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2. determivants in 2 and 3 dimensions
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Cramer's Rule






Adyoint of a 2x2 matrix

Suppose P,Q are the rows of a 2x2 matrix. The
_adjoint of the matrix is defived as
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Adjoint and Cramer's Rule summed up
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Cross product corresponds to the positive
normal in 2 dimewsions. Guen, B Q in R?’) OP.0Q - SN
whee X100 < areas o pa™ 0,8 PrQ,Q

(o 1,2{_}%(@ o\lnear ) N

Y pl %ﬁf@“ﬁf \ L -
(vfMGL from, N, amgle POQ, Mclo?,kwfse).
FacT (wike P et ors)

(o, b, ¢) X (&, e, f) =

(I3 Ss=15 $1,1%50)

siaN )|



T+t is possible to explain the formula. Given

P,Q, and N = PxQ (assume vwonzero), project
N horizontally onto the z-axis and the
parallelogram vertically onto the xy-plave.

The length of ON, and the

area of the parallelogram, N
are both multiplied by the same
factor cos theta

The projected parallelogram has
corners 0, (a,b,0), (d,e,0), and the fourth corwer.

Tts area is +/- (ae-bd), ... as given.

is the third compovent of PxQ.
Purely for interest, not for examination.

Say P=(a,b,c)
Q= (d.e,f)
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The projection of N



Let A be the 3x3 matrix with rows P,QR.

Its

determivant |Al| or det A is defived as the triple

product P ¢ (Q xR). We get the same result if
P,QR are the columus of A. Cramer's rule in 34:

to solve Px+Qy+Re=S, let

a= Se(QXR), b=Ses(RxP), ¢ =7 *(QxS),
d =P e(QXR). Thewn x=a/d, y=b/d, z=c/A.

(a,b,c,d are four determinants)



An example, rigged to have integer solution

2X+4Yy+162=10; 2x+4y+152=4; 2X+34+132=10
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P dot (QxS) =S dot (PxQ) = -2 @

Solution X=ald=23, y=bld=-3, ¢ =cl[d=1



Determinant of a 3x3 matrix with rows (or
columns) P,QR: P dot (Q xR).

...... also, Q dot (RxP) and R dot (P X Q )
give the same result.

Note QxP=-(PxQ), Pdot (RxQ) =
- P dot ( Q xR), etcetera. More of that later A
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Crossed diagowals formulae

add +he dowwward
products (black) and
subtract the upward
products (red)

2X4x13 =104 2x4x16 =129
4x15%x2 =120 2x15%x2 = 90
16%X2X3 = 40 13x2x4 =104

220-%22 = -2



Cramer's rule problem repeated different
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Adjoint of a 2x3 matrix A. Slight variant of

notes.
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Adyoint of 3x3 matrix

Say the columns are P,Q;R. The adjoint is
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Adjoint, calculations arranged differently
(1) wivors (2.) cofactors (3) +ravspose

(i)) MINOR: delete row i and column ) and +ake
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(i) QxP= -PxQ

(ii) P.(Q¥R)=Q.(RxP)=R.(PxQ)
det(P,Q;R) = det+(Q,R,P) = det(R,P.Q)
= - det(Q,PR) = -det(R,Q,P) = -det(P;R,Q)

(iii) (xP_1+4yP_2).(QXR) = (iv) det(P,QR)=0 if and only if

x(P_1.(Q¥XR)) + y(P_2.(Q¥R)) O,7.Q;R coplanar

det(xP_1+yP_2,Q,R) =

xde+(P_1,Q;R)+ydet(P_2,Q;R) (v) volume of parallelopiped and
of tetrahedrow



nxn determinants There is a recusive formula

Let A =[a_1)] _wxn be a square matrix. We use
double indexing in the usual way.
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We coan handle n =2
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Ax4 determinants are a long calculation
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The following result is the source of many
facts about determinants

Theorem. Let A be an vxn matrix where v > 1.
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Swap top rows, multiply det by (1)
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det (XMZ) occurs twice
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ands conirt bution, @ deic A 1S )
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Swap top two rows multiplies determinant by
(1) (dowe)

Next: swap any two consecutive (adjacent) rows
has same effect

Next: swap any +wo rows has the same effect



