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Chapter 1

Introduction

We will consider an example from physics where we require the use of distributions to solve prob-
lems. Consider the following circuit diagram:

Coil
—c,.ﬂ"""#

=i
Woltage Resitance

Capacitance

We have a circuit with voltage V', resistance R, capacitance C' and inductance in the coil L. When
we flip the switch at time ¢ = 0, we have a constant voltage flowing through the circuit. Thus, we
have V (t) = Vpé(t), where V; is a constant, and 6(t) is the Heaviside function given by

1 >0 _
H(t)—{o t<0}—1R+(t)
If we let I(t) be the current flowing through the circuit at time ¢, then we also have
1 t
V(1) = Vob(t) = LI'(t) + RI) + / I(r) dr
0
If we differentiate this, we will have an ODE in I, so we get:

Vi) = Vol (t) = LI"(t) + RI'(t) + %I(t)
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t
Let 0'(t) = 0(t). This will be called the delta function. What we want is that / o() dr = 6(¢).

Our problem with the above is that we know that § = 0 a.e., and so [d(¢) dt = 0, so § is not a
function.

Suppose that § did exist, and let f be any function. Then we have
| swsw = [ swseyaer [ rwse) i = o)
—00 {0} R\{0}
By substitution, this gives us

| sa= ) do = s

Thus, if we have a solution to the above ODE, a solution to

1
LI"(t) + RI'(t) + af(t) = f(t)
will be (f x I)(t). We know that as a measure, 0 is in fact well defined. Recall the following:

Theorem 1.1 (Riesz Representation Theorem). Let p be a positive Radon measure on R™, which
s a locally compact space. Then

L) = [ fdu
defines a positive linear form on k(R™), where
K(R") ={F :R" - R | f is continuous and supp(f) is compact }

Conversely, if L is a positive linear form that satisfies the above, then there exists a unique Radon
Measure such that

L) = [ fau

We can generalise this even further.

Theorem 1.2 (Riesz Representation Theorem in C). Let p be a complex-valued Radon measure
on R™, which is a locally compact space. Then

L(f) = / fdp
defines a positive linear form on kc(R™), where
ke(R™) ={F :R" — C| f is continuous and supp(f) is compact }

Conversely, if L is a continuous linear form that satisfies the above, then there exists a unique
complex-valued Radon Measure such that

L(f)—/fdu
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Our definition of § is not quite sufficient: we may wish to differentiate §. To do this, we take
the integration by parts formula as a definition, so for a function ¢ € k(R)

[swear =pweor - [ st d

= | s@)p(t) dt

= ¢(0)

as  has compact support. Our problem with this is that we only assumed ¢ to be continuous, not
differentiable.

Definition 1.3 (Differential Space). Given an open domain  C R™ we make the following
definitions

D(Q) ={¢p: Q2 —= C|pis C®,supp(p) is compact } = C*°(Q) N kc(Q)
Di ={y € D(Q) | supp(¢) € K}
A sequence (¢p,)22 in Dk is said to converge to ¢ € Dy if the following hold:

o llon — ¢lloo

e 0Py, — 0Py uniformly for all multi-indices p

where p € NI = {(p1,p2,...,pn) | i € Nyi=1,2,...,n} and
[¥]loc = sup [¢(x)]
zeR”

ogp1 P gpn
Oxt 9at? 9k ()

0%p(z) =

We’ll use the notation ¢, D—) Y
K

Definition 1.4 (Distribution). A DISTRIBUTION on 2 is a continuous linear map 7" : D(§2) — C,
in the sense that if ¢,, — ¢ in Dk, then T'(¢,) — T(p) for all K C Q. The set of all distributions
on  is denoted D'(92).

Our first problem is that D(€2) may be empty. We’ll show that it is not.

Proposition 1.5. If f € ﬁloc(R)” and @ is a compler valued Radon measure on @ C R™, then the

following
/ flz Tu(e) = / @ dp

define distributions for all ¢ € D(Q
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Proof. Let i be some complex valued measure on R, and suppose that ¢, — ¢ in Dg. Then we
have

Tion) =Tl = | [(0n =)

S/ lon =l dp
K

< llpn —ll - |pl(K) — 0
as |u|(K) < oo. For f € Eioc’ we have

Ty(on) — Ty(0)] = ] [nt@) — ol (@) da

< /K on — | | £ ()] da

< ||son—sou/K|f<x>| dz 5 0

since f has a finite integral. |
Lemma 1.6. Define A: R — R by
_1
A(t) = et t>0
0 t<0
Then, A € C*°(R)

Proof. We’ll show that

() bor={ gt 20l

where P, is a polynomial. We have

o+l
~ o
(AVARYS
S O
——

d %67
ORSE

so Pi(z) = x2. By induction, we have

(jt)+ ao)l =2,

P! P,(3
= — T;g 67% + T;gt)ei
1
= Fpp1e ¢
where P, y1(x) = —2?P.(z) + 22 P,(x). We also note that we have
I D etoo
— t =
t{%pn t ¢
as required. [ |
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Corollary 1.7. Let p(x) = cA(1 — ||z||?) for x € R". Then p € D(R™) and supp(p) = B(0;1).

In practise, we will take
1

JAQ = 2?) dz

CcC =

so that

/np(:z:) d'z =1

If Q is arbitrary, we may have B(0;1) € ©, which is problematic. However, we may shift p by a
change of variables, and shrink its codomain by considering

pelr) = 0 (%)

€
This gives that supp(pe) = B(0;¢€) and x * *
Definition 1.8. For 73,7, € D'(Q2), we define
(Th + T2)(¢) = T1(p) + T2(e)
for all ¢ € D(Q). Also, for all & € C°(Q), we define
(@T)(p) = T(ap)
Proposition 1.9. D'(Q) is a linear space, and if « € C*°(Q) and T € D'(QY), then oT € D' (Q)

Proof. The linearity of the space follows easily from the definitions of addition and scalar multi-
plication. It remains to show that o' is a distribution. We need to show that if ¢, — ¢ in Dk,
then ap, — ayp in Dy. First note that if ¢, — ¢ uniformly, then ay, — ap uniformly because

lapn — aplloo < [lerlk oo - llon — #lloo
For the derivatives, we use the Leibniz formula which will be proved later, i.e.
m)!
IMap) = Y }Tq!(@”a)(@qw)
ptg=m
where p, ¢ are multi-indices. |

Definition 1.10 (Derivatives). If p € N¥ is a multi-index and T' € D’'(Q2), then the p'h derivative
of T is defined by
(0"T)(¢) = (=1)PIT(07¢)

for o € D(Q), where |p| =p1 +p2+ -+ pn-
Proposition 1.11. If f € C|p‘(Q), then OPTy = Ton g
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Proof. By direct computation, we have

(OPT)(p) = (~1)PITy(0Pp)
— ()P [@e)@)fw) ds
— [ @)@ )@ do
= Torf(p)
where we integrate by parts a sufficient number of times. [ |

Proposition 1.12 (Leibniz Rule). If T € D'(Q) and o € C*°(Q), then for any multi-index m,
|
oMaT)= Y T (0Pa)(@T)
i P

where the sum is over multi-indices p and q, and if m = (my,ma,...,my), then

n

i=1

Proof. We’ll compute this by induction. If |m| = 1, then 9™ = B%i for some i. Hence:

(] ) =1 (52)

e
=-T
a@:@)
0 oo
-7 _
2 ag)— o w)
0 o

as required. Now, we assume that the formula holds for all m such that |m| = k, and consider
|m| = k + 1. Letting e; be a vector of length k + 1 whose j** coordinate is i, we have
0
' (m — e;)!
=0y ) gy o)
. 1g!
Ox; e, p.'q.
= Y Reiea) @) + (@) 00 T)
pra=m—-e; P 'q"
= > 07 )@ T) + (07 ) (7T
pig=m P
Hence, we need to show that
( A |)(p; ;,)_ APUl
Di-q; 5t
This follows from the fact that p, 4+ ¢} = m;. [ |
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Theorem 1.13. Ewvery distribution T € D'(R) has a primitive S € D'(R), i.e. S" =T, which is
unique up to an additive constant.

Proof. We note that
S'=T &5 =-St)=T)

for all test functions 1. Therefore we need S(x) = —T'(¢) for any x = ¢/, i.e. for y € D(R) with

/oox(t)dt—o

Indeed, if x = ¢, then
| xa= v =o

—00

On the other hand, if / X(t) dt = 0, then we can define

() = / X(#) dt’

—00

Now, choose some ¢y € D(R) with
oo
/ po(t) dt =1
—00
[e.e]

Then given any ¢ € D(R), we have the unique decomposition ¢ = ayg+ X, where a = / (t) dt.
—0oQ

This gives
S(p) = aS(po) +5(x) = aS(po) — T(¥)

if x = 4’. We now want to define S(¢) by this expression, and need to show that it is a distribution.
It thus remains to prove that ¢, — 0, then S(p,) — 0. Clearly, if ¢,, — 0 in Dk, then a,, — 0 an
Xn — 0 in Dgr, where K’ = K Usupp(p). We have that

t
() = /_ () dt’ € Dy

where H is the smallest interval on the real line containing K’. Thus, x, — x = 0 and hence
T(Yn) — T(¢), as T is a distribution. It follows that S(p,) — 0, so S is also a distribution.
Clearly S" = T because

where
© =apo+ X = ¢ =apg+ X =apo + v
and ¥ = ¢ Finally, if S| = S5 = T, then we have

51(6) = S2() = alS1 (o) — Salow) = [ " Cpt) dt

where C' = S1(pg) — S2(pg). Thus, S; — S = C. |
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Regularisation and Localisation

Theorem 2.1. Let p be a Radon measure on R™. Then the set kc(R™) is dense in LP(R™, u) for
p € [1,00), where

LP(R"™), u) = {f:Rn%C : /|f|pd,u<oo}
Proof. Let f € LP(R™),u), and let (K,,)5°_; be a sequence of sets in R™ increasing to R", so

K, /" R™ We define

0 f(z)=0o0rz ¢ K,,

Jm(@) = min{m, f(x /(@) T T

for all z € R". Then we have f,, — f and therefore |f,(z) — f(z)| \, 0, so

[f @) = [fm(x) + f(2)] 7 [f ()]

By the Monotone Convergence Theorem,

/‘f’p—’fm—f!pdu//]f\pdu
S L

ie. fp, — fin LP norm. We conclude that we may assume f to be bounded and to have compact
support. However, if this is true, we can approximate f uniformly by a simple function

N
g= Z crla,
k=1

We can in fact replace the above sets Ay by compact sets Kj. If g is uniformly close to f, i.e.
|f — g| <€, then for K compact,

/Klf—gl” dp < €’p(K) <n
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where p(K) must be finite as K is compact. The K are disjoint, compact sets, so there exist
disjoint open sets O; D K; with O; C K; U B(0,€). By Urysohn’s Lemma, there exist continuous
functions ¢; € kc(R™) with

1k; < »j < 1o,

Define
N
Y= Z CkPk
k=1
Then we have
N N
Jlo=grau=3" [ el du=>"le;Pu(0;\ ) >0
=17 Oj\K; j=1
as u(0; \ K;) — 0, as required. [

Theorem 2.2. Let g € L} (R™) and define g. by

loc

ge(&) = (pe % g)(z) = / pe(z — 1)g(y) d"y

(ge is called the REGULARISATION of g). We then have:

1. g. € C* and supp(g) C supp(g) U B(0, ¢)
2. If g : R™ — C is uniformly continuous, then ge — g uniformly as ¢ — 0.
3. If g € CF(R",C) (the space of C* functions from R™ with compact support), then
(0Pg)e = 0"ge — 0%y
uniformly, and ||0Pge — 0Pgllcc — 0 as € — 0 for all p € N§ with |p| < k.
4. If f € LP(R™) with p € [0,00), then fo € LP(R™), ||fellp < ||fllp and fe = f in LP norm.
Proof.

o Let g € L},.. We wish to show that g, is differentiable, i.e.

(f%ge(:z:) = / ((Biipe(fv - ?J)> g(y) d"y

To prove this, we use the dominated convergence theorem. We have

9 (@) = tim J@HNe) = 9e@) _pp gel@F huei) = ge(2)
c%zi ¢

h—0 h n—00 hn

where h,, is some sequence which converges to 0. Recalling the definition of g., we note that

iy 9@+ hnei) = ge(2) :/<hm pe(x—y+hnei)—pe(m—y))g(y) iy

n—o0 hnp, n—00 hn,

10
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But we know that ( hoei) ( ) 5
P — Y+ Npe;j) —pe(x —y
hy, - Ga:ipe(x v)

and moreover, by the mean value theorem,

Pe(® — Yy + hne;) — pe(z —y) _ i _ )
™ gy)| = (%ipe(:v Y+ Cei)g(y)
< Clklg(y)|
el

for some (, where z — y € supp(pe) and K = supp(p.) + . We can repeat this procedure
to show that all derivatives of g exist. Hence, g € C*°. Note that p(z —y) = 0 unless
x—y € B(0,€). So, ge(x) = 0 unless z — y € B(0,¢€) for some y € supp(g).

e Suppose that g is uniformly continuous, i.e. for all > 0 there exists some ¢ > 0 such that
[z—al<d = |g(a)—g(@) <n

Then we have

ge(x) —g(x) = /pe(fv —v)9(y) dy — g(x)
- / o — 2)pe() dz — g(2)
- / (9(z — 2) — g(@))pe(z) dz

where we make the change of variables z = z —y. Now, p.(z) = 0 unless z € B(0,¢), so
|z| <€, ie. |z — (x—z)| < e Hence, provided that ¢ < e, we have

|9e(x) — g(z)| < / l9(7 — 2) — g(x)|pe(2) dz < n/pe(Z) dz =1
e This follows from the fact that (0Pgc) = 9Pg, combined with the previous part. We have:
oPge =0 / pe(z —y)g(y) dy
~ [ e~ o)) dy
— [@be)gte -~ 2) d:

- / pe(2) g — 2)] dz
— (0g)(x)

o If f € LP(R), then for all n > 0 there exists g € kc(R"), then there exists some g € k¢ (R"™)
with || f — gl|, < %, and for € small enough we have ||g — gcloo < €/, which gives

[19t0) - ) o <2

11
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as g and g, have compact support. Now, we know that

()] = \ [rte=viw dy} < [nte=wlsl dy

We also note that
f@) = [pde—0)fw) dy

zein p<x_y) fly) d™y

677,

— [t ex) s

by the change of variables z = *=¥. Now, we combine the above two inequalities to see that

1

ol < [pefGe -l < | [ 17— o) as] | [ ote) az] ¢

where the final integral equals 1. Hence:

I = [ 15e) da
< [[15G-epote) iz e
= [[ fW)Ppe(z —y) dy dx
|f ()P pe(u) dy du

= [ fw)"dy

Finally, we have

1f = fellp g = Gellp + llge = Fellp

VAN VAN VAN

as required.

Corollary 2.3. If E}OC(R”) and Ty = 0, then f = 0 a.e. Similarly, if p is a complez-valued

measure on R"™ and T),, = 0 the p =0

Proof. Suppose that Ty = 0 but f # 0 a.e., i.e. there exists A C R" such that pz(A4) > 0 and
f(z) #= for all z € A (muy is the Lebesgue measure). Then we can divide A into A = A; U Ay
where Rf(z) # 0 for all z € A; and S(z) # 0 for all # € Ay. Clearly, either ur(A1) > 0 or
wur,(A2) > 0. Suppose that pr(A;) > 0. Then Rf(x) < 0 or Rf(x) > 0. We decompose A; into

12
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Ay = A+ U Ay, for these two cases. Again, either pup(Aq+) > 0or pur(A-) > 0. If pp(Ay+) >0,
then we have

/ﬂ (Rf)(2) dz > 0
Ay

1

loc» We have

Asg=14, €L

/g dug, Zlgl(l)/ge dpr, :ll_I}(l)TuL(QE) =0

which is a contradiction. For a general measure p, we take g € kc(R"™), and hence

/gduzlg%/ge dp = lim T;,(ge) = 0

and hence p = 0 by Reisz’ theorem. [ |

Remember that if [ € Elloc(R”), we define the support to be the complement of the largest
open set O such that f|o = 0. To prove that we can also define the support for a distribution, we
first prove a theorem about the existence of a “partition of unity”.

Lemma 2.4 (Urysohn’s C*° Lemma). Given a compact set K C R™ and an open set O 2 K, there
exists a non-negative function h € D(R™) such that

1x <h< 1o
Proof. Let € = d(K,O°) and set
_ 2
H:K+B<O,§) U:K+B<o,;>
For convenience, we will let n = §. There exists, by Urysohn’s lemma, a continuous function
f € k(R™)
1y <f<1ly

Write h = f,, then h € C* and supp(h) C supp(f) + B(0,7). As U is compact, we must have
h € D(0). If x € K, then we have

h(z) = [ flz—y)py(y) dy

= / flx—y)py(y) dy

This follows because p(y) = 0 unless y € B(0,7), and hence x —y € H, so f(x —y) = 1. Clearly,
0<h<1,since 0 < f <1. Thus, if z ¢ O, we have z —y € U, and so f(x —y) = 1. [ |

Definition 2.5 (Paracompactness). An open cover {U;};cs of a subset A of a Hausdorff space X
is called LocAaLLy FINITE if for every x € A, there exists some open set O which contains x and
which has a non-empty intersection with only finitely many elements of the open cover. A is called
PARACOMPACT if every open cover has a locally finite subcover.

13
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Lemma 2.6. Let Q C R"™ be open. There exists a family {Qy }nen of open sets Q, C Q such that

Q= U Oy, Q, is compact for alln € N, and Q,, C Q41 for alln € N.
neN

Proof. Consider the dyadic intervals of the form

n

H[TZQ*I’, (r; +1)277]

=1

[ee]
for r; € Z and p € N. We can write {) = U I, where I, are diadic intervals. Define
k=1
Q= (LH)°

This gives Q; = Iy, which is compact. There exists an open set U such that

M CU CU;CQ

n9 o
Qy = <U Ik)
k=1

no n2

where ns is the smallest natural number such that U; C U I,. Then, Uy = U I, is compact.
k=1 k=1

Continuing in this way, we get the required family of subsets. [ |

and U; is compact. Define

Definition 2.7 (Refinement). A cover {V}},cs of a topological space X is called a REFINEMENT
of another cover {U;}icy if for each j € J there exists some i € I such that V; C U;.

Proposition 2.8. FEvery open subset 2 C R"™ is paracompact.

Proof. Let {Q,},en be a family of subsets of €2 as in the above lemma, and let {U; };c; be an open

cover of €. Since ), is compact and we have Q,, C U Ui, there exists a finite subset I,,, C I such
el
ZAE‘I’IIL
Form =1, let k1 = ’I1| HoAoK [ |

Note that a locally finite cover of an open set {2 C R"™ is always countable, as the intersection
with €2, is finite for all n € N.

that

Lemma 2.9. All metric spaces are normal, i.e. given closed, disjoint subsets A, B C X, there exist
disjoint open sets U,V C X such that ACU and BCV.

14



CHAPTER 2. REGULARISATION AND LOCALISATION

Proof. For all x € A, there exists §, > 0 such that B(z,d,) N B = &. Similarly, for all y € B,
there exists €, > 0 such that B(y,e,) N A = @. Define

UZUB(.I’,(;T) V:UB(y,%y)
€A yeEB

It is clear that these sets are open and that A C U, B C V. We will show that these are disjoint.
Suppose that z € U NV. Then for some x € A and y € B we have

0.
d(z,z) < = d(y, z) < %y
This implies that
0.
d(z,y) < gx + %y < max{dz, €}
However, this would imply that y € B(x,d,) or that € B(y, ¢y), which is a contradiction. [ |

Lemma 2.10 (Shrinking Lemma). Let {V,, }en be a locally finite open cover of an open set Q such
that V., C Q) for all n € N. Then, there exists an open over {Wy}nen such that W,, C V;, for all
n € N.

Proof. We will construct the required open inductively. Let Wy = @, and suppose that W; has
been constructed for all £ < j such that

ac(UwiluvlUW

i<k >k
Define

Gr="Vi\ UWj U UVJ'

<k >k
Then, Gy, is closed. Indeed if x € G}, \ Gg, then z € V. \ Vi, and therefore
ce | UWlulUW
i<k i>k
which implies that

r¢Ge=Vi\ || UW;|ul UV

i<k i>k

which is a contradiction. Thus, G = \Gy C Vi, and hence G U Vii = &. By the previous
lemma, there exists disjoint open sets Wy, Uy, such that Gj, € Wy and V,° C Uy. This gives that
Wi NV§=a,and so W, NV,® =&, whence Wy, C Vj, as required in our statement. We have

Gy CWp CWy, CV

15
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However, recalling how G was defined, we have

Definition 2.11 (Partition of Unity). Given an open cover {U; };cr be an open cover of an open set
1 C R", a PARTITION OF UNITY subordinate to the open cover is a collection {e;};c s of functions
a; : 2 — [0,1] such that:

e ai(x) >0 forall j € Jand aj(x) =1 for all x € R"
J J
jedJ

e for every compact set K, there exists a finite subset Jy C J such that a;(z) = 0 for every
reK,j¢ o

e o; € D(R") and for every j € J, there exists some i € I such that supp(a;) C U;

Theorem 2.12. Let {§;};cr be an open cover of an open set @ C R™. Then there exists a partition
of unity subordinate to {;}icr.

Proof. Combining above a proposition and a lemma above, we know that there exists a locally
=/
finite sub-cover {U}'} je s» such that ; is compact. We can take
1 "

kkk .

16
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Support of a Distribution

Proposition 3.1. If Q; C Qo C R™ are open subsets and ¢ € D(Q), then the test function
@ : Qo — C defined by

SN () ze€Q
¢(x)_{g er;\Ql

is in D(Qa). Conversely, if 1 € D(Q2) and supp(yp) C Qy, then Plq, € D().

Proof.
[ |

Definition 3.2. If Q; C Qy C R", and T € D'(2), we abuse notation and write T|q, for the
restriction of 7" to ©;. We say that 11,75 € D'(22) agree on Qq if (11 — T2)|q; -

Lemma 3.3. If Q;,Qy C R"™ are open and ¢ € D(1 U Qq) then there exists p1 € D(1) and
w2 € D(Q2) such that o = @1 + 3.

Proof. *** [ |

Lemma 3.4. If Q1,09 C Q C R™ with Q1,Q open and T € D'(R™) with T|q, =0 and T|q, =0,
then T‘Qlqu =0

Proof. *** [ |

Proposition 3.5. If Q) = U Q; CR™ with Q; open for alli € I and T € D'(R™) with T'|q, =0 for
el
alli € I, then T|g =0

Proof. *** [ |

We can conclude that there exists a largest open set O such that T'|o = 0. The complement of
O is called the SUPPORT of T'.

Example 3.6. Let T' = dg. Then, T'(¢) = ¢(0) for all ¢ € D(R™), so supp(T’) = {0} since T'(¢) =0
iff p(0) = 0.

Proposition 3.7. If i is som complez-valued Radon measure on @ C R™, then supp(Tu) = supp(i)

17
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Proof. *** [ |

Proposition 3.8. Suppose that {Q;}icr is an open cover of Q C R", and that T € D'(Q). If we
set T; = T|q,, then
E‘QiﬂQj = Tj‘QiﬂQj

Proof. *** [ |

Theorem 3.9. Let R™ 2 Q) C U Q; with Q; CR"™, and suppose that for all © € I there exists some
i€l
T; € D'(Q;) such that
Tila.ne, = Tilaing;

Then there exists a unique T € D'(Q) such that T|q, = T;

Proof. Let {o;}jcs be a partition of unity subordinate to {€;}ic;. If supp(¢) = K C Q there
exists a finite subset Jy C J such that o(x) = 0 for all x € K and for all j € J \ Jy. Then for all
J € Jo there exists some i(j) € I such that supp(a;) C Q). Given ¢ we define

T=2_ Tiglaye)
Jj€Jdo
We need to show that ¢ is well defined. Indeed, if ¢(c;) € €y, then supp(a;) C ;N Qyr, so
Ti(ajp) = Ty (o)

We next need to show that T is a distribution and that T'|q, = T;. T is clearly linear, so to prove
that it is continuous, we need to show that id ¢,, — ¢ in Dk for all K C Q, then T'(¢.,) — T(p).
However, this will be true as

T(om) = Y _ Ty (asom) = Y Tigy(a0)T(e)
Jj€Jo j€Jo

since ajm — aj¢ in Dgnsupp(a,) and hence Ty () — Tij) (o). Thus T is a distribution. If
v € D(Q;) for K = supp(y), we obtain Jy as before, and obtain

T(p) = > Tij(eye)

i€Jo

where supp(a;p) C supp(a;) Nsupp(yp) € Q24;) N €. This gives Tj(;y(ajp) = Ti(a;p), and thus on
Q

T(e) =T | > ci | =Tile)
jeJ
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Chapter 4

Finite Order

Theorem 4.1. Suppose that T : D(Q) — C is a linear map where Q@ C R™ is open open. Then T
is a distribution iff for every compect set K C Q there exists some m € Ny and M € (0,00) such
that

T(p)| < Ml

for ¢ € Dg, where

[ollm = sup{|0Pp(2)| : = € K,[p| <m}
peNE

= max{[|0”¢[lec : p € NG, [p| < m}

Proof. Fix K C Q compact. We claim that (%) for all € > 0 there exists some ¢ > 0 and m € Ny
such that for all ¢ € Dk with |||, < J, we have |T(¢)| < €. Indeed, suppose the contrary, that
there exists some € > 0 such that for all 6 > 0 and m € Ny, there exists some ¢s,, € D such that
lsmll < &, but |T(psm)| > €. We define ¢y = P and consider the sequence (¢x)32,, which
we’ll show converges to 0 in Dg. Indeed, given p € Njj, we have

1
107 2rlloe < llenllip < llmll < &=

which converges to 0 whenever k > |p|, which contradicts |T'(pr)| > €, and so () holds. Now, fix
e>0and let M = E, and take some ¢ € Dg. If ||¢]|m = 0, then ||[Ap.,|| =0 for all A > 0, so

0
700 < e
= (o)l <5
= 0=[T(p)| < Ml¢[m =0
Now, we suppose that ||¢||, # 0. Set A = ﬁ Then [[A¢|lm = J, and so
Pllm
Tl <e
= T < 5 = clelln = M@l
@) < £ = Sligln = Mgl
as required. [ |
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CHAPTER 4. FINITE ORDER

Example 4.2. In our above theorem, m depends on the set K. For example, define:

o0

TS
n=0
This is well defined, because if ¢ € Dk, then J = Ng N K is finite, so
T(p) = = (-1)""(n)
neJ
However, if &« € D(—1,1) and a(0) = 1 we can define ¢,, = (z—n)"a(x—n). Thusifx ¢ (n—1,n+1),
then ¢, (z) = 0, and so
dn
T(pn) = (—1)" | = (=1)"n!
(o) = (1" o] = (1)
= T (n)] = n! £ Mllm

since ||¢||m < en™, so we can always take n large enough.

Definition 4.3 (Order). A distribution T' € D'(2) is said to be of ORDER < m if for all K C Q
compact, we have

T ()| < Ml|ellm

for all ¢ € Dk, where M € (0,00). T is said to be of order m if it is of order < m but not of order
<m —1. T is said to be of finite order of there exists some m € Ny such that T is of order < m.

Given 2 C R”, we’ll use the notation for all compact sets K:

D™(Q) = {p € C"™(Q) : supp(yp) is compact }
DR(Q) = {p € C™(9) + supp() C K}

Whenever the meaning is clear, we will drop the €.

Proposition 4.4. D} is a normed space under || - ||m

Proof. If o1, € D and A € C, then we have:

o1+ w2llm = ﬁ%{uap(% + ©2) oo}
< g‘lg;{l{”ap(@l)”oo + (|07 (¢2) |0 }

< max {[|0" (¢1)[lco} + max {[|07(p2)]oc}
[p1|<m |p2|<m

= lle1llm + lle2llm

Aeillm = max{[|0”(Ap1)]oo}

Ip|<m

= ‘gﬂgz{\hlllap(sol)lloo}
= [A| max {[|0” (1) /|00 }
[p|[<m

= [Mllellm
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CHAPTER 4. FINITE ORDER

[ellm =0 < fleifle=0 < ©=0
|
We can extend this proposition and see that D7} is actually a Banach space.

Proposition 4.5. A linear map L : D™(Q) — C is continuous iff there exists some M > 0 such
that
1L(0)] < Mlllm

for all p € D with K C Q.
Proof. Trivial. [ |

Proposition 4.6. A linear map L : D™ (Q2) — C is continuous if L|py is continuous for all K C
compact.

Proof. Also trivial. [ |

Theorem 4.7. If L : D — C is a continuous, linear map, then L|p(qy is a distribution. Con-

versely, if T' is a distribution in D' (Q) of finite order < m, then there exists a unique T e D'y such
that T|D(Q) =T

Proof. If L € D' ()] et T = L|p(q) and suppose that ¢ — ¢ in Dg. The we have ¢y, — ¢[00,
and hence

IT(¢) — T(er)| = |L(¢ — ¢r)| < M|l — ppllm = 0

as k — oo. Hence, T is a distribution of order < m.

Conversely, let T' by a distribution of order < m. Then for all ¢ € D™(Q), let K = supp(p).
There exists a compact set K such that

KCHCH°CQ

By theorem 2.2, there exists some ()3 such that || — ¢||m — 0 and ¢, — ¢ in Dg. We now
define:

T(p) = lim T(¢p)
k—oo
This limit must exist because
T(p) — T(pr)| = 1T(p — )| < Ml — @pllm — 0

T(cp) is independent of the sequence chosen, because if |[¢rip||m — 0 and ¢ — ¢ in Dy, then we
have

T(er) = T(Wr)| < Mllok = Yllm < M(llok = @llm + llo = Yillm) — 0

It remains to show uniqueness. If T1|D(Q) = T2|D(Q), then for ¢ € D™(Q) take a sequence ¢y, € D(2)
such that ¢ — ¢ in Dyg. Then we have

Ti(p) — Ta(e)| < |Ti(e —er)| + | Ti(er) — Toler)| + |T2(e — ¢r)|
< Mille = @kllm + M|l — @kllm — 0

since T (k) = T(pr) = Ta(pk) for ¢ € D. .
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Proposition 4.8. If T € D'"(Q) and o € C™(R), then T is a well defined distribution in D' (L),
and satisfies Leibniz’ rule: if v is a multi-index such that |r| < m, then

(al)= Y =

pt+q=r

g ;, (9P) (9T)

Proof. We define (aT')(¢) = T(ap). We'll show that ap € D™(Q) if ¢ € D™ (). It then follows
that o1 € D™(Q)), as

Ilag) = Y @(apaxa%)

pta=r
and if |r| < m, then |p|,|¢q| < m and so 0P« and 0% are well defined. Moreover,
0" ()l < ) 7|| I, [l
ptg=r P’
where K = supp(y) and

lellm,x = sup sup [0Pa(z)]
zeK |p|<m

Therefore, if [T'(p)| < M||¢||m for some ¢ € D2,

(@) <M | D lalmx | lelm

pt+q=r
[r|<m

where the sum in brackets is finite for fixed K. We conclude that oT € D' (Q), because it is
continuous. The proof of Leibniz Rule is identical to the proof for C'*°. [ |

Proposition 4.9. If f € E%OC(Q), then Ty € D'°(Q)
Proof. We need to show that for ¢ € Ck ()

1T (p)] < Mllpllo = M|¢llc = Sup lo(x)]
X

Indeed:
T (e
/ (@) - [o(z)| d"z
/ F@)] - lo(@)] d'
< lollso / (@) d"a
K
= [[fllnxllelloo
as required. |
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Proposition 4.10. A distribution T € D')Q) is of order 0 iff there exists a compez-valued Radon
measure fr on §) such that T'=T),.

Proof. If T' =T, then for ¢y € D(2)

T0) = | [ ola) o) < [ lol@)] lel(d) < ()
The converse follows from the Riesz-Markov-Saks-Kakutani Representation Theorem. |
" , : N or . .
Proposition 4.11. If T' € D'(Q) is a distribution of order < m, then 5 fori=1,2,...,nisa
€T

distribution of order < m + 1.

Dy
6$i

oT B dp
2] = (50)
dp
<
- M' O ||,

Proof. Firstly note that ¢ € D! () implies that € D} Hence

= M sup sup |0P—¢(x)
2€Qpl<m | 0T

< Mllgllmt
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Chapter 5

Distributions of Compact Support
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