Linear algebra I
Homework #1 solutions

(1. Show that A(5,3,4), B(1,0,2) and C(3, —4,4) are the vertices of a right triangle. )

The given points are the vertices of a triangle whose sides are

—4 2 —2
E = (-3 ) B? = |—4 y 1@ = |7
—2 2 0

Since E . B? = —8+ 12 — 4 =0, one of the angles is a right angle, indeed.

2. Find the equation of the plane that passes through the points

A(2,4,3),  B(2,3,5), C(3,2,1).

The normal vector of the plane is given by the cross product

0 1 6
ABx AC = |—1| x |=2| = |2
ol -2 1

Since the plane passes through the point A(2,4,3), its equation is then

6(r—2)+2(y—4)+(2—3)=0 = 6xr+2y+2z=23.

3. Find the equation of the plane which contains both the point (1,2,3) and the line

g5 — Bl = y=1+2t, z = 2t.

Let P(1,2,3) be the given point and pick any two points on the line, say
Q(3,1,0) and R(4,3,2),

obtained for t = 0 and ¢t = 1, respectively. The normal vector of the plane is then

2 3 4
J@XJT}%: —1] x 1l =1|-7
-3 —1 5

and the plane contains the point P(1,2,3), so its equation is

4r—1)—Ty—2)+5(z2-3)=0 = 4dox—Ty+5z=>.



<4. Which point of the plane x — 2y + 3z = 1 is closest to the point (1,2,6)? )

Consider the line through (1,2, 6) which is perpendicular to the plane. The direction of
this line is the normal vector of the plane, so the equation of the line is

r =141, y=2—2t, z =6+ 3t.
We need to find the point P at which the line meets the plane. At that point, one has
r—2y+3z=1 = (1+t)—-22-2t)+3(6+3t)=1 = 14t=—14.
This gives t = —1, so the desired point P is the point whose coordinates are

(r,y,2) = (14+1t,2—2t,6+3t) = (0,4,3).



Linear algebra I
Homework #2 solutions

(1. Solve the system of linear equations

z+4y —22=15
2r —3y+5z2=11
3r + 6y — 4z = 23

Using row reduction of the associated matrix, we get

1 4 -2 15 1 4 =2 15 1 4 =2 15
2 -3 5 1f — |0 =11 9 —-19f — |0 1 5 25
3 6 —4 23 0 —6 2 =22 0 -6 2 =22

and this can be further reduced to give

1 0 —22 -85 1 0 —22 -85 100 3
01 b} 25 — |0 1 5 25 — |0 1 0 5
0 0 32 128 0 0 1 4 001 4

In particular, the system has a unique solution which is given by (z,y, z) = (3,5,4).

2. Find a quadratic polynomial, say f(z) = ax?® + bz + ¢, such that

=1, f@=9 f@B)=2".

The given conditions hold if and only if
a+b+c=1, da+2b+c=9, 9a + 3b+ ¢ = 27.

Using row reduction of the associated matrix, we now get

111 1 1 1 1 1 11 1 1
4 21 9| — |0 =2 =3 5| — [0 1 3/2 —5/2
9 3 1 27 0 -6 —8 18 0 3 4 -9
and this can be further reduced to give
10 —1/2 7/2 10 —1/2 7/2 100 5
o1 3/2 =-5/2| — 1|01 3/2 =5/2| — |0 1 0 -7
0 0 —1/2 -3/2 00 1 3 001 3

In particular, the unique solution is (a,b, c) = (5, —7,3) and so f(z) = bz? — 7z + 3.



3. The intersection of the following planes is a line. Find the equation of this line.

z+2y+3z2=1, 2z + 3y + 52 = 2, 2 +y+ 3z = 2.

Using row reduction of the associated matrix, we get

1 2 31 1 2 31 1 011
2352 —|0 -1 -1 0| —1(0110
21 3 2 0 -3 -3 0 0000

This gives x + 2z = 1 and y + z = 0, so the variable z is free and z,y are given by
r=1-—z, Y= —z.
Regarding z as a parameter, say z = t, we obtain the parametric equation of a line

r=1-1t, y = —t, z=1.

/4. Solve the system of linear equations

T1 + 229 + 43 + 624 — 225 = 9
211 + 229 + 323+ 8x4 — x5 =8
3!L‘1+3!L‘2+2[L‘3+7J)4—4Jf5:7

In this case, row reduction leads to the reduced row echelon form

1246 =29 100 4 21
2238 ~-18 —1010 -3 40
33 27 47 001 2 12

Note that the corresponding system of equations reads
$1+4flf4+2flf5:1, 262—3264—4565:0, LL’3—|—2fL’4—|—fL’5:2.
Thus, the variables x4, 5 are free and the remaining variables are given by

I :1—41’4—23]5, I2:3$4+4l’5, $3:2—2I4—I5.



Linear algebra I
Homework #3 solutions

1. Let a,b be some fixed parameters. Solve the system of linear equations
TH+ay=2
br +2y =3[
Using row reduction of the associated matrix, one finds that

1 a 2 N 1 a 2

b 2 3 0 2—ab 3-2b|"
Case 1. When ab = 2 and b # 3/2, the second equation gives Oy = 3 — 2b # 0 and this is
obviously a contradiction. Thus, the system has no solutions in this case.
Case 2. When ab = 2 and b = 3/2, the second equation reads Oy = 0, so y is a free variable.

In particular, the system has infinitely many solutions of the form (z,y) = (2 — ay, y).
Case 3. When ab # 2, one may proceed using row reduction to get

1 a 2 1 0 2— 3a=2ab 1 0 33
3_op | T 3—22;[117 = 3,:32 :
0 1 o 0 1 S—oh 0 1

2—ab

In other words, a unique solution exists and this solution is given by

4 —3a 3—2b
r= — — .
2—ab’ YT w
4 2. For which value of a does the following system fail to have solutions? A
rT+2y+3z2=4
20 +3y+ 42 =3
20 +4y + az = 2
- J

Using row reduction of the associated matrix, one finds that

1 2 3 4 1 2 3 4 1 0 -1 —6
2 3 4 3 — |0 —1 -2 =5 — |0 1 2 5
2 4 a 2 0 0 a—-6 —6 00 a—6 —6

When a # 6, one may divide the last row by a — 6 and proceed to find a unique solution.
When a = 6, on the other hand, the last equation reads 0z = —6 and no solutions exist.



3. Compute the products AB, AC', BC and ACAB in the case that

2 1 3 1 2
A:E?é], B=|124|, c=|514
121 1 3

Using the definition of matrix multiplication, one easily finds that

10 17
AB:[;l ?, ?] AC:E 2] BC = |15 22
12 13

As for the last product ACAB, this is given by

3 8] [45 5] [36 39 71
AC'AB_L?) 6}'{3 3 7}_[42 48 72}'

4. A magic square is a square matrix such that the entries in each row, each Column\
and each of the two diagonals have the same sum. The matrix A is a typical example.
So is the matrix B, but most of its entries are unknown. Can you find them?

49 2
A=13 5 7/, B=
8 1 6

NN o
o QW
- = o

To say that the matrix B is a magic square is to say that
a+b+3=c+d+1=e+9=a+c+2=d+e+3=b+8=a+d+T7=b+d+2.

This is a system of linear equations that one can always solve using row reduction. In our
case, we have a+b+3=b+8and b+d+2=5b+8,s0 a=>5 and d = 6. This gives

b+8=c+T7=e+9=18 = (bce)=(10,11,9)

and we have now determined all the entries. In particular, the magic square B is

5 3 10
B=1]11 6 1
2 9 7



Linear algebra I
Homework #4 solutions

1. For which values of a, b, ¢ is the following matrix invertible? Explain.

A:

— N =
N W =
o o

To say that A is invertible is to say that its reduced row echelon form is I5. Since

11 a 1 1 a 1 0 3a-—2b
23 bl — |01 b—2al — |0 1 b—2a |,
1 2 ¢ 01 c—a 0 0 a+c—0

there are two possible cases. If a + ¢ = b, then the last row is a row of zeros and A is not
invertible. If a 4+ ¢ # b, then one may create a third pivot and so A is invertible.

2. Find the inverse of the matrix

X

Il
N DN
N W N
W N =

We merge A with the identity matrix I3 and use row reduction to get

121100 1 21 100
232010 —1]0 -10-210
223001 0 -2 1 —2 0 1]
1 0 1 =3 2 0]

— 1010 2 —-10

001 2 —2 1]

(1 0 0 =5 4 —1

— 1010 2 -1 0

001 2 -2 1

The inverse of A is the rightmost half of this matrix, namely

-5 4 -1
Al=1 2 -1 0
2 —2 1



3. Suppose A, B are n X n matrices and A has a column of zeros. Show that BA has a
column of zeros as well and conclude that A is not invertible.

Suppose that the jth column of A is a column of zeros. Then
k=1

for all indices i, so the jth column of BA consists of zeros as well. In particular, BA is not
equal to I,, for any matrix B and this means that A is not invertible.

/4. Consider the 2 x 2 matrix A, which is defined by A

Amz[l—x T }
-z 1+=x

Show that A,A, = A,., for all numbers z, y and conclude that each A, is invertible.

Using the definition of matrix multiplication, one finds that

|1-a =z l—y gy

AxAy_{—x 1—|—a7}{—y 1+y}
|- -y)—2y  y—ay+az+ay
Clrtay—y—ay —ay+ (1+a)(l+y)

and this equation can be simplified to give

| l=z—y T4y o

Noting that Ay is merely the identity matrix I, we conclude that
AA_, = Ay = I, A_LA, = Ay = L.

In particular, each matrix A, is invertible and its inverse is A7 = A_,.



Linear algebra I
Homework #35 solutions

1. Use expansion by minors to compute the determinant of the matrix

1
A= |1
1

W a N
L = W

One may use expansion along the first column to find that

det A = det {“ 1} — det {2 3}+det {2 3}
3 a 3 a a 1

=a*-3-(20—9)+2-3a=a*>—5a+8.

Alternatively, one may use expansion along the first row to get
a 1 11 1 a

det A = det [3 a] — 2det L a] + 3det L 3]
=a*-3-2a—1)+3(3—a)=a®>—5a+8.

2. Compute the adjoint of the matrix

1
A= |2
1

RO Lo WO
Q = o

The cofactors of A are the signed determinants of the minors of A and those are

3 1 2 1 2 3
011 = det [2 CL:| = 3a — 2, Clg = —det |:1 CL:| =1- 2@, Clg = det |:1 2:| = 1,
3 4 1 4 1 3
021 = —det [2 a:| =8— SCL, C22 = det [1 CL:| =a— 4, C23 = —det |:1 2:| = 1,
3 4 1 4 1 3
031 = det |‘3 1:| = —9, C32 = —det |:2 1:| = 7, 033 = det |:2 3:| = —-3.
The adjoint matrix is the transpose of the cofactor matrix C, namely
3a—2 1—-2a 1 3a—2 8—3a -9

C=1|8—3a a—4 1 = adjA=C"=|1-2a a—4 7
-9 7 -3 1 1 -3



3. Use row reduction to compute the determinant of the following matrix. Hint: adding h
the last two rows to the top row should make row reduction a bit easier.

A=

ISEERSIIR S
QKR
8 & 2

Adding the last two rows to the top row, one finds that

r+2a r+2a x+2a 111
detA=det | a x a =(x+2a)-det |a z a
a a T a a x

Once we now proceed with row reduction, we obtain an upper triangular matrix, so

1 1 1
det A= (x+2a)-det [0 z—a 0 | =(z+2a)- (v —a)
0 0 z-—a

4. Let A, denote the n x n matrix whose diagonal entries are equal to 3 and all other
entries are equal to 1. Compute the determinant of A,,.

Adding the last n — 1 rows to the top row, one finds that

(h+2 n+2 n+2 n+2] 11 1 -+ 1]
1 3 1 1 1 31
det A, =det | 1 1 3 I | =(m+2)-det|l 1 3
B 3 111

Next, we proceed with row reduction. This leads to an upper triangular matrix, so

det A, = (n+2) - det

OO =

11
20
0 2

1

O =(n+2)-2n"




Linear algebra I
Homework #6 solutions

1. The determinant of a 6 x 6 matrix A contains the terms

A14025032046053061 , A16A25034042053061 , A15026A34043051A62-

What is the coefficient of each of these terms?

The coefficient of the first term is given by

: 1 2345 6\ . 242
sign (4 59 6 3 1)—s1gn(146)(253)—( 1) = 1.

The coefficient of the second term is given by

. 1 23 45 6\ . _(_1\1+3
sign (6 54 9 3 1)—51gn(16)(2534)—( 1) =1.

The coefficient of the third term is given by

. 1 23 45 6 .
sign (5 6 43 1 2)281gn(15)(26)(34):(—1)1+1+1:—1.

2. For which values of x is A invertible? Determine the inverse for all such values.

1 2
A= 12 5
1 =z

N~ 8

To say that A is invertible is to say that det A # 0. In this case, we have
det A =227 — 6z +4 =2(2* — 3x +2) =2(x — 1)(z — 2),

so A is invertible if and only if x # 1,2. To find the inverse of A, we use the formula that
relates the inverse with the adjoint. As one can easily check, the cofactor matrix is

10— -3 2z-5
C=|22-4 2—2 2—2
2—5z 2x—1 1
The adjoint of A is the transpose of the matrix C', while the inverse of A is
10—z 22—4 2—5x

-3 2—x 2x-—1
20— 5 2—=x 1

1 1 1

— cadid = — — .
detA VT o x4




3. Determine the inverse of each of the following matrices.

{cos 0 —sin 9]

sin 0 cos 0

[cos 0 sin 6

sinf —cosf

} , C =B 'AB.

Since det A = cos?6 +sin?6 = 1 and det B = — cos?# — sin?f = —1, one has

At — cosf sinf Bl__ —cosf) —sinf| [cosf  sind
| —sinf cosf|’ - —sinf  cos@| |sinf —cosf|’

To find the inverse of C, we recall that (4;A;A3) ™' = A;1A;TATY. This gives

sinf —cosf| |—sinf cos@| |sinf —cosb

_ [cos@ sin 9} [1 0} _ [cos@ —sin 9}

= BlAp = [cos@ sin@} [ cos 6 sin@} [cos@ sin@]

sinf —cosf| |0 —1 sin 6 cos 0

<4. Suppose A is an invertible matrix with det A = 1. Show that adj(adj A) = A.

First of all, we use the identity A -adj A = (det A)I, to find that
A-adjA=1, = adjA=A"1" — detadjA=detA'=1.
Next, we use the same identity with the matrix A replaced by its adjoint. This gives

adj A - adj(adj A) = (detadj A)I,, = I, == adj(adjA) = (adjA)"' = A.



Linear algebra I
Homework #7 solutions

4 1. Express w as a linear combination of vy, v, and v3 in the case that h
1 1 1 5
1 2 2 4
V) = 11 Va2 = 11 V3 = 11 w = 5
1 2 3 7
\§ %

Let B denote the matrix whose columns are the vectors v;. In order to express w as a
linear combination of these vectors, one has to solve the system Bax = w. Since

1115 100 6
122 4 010 —4
1115 “loo1 3|
123 7 000 0

the unique solution is (x1, e, z3) = (6, —4,3) and this means that w = 6v; — 4vy + 3vs.

- . .
2. Do the following vectors form a complete set for R*? Explain.

V1 =

S 00 00 N

2

1
’02: 2 Y

1

_— W N =

\

If B is the matrix whose columns are the vectors v;, then row reduction gives

1 2 3 2 100 3
B_ 2118 N 010 7
3 2 3 8 001 -5
1120 000 O

Since there is no pivot in the last row, the vectors v; do not form a complete set for R*.



3. Suppose that vy, vy, v3 are linearly independent vectors in R3 and let
w; = Vg + V3 — Uy, Wy = V1 + V3 — Uy, w3 = V1 + V3 — Vs.

Show that the vectors w;, ws, w3 are linearly independent as well.

Suppose that zyw; + rows + x3ws = 0 for some scalars x;, namely
x1(vg + v3 — V1) + xo(V1 + V3 — Va) + x3(V1 + V2 — v3) = 0.
Rearranging terms, one may then express the last equation in the form
(9 + 23 — 1)V + (1 + 23 — T2)Vo + (21 + 29 — x3)v3 = 0.
Since the vectors vy, vy, v3 are linearly independent, this implies that
To+2T3—21 =21 +23— o =21 +x2 —2x3=0.

It easily follows that each x; is zero, as row reduction of the associated matrix gives

-1 1 10 1 000
1 -1 1 0f—1]01 0 O
1 1 -1 0 0010

4. Suppose that vy, vs, v3 form a complete set for R? and let
w; = v + V2 + s, wy = V1 + U3, W3 = Vi + V2.

Show that the vectors w,, w,, w3 form a complete set for R? as well.

Let v € R? be arbitrary. Since the vectors v; form a complete set, one certainly has
V = a1V + A2 + a3v3
for some scalars a;. We wish to express v as a linear combination of the vectors w;, say

V= T1Ww + rawsy + T3W3 — xl('vl + vy + ’Ug) + LL’Q(’Ul + ’U3) + flfg(’vl + ’Ug)
= (flfl + o + flfg)’vl + (LL’l + :1:3)'02 + (LL’l + .7;2)'03.

In view of the last two equations, it suffices to find scalars xy, x5, 3 such that
r1 + 22 + a3 = aq, T+ x3 = ag, T+ T2 = as.

This is a linear system that can be easily solved to obtain the unique solution
Tr1 = a9 + as — ap, To = a1 — Qo, T3 = a; — as.

Thus, every vector v € R? may be expressed as a linear combination of the vectors w;.



Linear algebra I
Homework #8 solutions

1. Find a basis for both the null space and the column space of the matrix

11
A= 1|3 3
21

D O N
—_ O W

The reduced row echelon form of A is easily found to be

10 4 -2
R=101 -2 5
00 0 0

Since the pivots appear in the first and the second columns, this implies that

1 1
C(A) = Span{Ae;, Aes} = Span< 3|, |3
2 1

The null space of A is the same as the null space of R. It can be expressed in the form

—4LU3 + 2LU4 —4 2

2r3 — 2 —
N(A) = 953;33 22 23,74 € R p = Span nE (5)
g 0 1

2. Does the vector w belong to the column space of A7 Explain.

5
w=|7|, A=
3

NN

1
3
1

- ©

A vector w belongs to the column space of A if and only if w is a linear combination of
the columns of A. Let us then consider the system Ax = w. Using row reduction, we get

1 1 45 1030
239 7 —10110
2173 0001

and the last equation reads 0 = 1. This means that the system Ax = w has no solutions.
In other words, w is not a linear combination of the columns of A.



3. Express the polynomial f(x) = 2? + 42 — 6 as a linear combination of

hl@)=s"+z,  flz)=2"+1, filz)=z+2.

We need to find scalars a, b, ¢ such that af, + bfs + cfs = f and this gives
a(x? + x) + b(2* + 1) + c(x + 2) = 2° + 47 — 6.
Comparing the coefficients of these polynomials, one obtains the system of equations
a+b=1, a+c=4, b+ 2c = —6.

This can be easily solved using row reduction which gives

110 1 100 5
101 4 —|(01 0 —4
01 2 -6 001 -1

In particular, the unique solution is (a, b, c) = (5,—4, —1) and so f =5f1 — 4fy — fs.

4. Show that the following matrices are linearly independent in Mas.
1 1 0 1 10 11
wfoo] asfod] wefd -l

Suppose that some linear combination of these matrices gives the zero matrix, say

ZL’1A1 + ZL’QAQ + 1’3A3 + ZL’4A4 =0
for some scalars 1, xo, x3, 4. One may then simplify this equation to obtain the system

ZL’1+ZIJ3—|—ZE4:0

1+ T3 + T4 $1+x2+z4}_{0 O] . T1+ 2o+ x4 =0
T3+ T4 To + T3+ Ty 00 f173+$4:0
$2+l’3+$4:0

Note that x5 = 0 by the last two equations and thus x5 = x5 = 0 by the first two. It easily
follows that x1 = x4 = 0 as well, so the given matrices are linearly independent.



Linear algebra I
Homework #9 solutions

1. Let P5 be the set of all polynomials of degree at most 3 and let

U={fehs:f(2)=r(1)=2f(0)}

Show that U is a subspace of P; and find a basis for it.

To say that f(x) = ax® + ba? + cx + d satisfies the first condition is to say that
f2)=f1 = 8u+4b+2c+d=a+b+c+d = c=—-Ta—3b.
To say that f(z) = az® + bx? 4 cx + d satisfies the second condition is to say that
f(1)=2f0) = a+b+c+d=2d = d=a+b+c
It easily follows that U is a subspace because U can be expressed in the form

U = {az® + ba® — Tax — 3bx — 6a — 2b : a,b € R}
= Span{z® — Tz — 6, 2% — 3z — 2}.

To show that the last two polynomials are linearly independent, we note that
a(x® — Tz — 6) + b(z? — 3z — 2) = az® + br* — (Ta + 3b)x — (6a + 2b).

If this linear combination happens to be zero, then the coefficients of 23, 22 must both be
zero and so a = b = 0. We conclude that 2® — 72 — 6 and 22 — 3z — 2 form a basis of U.

~
2. Show that the vectors vy, v2, v3 form a basis of R? and compute the coordinate vector
of w with respect to this basis when

1 2 3 4

U = 3 9 Vo = 1 9 V3 = 4 9 w= |2
2 0 1 1

- )
The first three vectors form a basis of R? because
123 1 2 3 s
det |3 1 4| =det [0 =5 —5| =det l_4 _5] =25—-20=25.
2 01 0 —4 -5

The coordinate vector of w is merely the last column in the row reduction

| || 1 2 3 4 1 00 1
v; v v3 w|l=1|3 1 4 2 — (01 0 3
| || 2 011 001 -1



3. Suppose vy, Vs, v3 are linearly independent vectors in a vector space V' and let
w1 :’Ug—f—(l’vg,, wo :1)1+Cb’l)3, w3 = V1 + avs.

For which values of a are the vectors w;, wsy, w3 linearly independent?

Consider the vectors w;, wsy, w3 and their linear combination

T1W1 —+ ToW29 -+ T3W3 — LL’l(’UQ —+ CL’Ug) —+ 1’2(’01 —+ CL’Ug) —+ 1’3(’01 —+ CL’UQ)

= (zy + x3)v1 + (71 + ax3)ve + (ax; + axs)vs.

We need to ensure that this expression is zero if and only if ;1 = x5 = 3 = 0. Since the
vectors wv; are linearly independent, the above expression is zero if and only if

To + x3 = 0, r1 + axz =0, ary +azry = 0.

This is a linear system that can also be written in the form Ax = 0, namely

01 1 |z 0
1 0 a| [x2] = |0
a a 0f |x3 0

To say that Ax = 0 has only the trivial solution & = 0 is to say that A is invertible. Since

011
detA=det |1 0 a| =da*+a,
a a 0

the vectors wq, woy, w3 are linearly independent if and only if a # —1, 0.

4. Find a linear transformation 7: R? — Mys such that

r(b)=b ot r()-F

We are given T'(vy), T (vs) and we need to determine T'(x) for any vector &, so we need
to express @ as a linear combination of v; and v,. Using row reduction, we now get

v|'v|a|c—12x—>102y_x
|1‘2‘_11y 01 z—y|’

This implies that = (2y — x)v; + (x — y)v2, so we also have

O T R R A e [
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