Analysis Solutions #1

1. Let f: A — B be a function and let By, By C B be arbitrary. Show that

SN B = By) = fH(B1) — f(Ba).

Two sets are equal if and only if they have the same elements. In this case,

xr € f_l(Bl — Bz) f(i’) € B1 — BQ
f(z) € By, but f(x) ¢ By
v € fY(By), but v ¢ f1(By)

ze fTHB) — [ (Ba)
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2. Let f: A — B be a function and let A; C A be arbitrary. Show that

FH(f(A) 2 A

and that equality holds whenever the function f is injective.

To prove the inclusion for any function f, it suffices to note that
reAdr = fl@)eflAd) = wzef(f(A)):
If it happens that f is injective, then the opposite inclusion also holds. In that case,

e [ f(A) = flz)e f(A)
= f(x) = f(z) for some z € A;
= 1 = z for some z € A;
— 1z €A

(3. Show that the set A = {Qn”—;%l ‘n € N} has a minimum but no maximum. )

To show that % is the minimum of A, we note that % = fj:—é € A and that

2n+1
n+3

3
ZS — 3M+9<8n+4 <<= 5<in <<= 1<n.

Since the rightmost inequality holds for each n € N, the leftmost inequality also does and
this means that % is the least element. To show that no largest element exists, let =z € A be



. _ 2n+41 . o
arbitrary. Then x = =& for some n € N and we claim that y =

which is larger than x. In fact, one can easily verify that

2n+3

is an element of A
n+4

2n+3 - 2n+1
n-+4 n -+ 3

= (2n+3)(n+3)>2n+1)(n+4)

— MP4+6n+3n+9>2n°+8n+n+4
<— 9> 4.

These inequalities are all obviously valid, so y > = and x is not the largest element.

4. Let A, B be nonempty subsets of R such that sup A < sup B. Show that there exists
an element b € B which is an upper bound of A.

By definition, sup B is the least upper bound of B. Since sup A is even smaller, we find
that sup A is not an upper bound of B. In other words, there exists an element b € B such
that b > sup A. On the other hand, sup A > a for all a € A by definition. Combining these
two facts, we now get b > sup A > a for all a € A, so b is an upper bound of A.

(5. Show that (AN B)U (A — B) = A for any sets A, B. )

First, suppose that x € (AN B)U (A — B). Then either 1 € ANBor x € A— B. In the
former case, x € A and z € B, so x € A. In the latter case, xt € Abut x ¢ B, so z € A.
This gives x € A in any case.

Conversely, suppose that © € A. If it happens that x € B, then x € AN B. Otherwise,
xr€Abut z ¢ B,sox € A— B. This gives z € (AN B) U (A — B) in any case.

6. Let f: A— B and g: B — C be two functions and let go f: A — C denote their
composition. Given a set C; C C, show that (go f)"*(Cy) = f~' (g7 *(CY)).

Two sets are equal if and only if they have the same elements. In this case,
ze(gof)HC) <= (gof)lx)eCi <= g(f(z)) el
Using the definition of the inverse image, one may thus conclude that

z€(gof)H(C) == [fla)eg ' (C) <= e f g ()

(7. Determine the minimum of the set A = {22* — 3z : v € R}. )

The derivative of f(z) = 22% —3z is f'(z) = 42— 3. This is negative when x < 3/4 and it
is positive when x > 3/4. In other words, f is decreasing when z < 3/4 and it is increasing
when z > 3/4, so the smallest value that it attains is f(3/4) = —9/8.



(8. Determine the maximum of the set A = {x € R: 23 < 72 — 6}. )

First, we find all numbers x such that 23 — 72 + 6 < 0. Noting that x = 1 is a root of
the left hand side, we see that  — 1 must be a factor, so it easily follows that

2?—Tr+6=(z—1)(2°+2—6) = (z — 1)(x — 2)(x + 3).
Since the set A consists of all numbers z such that (r — 1)(x — 2)(z + 3) < 0, one has

A=(-00,-3]U[l,2] = maxA=2.

9. Determine the min, inf, max and sup of the following sets, noting that some of these
quantities may fail to exist. You do not need to justify your answers.

(a) A={neN: " <23 (b) B={z€R:2>1 and 2z < 5}
(c) C={zx€Z:x>1 and 2z <5} (d) D={zeR:x <y forall y>0}
The first set consists of all natural numbers n such that 5 < %, while
L 2019 2020n < 2019n 4 2019 <= < 2019
n+1 2020 " " " '

This gives A = {1,2,...,2018} so min A = inf A = 1 and max A = sup A = 2018.

The second set consists of all real numbers = such that 1 <z < g This gives B = (1, g]
so max B =sup B = g and inf B = 1, while min B does not exist.

The third set consists of all integers « with 1 < 2 < 3. This gives C' = {2} and

minC = maxC =inf C' =supC = 2.

Finally, the fourth set consists of all real numbers = that are smaller than every positive
number. Thus, D = (—o0, 0] and max D = sup D = 0, while inf D and min D do not exist.

(10. Show that the set A = {x + % Cx > 0} is such that inf A = 2. )

First, we show that 2 is a lower bound of A. Assuming that x > 0, one has
1 2 2
T+ —-—>2 <= r+1>2r <<= (r—1)*>0.
x
Since the rightmost inequality holds, the leftmost one holds as well, so 2 is a lower bound

of A. To show that it is the greatest lower bound, we note that 2 =1 + % cA If z> 2
then 2 is an element of A which is smaller than z, so z is not a lower bound of A.



(11. Show that the set B = {z € R: |2z — 3| < 5} is such that sup B = 4. )

First of all, we simplify the given inequality to find that
20— 3| <5 <= —-5<2r—3<5 <= 2<2r<8 <— -—-l<z<d4d

Thus, B = (—1,4) and 4 > x for all x € B, so 4 is an upper bound of B. To show that it is
the least upper bound, we assume that y < 4 and we consider two cases.

Case 1. If y < —1, then z = 1 is an element of B such that z > y.

Case 2. If y > —1, then —1 < y < 4 and we can look at the average z = #. This is a
number that satisfies —1 <y < 2 < 4, so z € B and also z > y.

In either case then, B contains an element z > y, so y is not an upper bound of B.

12. Suppose that A, B are nonempty subsets of R which are bounded from above. Show
that AU B is also bounded from above and sup(A U B) = max{sup A, sup B}.

Let o = sup A and § = sup B for convenience. We shall only treat the case a < 3, as
the case f < « is similar. Since a < 3, we need to show that

sup(A U B) = max{sup 4, sup B} = max{«, 5} = 5.

First, we show that  is an upper bound of AUB. If r € AUB, thenx € Aorxz € B. In
the former case, we have r < sup A = a < . In the latter case, we have x < sup B = f.
This gives x < [ in any case, so 3 is an upper bound of AU B.

Next, we show that  is the least upper bound of A U B. Indeed, suppose that y < .
Since y is smaller than § = sup B, there exists an element b € B such that y < b. This
element of B is also an element of AU B, so there exists some b € AU B such that b > y.
In particular, y is not an upper bound of A U B and the least upper bound is .



Analysis Solutions #2

(1. Show that A = {32—1? 'n € N} is bounded from below and that inf A = 2. )

First of all, we note that 2 is a lower bound of A because

dn+ 3

2n —

2 <

<~— 4dn—-2<4n+3 <<— -—-2<3.

To show that 2 is the greatest lower bound, we assume that x > 2 and we try to find an

element of A which is smaller than x. Solving the inequality ‘2121“13 < x, we get
dn + 3
nt <r <<= dn+3<2nx—=x
2n —1
x4+ 3
== 3< (20 -4 < n.
r + (2z —4)n 5r <"
4n+3

Pick a natural number n that satisfies the rightmost inequality. Then 5= < z, so there is
an element of A which is smaller than x. This means that x is not a lower bound of A.

2. Let A C R be nonempty and bounded from above. Fix some real number x < 0 and
consider the set B = {ax : a € A}. Show that inf B = zsup A.

To show that xsup A is a lower bound of B, we note that

supA>a forallae A = zsupA<ax forallaec A
— axsupA<b forallbe B.

To show that it is the greatest lower bound of B, suppose y > xzsup A. Then y/x < sup A,
so y/x is not an upper bound of A and there exists some a € A such that y/z < a. This
makes b = azr an element of B that satisfies y > ax = b, so y is not a lower bound of B.

(3. Let A C R be nonempty, open and bounded from above. Show that sup A ¢ A. )

Suppose that sup A € A. Since A is open, there exists some € > 0 such that
(supA —e,supA+¢) C A.

This implies that sup A + 5 € A and that sup A + 5 < sup A, a contradiction.



4. Let {z,} be a sequence of real numbers such that z,, — = as n — oo and consider
the sequence {y,} defined by y, = 2(3z, + z,11) for each n > 1. Use the definition of
convergence to show that y, — 22 as n — co.

Let € > 0 be given. Since x,, — = as n — oo, there exists some N € N such that
r—¢e/2 <z, <x+¢/2 foralln> N.
As this statement holds for all n > N, it also implies that
r—e/2<xpy <x+e/2 foralln> N.
Multiplying the first inequality by 3 and then adding, we conclude that

3(x—¢e/2) <3z, <3(x+e/2) = 4d(r—¢/2)<3z,+ T <4(x+¢/2)
= 2(r—¢/2) <y, <2(xz+¢e/2)
= 2r—ce<y,<2x+¢

for all n > N. This gives y, € (2 —¢,2x +¢) for all n > N, so y,, — 2z as n — oo.

(5. Show that A = {mlﬂ tm,n € N} is bounded from above and that sup A = 1. ]

To check that 1 is an upper bound of A, it suffices to note that

m
<1 <= m<m+n <= 0<n

m-+n

for all m,n € N. Since the rightmost inequality holds, the leftmost one holds as well. To
check that 1 is the least upper bound of A, we assume that x < 1 and we try to find an

element of A which is larger than z. Looking for an element of the form %5, we get

m
m—+1

>r = m>mr+z <= m(l-z)>1r <= m> :
—x

Pick a natural number m that satisfies the rightmost inequality. Then 75 > x, so there

exists an element of A which is larger than x and x is not an upper bound of A.

6. Suppose that A, B are subsets of R such that inf A < sup B. Show that there exist
an element a € A and an element b € B such that inf A <a < b <supB.

Since inf A is smaller than the least upper bound of B, it is not an upper bound of B,
so there exists some b € B such that inf A < b. Since b is larger than inf A, we can use the
same argument to find some a € A such that a < b. This implies inf A < a < b < sup B.



<7. Let A C Z be nonempty and bounded from below. Show that A has a minimum. )

Since inf A + 1 is larger than inf A, there exists an element x € A such that
infA<z<infA+1.

If it happens that inf A = x, then inf A is an element of A, so min A exists. Otherwise, x is
larger than inf A, so the same argument gives another element y € A such that

infA<y<zr = infA<y<z<infA+1

This is a contradiction since the integers x,y cannot both lie in an interval of length 1.

8. Show that each of the following sets is open in R.

1
A={zeR:z*> 13z — 12}, B:{O<x<1:E¢N}.

The first set consists of all numbers x such that f(x) = 2® — 13x + 12 is positive. Noting
that = 1 is a root of this polynomial, we find that x — 1 is a factor and that

flx)=2®-1324+12=(z - D)(2* +2—12) = (z — 1)(z — 3)(x + 4).

When x < —4, all three factors are negative, so the product is negative. When —4 < x < 1,
only two factors are negative, so the product is positive. Arguing in this manner, one finds
that A = (—4,1) U (3,00), so A is the union of open intervals and thus open.

The second set is the interval (0, 1) with the points %, %7 i, -+ removed. This gives

1 11 11 1 1
B=(21 -z i - it
(1)o@ (es) v =U ()

so B is also a union of open intervals and thus open itself.

(9. Do there exist sets A, B C R such that A, B, A — B are all nonempty and open? )

Yes. For instance, let A = (0,1) U (1,2) and B = (0,1) so that A — B = (1,2). Each of
these sets is nonempty and they are all open because they are unions of open intervals.

10. Suppose that A C R is nonempty and bounded from above. Show that there exists
a sequence of points z,, € A such that z, — sup A as n — oo.

Since sup A — % is smaller than the least upper bound of A for each n € N, there is an
element x,, € A such that sup A — % < x,, for each n € N. This also implies that

1
supA — — <z, <sup A for each n € N.
n

Since sup A — % — sup A as n — o0, it follows by the Squeeze Theorem that z,, — sup A.



11. Define a sequence {a,} by setting a; = 1 and a,,1; = +/2a, + 1 for each n > 1.
Show that a, < a,4+; < 3 for all n € N and that the sequence {a,} converges.

Since a; = 1 and ay = \/g, the statement a,, < a,y1 < 3 is certainly true when n = 1.
Suppose that this statement is true for some n. It then easily follows that

p < Qpp1 <3 — 2a,<20,11 <6 — 2a,+1<2a,1+1<7
- an+1<an+2<ﬁ<3,

so the statement holds for all n € N by induction. Thus, the given sequence is increasing
and bounded from above, so it converges by the monotone convergence theorem.

12. Suppose that A, B C R are nonempty and bounded from above. Show that the set
C={reR:z=a+bfor somea€c Aandbec B}

is also bounded from above and that sup C' = sup A + sup B.

To show that sup A + sup B is an upper bound of C, we note that

zre€(C = x=a+bforsomeac A andsomebc B
= x=a+b<supA+supB.

To show that sup A + sup B is the least upper bound of C', suppose that z < sup A + sup B.
Since z — sup B is smaller than the least upper bound of A, it is not an upper bound of A,
so there exists some a € A such that z — sup B < a. Since z — a < sup B, one may use the
same argument to find some b € B such that z — a < b. In particular, z < a+b and a+ b is
an element of C' which is larger than z. This means that z is not an upper bound of C.



Analysis Solutions #3

Cl. Let A C R be nonempty, closed and bounded from above. Show that max A exists. )

It suffices to show that sup A is an element of A, as this implies max A = sup A. If it
is not an element of A, then it is an element of A°. Since A is closed by assumption, its
complement A° is open and (sup A — €,sup A +¢) C A° for some € > 0. Since sup A — § is
smaller than the least upper bound of A, there also exists some = € A such that

5
supA—§ <x<supA = z€(supAd—e,supA+e)C A"

This means that x is an element of A which is also an element of A°, a contradiction.

(2. Show that (AN B)° = A° N B° for any sets A, B C R. )

To prove the inclusion (AN B)° C A° N B°, we note that

ANBCAand ANBCB = (ANB)°C A°and (ANB)° C B°
— (ANB)° C A°N B

To prove the opposite inclusion A° N B° C (AN B)°, we note that
AACAand B°PCB = A°NB°CANB.

This makes A° N B° an open set which is contained in A N B, while the interior (A N B)° is
the largest open set which is contained in A N B. We conclude that A° N B° C (AN B)°.

3. Let A, B C R be arbitrary. Show that (AU B)° and A°U B° are not necessarily equal,
but one of these sets is always contained in the other.

To show that the two sets need not be equal, we let A = [0, 1] and B = [1,2]. Then
AUB=10,2], (AU B)° = (0,2), A°UB°=(0,1)U(1,2) # (AU B)".
To show that A° U B° is always contained in (AU B)°, we note that
A°CAand B°PCB — A°UB°C AUB.

This makes A° U B° an open set which is contained in A U B, while the interior (AU B)° is
the largest open set which is contained in AU B. We conclude that A°U B° C (AU B)°.



4. Show that the closure of the complement is the complement of the interior. In other
words, show that A¢ = (A°)¢ for any set A C R.

According to the second part of Theorem 4.12 in the notes, one has

r € A° <<= every neighbourhood of z intersects A°

<= no neighbourhood of z is contained in A.
According to the first part of Theorem 4.12 in the notes, this also implies that

rEA = 1¢A° = 1€ (A"

(5. Suppose A C R is open in R and B C R is closed. Show that A — B is open in R. )

The set A — B consists of all points © € A with « ¢ B and so A— B = AN B°. Since A
is open and B is closed, both A and B¢ are open, so their intersection is open as well.

6. Show that each of the following sets is closed in R.

A={reR:z*<52° -4}, B={zecR:2*<3z-2}.

The first set consists of all real numbers = such that z* — 522 + 4 < 0. Since
2t =5 A= (2 -~ 1)z —4) = (z — ) (z + 1) (z - 2)(z +2),

one easily finds that A = [—2, —1] U [1,2]. Thus, A is the union of two closed intervals and
so A is itself closed. To show that B is closed as well, we note that

? =3z +2=(z—1)(2*+2-2)=(z—1)*(z+2).

It easily follows that B = (—oo, —2] U {1} and this also implies that B is closed.

(7. Find a sequence of nested intervals I,, such that their intersection (-, I, is empty. )

Two simple examples are provided by the intervals I,, = (O, ﬂ and [, = (O, %) Note

that these are nested because they satisfy I,,.1 C I, for each n € N. If their intersection
contains some number x, then 0 < x < %L for all n € N and thus n < % for each n € N. This
is not possible, however, because the set N does not have an upper bound.



CS. Show that AU B = AU B for any sets A, B C R. )

To prove the inclusion AU B C AU B, we note that

Band BC AUB
AUB.

ACAUBand BCAUB —
—

C N
N C

A
B

SN

To prove the opposite inclusion AU B C AU B, we note that
ACAand BCB = AUBCAUB.

This makes AU B a closed set which contains AU B, while the closure AU B is the smallest
closed set which contains A U B. We conclude that AUB C AU B.

9. Let A, B C R be arbitrary. Show that AN B and A N B are not necessarily equal,
but one of these sets is always contained in the other.

To show that the two sets need not be equal, we let A = (0,1) and B = (1,2). Then

ANB =g, ANB=g9, AnB=[0,11Nn[1,2]={1}# ANB.
To show that AN B is always contained in AN B, we note that
ACAand BCB = ANBCANB.

This makes AN B a closed set which contains AN B, while the closure AN B is the smallest
closed set which contains A N B. We conclude that AN B C AN B.

ClO. Show that a set A C R is closed in R if and only if A contains its limit points. )

If the set A is closed, then A = A and this implies that
A=A=AUADA.
Conversely, if a set A contains its limit points, then its closure satisfies
A=AUA CA.

Since we also have A C A by definition, this gives A = A and so A is closed.



11. Suppose that A C R is nonempty and x € R is a limit point of A. Show that every
neighbourhood of z must contain infinitely many points of A.

Since x is a limit point of A, every neighbourhood of x intersects A at a point other
than x. Suppose there is a neighbourhood U which intersects A at finitely many points
other than x and let B = {x1,z,...,2,} consist of these points. Being a finite set, B is
then closed in R and B¢ is open. This implies that U — B = U N B¢ is an open set that
contains x, so it is a neighbourhood of x. On the other hand, U N B¢ does not intersect A
at a point other than x. This contradicts the assumption that x is a limit point of A.

12. Suppose that A C R is open in R. Show that the set of limit points A’ is equal to
the closure A. Is this statement true for an arbitrary subset of R?

The closure always contains the limit points, as A = AU A’ D A’ for any set A C R. To
show that the opposite inclusion does not hold in general, let A = {0} and note that

A=g, A=AUA=A

It remains to show that A = AU A’ C A’ whenever A is open. To prove this inclusion, we
need to check that A C A'. If x € A, then there exists € > 0 such that (zr — e,z +¢) C A.
Suppose now that U is a neighbourhood of x. Then U is open and there exists ¢’ > 0 such
that (r — ¢,z +¢') CU. Letting § = min{e, &'}, we find that

(x—=b6x+d)=(x—cx+e)N(z—c,z+)CANU.

In particular, x — % € ANU and U intersects A at a point other than z. Since this is true
for every neighbourhood U of x, we conclude that x € A’, as needed.



Analysis Solutions #4

1. Show that the function f: R — R is not continuous at all points when
2 ifr<l1
f(”“")_{ 2 if x> 1 }

It suffices to find an open set U whose inverse image f~*(U) is not open. Consider an
open interval such as U = (%, 2). Using the piecewise definition of f, one finds that

fAlUO)={rcR:1/4 < f(z) <2}
={z<1:1/4<2><2}U{z>1:1/4< 2z <2}

= (—V2,-1/2) U (1/2,1].

This set is not open because it contains the endpoint x = 1. Thus, f is not continuous.

2. Suppose that B C R is open in R and let A C B C R. Show that A is open in B if
and only if A is open in R.

First, suppose that A is open in B. Then A = U N B for some set U which is open in R.
Since both U and B are open in R, their intersection A is open in R as well.

Conversely, suppose that A is open in R. Then AN B is open in B. Since A C B by
assumption, this means that A is open in B.

3. Let A, B C R. Show that a function f: A — B is continuous at all points if and only
if the inverse image f~!(K) is closed in A whenever K is closed in B.

First, suppose that f~!(K) is closed in A whenever K is closed in B. To show that f is
continuous, we let U be open in B. Then B — U is closed in B and

fHB-U)=f(B)-f(U)=A-[()

is closed in A. This implies that f~'(U) is open in A and so f is continuous.
Conversely, suppose that f is continuous at all points and K is closed in B. Then B — K
is open in B and its inverse image is open in A. On the other hand,

fHB-K)=f(B)- f{(K)=A~-f(K).

Since this set is open in A, we conclude that f~!(K) is closed in A.



(4. Show that f: [0,1] — R is uniformly continuous when f(z) = 23 for all x. )

Let € > 0 be given. Assuming that =,y € [0, 1], one can easily check that
[f(@) = f)l = 12° =y’ = o =yl - [2* + 2y + ¢ < 3]z —yl.
Taking 0 = ¢/3, we conclude that f is uniformly continuous because

[r—yl <o = |f(x) - fWl<3r -yl <30=ec

<5. Show that A= {x € R: f(x) # 0} is open in R whenever f: R — R is continuous. )

First of all, we note that A can be expressed as the union of the sets
At ={zeR: f(z) > 0}, A" ={zeR: f(z) < 0}.
To see that the former set is open in R, we let U = (0, 00) and we note that
At ={r eR: f(x) e U} = f1(U).

Since U is open in R, its inverse image f~1(U) = A" is also open in R by continuity. A
similar argument shows that A~ is open as well, so the same is true for A = AT U A~

(6. Suppose that f: [0,1] — [0, 1] is continuous. Show that f(z) = z for some z € [0, 1])

The result is clear, if f(0) =0 or f(1) = 1. Suppose f(0) > 0 and f(1) < 1. Being the
difference of continuous functions, g(z) = f(z) — = is then continuous with

9(0) = f(0) >0,  g¢(1)=f(1)-1<0.

It follows by Bolzano’s theorem that g(z) = 0 for some x € (0, 1) and thus f(z) = z.

[7. Suppose that f: R — R is continuous and |f(z)| < 3 for all € R. Show that therej

exists some real number x such that f(x) = x.

We note that g(z) = f(x) — z is a continuous function on [—4,4] and that
g4) = f(4) —4<3-4<0,  g(-4)=f(-4)+4>-3+4>0.

It follows by Bolzano’s theorem that g(z) = 0 for some = € (—4,4) and thus f(z) = z.



8. Suppose that f: R — R is continuous and f has a root in every open interval (a,b).
Show that f is the zero function, namely that f(z) =0 for all z € R.

Let x € R be arbitrary. Since f has a root in the interval (z, z + %) for each n € N, there
exists a sequence of real numbers {x,} such that

1
<z, <T+—, f(xn) = 0.
n

In view of the Squeeze Theorem, we must have x,, — x as n — oco. It follows by continuity
that f(z,) — f(z) as well. Since f(z,) = 0 for all n, we conclude that f(z) = 0.

<9. Show that every subset of A is open in A when A C R has finitely many elements. )

It suffices to show that every subset of A is closed in A, as this also implies that every
subset of A is open in A. Suppose that B C A and A has finitely many elements. Being a
finite set, B is closed in R and BN A is closed in A. This means that B is closed in A.

10. Suppose A C R and f: A — R is uniformly continuous with |f(z)| > 2 for all .
Show that g: A — R is also uniformly continuous when g(z) = 1/f(z) for all .

Let € > 0 be given. Since f is uniformly continuous, there exists 6 > 0 such that

e -yl <o = [flx)-fly)l<e
for all z,y € A. Using the fact that |f(x)| > 2 for all x € A, one finds that
Y- @)1

[f(@)| - fy)] — 4

for all =,y € A. Once we now combine the last two equations, we may conclude that

96e) 90| = | 7155 = 70 £(2) — £w)

oyl <6 = lol@) gl < 3 1f@) ~ FW)] < <e

for all x,y € A. This verifies the definition of uniform continuity for the function g.

(11. Show that f: (0,1) — R is not uniformly continuous when f(x) = 1/z for all x. )

Suppose that f is uniformly continuous. Then there exists § > 0 such that

[r—yl<d = [f(x) = fly)l <1

1

for all 0 <,y < 1. Consider the points x = -5

and y = % for some n € N. Since

Tyl <la|+lyl = —— 1+ L <2
x — x =— 4 —-< -
yI = y n+1 n n’

we have |z — y| < § for all n > % and this leads to the contradiction

L>f(z) = fW) =In+1-n|=1



12. Let A, B C R and let i: B — R be the inclusion map which is defined by i(z) =
for all x € B. Show that a function f: A — B is continuous at all points if and only if
the composition i o f: A — R is continuous at all points.

Inclusions are always continuous. If f is continuous, then ¢ o f is the composition of
continuous functions and thus continuous. Conversely, suppose ¢ o f is continuous. To show
that f is continuous as well, we let U be open in B and we show that its inverse image is
open in A. Since U is open in B, one has U = V N B for some set V which is open in R.
Note that the inverse image i~ (V) is given by

i'(V)={reB:i(z)eV}={zreB:ze€V}=VnNB=U.
In particular, the inverse image (i o f)~!(V) can be expressed in the form

(io )7H(V)={zcA:i(f(x)) eV}
={zxcA: fla)eit(V)}={zcA: fx)cU}=f1U).

Since i o f: A — R is continuous, this set is open in A, and thus f~!(U) is open in A.



Analysis Solutions #5

1. Suppose that {z,} is a sequence of real numbers such that z,, < « for all n € N. If
it happens that {z,} converges to some number z, show that x < « as well.

Assume that z > a and let € = £ — @ > 0. Then there exists some N € N such that
r—e<x,<xT+e¢€

for all n > N. This is a contradiction because r — ¢ = o > x,, for all n € N.

<2. What can you say about a Cauchy sequence which consists entirely of integers? )

Suppose that {z,} is a Cauchy sequence which consists entirely of integers. Using the
definition of a Cauchy sequence with ¢ = 1, we can then find some N € N such that

|z — 2, <1 forall m,n> N.
Letting m = N in the last equation, we conclude that
ey —an| <1 = oy—1<z,<zy+1 foralln>N.
Since all the terms x,, are integers, however, this actually gives x,, = zy for all n > N.

3. Let A, B C R and suppose that f: A — B is uniformly continuous. Given a Cauchy
sequence {z,} of elements of A, show that {f(x,)} is a Cauchy sequence as well.

Let € > 0 be given. Since f is uniformly continuous, there exists 0 > 0 such that
lt—yl<do = |f(x)—f(y)|<e forall z,yec A
Since the sequence {z,} is Cauchy, there also exists a natural number N such that
T — x| <0 for all m,n > N.
Once we now combine the last two equations, we may conclude that
|Tm —xp| <0 = |f(xm)— f(z,)| <e forallm,n>N.

This means that the sequence {f(x,)} is also Cauchy, as needed.

4. Let A C R. Show that A is a dense subset of R, if and only if every nonempty open
subset of R intersects A at some point.

First, suppose that A is a dense subset of R, in which case A = R. Let U be a nonempty
open subset of R and let x € U. Since z is in the closure of A, every neighbourhood of z
must intersect A by Theorem 4.12 and thus U intersects A.

Conversely, suppose that every nonempty open subset of R intersects A. If x is any real
number, then every neighbourhood of x intersects A and so € A by Theorem 4.12. This
shows that every real number is in the closure of A and thus A = R.



5. Show that the sequence {x,} is Cauchy, and thus convergent, when

Sin1+sin2+ +sinn
By =
" 2 4 on

for each n > 1.

We need to show that |z, — z,| becomes arbitrarily small for large enough m,n. Let us
assume that m > n without loss of generality. Since |sinz| < 1 for all z € R, one has

1 1 1

+ + ...+ .

sin(n+1) sin(n 4+ 2) N sinm
— 2n+1 2n+2 om

2n+1 2n+2 e om

|Tm — @n| =

The right hand side is a geometric series with ratio r = 1/2, so it easily follows that

G| =1 1
i=n+1 i=n+1

Thus, |x,, — x,| becomes arbitrarily small for large enough m,n and the result follows.

6. Which of the following subsets of R are complete? Explain.

A=10,1), B =17, C=Q, D={zeR:2’>sinz}.

A subset of R is complete if and only if it is closed in R. In this case, A is not closed
because it fails to contain a limit point and C is not closed because C' = R # C. On the
other hand, it is easy to check that B is closed in R because its complement is

R—-B=|]J(@z+1)

TEZ

which is a union of open intervals and thus open. To show that D is closed in R as well, we
note that f(r) = 2? — sinz is a continuous function and that U = [0, 00) is closed in R. It
follows by continuity that D = f~1(U) is closed in R as well.

(7. Show that the Bolzano-Weierstrass theorem implies the nested interval property. )

Consider a nested sequence of closed intervals I,, = [a,,b,]. Since the sequence {a,} is
contained in [ay, b1], it is a bounded sequence, so it has a convergent subsequence {a,, }. We

claim that its limit a is in [,, for all n. Since the terms a,,, a,,,... are all elements of the
closed interval I,,, = [ay,, by,], their limit a must also be an element of [,,,. More generally,
the terms a,, , ay,,,, ... are all elements of I,,, and this implies that a € I,,, for all k. Now,

let n € N be given and pick some n; > n. Then [,,, C I,, and a € I,,, so a € I,, as well.



8. Let 0 < aw < 1. Show that a sequence {x,} of real numbers is Cauchy, if it satisfies

|Tpi1 — n| < a- |z, —x,-1] for each n > 2.

We need to show that |z, — x,| becomes arbitrarily small for large enough m,n. Let us
assume that m > n without loss of generality. The given assumption implies that

Tpi1 — | < oy — apo1] S0P mpoy — @pea| < - < AP Jmy — 3
for all integers £ > 2. Using this fact along with the triangle inequality, one finds that

|xm - $n| S |:Bm - [L’m—1| + |$m—1 - $m—2| +.o+ |xn+1 - :Un|

<a™ P |ry — x| F Q" |my — x|+ Q" |2y — 1

The right hand side is a geometric series with ratio r = «, so it easily follows that

m—2 00 an—l

| — x| < Z ol |my — 1| < Z ai-|$2—$1|:1_a-|m2—x1|.

1=n—1 1=n—1

Thus, |x,, — x,| becomes arbitrarily small for large enough m,n and the result follows.

9. Suppose that {z,} is an increasing sequence of real numbers which has a convergent
subsequence. Show that the whole sequence {z,} converges as well.

Let us denote the convergent subsequence by {z,, }. Since this is convergent, it is also
bounded, so there exists a real number M such that z,,, < M for all £ € N. If we can show
that x, < M for all n € N, then the whole sequence will be increasing and bounded, so
the whole sequence will converge by the monotone convergence theorem. Now, let n € N be
given and pick some ny > n. Since the sequence {z,} is increasing, we conclude that

(10. Show that there exists an irrational number between any two real numbers. )

Consider two real numbers = < y and pick a rational number z such that x < z < y. If
we define w,, = z + %\/ﬁ, then w,, is irrational for each n € N and we also have

V2 V3

1
Wy <y <<= z2+-V2<y <= TS<cy—: = n> .
n n y—2z

Once we now fix some n € N that satisfies this inequality, we find that z < z < w,, < y.



11. Suppose that f: R — R is both continuous and surjective. Given a set A C R which
is a dense subset of R, show that its image f(A) is also a dense subset of R.

By Problem 4, we need to show that every nonempty open subset of R intersects f(A).
Suppose that U is such a subset and let y € U. Then y = f(z) for some z € R and the
inverse image f~!(U) is open in R. Since f~1(U) contains x, this open set is nonempty, so it
intersects the dense subset A. In other words, there exists a € A such that f(a) € U. This
means that f(a) € U N f(A) and thus U intersects f(A), as needed.

12. Suppose that f,g: R — R are continuous and let A C R be a dense subset of R
such that f(z) = g(x) for all x € A. Show that f(x) = g(z) for all z € R.

The difference h(x) = f(z) — g(z) is continuous and it satisfies h(z) = 0 for all x € A.
Suppose that h(zg) > 0 for some zq € R. Since U = (0, 2h(x()) is open, its inverse image is
also open and it contains xg, but it does not intersect A at any point because

r€A = h@)=0 = h@)¢U = x¢h ' (U).

In particular, h~1(U) is a neighbourhood of x( that does not intersect A, so x¢ is not in the
closure of A. This contradicts the assumption that A = R, while a similar contradiction
arises when h(zg) < 0 for some zy € R. We conclude that h(z) = 0 for all z € R.
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1. Show that a set A C R is connected if and only if there is no function f: A — {0,1}
which is both continuous and surjective.

First, we note that B; = {0} and By = {1} are both open in B = {0, 1} because
Blz(—l,l)ﬂB, BQZ(O,Q)QB

If such a function exists, then f~!(B;) and f~!(B,) are nonempty by surjectivity and they
are also open in A by continuity. Since the union of these sets is

FHUBYUfH(By) = fTH(B1UBy) = f1(B) = 4,

we conclude that A is not connected. Conversely, suppose that A is not connected and write
A = A; U A, for some nonempty disjoint sets A;, Ay which are both open in A. Then

f(m)_{ 1 ifre }
defines a surjective function f: A — B. To show that f is also continuous, we need to show
that every open subset of B has an inverse image which is open in A. Now, the only subsets

of B are &, By, B, and B. Since their inverse images are &, Ay, As and A, respectively, the
inverse images are all open in A. This means that f is continuous.

2. Suppose that A C R is connected and f: A — R is continuous with f(x) # 1 for all
xz € A. Show that either f(x) > 1 for all x € A or else f(z) < 1 for all z € A.

Since f(x) # 1 for all z € A, the set A can be expressed as the union of
Ay ={z € A: f(z) > 1}, Ay={x € A: f(z) <1}
These sets are obviously disjoint. To show that they are also open in A, we note that
Ar={z€A: f(z) € (l,00)} ={z € A: f(z) e U} = f7}(V),

where U = (1,00). Since U is open in R, its inverse image is open in A, so A; is open in A.
The same argument shows that A, is open in A as well. Since their union A = A; U A, is
connected, either A; or Ay must be empty. If A; is empty, then A, is all of A and f(x) < 1
for all x € A. If A, is empty, then A; is all of A and f(z) > 1 for all z € A.



<3. Show that the union of two countable sets is countable. >

Suppose that A, B are countable. Then there exist surjections f: N — Aand g: N — B.
To show that the union AU B is countable, we need to find a surjection h: N — AU B. Let
us then associate the even integers with the elements of A and the odd integers with the
elements of B. More precisely, let us define the function h using the formula

f(z/2) if x is even
M) = { g((x+1)/2)  if zis odd }

Then every element a € A is in the image of h because a = f(m) for some m € N and this
gives a = h(2m). Similarly, every element b € B is in the image of h because b = g(n) for
some n € N and this gives b = h(2n — 1). We conclude that h is surjective.

(4. Show that the set A consisting of all subsets of N is uncountable. )

Suppose that A is countable and A;, As, Az, ... are the only subsets of N. To construct
another subset of N which does not appear in this list, consider the set

S={neN:n¢A,}

Note that n € S whenever n ¢ A,, and thus n ¢ S whenever n € A,,. This means that S is a
subset of N which differs from each A, so it is a subset of N which does not appear in our
list. We conclude that the set of all subsets of N cannot be countable.

CE). Is the set A= {z € R: z* — 122* + 16x < 0} complete? Is it connected? )

First of all, we simplify the given inequality. Factoring the polynomial, one finds that
ot — 1227 + 162 = 2(2® — 1224+ 16) = z(z — 2)(2* + 22 — 8) = z(x — 2)*(x + 4).
This expression is zero when x = —4,0,2 and it is negative when z(x +4) < 0, so
A=[-4,01U{2}.

Since A is the union of two closed sets, A is closed in R and thus complete. On the other
hand, A is not connected because it is not one of the sets listed in Theorem 7.6.

6. Suppose that the sets A, B C R are nonempty, disjoint and open in R. If there is a
connected set U such that U C AU B, show that either U C A or else U C B.

Consider the sets Uy = U N A and Uy = U N B. These sets are obviously disjoint and
open in U. Moreover, the former contains the elements of U which lie in A and the latter
contains the elements of U which lie in B. Since all elements of U lie in either A or B, we
conclude that U; U U; = U. On the other hand, U is connected, so this can only happen, if
either U; or Uj is empty. If U; is empty, then U, is all of U and so U = Uy, C B. If Us is
empty, then U; is all of U and so U = U; C A.



7. Consider two functions f: A — B and g: B — C. If f, g are both surjective, then
show that g o f is surjective. If g o f is surjective, then show that ¢ is surjective.

For the first part, suppose f, g are surjective and ¢ € C'. Then there exists some b € B
such that g(b) = ¢ and there exists some a € A such that f(a) = b. This gives

(9o f)la) = g(f(a)) = g(b) = c

and so g o f is surjective. For the second part, suppose g o f is surjective and ¢ € C. Then
there exists some a € A such that g(f(a)) = ¢. Once we now let b = f(a) € B, we may
conclude that ¢g(b) = g(f(a)) = c. This shows that g is surjective.

CS. Find a bijective function f: (0,1] — (0,1} U (2, 3]. Is such a function continuous? )

Since (0, 1] is connected and its image is not, the function f is not continuous. To find a
specific example, one may consider a function such as

B 2z ifo<z<1/2
f(m)_{Q:c—i—l if1/2<z<1 }

This is a piecewise linear function which maps (0,1/2] to (0,1] and (1/2,1] to (2, 3].

CQ. Find a bijective function f: A — A — {x¢} when A is an infinite set and zy € A. )

Since A is infinite, it contains a sequence xg,x1, 9, ... of distinct points. Consider a
function f that shifts all these terms to the right. More precisely, consider the function

Ty if x = x,, for some n > 0
f<x>={ o }

T otherwise

This maps the points xg, x1, 2o, ... to the points x1,x9,z3,... and leaves all other points
fixed. It is thus a bijective function between the set A and the set A — {x(}.

(10. Show that every subset of a countable set is countable. )

Suppose A is countable and B C A. Then there exists an injective map g: A — N and
this gives a bijective map ¢g: B — g¢(B). Since g(B) is a subset of N, it is countable by
Theorem 8.3. One can thus find an injective map h: g(B) — N. This implies that the
composition h o g: B — N is injective and that the set B is countable.

Cll. Suppose A is a countable set. Show that there is no surjective map f: A — (0, 1). )

Suppose that such a map exists. Since A is countable by assumption, there also exists
a surjective map g: N — A. The composition f o g: N — (0,1) is then surjective as well.
Using Theorem 8.4, we conclude that (0, 1) is countable. This contradicts Theorem 8.2.



12. A set A C R is called path connected if, given any two points =,y € A, there exists
a continuous function f: [0,1] — A such that f(0) = z and f(1) = y. Show that every
path connected subset of R is connected.

Suppose that A C R is path connected, but not connected. Then A can be expressed
as a union A = A; U Ay of two nonempty disjoint sets A;, A, which are both open in A.
Pick some points © € A; and y € A,. Since A is path connected, there exists a continuous
function f: [0,1] — A such that f(0) = = and f(1) = y. Now, consider the inverse images

U = [ (4y), Uy = f1(As).

Since f(0) =z € A; and f(1) =y € Ay, one has 0 € U; and 1 € U,. Thus, the above sets
are nonempty. To show that they are also disjoint, we note that

U1 N UQ - f71<A1) N fﬁl(A2> == fﬁl(Al N A2> = .
To show that their union is [0, 1], we use a similar computation to check that
U Ul = fTHA)U fH(Ag) = (AU Ag) = f71(A) = [0,1].

We conclude that [0, 1] is the union of two nonempty, disjoint sets Uy, Uy which are both
open in [0, 1]. This contradicts Theorem 7.6 which asserts that [0, 1] is connected.
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(1. Show that the set A consisting of all functions f: {0,1} — N is countable. )

Any such function is determined by its values f(0) and f(1). In other words, there is
a bijective map ¢: A — N x N which is defined by ¢(f) = (f(0), f(1)). Since N x N is
countable by Example 8.6, there also exists a bijective map g: N x N — N. It easily follows
that the composition g o p: A — N is bijective and that A is countable.

(2. Show that the set B consisting of all functions f: N — {0,1} is uncountable. )

Suppose that B is countable and f1, fs, f3,... are the only such functions. In order to
find another function which does not appear in this list, we define f: N — {0,1} by

oy = {8 Hpm=Y

Since f(n) # fu.(n) for each n € N, the function f differs from each of the given functions,
so it does not appear in the original list and this is a contradiction.

<3. Show that the union of two compact subsets of R is compact. )

Suppose that A, B are compact subsets of R. To show that their union is also compact,
consider some sets U; which form an open cover of AU B. The sets U; cover AU B, so they
certainly cover both A and B. Since A, B are compact, they are covered by finitely many of
these sets. Suppose A is covered by m of them and B is covered by n of them. Then AU B
is covered by at most m + n of the sets, so AU B is compact as well.

4. Are the following subsets of R compact? Why or why not?

A={zeR:z*—-22° -8 <0}, B={zeR:xz+sinz > 0}.

When it comes to the first set, one may factor the given polynomial to find that
' — 227 — 8 = (2° — 4)(2* + 2).

Since 2% + 2 is always positive, this gives A = [—~2,2] and so A is compact by Theorem 9.9.
On the other hand, it is easy to see that B is not compact because

r>1 — x+sinz>1+sine>0 — x€B.

This means that the set B is unbounded, so B is not compact by Theorem 9.4.



5. Let {x,} be a sequence of real numbers such that z,, converges to z as n — oo and
consider the set A = {x,x1,x9,23,...}. Show that A is a compact subset of R.

Suppose that the sets U; form an open cover of A. Then A is contained in the union of
these sets, so x € U;, for some index ig. Since U, is open, it follows by Theorem 3.9(c) that
U, must contain zy,Tn41, ... for some natural number N. Thus, the only terms which are
not contained in U;, are the terms z; with 1 < k& < N. These are finitely many terms and
each of them lies in A, so each of them lies in U;, for some index ¢;. In particular, all the
elements of A are contained in finitely many of the given sets and A is compact.

6. Show that none of the following sets are compact.

A = (0, 00), B =(1,3), C={reR: 2>z}, D={1/n:neN}.

The sets A, C' contain every real number x > 1, so these sets are unbounded and they
are not compact by Theorem 9.4. To show that B is not compact, consider the function

fiB—>R, flz)=1/(3—2).

Then f is continuous on B and f(3 — %) = n for each n € N, so f is unbounded. In view of
the Extreme Value Theorem, this means that B is not compact. For the set D, we take

g: D =R, g(x) =1/z.

Then g is continuous on D and g(1/n) = n for each n € N, so D is not compact, either.

7. Show that there exists no continuous surjective function f: [0,1] — A when

A=[0,1]U[2,3, A=[0,1), A=Qn[0,1], A=(0,00).

Suppose that such a function exists. Since the interval [0, 1] is connected, the image A
must then be connected, so it must have the intermediate point property. This is not true
for either the first or the third set. For instance, the third set contains 0,1 but not %\/5

A similar argument applies for the other two sets as well. Since [0, 1] is compact, the
image A must also be compact. However, (0,00) is not compact because it is unbounded
and [0, 1) is not compact since f(z) = 1/(1 — x) is continuous, but not bounded, on [0, 1).

(8. Find a bijective function f: [0,1] — [0,1). Is such a function continuous? )

The first part is a special case of Problem 9 from Problem Set #6. As long as the set A
is infinite, there is always a bijection f: A — A — {x} for any element zy € A. In fact, one
may simply pick a sequence of points in A and shift them to the right. For instance, let

f@):{ 1/(n+1) if x =1/n for some n € N }

T otherwise



This function maps 1, %, %, oot %, %, }1, ... and leaves all other points fixed, so it defines a

bijection f: [0,1] — [0,1). We now show that such a bijection cannot be continuous. If it
were continuous, then the fact that [0, 1] is compact would imply that the image [0,1) is
compact. As we saw in the previous problem, however, the interval [0, 1) is not compact.

9. Show that every open subset of R can be written as the union of open intervals (r, s)
whose endpoints r, s are rational numbers with r < s.

Suppose that A C R is open. Given any = € A, we can then find some ¢, > 0 such that
(x —ep,x+e,) C A
Pick a rational number r, € (z — &,, ) and a rational number s, € (z,x + ¢,) so that
T—E, <Tp <T<Sy<x+e, = € (r,5)C(r—e,r+e,)CA
Since the set A can be expressed as the union of its elements, we conclude that
A= € s € A
zeA zeA

In particular, the above sets are all equal and A is the union of the intervals (7., s,).

(10. Show that a set A C Z is compact if and only if it is finite. )

If A C Z is finite, then A is compact by Example 9.2. Conversely, suppose A C Z is
compact. Then A must be bounded, so A C [—N, N]| for some positive integer N. Since A
consists entirely of integers, this implies that A C {0,+1,...,£N} and so A is finite.

Cll. Suppose that A C R is nonempty and compact. Show that max A exists. )

Consider the inclusion map i: A — R which is defined by i(z) = x for all z € A. This
is continuous by Theorem 5.10 and A is compact, so ¢ attains a maximum value by the
Extreme Value Theorem. Needless to say, this maximum value is the largest element of A.

12. Suppose that A C R is compact and f: A — A is continuous with

|f(z) = f(y)| < |z —y| forall z#y.

Show that there exists a point zy € A such that f(zy) = .

Consider the function g: A — R defined by g(z) = |f(z) — z|. Being the composition of
continuous functions, ¢ is then continuous. Since A is compact, it follows by the Extreme
Value Theorem that ¢ attains a minimum value g(xg) at some point zg € A. If g(xy) = 0,
then f(xg) = x¢ and the proof is complete. Otherwise, g(z¢) # 0 and so f(xg) # xy. Using
the given inequality, one may thus conclude that

[f(f (o)) = flzo)| < [f(wo) =20l = g(f(20)) < g(xo0).
Since f(xg) € A, this contradicts the fact that g(z¢) is the minimum value attained by g.
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Cl. Suppose A C R is bounded. Show that its closure A is compact. )

A subset of R is compact if and only if it is bounded and closed in R. Since A is closed
by definition, it remains to show that A_is bounded. Since_A is bounded, A_Q [—N, N] for
some N > 0. Moreover, A C B implies A C B. This gives A C [N, N], so A is bounded.

<2. Suppose A C R is compact and B C A is closed in A. Show that B is compact. )

A subset of R is compact if and only if it is bounded and closed in R. In this case, A is
compact, so it is bounded and B C A is bounded as well. To show that B is closed in R, we
use the fact that B is closed in A. Write B = AN C for some set C' which is closed in R.
Since B is the intersection of two closed sets, B is then closed as well.

3. Are the following subsets of R compact? Why or why not?

A={z €R:sinx +cosx < 1}, B={r€R:2*+sinzr <1}.

The first set is not compact because it is not bounded. For instance, x = 0 is an element
of A and the functions sinx, cosz are periodic, so any integer multiple of 27 is an element
of A as well. To show that B is compact, we let f(x) = z* + sinz and we note that

B={aseR: f(2) <1} ={ae € R: f(a) € U} = (V).

where U = (—o0, 1]. Since U is closed in R and f is continuous, the inverse image must be
closed in R, so B is closed in R. To show that B is also bounded, we note that

r€B — 2+sinz<]l = 22<1-—sinz<2.

4. Suppose A C R is nonempty and f: A — R is continuous. If the set A is bounded,
must f(A) be bounded? If the set A is closed, must f(A) be closed?

The first part is not true because A = (0,1) is bounded and f(z) = 1/x continuous, but
the image f(A) = (1,00) is not bounded. For the second part, one may consider sets A
which are both closed and bounded. In that case, A is compact, so f(A) is compact and
thus closed. If one considers sets A which are closed but not bounded, however, the result
is not true. For instance, A = [1,00) is closed in R, but its image f(A) = (0, 1] is not.



<5. Suppose A C R is compact. Show that every infinite subset of A has a limit point. )

Suppose that B C A is infinite and B has no limit points. Then every element x € A
has a neighbourhood U, which does not intersect B at a point other than x. Consider the
collection of all the neighbourhoods U,. Since those contain all elements of A, they form an
open cover of A, so finitely many of them cover A. In other words, we have

BCACU,UU,U---UU,,

for some n. Now, each neighbourhood U,, does not intersect B at a point other than z.
Thus, the right hand side contains only a finite number of elements of B. Since the right
hand side contains all elements of B, this means that B is finite, a contradiction.

<6. What can you say about a set A C R, if every subset of A is compact? )

We show that only finite sets have this property. If A C R is finite, then A is compact
by Example 9.2. Moreover, every subset of A is finite, so every subset of A is compact.

Suppose now that A C R is infinite and compact. Then A contains a sequence {x,} of
distinct points. Since A is compact, it is bounded, so the sequence is bounded as well. In
view of the Bolzano-Weierstrass theorem, it must thus have a convergent subsequence. Let
us denote the limit of this subsequence by x. Since A is compact, it is also closed, so x is an
element of A by Theorem 4.6. This implies that A — {x} is not closed because it contains a
convergent subsequence but not its limit. In particular, A — {x} is not compact, either.

C7. Show that the function f: [0,a] — R is integrable for any a > 0 when f(x) = 2. )

Consider a partition P = {xg,x1,...,2,} of equally spaced points and note that
=inf{f(z) 2 <z < a1} = Ik?
My =sup{f(z) : xp <& < ap} = 234,
for each 0 < k < n — 1. Using the definition of Darboux sums, one now finds that

-1

n—1
U(f,P)— (M), — my) - (Tpy1 — Tx) Z Tpy1 + 2p) (Tpyr — 21)°
k=0 k=0

3

In this case, xx.1 + x < 2a for each k and we also have xy.1 — xp = a/n, so

U(f,P) = L(f,P) < ) 2a %:—.

Since the right hand side approaches zero as n — oo, we conclude that f is integrable.



8. Show that the function f: [0, 1] — R is integrable for any a,b € R when
_Ja ifz#0
f(x)_{b ifa::()}’

Consider the partition P, = {0,1/n, 1} for any integer n > 2. In this case, one has

mo = inf{f(z) : 0 <z <1/n} = min{a, b},
My =sup{f(z):0<xz<1/n}=max{a,b}

and also f(z) = a throughout [1/n, 1], so m; = M; = a. It easily follows that

U(f,P,) — L(f,P,) = M ; mo _ max{a,b} — min{a,b}.

n

Since the right hand side approaches zero as n — oo, we conclude that f is integrable.

9. Suppose that f: [0,1] — R is integrable and let a > 0. If the function g¢: [0,a] — R
is defined by g(z) = f(x/a), show that g is integrable and [’ g(z)dz = afol f(z)dx.

Given a partition P = {zg,x1,...,x,} of the interval [0, a], one may let y, = x4 /a for
each k to obtain a partition @ of the interval [0, 1]. In addition, it is easy to check that

my(g) = inf {g(x) : xp < < Tpi1}
=inf {f(z/a) : yp < x/a < ypi1} = mu(f)

and similarly My (g) = Mg(f). Thus, the corresponding Darboux sums satisfy the relation

[y

Ulg, P) = L(g, P) = ) _(Mi(g) —mi(9)) - (xk11 — %)

3

T
|
= O

|
(]

(Mi(f) = m(f)) - a(Yrs1 — Y)

U, Q) = L(, Q)]

Since f is integrable by assumption, this expression becomes arbitrarily small and so g is
integrable as well. Using the definition of the integral, one may thus compute

[
T T
o

/ g(x)dx =sup{L(g, P) : P is a partition of [0, a|}
0

= sup {aL(f,Q) : Q is a partition of [0, 1]} = a/1 f(x)dx.
0



10. Suppose f: [0,1] — [0,00) is integrable with f(x) = 0 for all x € Q. Show that

/Olf(x)dx =0.

Given any partition P = {zg,x1,...,2,} of the interval [0, 1], one has
my =inf{f(z):zp <z <z} =0

for each 0 < k < n — 1. This is because f(z) is non-negative and each interval [xy, zg 1]
contains a rational number. In particular, L(f, P) = 0 for any partition P, and thus

/1 f(z)dx =sup {L(f, P) : P is a partition of [0, 1]} = 0.
0

(11. Let a < b. Find a function f: [a,b] — R such that f? is integrable, but f is not. )

We give an example which is very similar to Example 10.6. Consider the function
B 1 ifzeQ
ﬂx)_{ -1 ifz¢Q }
Given any partition P = {zg,x1,...,x,} of the interval [a,b], it is easy to see that

my =1inf{f(z) : a2 <z <z} =-1,
My =sup{f(z) 12 <2 <1} =1

for each 0 < k < mn — 1. This is because each interval [xy, z),1] contains both a rational and
an irrational number. In particular, all the lower Darboux sums are equal to

[y

n—1

L(f,P) =Y my(zp —wx) = = Y (tp1 —2) = —(b—a)

k=0 0

3

e
Il

and all the upper Darboux sums are equal to U(f, P) = b — a. This implies that
L(f)=a-b<0, U(f)=b-a>0 = L(f)AU([),

so f is not integrable. Since f? is constant, however, f? is integrable by Example 10.5.



(12. Let a < b and suppose f: [a,b] — R is increasing. Show that f is integrable on [a, b])

If the partition P = {xg, z1,...,z,} consists of equally spaced points, then

my, = inf {f(2) : 2, <& <z} = flaw),
My =sup {f(x) 1 2p <2 < w41} = f(Th41)

for each 0 < k < n — 1. In particular, the Darboux sums of f satisfy the relation
n—1

1
—a
U(f,P) (Mg —my) - (Tp41 — Tp) Z f(@ps1) — fzr).
k=0 k=0

3

This relation involves a telescoping sum that can be simplified to give

U(f,P) = LU, P) = [ fw) = Flan)] = = [100) — f(@)]

Since the right hand side approaches zero as n — oo, we conclude that f is integrable



Analysis Solutions #9

1. Suppose that f: [a,b] — R is integrable and let I be a real number such that
L(f,P)<I<U(fP)

for all partitions P of [a,b]. Show that [ must be equal to I = fab f(z)dx.

Since L(f, P) < I for any partition P, the number [ is an upper bound for the lower
Darboux sums. The integral is the least such upper bound by definition, so

b
/ f(z)dx =sup {L(f, P): P is a partition of [a,b]} < I.

The opposite inequality follows in a similar manner. Since I < U(f, P) for any partition P,
the number [ is a lower bound for the upper Darboux sums and this implies that

b
/ f(z)dx =inf {U(f, P) : P is a partition of |a,b]} > I.

2. Suppose f is integrable on the interval [a,b] and let a < ¢ < b. Show that f is also
integrable on the subintervals [a, ¢] and [c, b].

Let ¢ > 0 be given. Then there exists a partition P of [a, b] such that
U(f,P)— L(f,P) < e.
The refinement Q = P U {c} satisfies U(f, Q) < U(f, P) and also L(f,Q) > L(f, P), so
U(f,Q) — L(f.Q) <U(f,P) — L(f,P) <e.

Now, the partition @ has the form @ = {xg, z1,...,z,}, where ; = ¢ for some i. One may
thus decompose @ into a partition ¢y of [a, ] and a partition @y of [¢,b]. The sum

n—1

L(f,Q) =Y _inf{f(x): 2x <& < mpsa} - (o1 — )

k=0

involves both the terms z; < x; = ¢ and the terms x; > z; = ¢, so one clearly has

L(f,Q) = L(f, Q1) + L(f,Q2).

Since a similar relation holds for the upper Darboux sums, one may then conclude that

Here, the left hand side is a sum of two non-negative terms whose sum is smaller than e.
Thus, each of the terms is smaller than € and f is integrable on both [a, ¢] and [c, b].



3. Suppose f: [a,b] — R is a bounded function which is zero at all points except for
one point. Show that f is integrable on [a,b] and fab f(z)dx =0.

Suppose that f is zero at all points except for the point ¢ and let P, = {zo,z1,...,2,}
be a partition that consists of equally spaced points. Then one clearly has

my =1inf {f(z) : a2 <z <z} =0,
My =sup{f(z) 1o <z <axp11} =0
on any interval [z, zx41] which does not contain the point ¢, while
m; =inf {f(x) :z; <z <x;1} = min{f(c),0},
M; =sup{f(x):x; <z <z} = max{f(c),0}
on the remaining interval [z;, ;1] which contains c¢. This gives rise to the relation
U(f, Po) = L(f, Po) = (M; — my) - (i1 — 24)
= |max{f(c),0} —min{f(c),0}| -

Since the right hand side approaches zero as n — oo, we conclude that f is integrable.
To compute the integral of f, we note that the upper Darboux sums are equal to

b—a
—

b—a

n

U(f, Pn) = Mi(ziy1 — x;) = max{f(c),0} -

These are all non-negative and arbitrarily small, so the definition of the integral gives

/b f(z)dx =inf {U(f, P) : P is a partition of [a,b]} = 0.

4. Suppose f: [a,b] — R is bounded and g: [a,b] — R is integrable. If f(x) = g(z) at
all points except for finitely many points, show that f is integrable on [a, b].

The difference h = f — g is zero at all points except for finitely many points. One may
thus express h as a sum of functions which are zero at all points except for one. In view of
the previous problem, each of these functions is integrable. It follows by Theorem 11.3 that
their sum h is also integrable. In particular, f = g + h is integrable as well.

5. Find two bounded functions f,g: [a,b] — R such that f(z) = g(z) at all points
except for countably many points and ¢ is integrable on [a, b], while f is not.

Consider the function f defined by f(x) =1 for all z € Q and f(xz) = 0 for all z ¢ Q.
This is not integrable by Example 10.6, but it is bounded and it satisfies f(x) = 0 except
for countably many points. On the other hand, g(z) = 0 is certainly integrable on [a, b].



6. Show that the function f: [0,27] — R is integrable when

f(x)_{sinx fo<z<nm }

Ccos T ifr<xz<2m

When it comes to the interval [0, 7], the function f is continuous and thus integrable
by Theorem 11.1. When it comes to the interval [r, 27|, one has f(z) = cosz at all points
except for one, so f is integrable on [m, 27| by Problem 4. Since integrals are additive by
Theorem 11.2, we conclude that f is integrable on [0, 27| as well.

7. Suppose f: [a,b] — R is continuous. Show that there exists some ¢ € [a, b] such that

1 b
:b—a/ f(z)dx

Since f is continuous on the compact interval [a, b], it attains both a minimum value m
and a maximum value M. This gives m < f(z) < M for all z € [a,b] and thus

/abmde/abf(x)de/abde — m(b_a)g/abf(x)dxéM(b_a)

by Theorem 11.5 and Example 10.5. Note that f attains the values m, M and that

1 b
< - < M.
m_b_a/af(:v)dx_

The result now follows by the intermediate value theorem because f is continuous.

8. Suppose f: [a,b] — R is continuous and ¢: [a,b] — R is a non-negative, integrable
function. Show that there exists some ¢ € [a, b] such that

/a ’ f@)ale) de = £ / el

Since f is continuous on the compact interval [a, b], it attains both a minimum value m
and a maximum value M. This gives m < f(z) < M for all = € [a,b] and thus

mg(z) < f(x)g(z) < Mg(z) = m/ dw</ flz d:cSM/abg:r dzx

by Theorem 11.5. If the integral I = f: g(x) dx is zero, we have fabf(x)g(m) dx = 0, so the
given equation holds for all ¢ € [a, b]. If I is nonzero, on the other hand, we have

m[</f w)dr < MI = m<- /f (z)dx < M.



Since f attains the values m and M, it attains every other value that lies between them by
the intermediate value theorem. In particular, there exists some ¢ € [a, b] such that

b b b
i [t@s@ar =10 = [ e de =01 =50) [ gt d.

[9. Given a continuous function f: [a,b] — R, show that ’f: f(z) dx‘ < f: |f(x)| dz. j

This inequality follows easily by Theorem 11.5. Since £f(x) < |f(x)|, that is, one has

/ab f(z)dx

[10. Suppose f: [a,b] — R is continuous and let F(z) = [ f(z)dx for each z € [mb].j

=+ [ war= [l s [l

Show that the function F' is continuous as well.

Let € > 0 be given. To prove continuity, one needs to find some § > 0 such that
ly—zl<é = |Fy)-F(z)[<e

for all y,z € [a,b]. Since f is continuous on the compact interval [a,b], it is bounded, so
there exists M > 0 such that |f(z)| < M for all x € [a,b]. When y > z, one can write

F) = Fe) = [ @)= [ fayde= [ fla)do

because integrals are additive by Theorem 11.2. Using the previous problem, we now get

/Zy f(z)dx

The exact same argument applies when y < z. In that case, one finds that

/yzf(x)dx

This gives |F(y) — F(z)| < M|y — z| in any case. Letting § = ¢/M, we conclude that

[F(y) = F(2)| =

g/zy\f(x)\dmg/zdeJ::M(y—z).

|F(2) = F(y)| =

< /yz|f(:v)ldx§/:de=M(z—y)-

ly—z]<d = |F(y)—F(2)| < Mly—=z|<Mj=ce.



(11. Suppose f: [a,b] — R is bounded and integrable. Show that f? is integrable. )

Since f is bounded, one has |f(z)| < M for some M > 0. Let P = {xg,21,...,2,} be a
partition of [a, b] and consider the expressions

me(f) =inf {f(z) : xp <2 < 241}, My (f) =sup{f(z) : 2r <z < xpyi1}.

Given any two points y, z € [zx, Tg11], one has f(y), f(z) € [mx(f), Mk(f)] and thus

F)? = f(2)* = [f(y) + f(2)] - [f(y) = f(2)] < 2M - [Mi(f) — mue(£)]-

This gives an upper bound for the values f(y)? and M, (f?) is the least upper bound, so

Mi(f?) < 2M - [Mi(f) = mu(f)] + f(2)°

for any z € [zy, T4 1]. This gives a lower bound for the values f(z)?, so we similarly get

Mi(f?) = 2M - [My(f) = mi(f)] < my(f?).

It remains to relate the lower and upper Darboux sums for f and f2. Noting that

—_

U(f*, P) = L(f*,P) = ) _[Mu(f*) = mu(f*)] - (2r41 — 1)

3

il

by definition, one may combine the last two equations to find that

n—1

U(f*, P) = L(f?,P) < 2M - Y [Mi(f) — mi(f)] - (w41 — 24)

Since the right hand side is arbitrarily small, we conclude that f? is integrable as well.

<12. Suppose f,g: [a,b] — R are bounded and integrable. Show that fg is integrable. )

The result follows easily by the previous problem. Since f,g are integrable, one finds
that f 4 g are also integrable, so the same is true for (f + ¢g)?. On the other hand,

(f+9)’—(f—9*=(f+2fg+¢>) — (f*—2fg+g°) = 4fqg.

This gives fg = 1(f + 9)> — 1(f — 9)?, so fg is integrable by Theorems 11.3 and 11.4.
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