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Chapter 1

Introduction

We will consider an example from physics where we require the use of distributions to solve prob-
lems. Consider the following circuit diagram:

We have a circuit with voltage V , resistance R, capacitance C and inductance in the coil L. When
we flip the switch at time t = 0, we have a constant voltage flowing through the circuit. Thus, we
have V (t) = V0θ(t), where V0 is a constant, and θ(t) is the Heaviside function given by

θ(t) =

{
1 t ≥ 0
0 t < 0

}
= 1R+(t)

If we let I(t) be the current flowing through the circuit at time t, then we also have

V (t) = V0θ(t) = LI ′(t) +RI(t) +
1

C

∫ t

0
I(τ) dτ

If we differentiate this, we will have an ODE in I, so we get:

V ′(t) = V0θ
′(t) = LI ′′(t) +RI ′(t) +

1

C
I(t)
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CHAPTER 1. INTRODUCTION

Let θ′(t) = δ(t). This will be called the delta function. What we want is that

∫ t

−∞
δ(τ) dτ = θ(t).

Our problem with the above is that we know that δ = 0 a.e., and so
∫
δ(t) dt = 0, so δ is not a

function.

Suppose that δ did exist, and let f be any function. Then we have∫ ∞
−∞

f(t)δ(t) dt =

∫
{0}

f(t)δ(t) dt+

∫
R\{0}

f(t)δ(t) dt = f(0)

By substitution, this gives us ∫ ∞
−∞

f(t− x)δ(x) dx = f(t)

Thus, if we have a solution to the above ODE, a solution to

LI ′′(t) +RI ′(t) +
1

C
I(t) = f(t)

will be (f ∗ I)(t). We know that as a measure, δ is in fact well defined. Recall the following:

Theorem 1.1 (Riesz Representation Theorem). Let µ be a positive Radon measure on Rn, which
is a locally compact space. Then

L(f) =

∫
f dµ

defines a positive linear form on κ(Rn), where

κ(Rn) = {F : Rn → R | f is continuous and supp(f) is compact }

Conversely, if L is a positive linear form that satisfies the above, then there exists a unique Radon
Measure such that

L(f) =

∫
f dµ

We can generalise this even further.

Theorem 1.2 (Riesz Representation Theorem in C). Let µ be a complex-valued Radon measure
on Rn, which is a locally compact space. Then

L(f) =

∫
f dµ

defines a positive linear form on κC(Rn), where

κC(Rn) = {F : Rn → C | f is continuous and supp(f) is compact }

Conversely, if L is a continuous linear form that satisfies the above, then there exists a unique
complex-valued Radon Measure such that

L(f) =

∫
f dµ
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CHAPTER 1. INTRODUCTION

Our definition of δ is not quite sufficient: we may wish to differentiate δ. To do this, we take
the integration by parts formula as a definition, so for a function ϕ ∈ κ(R)∫

δ̇(t)ϕ dt = [δ(t)ϕ(t)]∞−∞ −
∫ ∞
−∞

δ(t)ϕ̇(t) dt

= −
∫ ∞
−∞

δ(t)ϕ̇(t) dt

= ϕ̇(0)

as ϕ has compact support. Our problem with this is that we only assumed ϕ to be continuous, not
differentiable.

Definition 1.3 (Differential Space). Given an open domain Ω ⊆ Rn, we make the following
definitions

D(Ω) = {ϕ : Ω→ C | ϕ is C∞, supp(ϕ) is compact } = C∞(Ω) ∩ κC(Ω)

DK = {ϕ ∈ D(Ω) | supp(ϕ) ⊆ K}

A sequence (ϕn)∞n=1 in DK is said to converge to ϕ ∈ DK if the following hold:

• ‖ϕn − ϕ‖∞

• ∂pϕn → ∂pϕ uniformly for all multi-indices p

where p ∈ Nn0 = {(p1, p2, . . . , pn) | pi ∈ N, i = 1, 2, . . . , n} and

‖ψ‖∞ = sup
x∈Rn

|ψ(x)|

∂pϕ(x) =
∂p1

∂xp11

∂p2

∂xp22

· · · ∂
pn

∂xpnn
ϕ(x)

We’ll use the notation ϕn −−→
DK

ϕ

Definition 1.4 (Distribution). A Distribution on Ω is a continuous linear map T : D(Ω) → C,
in the sense that if ϕn → ϕ in DK , then T (ϕn)→ T (ϕ) for all K ⊆ Ω. The set of all distributions
on Ω is denoted D′(Ω).

Our first problem is that D(Ω) may be empty. We’ll show that it is not.

Proposition 1.5. If f ∈ L1
loc(R)n and ϕ is a complex valued Radon measure on Ω ⊆ Rn, then the

following

Tf (ϕ) =

∫
f(x)ϕ(x) dx Tµ(ϕ) =

∫
ϕ dµ

define distributions for all ϕ ∈ D(Ω).
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CHAPTER 1. INTRODUCTION

Proof. Let µ be some complex valued measure on Rn, and suppose that ϕn → ϕ in DK . Then we
have

|Tµ(ϕn)− Tµ(ϕ)| =

∣∣∣∣∫ (ϕn − ϕ) dµ

∣∣∣∣
≤
∫
K
|ϕn − ϕ| dµ

≤ ‖ϕn − ϕ‖ · |µ|(K)→ 0

as |µ|(K) <∞. For f ∈ L1
loc, we have

|Tf (ϕn)− Tf (ϕ)| =

∣∣∣∣∫ (ϕn(x)− ϕ(x))f(x) dx

∣∣∣∣
≤
∫
K
|ϕn − ϕ| · |f(x)| dx

≤ ‖ϕn − ϕ‖
∫
K
|f(x)| dx→ 0

since f has a finite integral.

Lemma 1.6. Define λ : R→ R by

λ(t) =

{
e−

1
t t > 0

0 t ≤ 0

}
Then, λ ∈ C∞(R)

Proof. We’ll show that (
d

dt

)n
[λ(t)] =

{
Pn(1

t )e
− 1

t t > 0
0 t ≥ 0

}
where Pn is a polynomial. We have

d

dt
[λ(t)] =

{
1
t2
e−

1
t t > 0

0 t ≥ 0

}
so P1(x) = x2. By induction, we have(

d

dt

)n+1

[λ(t)] =
d

dt
[Pn(1

t )e
− 1

t ]

= −
P ′n(1

t )

t2
e−

1
t +

Pn(1
t )

t2
e−

1
t

= Pn+1e
− 1

t

where Pn+1(x) = −x2P ′x(x) + x2Pn(x). We also note that we have

lim
t↘0

pn

(
1

t

)
e−

1
t = 0

as required.

5



CHAPTER 1. INTRODUCTION

Corollary 1.7. Let ρ(x) = cλ(1− ‖x‖2) for x ∈ Rn. Then ρ ∈ D(Rn) and supp(ρ) = B(0; 1).

In practise, we will take

c =
1∫

λ(1− ‖x‖2) dx

so that ∫
Rn

ρ(x) dnx = 1

If Ω is arbitrary, we may have B(0; 1) * Ω, which is problematic. However, we may shift ρ by a
change of variables, and shrink its codomain by considering

ρε(x) =
1

εn
ρ
(x
ε

)
This gives that supp(ρε) = B(0; ε) and ∗ ∗ ∗

Definition 1.8. For T1, T2 ∈ D′(Ω), we define

(T1 + T2)(ϕ) = T1(ϕ) + T2(ϕ)

for all ϕ ∈ D(Ω). Also, for all α ∈ C∞(Ω), we define

(αT )(ϕ) = T (αϕ)

Proposition 1.9. D′(Ω) is a linear space, and if α ∈ C∞(Ω) and T ∈ D′(Ω), then αT ∈ D′(Ω)

Proof. The linearity of the space follows easily from the definitions of addition and scalar multi-
plication. It remains to show that αT is a distribution. We need to show that if ϕn → ϕ in DK ,
then αϕn → αϕ in Dk. First note that if ϕn → ϕ uniformly, then αϕn → αϕ uniformly because

‖αϕn − αϕ‖∞ ≤ ‖α|K‖∞ · ‖ϕn − ϕ‖∞

For the derivatives, we use the Leibniz formula which will be proved later, i.e.

∂m(αϕ) =
∑

p+q=m

m!

p!q!
(∂pα)(∂qϕ)

where p, q are multi-indices.

Definition 1.10 (Derivatives). If p ∈ Nn0 is a multi-index and T ∈ D′(Ω), then the pth derivative
of T is defined by

(∂pT )(ϕ) = (−1)|p|T (∂pϕ)

for ϕ ∈ D(Ω), where |p| = p1 + p2 + · · ·+ pn.

Proposition 1.11. If f ∈ C |p|(Ω), then ∂pTf = T∂pf
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Proof. By direct computation, we have

(∂pT )f (ϕ) = (−1)|p|Tf (∂pϕ)

= (−1)|p|
∫

(∂pϕ)(x)f(x) dx

=

∫
ϕ(x)(∂pf)(x) dx

= T∂pf (ϕ)

where we integrate by parts a sufficient number of times.

Proposition 1.12 (Leibniz Rule). If T ∈ D′(Ω) and α ∈ C∞(Ω), then for any multi-index m,

∂m(αT ) =
∑

p+q=m

m!

p!q!
(∂pα)(∂qT )

where the sum is over multi-indices p and q, and if m = (m1,m2, . . . ,mn), then

m! =

n∏
i=1

mi!

Proof. We’ll compute this by induction. If |m| = 1, then ∂m = ∂
∂xi

for some i. Hence:[
∂

∂xi
(αT )

]
(ϕ) = −(αT )

(
∂ϕ

∂xi

)
= −T

(
α
∂ϕ

∂xi

)
= −T

(
∂

∂xi
(αϕ)− ∂α

∂xi
ϕ

)
=

(
∂

∂xi
T

)
(αϕ) +

(
∂α

∂xi
T

)
(ϕ)

=

(
α
∂T

∂xi

)
(ϕ) +

(
∂α

∂xi
T

)
(ϕ)

as required. Now, we assume that the formula holds for all m such that |m| = k, and consider
|m| = k + 1. Letting ei be a vector of length k + 1 whose jth coordinate is δij , we have

∂m(αT ) =
∂

∂xi
∂(m−ei))(αT )

=
∂

∂xi

∑
p+q=m−ei

(m− ei)!
p!q!

(∂pα)(∂qT )

=
∑

p+q=m−ei

(m− ei)!
p!q!

[(∂(p+ei)α)(∂qT ) + (∂pα)(∂(q+ei)T )]

=
∑

p′+q′=m

(m− ei)!
p′!q′!

[p′i(∂
p′α)(∂q

′
T ) + q′i(∂

p′α)(∂q
′
T )]

Hence, we need to show that
(mi − 1)!

pi!qi!
(p′i + 1′i) =

mi!

p′i!q
′
i!

This follows from the fact that p′i + q′i = mi.
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CHAPTER 1. INTRODUCTION

Theorem 1.13. Every distribution T ∈ D′(R) has a primitive S ∈ D′(R), i.e. S′ = T , which is
unique up to an additive constant.

Proof. We note that
S′ = T ⇔ S′(ψ) = −S(ψ′) = T (ψ)

for all test functions ψ. Therefore we need S(χ) = −T (ψ) for any χ = ψ′, i.e. for χ ∈ D(R) with∫ ∞
−∞

χ(t) dt = 0

Indeed, if χ = ψ′, then ∫ ∞
−∞

χ dt = ψ(t)|∞−∞ = 0

On the other hand, if

∫ ∞
−∞

χ(t) dt = 0, then we can define

ψ(t) =

∫ t

−∞
χ(t′) dt′

Now, choose some ϕ0 ∈ D(R) with ∫ ∞
−∞

ϕ0(t) dt = 1

Then given any ϕ ∈ D(R), we have the unique decomposition ϕ = aϕ0 +χ, where a =

∫ ∞
−∞

ϕ(t) dt.

This gives
S(ϕ) = aS(ϕ0) + S(χ) = aS(ϕ0)− T (ψ)

if χ = ψ′. We now want to define S(ϕ) by this expression, and need to show that it is a distribution.
It thus remains to prove that ϕn → 0, then S(ϕn)→ 0. Clearly, if ϕn → 0 in DK , then an → 0 an
χn → 0 in DK′ , where K ′ = K ∪ supp(ϕ0). We have that

ψn(t) =

∫ t

−∞
χn(t′) dt′ ∈ DH

where H is the smallest interval on the real line containing K ′. Thus, χn → χ = 0 and hence
T (ψn) → T (ψ), as T is a distribution. It follows that S(ϕn) → 0, so S is also a distribution.
Clearly S′ = T because

S′(ϕ) = −S(ϕ′) = T (ψ̃) = T (ϕ)

where
ϕ = aϕ0 + χ ⇒ ϕ′ = aϕ0 + χ′ = aϕ0 + ψ

and χ̃ = ψ̃′. Finally, if S′1 = S′2 = T , then we have

S1(ϕ)− S2(ϕ) = a(S1(ϕ0)− S2(ϕ0)) =

∫ ∞
−∞

Cϕ(t) dt

where C = S1(ϕ0)− S2(ϕ0). Thus, S1 − S2 = C.
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Chapter 2

Regularisation and Localisation

Theorem 2.1. Let µ be a Radon measure on Rn. Then the set κC(Rn) is dense in Lp(Rn, µ) for
p ∈ [1,∞), where

Lp(Rn), µ) =

{
f : Rn → C :

∫
|f |p dµ <∞

}
Proof. Let f ∈ Lp(Rn), µ), and let (Km)∞m=1 be a sequence of sets in Rn increasing to Rn, so
Km ↗ Rn. We define

fm(x) =

 0 f(x) = 0 or x /∈ Km

min{m, f(x)} f(x)

|f(x)|
f(x) 6= 0, x ∈ Km


for all x ∈ Rn. Then we have fm → f and therefore |fm(x)− f(x)| ↘ 0, so

|f(x)| − |fm(x) + f(x)| ↗ |f(x)|

By the Monotone Convergence Theorem,∫
|f |p − |fm − f |p dµ↗

∫
|f |p dµ

⇒
∫
|fm − f |p dµ→ 0

i.e. fm → f in Lp norm. We conclude that we may assume f to be bounded and to have compact
support. However, if this is true, we can approximate f uniformly by a simple function

g =
N∑
k=1

ck1Ak

We can in fact replace the above sets Ak by compact sets Kk. If g is uniformly close to f , i.e.
|f − g| < ε, then for K compact, ∫

K
|f − g|p dµ < εpµ(K) < η

9



CHAPTER 2. REGULARISATION AND LOCALISATION

where µ(K) must be finite as K is compact. The Kj are disjoint, compact sets, so there exist
disjoint open sets Oj ⊇ Kj with Oj ⊆ Kj ∪ B(0, ε). By Urysohn’s Lemma, there exist continuous
functions ϕj ∈ κC(Rn) with

1Kj ≤ ϕj ≤ 1Oj

Define

ϕ =

N∑
k=1

ckϕk

Then we have ∫
|ϕ− g|p dµ =

N∑
j=1

∫
Oj\Kj

|cj |p dµ =
N∑
j=1

|cj |pµ(Oj \Kj)→ 0

as µ(Oj \Kj)→ 0, as required.

Theorem 2.2. Let g ∈ L1
loc(Rn) and define gε by

gε(x) = (pε ∗ g)(x) =

∫
pε(x− y)g(y) dny

(gε is called the Regularisation of g). We then have:

1. gε ∈ C∞ and supp(gε) ⊆ supp(g) ∪B(0, ε)

2. If g : Rn → C is uniformly continuous, then gε→ g uniformly as ε→ 0.

3. If g ∈ Ckc (Rn,C) (the space of Ck functions from Rn with compact support), then

(∂pg)ε = ∂pgε → ∂pg

uniformly, and ‖∂pgε − ∂pg‖∞ → 0 as ε→ 0 for all p ∈ Nn0 with |p| ≤ k.

4. If f ∈ Lp(Rn) with p ∈ [0,∞), then fε ∈ Lp(Rn), ‖fε‖p ≤ ‖f‖p and fε → f in Lp norm.

Proof.

• Let g ∈ Lloc. We wish to show that gε is differentiable, i.e.

∂

∂xi
gε(x) =

∫ (
∂

∂xi
pε(x− y)

)
g(y) dny

To prove this, we use the dominated convergence theorem. We have

∂

∂xi
gε(x) = lim

h→0

gε(x+ hei)− gε(x)

h
= lim

n→∞

gε(x+ hnei)− gε(x)

hn

where hn is some sequence which converges to 0. Recalling the definition of gε, we note that

lim
n→∞

gε(x+ hnei)− gε(x)

hn
=

∫ (
lim
n→∞

pε(x− y + hnei)− pε(x− y)

hn

)
g(y) dny

10
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But we know that
pε(x− y + hnei)− pε(x− y)

hn
→ ∂

∂xi
pε(x− y)

and moreover, by the mean value theorem,∣∣∣∣pε(x− y + hnei)− pε(x− y)

hn
g(y)

∣∣∣∣ =

∣∣∣∣ ∂∂xi pε(x− y + ζei)g(y)

∣∣∣∣
≤ C1K |g(y)|
∈ L1

for some ζ, where x − y ∈ supp(pε) and K = supp(pε) + x. We can repeat this procedure
to show that all derivatives of gε exist. Hence, gε ∈ C∞. Note that p(x − y) = 0 unless
x− y ∈ B(0, ε). So, gε(x) = 0 unless x− y ∈ B(0, ε) for some y ∈ supp(g).

• Suppose that g is uniformly continuous, i.e. for all η > 0 there exists some δ > 0 such that

|x− x′| < δ ⇒ |g(x)− g(x′)| < η

Then we have

gε(x)− g(x) =

∫
pε(x− y)g(y) dy − g(x)

=

∫
g(x− z)pε(z) dz − g(x)

=

∫
(g(x− z)− g(x))pε(z) dz

where we make the change of variables z = x − y. Now, pε(z) = 0 unless z ∈ B(0, ε), so
|z| < ε, i.e. |x− (x− z)| < ε. Hence, provided that δ < ε, we have

|gε(x)− g(x)| ≤
∫
|g(x− z)− g(x)|pε(z) dz < η

∫
pε(z) dz = η

• This follows from the fact that (∂pgε) = ∂pgε, combined with the previous part. We have:

∂pgε = ∂px

∫
pε(x− y)g(y) dy

=

∫
∂px[pε(x− y)g(y)] dy

=

∫
∂px[pε(z)g(x− z)] dz

=

∫
pε(z)∂

p
x[g(x− z)] dz

= (∂pg)ε(x)

• If f ∈ Lp(R), then for all η > 0 there exists g ∈ κC(Rn), then there exists some g ∈ κC(Rn)
with ‖f − g‖p < η

3 , and for ε small enough we have ‖g − gε‖∞ < ε′, which gives∫
|g(x)− gε(x)| dx < η

3
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CHAPTER 2. REGULARISATION AND LOCALISATION

as g and gε have compact support. Now, we know that

|fε(x)| =
∣∣∣∣∫ pε(x− y)f(y) dy

∣∣∣∣ ≤ ∫ pε(x− y)|f(y)| dy

We also note that

fε(x) =

∫
pε(x− y)f(y) dy

=
1

εn

∫
p

(
x− y
εn

)
f(y) dny

=

∫
p(z)f(x− εz) dnz

by the change of variables z = x−y
ε . Now, we combine the above two inequalities to see that

|fε(x)| ≤
∫
p(z)|f(x− εz)| dz ≤

[∫
|f(x− εz)|pp(z) dz

]1

p
[∫

p(z) dz

]1

q

where the final integral equals 1. Hence:

‖fε‖pp =

∫
|fε(x)|p dx

≤
∫∫
|f(x− εz)|pρ(z) dz dx

=

∫∫
|f(y)|pρε(x− y) dy dx

=

∫∫
|f(y)|pρε(u) dy du

=

∫
|f(y)p dy

= ‖f‖pp

Finally, we have
‖f − fε‖p ≤ ‖f − g‖p + ‖g − gε‖p + ‖gε − fε‖p

≤ η

3
+
η

3
+
η

3
< η

as required.

Corollary 2.3. If L1
loc(Rn) and Tf = 0, then f = 0 a.e. Similarly, if µ is a complex-valued

measure on Rn and Tµ = 0 the µ = 0

Proof. Suppose that Tf = 0 but f 6= 0 a.e., i.e. there exists A ⊆ Rn such that µL(A) > 0 and
f(x) 6== for all x ∈ A (muL is the Lebesgue measure). Then we can divide A into A = A1 ∪ A2

where <f(x) 6= 0 for all x ∈ A1 and =(x) 6= 0 for all x ∈ A2. Clearly, either µL(A1) > 0 or
µL(A2) > 0. Suppose that µL(A1) > 0. Then <f(x) < 0 or <f(x) > 0. We decompose A1 into

12



CHAPTER 2. REGULARISATION AND LOCALISATION

A1 = A1+ ∪A1− , for these two cases. Again, either µL(A1+) > 0 or µL(A1−) > 0. If µL(A1+) > 0,
then we have ∫

A1+

(<f)(x) dx > 0

As g = 1A1+
∈ L1

loc, we have∫
g dµL = lim

ε→0

∫
gε dµL = lim

ε→0
TµL(gε) = 0

which is a contradiction. For a general measure µ, we take g ∈ κC(Rn), and hence∫
g dµ = lim

ε→0

∫
gε dµ = lim

ε→0
Tµ(gε) = 0

and hence µ = 0 by Reisz’ theorem.

Remember that if f ∈ L1
loc(Rn), we define the support to be the complement of the largest

open set O such that f |O = 0. To prove that we can also define the support for a distribution, we
first prove a theorem about the existence of a “partition of unity”.

Lemma 2.4 (Urysohn’s C∞ Lemma). Given a compact set K ⊆ Rn and an open set O ⊇ K, there
exists a non-negative function h ∈ D(Rn) such that

1K ≤ h ≤ 1O

Proof. Let ε = d(K,Oc) and set

H = K +B
(

0,
ε

3

)
U = K +B

(
0,

2ε

3

)
For convenience, we will let η = ε

3 . There exists, by Urysohn’s lemma, a continuous function
f ∈ κ(Rn)

1H ≤ f ≤ 1U

Write h = fη, then h ∈ C∞ and supp(h) ⊆ supp(f) + B(0, η). As U is compact, we must have
h ∈ D(O). If x ∈ K, then we have

h(x) =

∫
f(x− y)ρη(y) dy

=

∫
B(0,η)

f(x− y)ρη(y) dy

=

∫
ρη(y) dy

= 1

This follows because ρ(y) = 0 unless y ∈ B(0, η), and hence x − y ∈ H, so f(x − y) = 1. Clearly,
0 ≤ h ≤ 1, since 0 ≤ f ≤ 1. Thus, if x /∈ O, we have x− y ∈ U c, and so f(x− y) = 1.

Definition 2.5 (Paracompactness). An open cover {Ui}i∈I of a subset A of a Hausdorff space X
is called Locally Finite if for every x ∈ A, there exists some open set O which contains x and
which has a non-empty intersection with only finitely many elements of the open cover. A is called
Paracompact if every open cover has a locally finite subcover.

13
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Lemma 2.6. Let Ω ⊆ Rn be open. There exists a family {Ωn}n∈N of open sets Ωn ⊆ Ω such that

Ω =
⋃
n∈N

Ωn, Ωn is compact for all n ∈ N, and Ωn ⊆ Ωn+1 for all n ∈ N.

Proof. Consider the dyadic intervals of the form

n∏
i=1

[ri2
−p, (ri + 1)2−p]

for ri ∈ Z and p ∈ N. We can write Ω =
∞⋃
k=1

Ik where Ik are diadic intervals. Define

Ω1 = (I1)◦

This gives Ω1 = I1, which is compact. There exists an open set U1 such that

Ω1 ⊆ U1 ⊆ U1 ⊆ Ω

and U1 is compact. Define

Ω2 =

(
n2⋃
k=1

Ik

)◦

where n2 is the smallest natural number such that U1 ⊆
n2⋃
k=1

Ik. Then, U2 =

n2⋃
k=1

Ik is compact.

Continuing in this way, we get the required family of subsets.

Definition 2.7 (Refinement). A cover {Vj}j∈J of a topological space X is called a Refinement
of another cover {Ui}i∈I if for each j ∈ J there exists some i ∈ I such that Vj ⊆ Ui.

Proposition 2.8. Every open subset Ω ⊆ Rn is paracompact.

Proof. Let {Ωn}n∈N be a family of subsets of Ω as in the above lemma, and let {Ui}i∈I be an open

cover of Ω. Since Ωm is compact and we have Ωm ⊆
⋃
i∈I

Ui, there exists a finite subset Im ⊆ I such

that
Ωm ⊆

⋃
i∈Im

Ui

For m = 1, let k1 = |I1| ***

Note that a locally finite cover of an open set Ω ⊆ Rn is always countable, as the intersection
with Ωn is finite for all n ∈ N.

Lemma 2.9. All metric spaces are normal, i.e. given closed, disjoint subsets A,B ⊆ X, there exist
disjoint open sets U, V ⊆ X such that A ⊆ U and B ⊆ V .

14



CHAPTER 2. REGULARISATION AND LOCALISATION

Proof. For all x ∈ A, there exists δx > 0 such that B(x, δx) ∩ B = ∅. Similarly, for all y ∈ B,
there exists εy > 0 such that B(y, εy) ∩A = ∅. Define

U =
⋃
x∈A

B

(
x,
δx
3

)
V =

⋃
y∈B

B
(
y,
εy
3

)
It is clear that these sets are open and that A ⊆ U , B ⊆ V . We will show that these are disjoint.
Suppose that z ∈ U ∩ V . Then for some x ∈ A and y ∈ B we have

d(x, z) <
δx
3

d(y, z) <
εy
3

This implies that

d(x, y) <
δx
3

+
εy
3
< max{δx, εy}

However, this would imply that y ∈ B(x, δx) or that x ∈ B(y, εy), which is a contradiction.

Lemma 2.10 (Shrinking Lemma). Let {Vn}n∈N be a locally finite open cover of an open set Ω such
that V n ⊆ Ω for all n ∈ N. Then, there exists an open over {Wn}n∈N such that Wn ⊆ Vn for all
n ∈ N.

Proof. We will construct the required open inductively. Let W0 = ∅, and suppose that Wj has
been constructed for all k ≤ j such that

Ω ⊆

⋃
j<k

Wj

 ∪
⋃
j≥k

Vj


Define

Gk = Vk \

⋃
j<k

Wj

 ∪
⋃
j>k

Vj


Then, Gk is closed. Indeed if x ∈ Gk \Gk, then x ∈ V k \ Vk, and therefore

x ∈

⋃
j<k

Wj

 ∪
⋃
j>k

Vj


which implies that

x /∈ Gk = V k \

⋃
j<k

Wj

 ∪
⋃
j>k

Vj


which is a contradiction. Thus, Gk = \Gk ⊆ Vk, and hence Gk ∪ V c

k = ∅. By the previous
lemma, there exists disjoint open sets Wk, Uk such that Gk ⊆ Wk and V c

k ⊆ Uk. This gives that
Wk ∩ V c

k = ∅, and so W k ∩ V c
k = ∅, whence W k ⊆ Vk, as required in our statement. We have

Gk ⊆Wk ⊆W k ⊆ Vk

15



CHAPTER 2. REGULARISATION AND LOCALISATION

However, recalling how Gk was defined, we have

Vk ⊆Wk ∪

⋃
j<k

Wj

 ∪
⋃
j>k

Vj


⇒ Ω ⊆ Vk ∪

⋃
j<k

Wj

 ∪
⋃
j>k

Vj


⇒ Ω ⊆Wk ∪

⋃
j<k

Wj

 ∪
⋃
j>k

Vj

⋃
j≤k

Wj

 ∪
⋃
j>k

Vj



Definition 2.11 (Partition of Unity). Given an open cover {Ui}i∈I be an open cover of an open set
Ω ⊆ Rn, a Partition of Unity subordinate to the open cover is a collection {αj}j∈J of functions
αj : Ω→ [0, 1] such that:

• αj(x) ≥ 0 for all j ∈ J and
∑
j∈J

αj(x) = 1 for all x ∈ Rn

• for every compact set K, there exists a finite subset J0 ⊆ J such that αj(x) = 0 for every
x ∈ K, j /∈ J0

• αj ∈ D(Rn) and for every j ∈ J , there exists some i ∈ I such that supp(αi) ⊆ Ui

Theorem 2.12. Let {Ωi}i∈I be an open cover of an open set Ω ⊆ Rn. Then there exists a partition
of unity subordinate to {Ωi}i∈I .

Proof. Combining above a proposition and a lemma above, we know that there exists a locally
finite sub-cover {U ′′j }j∈J ′′ such that Ω

′′
j is compact. We can take

J ′′ = J × N Ω′′(j,n) = Ωj ∪ ()

***

16



Chapter 3

Support of a Distribution

Proposition 3.1. If Ω1 ⊆ Ω2 ⊆ Rn are open subsets and ϕ ∈ D(Ω1), then the test function
ϕ̃ : Ω2 → C defined by

ϕ̃(x) =

{
ϕ(x) x ∈ Ω1

0 x ∈ Ω2 \ Ω1

is in D(Ω2). Conversely, if ψ ∈ D(Ω2) and supp(ψ) ⊆ Ω1, then ψ|Ω1 ∈ D(Ω1).

Proof.

Definition 3.2. If Ω1 ⊆ Ω2 ⊆ Rn, and T ∈ D′(Ω2), we abuse notation and write T |Ω1 for the
restriction of T to Ω1. We say that T1, T2 ∈ D′(Ω2) agree on Ω1 if (T1 − T2)|Ω1 .

Lemma 3.3. If Ω1,Ω2 ⊆ Rn are open and ϕ ∈ D(Ω1 ∪ Ω2) then there exists ϕ1 ∈ D(Ω1) and
ϕ2 ∈ D(Ω2) such that ϕ = ϕ1 + ϕ2.

Proof. ***

Lemma 3.4. If Ω1,Ω2 ⊆ Ω ⊆ Rn with Ω1,Ω2 open and T ∈ D′(Rn) with T |Ω1 = 0 and T |Ω2 = 0,
then T |Ω1∪Ω2 = 0

Proof. ***

Proposition 3.5. If Ω =
⋃
i∈I

Ωi ⊆ Rn with Ωi open for all i ∈ I and T ∈ D′(Rn) with T |Ωi = 0 for

all i ∈ I, then T |Ω = 0

Proof. ***

We can conclude that there exists a largest open set O such that T |O = 0. The complement of
O is called the Support of T .

Example 3.6. Let T = δ0. Then, T (ϕ) = ϕ(0) for all ϕ ∈ D(Rn), so supp(T ) = {0} since T (ϕ) = 0
iff ϕ(0) = 0.

Proposition 3.7. If µ is som complex-valued Radon measure on Ω ⊆ Rn, then supp(Tµ) = supp(µ)

17



CHAPTER 3. SUPPORT OF A DISTRIBUTION

Proof. ***

Proposition 3.8. Suppose that {Ωi}i∈I is an open cover of Ω ⊆ Rn, and that T ∈ D′(Ω). If we
set Ti = T |Ωi, then

Ti|Ωi∩Ωj = Tj |Ωi∩Ωj

Proof. ***

Theorem 3.9. Let Rn ⊇ Ω ⊂
⋃
i∈I

Ωi with Ωi ⊆ Rn, and suppose that for all i ∈ I there exists some

Ti ∈ D′(Ωi) such that
Ti|Ωi∩Ωj = Tj |Ωi∩Ωj

Then there exists a unique T ∈ D′(Ω) such that T |Ωi = Ti

Proof. Let {αj}j∈J be a partition of unity subordinate to {Ωi}i∈I . If supp(ϕ) = K ⊆ Ω there
exists a finite subset J0 ⊆ J such that αj(x) = 0 for all x ∈ K and for all j ∈ J \ J0. Then for all
j ∈ J0 there exists some i(j) ∈ I such that supp(αj) ⊆ Ωi(j). Given ϕ we define

T =
∑
j∈J0

Ti(j)(αjϕ)

We need to show that ϕ is well defined. Indeed, if ϕ(αj) ⊆ Ωi′ , then supp(αj) ⊆ Ωi ∩ Ωi′ , so

Ti(αjϕ) = Ti′(αjϕ)

We next need to show that T is a distribution and that T |Ωi = Ti. T is clearly linear, so to prove
that it is continuous, we need to show that id ϕm → ϕ in DK for all K ⊆ Ω, then T (ϕm)→ T (ϕ).
However, this will be true as

T (ϕm) =
∑
j∈J0

Ti(j)(αjϕm)→
∑
j∈J0

Ti(j)(αjϕ)T (ϕ)

since αjϕm → αjϕ in DK∩supp(αj) and hence Ti(j)(αϕm)→ Ti(j)(αϕ). Thus T is a distribution. If
ϕ ∈ D(Ωi) for K = supp(ϕ), we obtain J0 as before, and obtain

T (ϕ) =
∑
i∈J0

Ti(j)(αjϕ)

where supp(αjϕ) ⊆ supp(αj) ∩ supp(ϕ) ⊆ Ωi(j) ∩ Ωi. This gives Ti(j)(αjϕ) = Ti(αiϕ), and thus on
Ω

T (ϕ) = Ti

∑
j∈J

αiϕ

 = Ti(ϕ)

18



Chapter 4

Finite Order

Theorem 4.1. Suppose that T : D(Ω) → C is a linear map where Ω ⊆ Rn is open open. Then T
is a distribution iff for every compect set K ⊆ Ω there exists some m ∈ N0 and M ∈ (0,∞) such
that

|T (ϕ)| ≤M‖ϕ‖m
for ϕ ∈ DK , where

‖ϕ‖m = sup
p∈Nk

0

{|∂pϕ(x)| : x ∈ K, |p| ≤ m}

= max{‖∂pϕ‖∞ : p ∈ Nk0, |p| ≤ m}

Proof. Fix K ⊆ Ω compact. We claim that (∗) for all ε > 0 there exists some δ > 0 and m ∈ N0

such that for all ϕ ∈ DK with ‖ϕ‖m < δ, we have |T (ϕ)| < ε. Indeed, suppose the contrary, that
there exists some ε > 0 such that for all δ > 0 and m ∈ N0, there exists some ϕδ,m ∈ DK such that
‖ϕδ,m‖ < δ, but |T (ϕδ,m)| ≥ ε. We define ϕk = ϕ 1

k
,k and consider the sequence (ϕk)

∞
k=1, which

we’ll show converges to 0 in DK . Indeed, given p ∈ Nn0 , we have

‖∂pϕk‖∞ ≤ ‖ϕk‖|p| ≤ ‖ϕk‖k ≤ δ =
1

k

which converges to 0 whenever k ≥ |p|, which contradicts |T (ϕk)| > ε, and so (∗) holds. Now, fix

ε > 0 and let M =
ε

δ
, and take some ϕ ∈ DK . If ‖ϕ‖m = 0, then ‖λϕm‖ = 0 for all λ > 0, so

|T (λϕ)| < ε

⇒ |T (ϕ)| < ε

λ
⇒ 0 = |T (ϕ)| ≤M‖ϕ‖m = 0

Now, we suppose that ‖ϕ‖m 6= 0. Set λ =
ε

‖ϕ‖m
. Then ‖λϕ‖m = δ, and so

|T (λϕ)| ≤ ε
⇒ |T (ϕ)| ≤ ε

λ
=
ε

δ
‖ϕ‖m = M‖ϕ‖m

as required.
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Example 4.2. In our above theorem, m depends on the set K. For example, define:

T =

∞∑
n=0

δ(n)
n

This is well defined, because if ϕ ∈ DK , then J = N0 ∩K is finite, so

T (ϕ) =
∑
n∈J

= (−1)nϕ(n)(n)

However, if α ∈ D(−1, 1) and α(0) = 1 we can define ϕn = (x−n)mα(x−n). Thus if x /∈ (n−1, n+1),
then ϕn(x) = 0, and so

T (ϕn) = (−1)n
dn

dxn
ϕ

∣∣∣∣
n

= (−1)nn!

⇒ |T (ϕn)| = n! �M‖ϕ‖m
since ‖ϕ‖m ≤ cnm, so we can always take n large enough.

Definition 4.3 (Order). A distribution T ∈ D′(Ω) is said to be of Order ≤ m if for all K ⊆ Ω
compact, we have

|T (ϕ)| ≤M‖ϕ‖m
for all ϕ ∈ DK , where M ∈ (0,∞). T is said to be of order m if it is of order ≤ m but not of order
≤ m− 1. T is said to be of finite order of there exists some m ∈ N0 such that T is of order ≤ m.

Given Ω ⊆ Rn, we’ll use the notation for all compact sets K:

Dm(Ω) = {ϕ ∈ Cm(Ω) : supp(ϕ) is compact }
DmK(Ω) = {ϕ ∈ Cm(Ω) : supp(ϕ) ⊆ K}

Whenever the meaning is clear, we will drop the Ω.

Proposition 4.4. DmK is a normed space under ‖ · ‖m

Proof. If ϕ1, ϕ2 ∈ DmK and λ ∈ C, then we have:

•
‖ϕ1 + ϕ2‖m = max

|p|≤m
{‖∂p(ϕ1 + ϕ2)‖∞}

≤ max
|p|≤m

{‖∂p(ϕ1)‖∞ + ‖∂p(ϕ2)‖∞}

≤ max
|p1|≤m

{‖∂p1(ϕ1)‖∞}+ max
|p2|≤m

{‖∂p2(ϕ2)‖∞}

= ‖ϕ1‖m + ‖ϕ2‖m

•
‖λϕ1‖m = max

|p|≤m
{‖∂p(λϕ1)‖∞}

= max
|p|≤m

{|λ|‖∂p(ϕ1)‖∞}

= |λ| max
|p|≤m

{‖∂p(ϕ1)‖∞}

= |λ|‖ϕ1‖m
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CHAPTER 4. FINITE ORDER

•
‖ϕ1‖m = 0 ⇔ ‖ϕ1‖∞ = 0 ⇔ ϕ = 0

We can extend this proposition and see that DmK is actually a Banach space.

Proposition 4.5. A linear map L : Dm(Ω) → C is continuous iff there exists some M > 0 such
that

|L(ϕ)| ≤M‖ϕ‖m
for all ϕ ∈ DmK with K ⊆ Ω.

Proof. Trivial.

Proposition 4.6. A linear map L : Dm(Ω)→ C is continuous if L|Dm
K

is continuous for all K ⊆ Ω
compact.

Proof. Also trivial.

Theorem 4.7. If L : DmK → C is a continuous, linear map, then L|D(Ω) is a distribution. Con-

versely, if T is a distribution in D′(Ω) of finite order ≤ m, then there exists a unique T̃ ∈ D′mK such
that T̃ |D(Ω) = T

Proof. If L ∈ D′m(Ω)l et T = L|D(Ω) and suppose that ϕk → ϕ in DK . The we have ‖ϕk−ϕ‖mto0,
and hence

|T (ϕ)− T (ϕk)| = |L(ϕ− ϕk)| ≤M‖ϕ− ϕk‖m → 0

as k →∞. Hence, T is a distribution of order ≤ m.

Conversely, let T by a distribution of order ≤ m. Then for all ϕ ∈ Dm(Ω), let K = supp(ϕ).
There exists a compact set K such that

K ⊆ H ⊆ H◦ ⊆ Ω

By theorem 2.2, there exists some (ϕk)
∞
k=1 such that ‖ϕk − ϕ‖m → 0 and ϕk → ϕ in DH . We now

define:
T̃ (ϕ) = lim

k→∞
T (ϕk)

This limit must exist because

|T (ϕ)− T (ϕk)| = |T (ϕ− ϕk)| ≤M‖ϕ− ϕk‖m → 0

T̃ (ϕ) is independent of the sequence chosen, because if ‖ψkiϕ‖m → 0 and ψk → ϕ in DH , then we
have

|T (ϕk)− T (ψk)| ≤M‖ϕk − ψk‖m ≤M(‖ϕk − ϕ‖m + ‖ϕ− ψk‖m)→ 0

It remains to show uniqueness. If T̃1|D(Ω) = T̃2|D(Ω), then for ϕ ∈ Dm(Ω) take a sequence ϕk ∈ D(Ω)
such that ϕk → ϕ in DH . Then we have

|T̃1(ϕ)− T̃2(ϕ)| ≤ |T̃1(ϕ− ϕk)|+ |T̃1(ϕk)− T̃2(ϕk)|+ |T̃2(ϕ− ϕk)|
≤M1‖ϕ− ϕk‖m +M2‖ϕ− ϕk‖m → 0

since T̃1(ϕk) = T (ϕk) = T̃2(ϕk) for ϕk ∈ D.
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Proposition 4.8. If T ∈ D′m(Ω) and α ∈ Cm(Ω), then αT is a well defined distribution in D′m(Ω),
and satisfies Leibniz’ rule: if r is a multi-index such that |r| ≤ m, then

∂r(αT ) =
∑
p+q=r

=
r!

p!q!
(∂pα)(∂qT )

Proof. We define (αT )(ϕ) = T (αϕ). We’ll show that αϕ ∈ Dm(Ω) if ϕ ∈ Dm(Ω). It then follows
that αT ∈ Dm(Ω), as

∂r(αϕ) =
∑
p+q=r

r!

p!q!
(∂pα)(∂qϕ)

and if |r| ≤ m, then |p|, |q| ≤ m and so ∂pα and ∂qϕ are well defined. Moreover,

|∂r(αϕ)| ≤
∑
p+q=r

r!

p!q!
‖α‖m,K‖ϕ‖

where K = supp(ϕ) and
‖α‖m,K = sup

x∈K
sup
|p|≤m

|∂pα(x)|

Therefore, if |T (ϕ)| ≤M‖ϕ‖m for some ϕ ∈ DmK ,

|(αT )(ϕ)| ≤M

 ∑
p+q=r
|r|≤m

‖α‖m,K

 ‖ϕ‖m
where the sum in brackets is finite for fixed K. We conclude that αT ∈ D′m(Ω), because it is
continuous. The proof of Leibniz Rule is identical to the proof for C∞.

Proposition 4.9. If f ∈ L1
loc(Ω), then Tf ∈ D′0(Ω)

Proof. We need to show that for ϕ ∈ CK(Ω)

|Tf (ϕ)| ≤M‖ϕ‖0 = M‖ϕ‖∞ = sup
x∈Ω
|ϕ(x)|

Indeed:

|Tf (ϕ)| =

∣∣∣∣∫
Ω
f(x)ϕ(x) dnx

∣∣∣∣
≤
∫

Ω
|f(x)| · |ϕ(x)| dnx

≤
∫
K
|f(x)| · |ϕ(x)| dnx

≤ ‖ϕ‖∞
∫
K
|f(x)| dnx

= ‖f‖1,K‖ϕ‖∞
as required.
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Proposition 4.10. A distribution T ∈ D′)Ω) is of order 0 iff there exists a compex-valued Radon
measure µ on Ω such that T = Tµ.

Proof. If T = Tµ, then for ϕ ∈ D(Ω)

|Tµ(ϕ)| =
∣∣∣∣∫

Ω
ϕ(x) µ(dx)

∣∣∣∣ ≤ ∫
K
|ϕ(x)| |µ|(dx) ≤ |µ|(K)‖ϕ‖∞

The converse follows from the Riesz-Markov-Saks-Kakutani Representation Theorem.

Proposition 4.11. If T ∈ D′(Ω) is a distribution of order ≤ m, then
∂T

∂xi
for i = 1, 2, . . . , n is a

distribution of order ≤ m+ 1.

Proof. Firstly note that ϕ ∈ Dm+1
K (ϕ) implies that

∂ϕ

∂xi
∈ DmK . Hence

∣∣∣∣ ∂T∂xi (ϕ)

∣∣∣∣ =

∣∣∣∣−T ( ∂ϕ∂xi
)∣∣∣∣

≤M
∥∥∥∥ ∂ϕ∂xi

∥∥∥∥
m

= M sup
x∈Ω

sup
|p|≤m

∣∣∣∣∂p ∂

∂xi
ϕ(x)

∣∣∣∣
≤M‖ϕ‖m+1
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Distributions of Compact Support
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