MA121, Homework #4
Solutions

. Let f be the function defined by
_J O ifax#0
f(“")_{1 z'fx—()}'

Show that f is integrable on [0, 1].

Given any partition P = {zg,x1,...,2,} of the interval [0, 1], one clearly has
n—1
ST(f,P)=>_ inf f(x): (zpn—ax) =0
0 [k, rt1]

because all the summands are zero. This also implies that sup S~ (f, P) = 0 as well.
Using a similar computation for the upper sums, one finds

n—1

ST(f,P) = Z sup  f(x) - (xpp1 —xg) =1 (1 — 3o) = 271.

0 | Tk:Tht1]
This gives inf ST(f, P) = inf 1 = 0 and thus f is integrable on [0, 1], indeed.

. Suppose f, g are both integrable on [a,b] and f(x) < g(z) for all x € [a,b]. Show that

/abf(x) iz < /abg(x) da.

Let P = {zg,x1,...,2,} be a partition of [a, b]. Starting with the inequality

f(x) < g(x) forall € [k, xpi1],

we may take the infimum of both sides to get

inf f(z)< inf g(x).

[zk,Th+1] [zk,2h41]
Multiplying by the positive quantity z,.1 — z; and then adding, we conclude that

n—1

inf - f(z) - (zr41 — 1) < Z inf  g(x) - (Tp1 — 1)
k=0 [wseozhp] [k, t1]

Since the last inequality holds for all partitions P, we must thus have

S™(f,P) < S (9, P)
for all partitions P. Taking the supremum of both sides, we finally deduce that

/ f(x) dI:SIIJ;pS_(f’P) < Sl;pS_(g,P):/ g(x) dx.



3. Show that there exists a unique function f which is defined for all x € R and satisfies
fll@)=e",  f(0)=0.

e Being continuous, the function g(z) = e is integrable, and we also have

2

f(x):/o edt =  fllz)=e"

by the fundamental theorem of calculus. Since f(0) = 0 by above, we conclude that f
has the desired properties. Suppose that g also does, namely suppose

g@) = =f(x),  g(0)=0=f(0).
Then g(x) — f(z) must be constant and so g(x) — f(z) = g(0) — f(0) = 0 for all z.
4. Let f be the function of the previous exercise. Show that f is increasing and that

0< f(z) <z forall z>0.

e Since f'(z) = e~ > 0, it is clear that f is increasing. In addition, we have
0<e ™ <=1

and we know that constant functions are integrable. Using exercise 2, we now get

0<e <1 — /Odtg/ e_thtg/ 1 dt.
0 0 0

Since the integral in the middle is merely f(x) by definition, this actually gives

0(z—0)< f(z)<1l(z—-0) = 0< f(zx)<uz.



