging operator A: ¢ — (> defined by

< T1+ 2Ty X1+ 2To+ 23 )
Ar = | x4, e

2 3

is a bounded linear transformation and find its norm.
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Some Hints

Let x = (x1,2,...) and y = (y1, Yo, . . .) for convenience. Try to show that

o +ylE =" |wi+uil - i+ wl ™

< Z ] - s + P+ Z il - | + a7~
< lzllp - e +yl5~" + 1yl - llz + yllp™
using the triangle and Holder’s inequality. Conclude that ||z + yl|, < ||z, + ||yl],-

Suppose that x, = (Z,1, Tpe, .. .) is a Cauchy sequence in 7, deduce that x,; is a Cauchy
sequence in R for each k, and then finish the proof.

Linearity is rather easy to establish. For the remaining parts, you will need to note that
oo (o.9]
Yoaizi<|lallZ) 2f = [ITalls < llalloclz]l2-
i=1 i=1

This leads to the inequality ||T|| < ||a||s- Try to argue that equality actually holds; this

is not a trivial thing to do, but it’s not terribly hard, either.

Pick an element a = (ay, as,...) in 7 and try to find a sequence of elements x,, € ¢, such
that ||z, —a||, — 0. This actually shows that Cl ¢, = ¢?, as needed. In case you get stuck,
we did something similar in class; see Example 4.

Suppose that =, = (zn1, Tne, - ..) is a Cauchy sequence in Cj, deduce that z,; is a Cauchy
sequence in R for each k, and then finish the proof.

To say that 7' is continuous is to say that 7" is bounded.
Linearity is rather easy to establish. For the remaining parts, you will need to note that
[zt tan <nlplle = [[A7]]e < 2]

Can you find some x € > such that equality holds in the inequality above?



