MAU11201 — Calculus
Tutorial solutions #1

1. Find the domain and the range of the function f which is defined by

4 — 3x

fl@) =g

The domain consists of all points z # 6/5. To find the range, we note that

4—3
y:6 5:15 — Oby—dry=4—-3r <= ©6y—4=>5ry—3x
—bx
6y — 4
<~ Sy —3) =6y —4 <— = .
z(5y — 3) = 6y S

The rightmost formula determines the value of x that satisfies y = f(x). Since the formula
makes sense for any number y # 3/5, the range consists of all numbers y # 3/5.

2. Find the domain and the range of the function f which is defined by

f(z) = Vo — a2,

When it comes to the domain, one needs # — 22 = (1 — ) to be non-negative, so the
factors x, 1 — x must have the same sign. If x > 0, then 1 —x > 0 and this gives 0 < z < 1.
If + <0, then 1 — 2 < 0 and this gives 1 < x < 0, which is absurd. Thus, only the former
case may arise and the domain is [0, 1]. To find the range, we note that y = f(z) > 0 and

1+ /T4y
— 5 .
Since the rightmost formula is only defined when 4y? < 1, the range is then [0,1/2].

2

V=2—-2 = 2P—z+1=0 = =z

3. Show that the function f: (0,1) — (0, 00) is bijective in the case that

1
=—=-1
fe) =<
To show that the given function is injective, we note that
1 1 1 1
f(xl):f(I2> - __1:—— e _ = — — T, = To.
T X2 T )

To show that the given function is surjective, we note that
1 1
y=f(z) <= y=—-1 <— —=y+1 — z=—o°
x x y+1

The rightmost formula determines the value of = such that y = f(x) and we need to check
that 0 < x < 1 if and only if y > 0. When y > 0, we have y +1 >1>0,s0 0 < x < 1.
When 0 <z < 1, we have 0 < 1 < % and this gives y > 0, as needed.



4. Express the following polynomials as the product of linear factors.

f(z) = 22% — 72® + 9, g(x) =2 — = — -,

The possible rational roots for the first polynomial are +1,+3,+9, £1/2, £3/2,4+9/2.
Checking the first few, one finds that x = —1 and x = 3 are both roots. This implies that
both x + 1 and x — 3 must be factors, so it easily follows by division that

f@)=(z+1)(22* =92+ 9) = (v + 1)(z — 3)(27 — 3).
Let us now turn to the second polynomial and clear denominators to write
4g(z) = 42° — 3z — 1.
The possible rational roots are +1,4+1/2,+1/4. Checking these possibilities, one finds that

only z = 1 and x = —1/2 are actually roots. It easily follows by division that

4g(z) = (z —1V)d2* +4v+ 1) = (z - 1)2x + 1)) = g(a)= i(m —1)(2x + 1)

5. Use the addition formulas for sine and cosine to prove the identity

tan(a & §) tan o & tan
n(o = .
1 Ftana - tan g

By definition, the tangent of an angle is the quotient of its sine and cosine, so

tan(a + B) sin(a+ ) sina-cosf+cosa-sinf
an(« — = .
cos(a¢ £ ) cosa-cosf Fsina-sinf

Once we now divide both the numerator and the denominator by cos « - cos 3, we get

tan a + tan 3
t +3) = .
an(a % f) 1Ftana-tan

6. Show that the function f: (0,00) — R is injective in the case that

_2x—1
342

f(z)

We assume that f(x;) = f(z2) and we clear denominators to get
2.]71 —1 . 21‘2 —1
3w1 42 3w 42

— (2271 — 1)(3$2 + 2) = (2272 — 1)(3271 + 2)
— 6I1$2 — 3372 -+ 4271 —2= 65(71.1’2 - 3&31 + 45(32 — 2.
Once we now cancel the common terms, we may easily conclude that

—31’2 —+ 4(131 = —31‘1 —+ 41’2 — 71’1 = 71’2 — T = Xa.



(7. Find the roots of the polynomial f(z) = 23 + 2? — 5x — 2. )

The only possible rational roots are +1, 42 and one may check each of those to see that
only x = 2 is a root. This implies that x — 2 is a factor and division of polynomials gives

f(z) = (z —2)(z* + 3z + 1).
To find the roots of the quadratic factor, one may use the quadratic formula to get

=3+v9-4  -3+.5
B 2 2

T

CS. Determine the range of the quadratic f(x) = az? + bx + c in the case that a > 0. )

We use the standard approach and solve y = f(x) in terms of z. This gives

_ —bE/b* —4da(c—y)
B 2a

y=ar’+br+c = ar’+br+(c—y)=0 = =z

and we need the discriminant to be non-negative, so we need to have

dac — b?
b2—4ac+4ay20 = 4ay24ac—b2 — yZCLC4—.
a

4ac—b>

In other words, the range of the quadratic has the form [y., +00), where y, = ¢

(9. Relate the sines and the cosines of two angles 6y, #5 whose sum is equal to 2. )

Since 0, + 05 = 2w by assumption, the addition formulas for sine and cosine give

sin @y = sin(2m — 01) = sin(27) - cosy — cos(27) - sin by,

cos Oy = cos(2m — 1) = cos(27) - cos Oy + sin(27) - sin ;.
On the other hand, sin(27) = 0 and cos(27) = 1 by definition, so it easily follows that

sin 0y = — sin 6y, cos 0y = cosb;.

(10. Determine all angles 0 < 6 < 27 such that 2cos? + 7 cos = 4. )

Letting x = cos @ for convenience, we get 22> + 7z — 4 = 0 and thus

_ —TEVA9+4-8  —TEVB1  —7T+9 1

r=—,—4

v 9.9 1 1 — 2

Since x = cos f must lie between —1 and 1, the only relevant solution is x = cosf = % In

view of the graph of the cosine function, there should be two angles 0 < 0 < 27 that satisfy

this condition. The first one is #; = T and the second one is #y = 27 — T = 2T,
3 37 3



MAU11201 — Calculus
Tutorial solutions #2

1. Determine the inverse function f~! in each of the following cases.

25547

flz) =logs(2z —5) —1,  flo) =g

When it comes to the first case, one can easily check that

5+ 3vt!
y+1=1logs(2r —5) <= 3" =22-5 <— T=
so the inverse function is defined by f~1(y) = &;H When it comes to the second case,
y:% 3y -5 —4y=2-5"4+7 <= 4dy+7=5%3y—2)
and this gives 5* = glz—f;, so the inverse function is defined by f~!(y) = logs glz—f;.

2. Simplify each of the following expressions.

sec (tan_1 x) , cOos (Sin_1 93) , log, 18 — 2log, 3.

To simplify the first expression, let § = tan~'z and note that tanf = . When z > 0,
the angle 6 arises in a right triangle with an opposite side of length z and an adjacent side
of length 1. It follows by Pythagoras’ theorem that the hypotenuse has length /1 4+ 22, so
the definition of secant gives

hypotenuse
sec(tan™'2) = secf) = yp— =V1+ a2
adjacent side

When z < 0, the last equation holds with —z instead of x. This changes the term tan~'z

by a minus sign, but the secant remains unchanged, so the equation is still valid.
To simplify the second expression, one may use a similar approach or simply note that

f=sin'zs = sinf=2x = cos’f=1-—sin’0=1-—2z"
Since § = sin™!' z lies between —7/2 and 7/2 by definition, cos @ is non-negative and
cos?’f=1—2> = cosf=+1—2a2

As for the third expression, the standard properties of the logarithmic function give

18
log, 18 — 2log, 3 = log, 18 — log, 3% = log, 7= log, 2' = 1.



3. Use the -0 definition of limits to compute lim, 3 f(x) in the case that
3x —7 ifx <3
f(“")_{ea—zx ifx>3}'

Note that « is approaching 3 and that f(z) is either 3z — 7 or 8 — 2z. We thus expect
the limit to be L = 2. To prove this formally, we let ¢ > 0 and estimate the expression

f(z) — 2| = 13z —9] ifx<3 | [ 3lz—-3] ifz<3
. TV 6-22] ifz>3 [\ 2z-3 ifx>3 [
If we assume that 0 # |z — 3| < J, then we may use the last equation to get

f(z) — 2| < 3|z — 3| < 30.

Since our goal is to show that |f(z) — 2| < &, an appropriate choice of § is thus 6 = /3.

4. Compute each of the following limits.

3 — 22 -1 3 _32%2 44z — 4
I —1lim % z° + bz , M= lim & 3z° + 4z .
r—2 x—3 xr—2 x—2

The first limit is the limit of a rational function which is defined at = = 2, so
23 -2.2245.2-1 B

2—3 B
The second limit involves a rational function which can be simplified. In fact, one has

(x —2)(2® — 2+ 2)

L= -9.

M = lim =lim (2> —2+2)=2>-2+2=4.
T—2 x—2 T—2
CE’). Use the e-0 definition of limits to compute lim, .3 (32% — 7Tz + 2). )

Let f(z) = 3z% — Tz + 2 for convenience. Then f(3) = 8 and one has
|[f(z) = f3)] =32 = Tw — 6] = [& — 3] - [3z +2|.

The factor |z — 3| is related to our usual assumption that 0 # |x — 3| < J. To estimate the
remaining factor |3z + 2|, we assume that 0 < 1 for simplicity and note that

lr-3|<di<l = -—-1l<zr-3<1
= 2<zxr<4 — 8<3r+2<14.

Combining the estimates |z — 3| < § and |3z + 2| < 14, one may then conclude that
|f(x)— f(3)| =]z —3| - [3z +2| <146 < ¢,

as long as § < ¢e/14 and 0 < 1. An appropriate choice of § is thus § = min(e/14,1).



6. For which value of a does the limit lim, .5 f(z) exist? Explain.

f(z) = 222 —ax+3  ifx<2
)= 423 + 3z — a ifz>2 [

Since the given function is a polynomial on the interval (—oo, 2), its limit from the left is

lim f(r) = lim (22> —ax +3) =8 —2a+3 =11 — 2a.
r—2~

r—2~

The same argument applies for the interval (2, 4+00), so the limit from the right is

lim f(r) = lim (42° + 32 —a) =32+6 —a =38 —a.

r—2+ r—2+

To ensure that the given function has a limit as x approaches 2, one must then have

11—-2a=38—a <+— a=-27.

7. Determine the inverse function f~! in the case that f: [2,00) — [1,00) is defined by

f(z) =22* — 8z +9.

Using the quadratic formula to solve the equation y = f(x) for z, one finds that

_ 8+,/64—-8(9—y) 8+.By—38
a 4 N 4 ‘

Since y > 1, the square root is obviously defined. Since x > 2, however, one needs to have

207 — 81+ (9—y)=0 = =z

8+ /8y —8 V2y —2 V2y—2
4 2 2
8. Compute each of the following limits.
3 2 . D) 3 2 2
Lzlimx or + Tx 3’ M — lim x® — 9x° + 27
z—3 T —3 z—3 (:)3 — 3)2

When it comes to the first limit, division of polynomials gives

_3)(a? — 22+ 1
P i) [ Catnt ) S P WP S S S Y
r—3 1’—3 r—3

When it comes to the second limit, division of polynomials gives

M — lim (* — 62+ 9)(22 + 3)
23 22— 6x + 9

=lim(2xr+3)=6+3=0.
z—3



CQ. Use the -0 definition of limits to compute lim,_,- % )

To show that the limit is L = %, we let € > 0 be given and we estimate the expression

B |z — 2|
o2z

Assume that 0 # | — 2| < § and that § < 1 for simplicity. We must then have

lr—-2/<0<1l = -—-l<z-2<1

1 1
— l<z<3 = — = — <
2lz] 2

| —

Once we now combine these estimates, we may actually conclude that

-2 & &
=" 7 <
f) Ll = T < g < g <e

as long as 6 < 2¢ and § < 1. An appropriate choice of ¢ is thus § = min(2¢, 1).

(10. Use the e-0 definition of limits to compute lim, 5 (42* — 5z + 1). )

Let f(z) = 42* — 5z + 1 for convenience. Then f(2) = 7 and one has
|f(z) = f(2)] = [42® — 52 — 6] = |z — 2| - |4z + 3.

The factor |z — 2| is related to our usual assumption that 0 # |x — 2| < J. To estimate the
remaining factor |4z 4 3|, we assume that ¢ < 1 for simplicity and we find that

lr—2/<d<1l = -—-l<z—-2<1
— 1<z <3 = T<4r+3<15

Combining the estimates |z — 2| < § and |4z + 3| < 15, one may now conclude that
|f(z) = f(2)| = |z —2| |4z + 3| < 155 < ¢,

as long as § < ¢e/15 and 0 < 1. An appropriate choice of § is thus § = min(e/15,1).



MAU11201 — Calculus
Tutorial solutions #3

1. Show that there exists a real number 0 < z < 7/2 that satisfies the equation

22cosx + r?sinx = 2.

Consider the function f which is defined by f(x) = 23 cosz + z?sinx — 2. Being the sum
of continuous functions, f is then continuous and one can easily check that

fO)=-2<0,  fir/2)="T—2="1"

In view of Bolzano’s theorem, this already implies that f has a root 0 < z < 7/2.

> 0.

2. For which values of a, b is the function f continuous at the point x = 37 Explain.

222+ ax+b ifrxr<3
f(z) = 20 +b+1 ifx=3
522 —br+2a ifx>3

Since f is a polynomial on the intervals (—oo, 3) and (3, +00), it should be clear that

lim f(r) = lim (22° 4+ ax +b) = 3a + b+ 18,

r—3~ r—3~
lim f(z) = lim (52° — bx + 2a) = 2a — 3b + 45.
z—31 r—3t

In particular, the function f is continuous at the given point if and only if
3a+b+18=2a—-3b+45=2a+b+ 1.
Solving this system of equations, one obtains a unique solution which is given by
45-3b=b+1 = 4b=4 = b=11 = a=27T-4b=-1T.

In other words, f is continuous at the given point if and only if a = —17 and b = 11.

3. Show that f(x) = 3 — 3z? + 1 has three roots in the interval (—1,3). Hint: you need
only consider the values that are attained by f at the integers —1 < x < 3.

Being a polynomial, the given function is continuous and one can easily check that

Since the values f(—1) and f(0) have opposite signs, f has a root that lies in (—1,0). The
same argument yields a second root in (0, 1) and also a third root in (2, 3).



4. Compute each of the following limits.

214 — 212 —4
L= lim 25 —F3 o i 2B T3
z—4o0 34 — Bx2 +1

o—2- 323 — Tx2 +4x — 4

Since the first limit involves infinite values of x, it should be clear that

o 22t —Tx+3 22t 2
L= lim —————— = lim — = —.
z—+oo 32t — 512 +1  zo+oo 3xt 3

For the second limit, the denominator becomes zero when x = 2, while the numerator is
nonzero at that point. Thus, one needs to factor the denominator and this gives

222 —4
M = lim 43z

10
oo (1 —2)(B22 — 1 +2) am-12—2)

5. Use the definition of the derivative to compute f’(z() in each of the following cases.

fle)=32%  f(z)=2/z,

— f(z) = (2z + 3)2.

The derivative of the first function is given by the limit

. 3w? — 3a3 . 3 —z)(r+a .

f'(zo) = lim —2 = lim ( )( 0) = lim 3(z + z¢) = 6.
T—xT0 Tr — 2o T—xQ T — Zo T—TQ

To compute the derivative of the second function, we begin by writing

f@)— flao) = 2 - 2 - M0 =)

T Zo T
Once we now divide this expression by z — x(, we may also conclude that

. 2(xg—x) . =2 2
/ et 1 _— = ]_ - = — 5.
f(w0) o (x — xo)xxo s 2

Finally, the derivative of the third function is given by the limit
2z + 3)? — (2 3)?
F(zo) = lim ZEF3 ~ (220 +3)

T—T0

~ lim (2x 4 229 + 6) (22 — 2x)

T — X T—T0 Tr — X

6. Show that there exists a real number 0 < x < 7/2 that satisfies the equation

2>+ 12—1=sinuz.

Consider the function f which is defined by f(x) = 2? + x — 1 — sinx. Being the sum of
continuous functions, f is then continuous and one can easily check that

f(0)

2 2
~1<0, f(7r/2):%+g—2>7r4 > 0.

In view of Bolzano’s theorem, this already implies that f has a root 0 < z < /2.




7. Show that f(x) = 3z® — 5z + 1 has three roots in the interval (—2,2). Hint: you need
only consider the values that are attained by f at the integers —2 < x < 2.

Being a polynomial, the given function is continuous and one can easily check that

f(=2)=-13,  f(-1)=3, fO)=1, f1)=-1, f(2) =15

Since the values f(—2) and f(—1) have opposite signs, f has a root that lies in (-2, —1).
The same argument yields a second root in (0, 1) and also a third root in (1, 2).

8. Compute each of the following limits.

3 £.2 3 2 _5._9
L= lim 6x—5x+7’ M = lim il et .
z——o00 Hrt — 3z +1 z—2+ 13 — 512+ 8x — 4

Since the first limit involves infinite values of x, it should be clear that

623 — b + 7 623
L= lim w: lim 2 lim — =0.
z——0c0 bt —3r+1 a—-ocobx? a—-c0br
For the second limit, both the numerator and the denominator become zero when = = 2, so

one needs to factor each of these expressions. Using division of polynomials, we get

(x —2)(2* + 3z + 1) , 11
M=1 =1 = :
e @22 =1  emp—2
CQ. Use the Squeeze Theorem to show that lim, .o 2?sin(1/x) = 0. )

Since —1 < sinz < 1 for all x, one has —1 <sin(1/z) < 1 for all x # 0 and

—2? < 2%sin = < 2%
x
On the other hand, both —22? and 22 approach zero as x — 0, so this also implies

lim 22 sin — = 0.
z—0 x

10. Suppose that f is continuous with f(0) < 1. Show that there exists some § > 0
such that f(z) <1 for all —§ < x < . Hint: use the e-¢ definition for some suitable .

Since ¢ = 1 — f(0) is positive by assumption, there exists some § > 0 such that
z-0[<d = |f2)=f0O)l<e = [f(z)=F(0)] <1-f(0)
Rearranging terms to simplify this equation, one may thus conclude that

—d<zr<d = fO)—1<f(x)—f(0)<1—-f(0) = f(x)<l.



MAU11201 — Calculus
Tutorial solutions #4

1. Compute the derivative 3’ = % in each of the following cases.

y = In(secz) + ™%, y = sin(sec?(4x)).

When it comes to the first function, one may use the chain rule to get

/
secx

tanz g0 ¢ = tan z + ™% sec? .

-secxtanx + e

When it comes to the second function, one similarly finds that

y = cos(sec?(4x)) - [sec?(4x)]
= cos(sec®(4x)) - 2sec(4x) - [sec(4x)]
= cos(sec?(4x)) - 2sec(4x) - 4sec(4x) tan(4z)
= 8 cos(sec?(4x)) - sec? (4x) - tan(4x).

[2. Compute the derivative y' = % in the case that 22 siny = y2e”.

We differentiate both sides of the equation and then rearrange terms. This gives

2

2z siny + 2%y cosy = 2yy'e” + P = (2?cosy — 2ye®)y = yPe” — 2xsiny

,  y’e’ —2xsiny

x2cosy — 2yer

3. Compute the derivative ¢y’ = % in each of the following cases.

y =2 - tan"'(27), y = (z-sinx)”.

When it comes to the first function, we use the product rule and the chain rule to get

2 21>
' =2z - tan"'(2 2. —2r-tan !(2 —
Yy r-tan” ' (22) + o1 x - tan™( x)+4x2+1

When it comes to the second function, logarithmic differentiation gives

/
Iny = zln(z - sinx)

=In(rsinz) 4+ - ——— - (sinx + x cosx)

Y rsinx
"=y (In(xsinz) + 1+ xcot x)

—
— y
= ¢y = (z-sinz)” (In(zsinz) + 1+ zcot z).



4. Compute the derivative f'(z¢) in the case that

3 52 23. sinx
f(x):(x+x+) e 7 = 0.
Vaz+4r+1

First, we use logarithmic differentiation to determine f’(z). In this case, we have
In|f(z)] =In|z® + 522 + 2> + Ine™® — In |2 + 42 4 1|V/2
1
=3In |2 + 52 + 2| +sinz — §1n|x2 +4x +1].

Differentiating both sides of this equation, one easily finds that

f'(x)  3(32* +10z) 2z + 4
= + cosx — .
flz) a3 +522+2 2(z2+4x +1)
To compute the derivative f’(0), one may then substitute x = 0 to conclude that
f'(0)

1 R
Fg) —0Fes0—5=-1 = F1(0) = —f(0) = —8.

5. Compute the derivative ¢y = g—g in the case that

y = sin~' u, u = In(22* 4+ 32 + 1), z= gi;;
Differentiating the given equations, one easily finds that
dy 1 du 4243 @_3(2:6—1—5)—2(330—1)_ 17
du /1 —u2 dz 22243241 dx (2x + 5)? (2z +5)%
According to the chain rule, the derivative Z—i is the product of these factors, namely
dy dydudz 1 4z +3 17

dv ~ dudzdr  JI—w? 2:2+32+1 (2z+5)2%

d

6. Compute the derivative y’ = 52 in each of the following cases.

y = (¥ + 2%)4, y = tan(xsinz).

When it comes to the first function, one may use the chain rule to get
y/ — 4(62:1: + 1'3)3 . (621 4 56'3)/ — 4(6290 4 x3)3 . (26296 + 3(%2).
When it comes to the second function, one similarly finds that

y = sec?(zsinz) - (rsinz) = sec?(zsinz) - (sinz + z cos z).



(7. Compute the derivative y' = g—g in the case that z* + y* = sin(xy).

Differentiating both sides of the given equation, one finds that
2z + 2yy' = cos(zy) - (y + xy') = ycos(zy) + xy’ cos(zy).
Once we now rearrange terms and solve for 3/, we may conclude that

,  ycos(wy) — 2x

(2y — zcos(xy)) -y = ycos(zy) — 20 = 2y —axcos(zy)’

8. Compute the derivative f'(z¢) in the case that

(22 4+ 3z + 1)* - /22 + cosx

(e* + )3

fz) =

y 130:0.

First, we use logarithmic differentiation to determine f’(z). In this case, we have
In|f(z)] = In|z? + 3z + 1|* + In |22 + cos z|"/? — In |e® + z|>
1
=4In|2? + 3z + 1| + §ln|2x+cos:v] —3Inle” + z|.

Differentiating both sides of this equation, one may use the chain rule to get

I () 42z + 3) 2 —sinx 3(e” +1)

f#)  22+3z+1 202z +cosz) e +a

To compute the derivative f’(0), one may then substitute x = 0 to conclude that

O g0 2 53.9_ '(0) = _
o) —43t382=T = F0)=7f(0)=1.

9. Compute the derivative ¢y’ = % in the case that

2u—1

=31 u = sin(e?), z = tan"!(2?).

Y

Differentiating the given equations, one easily finds that

dy 2Bu+1)—32u—1) 5 du ; dz 2z
— = = , — = e cos(e?), — =
du (3u+1)2 (Bu+1)2 dz de zt+1
According to the chain rule, the derivative Z—z is the product of these factors, namely
dy dydudz ) . . 2z
— = F——=——"¢"cos(€e”) -

dr  dudzdr  (3u-+1)2 zt+ 1



(10. Compute the derivative f’(1) in the case that 2?f(x) + 2 f(x)3 = 2 for all x.

Letting y = f(x) for convenience, we get z%y + xy® = 2 and this implies that

20y + 2%y + P +32y%y =0 = (22 + 32y = —22y — ¢°

. y:_M%+f)
z(x +3y?)

We need to evaluate this expression at the point x = 1. At that point, one has
Pyt =2 = y+1yP=2 — YP+y—-2=0
It is easy to see that y = 1 is a solution. In fact, it is the only real solution because
Y ry-—2=@y-1 +y+2)
and the quadratic factor has no real roots. This gives y = 1 at the point x = 1, so

y(2z + ?) 3

T = e



MAU11201 — Calculus
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(1. Show that the polynomial f(z) = 2* — 52% — 8z + 1 has exactly one root in (0,1). )

Being a polynomial, f is continuous on the interval [0, 1] and we also have
F0)=1, f(1)=1-5-8+1=—11.

Since f(0) and f(1) have opposite signs, f must have a root that lies in (0, 1). To show it is
unique, suppose that f has two roots in (0,1). Then f’ must have a root in this interval by
Rolle’s theorem. On the other hand, it is easy to check that

fl(x) = 32> — 100 — 8 = (32 + 2)(z — 4).

Since f’ has no roots in (0, 1), we conclude that f has exactly one root in (0, 1).

2. Let b > 1 be a given constant. Use the mean value theorem to show that

1—%<lnb<b—1.

Since f(x) = Inz is differentiable with f’(z) = 1/, the mean value theorem gives

JO) = f1) 1
o1 =g

for some point 1 < ¢ < b. Using the fact that % < % < 1, one may thus conclude that

1 Inb—1In1l 1
< — <1 1—-<1 —1.
b< - < — b<nb<b

3. Compute each of the following limits.

22% — ba? 4+ 5z — 6 Inz :
—_ 1 . . . /x
323 _5g2 _4 Ly = xlgf)lo X L3 = ili% (x + cosx)'/".

L1 = lim
T—2

The first limit has the form 0/0, so one may use L'Hopital’s rule to get

. 622 —10x4+5 24—-20+5 9
Ly = lim = = —.
z=2  9x? — 10x 36 — 20 16

The second limit has the form co/oo, so L’Hopital’s rule is still applicable and

1/x 1
Lo = lim — = lim — = 0.
2 xl—I}olo 2Qa xi»Holo 212



The third limit involves a non-constant exponent which can be eliminated by writing

1
= lim In(z + cos z)"/* = lim M‘
o0 z—0 T

In Ly = In lim (2 + cos x)'/*
z—0

This gives a limit of the form 0/0, so one may use L’Hopital’s rule to find that

1 —si 1-0
In L = lim ST =
=0 T + CcOS T 0+1

Since In Ly = 1, the original limit Ls is then equal to Ls = e™13 = e.

(4. For which values of z is f(z) = (Inz)? increasing? For which values is it concave up?)

To say that f(x) is increasing is to say that f’(x) > 0. Let us then compute

21
f(x)=2Inz-(lnx) = nr
T

Since the given function is only defined at points x > 0, it is increasing if and only if
nhr>0 <= s> <<= z>1
To say that f(x) is concave up is to say that f”(x) > 0. According to the quotient rule,
(2/z)-x—2Inz  2(1 —Inx)
f//(x) = 5 — 5 )

i T

Since the denominator is always positive, f(z) is then concave up if and only if

l1-Inz>0 <= hrz<l <« O0O<z<e.

5. Find the intervals on which f is increasing/decreasing and the intervals on which f
is concave up/down. Use this information to sketch the graph of f.

2

fz) =

x2+3

To say that f(x) is increasing is to say that f’(z) > 0. In this case, we have

2z - (22 4 3) — 2z - 22 6x

fi(w) = : 2 ) 2 (2 27
(22 +3) (22 +3)

so it is clear that f(z) is increasing if and only if x > 0. To say that f(z) is concave up is
to say that f”(x) > 0. Using both the quotient rule and the chain rule, we get

(2) 6(z%+3)% —2(z%+3)-2x-6x  6(x*+3) — 242>  18(1 — 2?)

T) = — _ '
Rl @I @ Tap

Since the denominator is always positive, f(z) is then concave up if and only if

1-22>0 <— 1’°<1 <— -—-l<z<l.



.732

Figure 1: The graph of f(x) = — 3
T

(6. Show that the polynomial f(z) = 2® + 2? — 5z + 1 has exactly two roots in (0, 2). )

To prove existence using Bolzano’s theorem, we note that f is continuous with
fO)=1,  f)=14+1-5+1=-2, f(2)=844—-10+1=3.

In view of Bolzano’s theorem, f must then have a root in (0, 1) and another root in (1,2),
so it has two roots in (0,2). Suppose that it has three roots in (0,2). Then f’ must have
two roots in this interval by Rolle’s theorem. On the other hand, it is easy to check that

fl(r) =32 +22 —5= (3o +5)(x—1).

Since f” has only one root in (0,2), we conclude that f has only two roots in (0, 2).

7. Use the mean value theorem for the case f(x) = +/x + 4 to show that

1 3
2+§<ﬁ<2+1

According to the mean value theorem, there exists a point 0 < ¢ < 3 such that

£(3) = £(0) Vi-va 1
3-0 3 2ye+ 4

To estimate the square root on the right hand side, we note that

= f'(c)

O0<ec<d = 4d<c+4<7<9 = 2<+c+4<3.

Once we now combine the last two equations, we may easily conclude that

1 1 1 1 3
P <=z = o <WVT=2< -
3 Ve+4 2 2 VT 4



8. Compute each of the following limits.

3 — 5z? —4 1 In(si
lelimx 5x” + 8x | L, — lim nw Ly= 1 n(sin )

=2 3 —3x24+4 sl gt — 17

e In(tanx)’

The first limit has the form 0/0, so one may use L’Hopital’s rule to find that
322 — 10z + 8
L, = lim &
a—2  3x? — 6x

Since the limit on the right hand side is still a limit of the form 0/0, one has

. 6zx—10 12—-10 1
Ly = lim = = -,
z—=2 6 — 6 12—-6 3

The second limit is also of the form 0/0 and an application of L’Hopital’s rule gives

. 1z 1
Le=lm75 =1

The third limit has the form oco/oc0, so it follows by L'Hopital’s rule that

(sinz)~!-cosz

L3 = lim .
=0+ (tanx)~! - sec?x

Since both cosx and sec z are approaching 1 as x approaches zero, we conclude that

. tanx . 1
Lz = lim — = lim
z—0+ SINx  z—0t COS X

=1.

CQ. For which values of z is f(z) = e~2 increasing? For which values is it concave up? )

To say that f(x) is increasing is to say that f’(x) > 0. Let us then compute
fllz) = e . (—222) = —dze 2.

Since the exponential factor is always positive, f(z) is increasing if and only if z < 0. To
say that f(x) is concave up is to say that f”(xz) > 0. In this case, we have

() = —4e™" —dg - (—4z)e " = (162° — 4)6_2“”2 = 4(2z — 1)(2z + 1)e 2",

It easily follows that f(z) is concave up if and only if z € (—o0, —1/2) U (1/2, +00).



(10. Show that there exists a unique number 1 < x < 7 such that 2® = 3sinz + 1. )

It is clear that f(z) = 2® — 3sinz — 1 is continuous on [1, 7] and we also have
f(1)==3sin1 <0, f(m)=7"—1>0.

Since f(1) and f(7) have opposite signs, f must have a root that lies in (1, 7). To show it
is unique, suppose f has two roots in (1,7). Then f’ must have a root in this interval by
Rolle’s theorem. On the other hand, it is easy to check that

f'(z) =32° —3cosz >3 —3cosx =3(1 —cosz) >0

for all # > 1. In particular, f’ has no roots in (1,7) and f has exactly one root in (1, 7).



MAU11201 — Calculus
Tutorial solutions #6

1. Let ay,as,...,a, be some given constants and let f be the function defined by
f@)=(—a)’+ (x—a)’+...+ (x — a,)*.

Show that f(x) becomes minimum when z is equal to T = (a1 + as + ... + a,)/n.

The derivative of the given function can be expressed in the form
fl(x)=2(x—a1) +2(x —az) + ...+ 2(x — a,) = 2(nx — nT) = 2n(x — 7).

This means that f'(x) is negative when z < T and positive when x > Z. In particular, f(z)
is decreasing when x < 7 and increasing when x > 7, so it becomes minimum when x = 7.

2. Find the global minimum and the global maximum values that are attained by

f(z) = 3z* — 162% + 182% — 1, 0<z<2.

The derivative of the given function can be expressed in the form
f(z) = 1223 — 4827 4 36z = 122(2® — 42 + 3) = 122(x — 1)(x — 3).

Thus, the only points at which the minimum/maximum value may occur are the points

We exclude the rightmost point, as it does not lie in the given interval, and we compute
f(0) =—1, f(2) =48 — 128472 —1= -9, f(1)=3-164+18—-1=4.

This means that the minimum value is f(2) = —9 and the maximum value is f(1) = 4.

3. Find the linear approximation to the function f at the point xy in the case that

(z2 + 1)t =1
— y — 1
f@) = — T 7o

First, we use logarithmic differentiation to compute the derivative f'(x). Let us write
In f(z) = In(z® + 1)* + Ine®” ! — In(3z + 1)/

1
=4ln(z®+ 1) +2° —1— 51n(3x+ 1).



Differentiating both sides of this equation, one may use the chain rule to find that

fl(x) 4.2
@) 21 2T @)

In our case, we have f(1) = 2;%0 = 8, so one may substitute x = 1 to conclude that

f_42 003

f) 1417 2.4

— f'(1):8<6—§) =48 — 3 = 45.

Since f(1) =8 and f’(1) = 45, the linear approximation at the given point is thus

L(z)=f'(1)- (x — 1) + f(1) = 45(x — 1) + 8 = 45x — 37.

4. The top of a bm ladder is sliding down a wall at the rate of 0.25 m/sec. How fast is
the base sliding away from the wall when the top lies 3 metres above the ground?

Let = be the horizontal distance between the base of the ladder and the wall, and let y
be the vertical distance between the top of the ladder and the floor. We must then have

z(t)? +yt)? =52 = 2a(t)2'(t) +2y(t)y'(t) = 0.

At the given moment, y'(t) = —1/4 and y(t) = 3, so it easily follows that

() = YOy yy® 34 3
z(t) Vo2 —y(t)? V52 -32 16
(5. Let n > 0 be a given constant. Show that " Inx > —% for all x > 0. )

Setting f(z) = 2" Inx for convenience, one may use the product rule to find that
flx)=nz" ' Inz+2" -2 =2"" (nlnz +1).

Since z > 0 by assumption, the derivative f'(z) is negative if and only if

nnz+1<0 <= hr<-1/n <= 0O<z<e /™

1/n l/n.

It easily follows that f(z) is decreasing when 0 < x < e~
In particular, the minimum value of f(z) is attained at the point x = e~

and increasing when x > e~
1/n and

f(I) > f(e—l/n) _ (6—1/n)n ) 1n6_1/n s f(:L‘) > _37_1 _ _%.



6. Find the global minimum and the global maximum values that are attained by

f(z) = 2%+, —1<z<2.

Using both the product rule and the chain rule, one may differentiate f(z) to get
fl(w) =2z 4 2% % (=2) = 222 - (1 — ).

Thus, the only points at which the minimum/maximum value may occur are the points

The corresponding values that are attained by f(z) are easily found to be

f(=D)=¢€5  f(2)=4"=4,  f0)=0, f(1)=¢%

In particular, the minimum value is f(0) = 0 and the maximum value is f(—1) = €°.

(7. Find the point on the graph of y = 21/ which lies closest to the point (2, 1). )

The distance between the point (z,y) and the point (2,1) is given by the formula

d(w) = /o =2+ (y— 1 =/ (o = 22+ 2V - 1)2
The value of x that minimises this expression is the value of x that minimises its square
fla) =d(x) = (z - 2)* + (2V - 1)%.
Let us then worry about f(x), instead. Using the chain rule, one finds that

2 1 2(23/2 — 1)
) =2z —2)+202VT —1) —— =2z —242— — | =22~
Pl 2o -2+ 22vE - 1) T =2 (a-242- o) = A
This means that f'(z) is negative when 0 < z < 1 and positive when = > 1, so f(z) attains
its minimum value when x = 1. Thus, the closest point is the point (x,y) = (1,2).

<8. If a right triangle has a hypotenuse of length a > 0, how large can its perimeter be? )

Let z,y be the other two sides of the triangle. Then 22 + 3% = a? and the perimeter is
flx)=a+z+y=a+z+ Va>— 22 0<z<a.

We need to determine the maximum value that is attained by this function. Since

1
D=1+ —oo (=2 =1-—
P@) =14 5y (@ =)

X

2 2’

a® — T



it is easy to check that
fllz)=0 = r=Va2-12 <= 2*=d"-2" = 2u’=d.
In particular, the only points at which the maximum value may occur are the points

x:a/\/i, x =0, x=a.

The corresponding values are f(0) = a + Va2 = 2a, f(a) = a + a = 2a and

f(a/\/_)—a+—+\/ - —a+—:(1+\/§)a.

Noting that 1 + /2 > 2, we conclude that the largest possible perimeter is (1 4 v/2)a.

9. Two cars are driving in opposite directions along two parallel roads which are 300m
apart. If one is driving at 50 m/sec and the other is driving at 30 m/sec, how fast is the
distance between them changing 5 seconds after they pass one another?

Let us denote by x and y the displacements of the two cars after they pass one another.
Then = + y and 300 are the sides of a right triangle whose hypotenuse is the distance z
between the two cars. In view of Pythagoras’ theorem, we must then have

2(t)° = (a(t) +y(1)* +300° = 22()2'(t) = 2(x(t) + y(1)) - (2'(t) +¥/(1))-
At the given moment, z'(¢) = 50, y/'(t) = 30 and z(t) + y(t) = 5- 50 + 5 - 30 = 400, so
400-80  400-80 320

2 (t = — = 64.
(t) = \/4002% + 3002 500 5

10. Show that f(z) = 2* + 52 — 1 has a unique root in (0, 1) and use Newton’s method
with initial guess 1 = 0 to approximate this root within two decimal places.

The existence of a root in (0, 1) follows by Bolzano’s theorem, as f is continuous with
f(0) = —1, f)=145—-1=5.

Moreover, the root is unique because f'(x) = 43 + 5 is positive on (0,1), so f is increasing
on this interval. To use Newton’s method, we repeatedly apply the formula
f(x,) 4+ 5z, — 1
Tpi1 = Tp — =r,— 44—
i () a3 +5

Starting with the initial guess x; = 0, one obtains the approximations
x1 =0, 9 = 0.2, x3 = 0.1996820350, x4 = 0.1996820302.

This suggests that the unique root in (0, 1) is roughly 0.1996820 to seven decimal places.



MAU11201 — Calculus
Tutorial solutions #7

(1. Find the area of the region enclosed by the graphs of f(x) = 322 and g(z) = x + 4. )

The graph of the parabola f(z) = 322 meets the graph of the line g(x) = = + 4 when
3 =x+4 = 3P-1-4=0 <= Br—4)(z+1)=0.

Since the line lies above the parabola at the points —1 < x < 4/3, the area is then

4/3 4/3 22 i3 g4a
— _ 2 _ | ! _ 99
/_1 [Q(x)—f(ﬂﬂ)]dx—/_l [z +4 33:]dx—[2+4x x]1_54.

2. Compute the volume of the solid that is obtained when the graph of f(z) = 22 + 3
is rotated around the z-axis over the interval [0, 2].

The volume of the resulting solid is the integral of 7 f(z)? and this is equal to

2 2 5 2
ﬂ/(x2—|—3)2dx:7r/(x4+6x2+9)dx:7r{%+2x3+9x] =
0 0 0

2027

(3. Compute the length of the graph of f(z) = 1(2? + 2)*? over the interval [1, 3]. )

The length of the graph is given by the integral of \/1 + f’(x)2. In this case,

f/(ib') — ,<x2+2)1/2.2x:x(1_2+2)1/2’

Wl =
DO | o

so the expression 1 + f'(x)? can be written in the form
L+ fl@)? =1+2%(2* +2) =1+ 2" + 222 = (1 +2%)%
Taking the square root of both sides, we conclude that the length of the graph is
3

/lsmdx:/fuﬂzmx: [xﬂ_r:%.

3], 3



4. Find both the mass and the centre of mass for a thin rod whose density is given by

6(x) = % + 4z + 1, 0<z<2

The mass of the rod is merely the integral of its density function, namely

2

2 z? 38
M = / dx—/($2+4x+1)dx:{—+2x2+x} = —.
3 0 3
The centre of mass is given by a similar formula and one finds that
2 4 3 272
3 |z 4z x 25
M/x ($~I—x+x)x 38{4+3+2L 19

5. A chain that is 4m long has a uniform density of 3kg/m. If the chain is hanging from
the top of a tall building, then how much work is needed to pull it up to the top?

Consider an arbitrarily small part of the chain, say one of length dx, which lies x metres
from the top. The work that is needed to pull this part to the top is then

Work = Force - Displacement = mg - = (3dx)g - x.

Summing up these expressions over all possible values of 0 < z < 4, we conclude that

4 2274
Work = 39/ xdr = 3g {—} = 24g.
0 2 1o

6. Find the area of the region enclosed by the graphs of f(z) and g(x) in the case that

f(z) =sinz, g(x) = cosz, 0<z<m/2

The two functions are both non-negative on the interval [0, 7/2] and one has
flz) <g(x) <= sinz<cosz <= tanz<1 <<= ze€l0,n/4].

In other words, f(x) < g(x) when 0 <z < x/4 and g(z) < f(z) when 7/4 < 2 <7/2, so

w/4 /2
Area = / [cos x — sinz| dx + / [sinx — cos z| dx
0

w/4
w/4 /2
= [Sinx + cos x] + [— cosST — sinx}
0 /4
_ V2 \/—_—0—1—0—1+\/—_+\/—__2\/§—2

2 2



volume of the resulting solid is equal to 7, then what is the value of a?

[7. The graph of f(z) = 2e% is rotated around the z-axis over the interval [0, a]. If thej

The volume of the resulting solid is the integral of 7 f(x)? and this is given by

a 612z a T
Volume = 7r/ 4e'** dx = 4n { ] = —(e?* —1).
) 12 3

Since the volume must be equal to m by assumption, it easily follows that

22  In?
e20 13 — ¢2_-4 — 12g=Ind4d — gq=-—2 -2

12 6

(8. Compute the length of the graph of f(z) = 2%/? — %ZL‘l/Q over the interval [0, 2]. )

The length of the graph is given by the integral of \/1 + f’(x)2. In this case,

3 1 9 1 1
/ _ 2. 12 _ - -1/2 / — S
f(x) 5% 57 — 14+ f(2)*= 1+4x+36 5

and one may use a common denominator to write this expression in the form
18 9z)% +1 9 1)
L ) = r+ (92)% + :(:1:4—)‘
36x 36x
Taking the square root of both sides, we conclude that the length of the graph is

297+ 1 1 1[92%2 220 7
= —dr== | (9224 27V dx = | =-v2
/0 NG v 6/0(w +a %) do = 3/2+1/20 3\/—

9. Show that the function f is integrable on [0, 1] for any given constants a, b when
_fa ifz#0
f@)—{ b itz =0 }

Let xg,x1, ..., 2, be the points that divide the interval [0, 1] into n subintervals of equal
length. To show that f is integrable on [0, 1], we need to compute the limit

/1 f(z)dr = lim zn:f(x’,;)Ax
0 n—oo Pt

for any choice of points z} € [zg_1,2k]. When x} > 0, we have =} > 0 for all £ > 1 and so

[ e =i 355 =

When z7 = 0, on the other hand, we have 27 > 0 for all £ > 2 and the limit is still

/1f(a:)d:1:— lim —1—2 ] lim |:E—Q—M:|ICL.
0 n—oo | M n—oo mn




10. Compute each of the following improper integrals.

I_/Oo dz I_3dx I_/oo dz
L @—1F 2T )y Vr—2 ST )y 2241

When it comes to the first integral, one easily finds that

L 1 L 1
I; = lim (x —1)"°dx = lim {_Z_l(x — 1)4} =7

L—oo [o L—oo 9
When it comes to the second integral, one similarly finds that

s 4 ° 4
I, = lim / (x —2)"Y*dz = lim {g(x—2)3/4} = -

a—2t a—2t a 3

Finally, the third integral is related to the inverse tangent function and one has

L
d
I3 = lim / L~ lim (tan™' L — tan™' 0) = g
0

L—o0 2+ 1 L—oo



MAU11201 — Calculus
Tutorial solutions #8

1. Compute each of the following indefinite integrals.

2 2
a dx, a dx.
341 z+1

For the first integral, we use the substitution v = 2® + 1. Since du = 322 dx, we get
x? 1 fdu 1In|ul In |23 + 1|
dr=- | —=——"+4+C=—7—+C.
/ P13 / w3 3

For the second integral, we let u = x + 1. This gives du = dx, so it easily follows that

2 _1)2 2 _
/ v dx:/udu:/ﬂdu:/@_ﬂl)du
z+1 U U U

2 12
:%—2u+ln|u|+02%

—2z+1)+Injz+ 1]+ C.

2. Compute each of the following indefinite integrals.

/sin2 z - cos® x dz, /sec5 x - tanx dx.

For the first integral, we use the substitution v = sinz. Since du = cosz dx, we get

/Sin2£L‘~COSS£IZ'd(£:/SiHZ.%'-COSZl'-COSI‘dJU:/u2(1—u2)du

/ (2 ur ud sin®r  sin®x

4
—du=— — —+C = — +C.

For the second integral, we let © = secz. This gives du = sec x tan z dx and so

5 5
/sec‘r’.r-tana:da::/uA‘du:%—i-C: se(35 x—{—C.

3. Find the volume of the solid that is obtained by rotating the graph of f(x) = tanx
around the z-axis over the interval [0, 7/4].

The volume of the solid is the integral of 7 f(x)? and this is given by

/4 w/4 /4 2
Volumezw/ tan2xdx:7r/ (sech—l)da::W[tanx—x] =T-
0 0 0



4. Compute each of the following indefinite integrals.

3 2
/x xd:v, /x +5d$.
2245 3 —zx

When it comes to the first integral, one may use division of polynomials to write

3 — 6x
/x2+5d$_/($_x2+5) d.

To integrate the fraction, we let u = 22 + 5. Since du = 2z dx, we find that

2245 2 u
x? x?
:5—3lnu—|—C’:?—3ln(x2—l—5)+C’.

/ - x? 6rdr  x? 3du
dr — S L
2 +5 2

When it comes to the second integral, one may use partial fractions to write

:L‘2+5_ 2 +5 A B C

-z  alz—1(z+1) ;+x—1+x+1

for some constants A, B and C. Clearing denominators gives rise to the identity
2°+5=A(x —1)(x + 1)+ Bz(z + 1) + Cz(z — 1)
and this should be valid for all x. Let us then look at some special values of x to get
r=-101 = 6=2C, 5=-A  6=2B.
This gives A = —5 and B = C = 3, so the second integral can be expressed in the form

2 +5 5 3 3
dz = ——+ + dx
3 —x r xz—1 xz+1

=—5ln|z|+3n|z—1|+3Injz+ 1| + K.

5. Compute each of the following indefinite integrals.

/sin_lxdx, /eﬁdm.

For the first integral, let v = sin™' 2 and dv = dz. Then du = \/% and v = x, so
.1 .1 :Udfl;
sin""rxdr=uw — [ vdu=zxsin r— | ———.
/ / V1—a?



To compute the rightmost integral, we let w = 1 — 2. This gives dw = —2x dz and

d 1
v —xsinla:+§/w1/2dw

\/_

:xsin_1$+w1/2+C':xsin_lx—i-\/l—J:2+C'.

/sinlxdx::r;sin x+

Finally, we integrate eV?®. If we let v = \/z, then z = u? and dz = 2u du, so

/eﬁda::2/ue“du.

Once we now integrate by parts with dv = 2e* du, we get v = 2e* and also

/eﬁdx—2ue“—2/e“du—2ue“—26“—1—0—2\/56‘/5—26‘/54—0.

(6. Find the area of the region enclosed by the graphs of f(z) = €** and g(z) = 4e® — 3.)

Letting z = € for simplicity, we get f(z) = 2% and g(z) = 42 — 3. It easily follows that
f(z) <glr) <= 22<42-3 <= (2-3)(x—-1)<0 <= 1<z<3.

In other words, f(z) < g(x) if and only if 0 < x < 1n 3, so the area of the region is
In3 In3
Area = / lg(z) — f(z)]dz = / (4e" — 3 — e**) dw
0 0

1 In3
= {4@”—395——@2"”1 =4—3In3.
2 0

7. Compute each of the following indefinite integrals.

/ <1+d§>f | mar

For the first integral, we let v = /x. This gives # = u? and dx = 2u du, so

2u d 2d
/(1—1—1:\/_ / 1_1:;; :/1+Z2:2tan_1u+C:2tan_1\/E—l—C.
2

For the second integral, we let u = (Inz)? and dv = x dx. Then du = 21% dr and v = %, 80

2

2 21
/x(lna:)2dx—%(lnx)2—/ ne x—dx—%(lnxf—/x(lnx)dx.

T

22

and v = %, we conclude that

Next, we take u = Inz and dv = x dx. Since du = Ci—x

2 2

2 2 2
/x(ln$)2daj:%(lnx)2—% lnx+/gd:c:%(lnx)2—% lnx—l—%—i—C.



8. Compute each of the following indefinite integrals.

/& /x2\/1—x2dx.

@ P’

For the first integral, let z = tan§ for some angle —% < 6 < 7 and note that
22+ 1=tan’f + 1 = sec® 6, dr = sec 6 d#.

The given integral can thus be expressed in the form

2dx 2sec? 0 db
= = [ 2cos?6db.
/ (24 1)2 / sect / o8

Using the half-angle formula for cosine, one may now simplify to arrive at
2d in(20
/ (2 +x1)2 = /(1 + cos(20)) df = <9 + ¥> = (0 +sinf cosf) .

We need to express this equation in terms of x = tanf. When x > 0, the angle ¢ appears
in a right triangle with an opposite side of length x and an adjacent side of length 1. This
makes the hypotenuse of length v/z2 4 1, so one finds that

/ 2dx O 1 O
——— =tan 'z . =tan .
(z2+1)2 Vaz+1 Va2+1 2 +1
When x = tanf < 0, the expression 6 + sin 6 cos # changes by a minus sign and the same is
true for the right hand side of the last equation. Thus, the equation remains valid.

Finally, we look at the integral of x?v/1 — z2. Taking z = sinf, we get

1-— 20) 1 20
/CEQ\/l—Z‘QdHZ‘:/Sin2(9(3082(9d92/ cgs( ) +C(2)S< )dG

:i/a_cos?(ze))de:i/<1—1++s<49)> do

- %/(1 — cos(40)) d = % (9 - %sin(49)> :

It remains to simplify the right hand side. The addition formulas for sine and cosine give
sin(40) = 2sin(26) cos(20) = 4sind cosd - (cos* @ — sin? ).

Since sin @ = z, one has cosf = /1 —sin?6 = v/1 — 22 and so
sin(40) = 4zv1 — 22 - (1 — 2% — 2?) = 42(1 — 2232 — 42°V1 — 22,

Once we now combine the above computations, we may finally conclude that

1 3
/xQ\/l—xzdx:gsin_1$—%(1—x2)3/2+%\/1—x2+0.



9. Let a > 0 be given. Use integration by parts to find a reduction formula for

dx
I, = / (x2 + a2)n'

If we let u = (2% + a®)™™ and dv = dx, then du = —2nz(2? + a*)™" ' dx and v = z, so

I, =x(z* +a*) ™™ +2n / v (2® 4+ a®) " dr

B x 5 22+ a? —a? q
- ($2+a2)n +2an ($2+&2)n+1 x

z 2
= m +2nl, —2na”I,.,.

Rearranging terms, one may thus express the integral I,,,; in terms of I,, to find that

2n—1 n T
2na? " 2na?(z? + a?)’

In+1 =

10. Use integration by parts to compute the indefinite integral

/ sin(In ) dz.

Letting u = sin(Inz) and dv = dz, we get du = cos(Inz) - 2 and v = z, so

/sin(ln x)dr = zsin(lnz) — /cos(ln x)dz.
Letting u = cos(Inz) and dv = dz, we similarly get du = —sin(Inz) - 2 and v = z, so
/cos(ln x)dr = xcos(lnx) + /sin(ln x)dz.
Once we now combine the last two equations, we get an identity of the form
/sin(ln z)dr = zsin(Inz) — x cos(lnx) — /Sin(ln x)d.
Moving the rightmost integral to the left hand side, we may thus conclude that

/sin(ln x)dr = gsin(ln T) — %cos(ln z)+ C.



MAU11201 — Calculus
Tutorial solutions #9

1. Compute each of the following indefinite integrals.

.3
sin”®

% cos(e”) du, o dx.
cosb x

For the first integral, we let u = e*. Since du = e” dx, one finds that

/623” cos(e”) dx = /e“” cos(e”) - e dx = /ucosudu.

Next, we integrate by parts with dv = cosu du. This gives v = sinwu and so
/ehcos(ex) dr = usinu — /sinudu = usinu + cosu + C
= e”sin(e”) 4 cos(e”) 4 C.
For the second integral, it is better to simplify the given expression and write

-3 3
sin” x tan® x

5 de = 3 dr = [ sec®x - tan® z dx.
cosb cos® x

To compute this integral, we let © = secz. Then du = sec x tan z dxr and we get

.3
sin®
/ da::/seczx-taHQx-secxtanxdx:/uQ(u2—1)du

COS6 x
1 1 sec5 X S€C3 X
4 2 5 3
du= -1’ — i+ C = — +C.

2. Compute each of the following indefinite integrals.

/e dx vV dzx.

x+1 x—1

In each case, we let u = /7 to simplify. Since x = u?, we have dr = 2u du and

22
\/de:/ Y -2udu:/ Y du.

z+1 u?2 +1 u? +1

This is a rational function that can be simplified using division of polynomials, so

N /2(u2+1)—2 / 2
r+1 ¢ u?+1 “ u?+1 “
=2u—2tan 'u+ C =2z — 2tan" ' /z + C.




For the second integral, we proceed in a similar fashion to find that

N _/ 20 _/ 2
w_1d$— u2—1du_ 2+u2—1 du.

In this case, however, one needs to use partial fractions to write

2 2 _A B
w?—1 (u+Du—-1) u+1l u-—1

for some constants A, B that need to be determined. Clearing denominators gives
2=A(u—-1)+ Bu+1),

so we may take u = 41 to find that 2B = 2 = —2A. It easily follows that

1 1
Ve dxz/(Z—i— )du:2u+ln|u—1|—1n|u+1|—|—0

rz—1 u—l_u+1
=2Vr+In|vVz -1 —In(vz + 1)+ C.

3. Show that each of the following sequences converges.

n?+1 sinn "
an =\ 5, b, = —, cn = nt'™.
nd + 2 n?

Since the limit of a square root is the square root of the limit, it should be clear that

241 2 1
limn+ :limn—:hm—:O —  lim a, =vV0=0.

n—oo N3 +2 n—o00 M, n—o00 1N, n—00

The limit of the second sequence is also zero because —1 /n2 <b, <1/ n? for each n > 1.
This means that b, lies between two sequences that converge to zero. Finally, one has

Inn

" — Inc¢,=Inn""=—.
n

cn =n

Since Inn — oo as n — oo, one may use L’Hopital’s rule to conclude that

1
lim Inc, = lim ﬁ:o —  lim ¢, =€’ = 1.
n—o00 n—oo | n—o0



4. Define a sequence {a,} by setting a; = 1 and a,, 11 = /6 + a,, for each n > 1. Show
that 1 < a, < a,y1 < 3 for each n > 1, use this fact to conclude that the sequence
converges and then find its limit.

Since the first two terms are a; = 1 and ay = /7 , the statement
1 S Qp S An+1 S 3
does hold when n = 1. Suppose that it holds for some n, in which case

7<6+a,<6+a,41 <9 = ﬁéan+1§an+2§3
- 1< Apt1 < Gpga <3.

In particular, the statement holds for n + 1 as well, so it actually holds for all n € N. This
shows that the given sequence is monotonic and bounded, hence also convergent; denote its
limit by L. Using the definition of the sequence, we then find that

ps1 =vV6+a, =— lima,y; = lim+6+4+a, =— L=+v6+L.
n—o0 n—oo

This leads to the quadratic equation L? = 6 + L which implies that L = —2,3. Since the
terms of the sequence satisfy 1 < a,, < 3, however, the limit must be L = 3.

5. Use the formula for a geometric series to compute each of the following sums.

0 on 0 3n+2 S 3n+1

The first sum is the sum of a geometric series with z = 2/7 and one easily finds that
S S
e~ L= \T 1-2/7 5
The second sum is the sum of a geometric series with x = 3/8 and we similarly get

i?ﬂ“_?ﬁi 3\" 9 3/8 21
— 23n+1 9 8) 2 1-3/8 10

n=1 n=1

To compute the third sum, we shift the index of summation to conclude that

o3t gt 9 L3\ 9 3/4 27
Z4n+2_24n+1+2_6_42(1) T 64 1-3/4 64

n=2 n=1 n=1




6. Compute each of the following indefinite integrals.

/ 2x + 3 d / 2x + 3 d
——dzx —— .
x2 —4r+3 x2—4x+5

When it comes to the first integral, one may use partial fractions to write

20+ 3 20+ 3 A B

x2—4m+3:(:c—1)(x—3) _a:—1+:1:—3

for some constants A and B. Clearing denominators gives rise to the identity
20+3=A(x—3)+ B(x — 1)
and this should be valid for all x. Let us then look at some special values of x to get
r=13 = b==-2A4, 9=2B.

This gives A = —5/2 and B = 9/2, so it easily follows that

2 2 2
/x——i_gda:—/<— 5/ + 9/ )dx:—gln]x—lH—gln\x—Zﬂ—i-C.

2 —4x +3 N z—1 -3

When it comes to the second integral, one may complete the square to write
/ 20 + 3 J / 20 + 3 d / 2z + 3 J
—  dx = €Tr = — .
22 —4x+5 2?2 —dr+4+1 (x—2)2+1
Using the substitution v = x — 2, we now get du = dz and also x = u + 2, so
2z + 3 2u+ 7 2u 7
dr = du = d d
/$2—4x+5 v /u2+1 “ /u2—|—1 u+/u2+1 “
=In(u®+ 1)+ 7tan ' u + C
= In(z? — 42 +5) + Ttan ' (z — 2) + C.

7. Compute each of the following indefinite integrals.

vV1—2x
V1 —a2?dx, dx.
/ T2 dx N T

For the first integral, we let © = sinf. Since dx = cos @ df, this gives

/\/l—xde:/COSQ-COSQdOZ%/(1+cos(29))d0:g+w+0.



Since sinf = x and cos = /1 — 2, it easily follows that

1 in 0 cos 6 1
/\/1—x2da::§sin_1x+%+025sin_lx—i—g\/l—xQ—f—C.

The second integral seems a bit difficult, but one may express it in the form

Vl—xd V1—ua \/1—xd 1—x
_ , "

= = [ ——dx.
V1t v Vi+zx VJ1—=x V1 — 22 !

Using this fact along with the substitution v = 1 — 22, we conclude that

\/1—xd / dz xdx .1 +/ du

——dr = | ——— | ———==sIn" " x —

V1t V1 — 22 V1 — 22 2y/u
=sin 'z +Vu+C=sintr+vV1I—22+C.

8. Define a sequence {a,} by setting a; = 1 and a,+1 = 3+ \/a, for each n > 1. Show
that 1 < a, < a,y1 < 9 for each n > 1, use this fact to conclude that the sequence
converges and then find its limit.

Since the first two terms are a; = 1 and as = 3 + 1 = 4, the statement
1 S ) S An+1 S 9
does hold when n = 1. Suppose that it holds for some n, in which case

1< Va, < Va1 <3 = 4<ap41 < app2 <6
— 1§an+1§an+2§9‘

In particular, the statement holds for n 4+ 1 as well, so it actually holds for all n € N. This
shows that the given sequence is monotonic and bounded, hence also convergent; denote its
limit by L. Using the definition of the sequence, we then find that

py1 =3++a, = lima,; =3+ lim \/a, = L=3+VL.
n—00 n— o0

This gives the quadratic equation (L — 3)? = L, which one may easily solve to get

7++13

I’ - 6L+9=1 =— I[*—T7L+9=0 =— L= 5

Since L — 3 = v/L > 0, however, we also have L > 3 and the limit is L = (7 +V13).



9. An ant starts out at the origin in the zy-plane and walks 1 unit south, then 1/2 units
east, then 1/4 units north, then 1/8 units west, then 1/16 units south, and so on. If it
continues like that indefinitely, which point in the xy-plane will it eventually reach?

When it comes to the vertical displacement of the ant, this is given by the sum

y = 1+i——+ z—Z(——)

Using the explicit formula for the sum of a geometric series, one now finds that

1 4

1+1/4 5

y=-

When it comes to the horizontal displacement of the ant, one similarly has

L1 1 Il 1\"_ 12 2
2 8 32 2 4) 1+1/4 5

Since the ant starts out at the origin, it will eventually reach the point (2/5, —4/5).

Tr =

[10 Suppose the series ) ° | a, converges. Show that the series > >° | —— +a diverges. )

Since Zzozl a, converges, we must have lim, ,,, a, = 0 by the nth term test, so

1
lim =1
n—oo | 4+ an,

Using the nth term test once again, we conclude that > >° diverges.

n11+



MAU11201 — Calculus
Tutorial solutions #10

1. Test each of the following series for convergence.

iQ%—Zmn’ iQ—{—nszinn‘

n=1 n=1

When it comes to the first series, we use comparison with 1/n. Since

ZQ—i—smn i_o:l

n
n=1
the first series is larger than a divergent p-series, so it diverges. A similar argument gives
2 —|— sinn =3
PR <2
n=1 n=1

so the second series is smaller than a convergent p-series and thus converges as well.

2. Test each of the following series for convergence.

1/n

o o
Z - Z e
) 3 *
n n 1
n=1 =1 +

When it comes to the first series, we use the limit comparison test with

ap = 5 bn = .
To show that the limit comparison test is applicable in this case, we note that

lim — = lim /" = ¢ = 1.
n—oo
Since Y | by, is a divergent p-series, we conclude that >~ | a, diverges as well. When it
comes to the second series, we use the limit comparison test with
nel/m 1

Gy = ——— =
n ng + 17
In this case, the limit comparison test is still applicable, as one can easily check that

n3 1/n

Qn .
lim — = lim = lim /" = ¢ = 1.
n—oo 0O, n—o00 n3 -+ 1 n—o0

Since > 7 | b, is a convergent p-series, we conclude that Y >° | a, converges as well.



3. Test each of the following series for convergence.

> lnn > lnn
n’ Zn!'

n=1 n=1

When it comes to the first series, we use the comparison test. Since
“Ilnn . Ilnn > 1n2
e D
n=1 n=2 n=2

the first series is larger than a divergent p-series and thus diverges. When it comes to the
second series, we use the ratio test together with L’Hopital’s rule. This gives
In(n +1) n! 1/(n+1) 1

= 1i -1 =0
nsoo @,  nooe Inn (n+1)! no00 1/n novoo 1+ 1

Since L < 1, it follows by the ratio test that the second series converges.

4. Find the radius of convergence for each of the following power series.

= nx = (a2
> g Z(zn)!'x '

In each case, we use the ratio test to find the radius of convergence. In the first case,

[ 1 |zt 3 i T 1 2] ||
= lim . . = lim x| = =
n—oo nM |z| 37Tl nooo 3n 3

Ap+1
G,

L = lim

n—o0

In particular, the series converges when |z| < 3 and it diverges when |z| > 3, so its radius of
convergence is R = 3. For the second series, we similarly have

Qp+1
G,

. (n+1)! (n+1)! @2n)! |zt
= lim . . .
n—oo  nl n! 2n+2)! |z

(n+1)*- || _onflx]

L = lim

n—oo

oo 20+ 1)(2n+2)  noee dn? | 4

Thus, the series converges when |z| < 4 and diverges when |z| > 4, so the radius is R = 4.



5. Assuming that |z| < 1, use the formula for a geometric series to show that

an 1—x)2

Since |z| < 1 by assumption, one may use the formula for a geometric series to get

oo
g:v”:

n=0

=(1—-2)"

This power series can be differentiated term by term, so it easily follows that

-1 _ —2 2___ 7T
an (1—2x) == an z(l—x)” (e

6. Find the radius of convergence for each of the following power series.

. nx2" 2. 3ngn
Z 4n 7 22n~|—1

In each case, we use the ratio test to find the radius of convergence. In the first case,

. on+1 zPt2 ogn . (n+1D)a?  2?
= lim . . = lim —— = —

n—oco M x2n gn+1 n—00 4dn 4 '

Qp+1
G,

L = lim

n—o0

Thus, the series converges when 22 < 4 and diverges when 22 > 4, so the radius is R = 2.
For the second series, we similarly have

_ 3L vt 2n 41 , 2n+1
= lim : : = lim 3|z - =

. An+1
L = lim |—2F

n—oo

|2].
an

Thus, the series converges when |z| < 3 and diverges when |z| > 3, so the radius is R = 3

7. Use differentiation to show that the following power series is equal to In(1 + x).

n+1

Z n—l—l . |zl < 1.

n=0

First of all, we note that this power series converges by the ratio test because

Ap+t1
G,

_ m lz|" ™2 n+1

L=1
1m oo ‘l.’nJrl n 4+ 2

n—o0

= |z| < 1.



Differentiating the series term by term, one obtains the geometric series

o0 [e.e]

fiey = 3 LD Sy

Since |z| < 1 by assumption, this series actually converges and one easily finds that

, 1
f(UT):l—(—x)_l—i-x

Since f(0) = 0, however, we must have 0 =In1+ C = C and thus f(z) = In(1 + ).

flx)=In(1+2z)+C.

8. Use differentiation to show that the following power series is equal to tan~! z.

n 2n+1

— < 1.
Z 2n+1 ,

n=

First of all, we note that this power series converges by the ratio test because

o [ 2n 41 f?
T onooo [z 2043

an+1
G,

L = lim

n—o0

Differentiating the series term by term, one obtains the geometric series

f/(ZE) _ <_1)n2(T2L7:_+11)$ " _ Z(_xQ)n‘

Since |z| < 1 by assumption, this series actually converges and one easily finds that

, B 1 B 1
i) = 1—(—22) 1422

Since f(0) = 0, however, we must have 0 = tan™! 0 + C = C and thus f(z) = tan™! x.

f(z) =tan"tz + C.

9. Let a € R be a given number. Find the radius of convergence for the power series

:1:):Za(a—l)(a—i)ﬂ”-(a—nﬂq) 2"

n=0

To find the radius of convergence, we use the ratio test. In this case, we have

I qi | ala—1)(a—2)--(a —n) n! vt
= lim = : :
n—oo | Gy n—oo|ala—1)(a—2) - (a—n+1) (n+1)! an
—n
n—{Eo n+ 1 =]

Thus, the series converges when |z| < 1 and diverges when |z| > 1, so the radius is R = 1.



(10. Show that >~ a,y" converges absolutely, if >~ ja,z™ converges and |y| < |z|. )

Since the series Y2 ja,x™ converges, its nth term approaches zero as n — oo and so
la x| <1 for large enough n.

Suppose that this is true for all n > N, for instance. One may then conclude that
> lany"l =3 lana”] - |2 < 302
n=N n=N n=N

The series on the right hand side is a geometric series with ratio r < 1 and thus converges.
This implies that Y~ |a,y"| converges as well, so > 7 a,y™ converges absolutely.

n
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