15 Differential equations

15.1 Theory

The differential equation

dx

i

ar =
has the solution

T = xoe.

We can use eigenvector methods to solve simultaneous differential equations

(fi—fzavaby %zcvady.

This system of ODEs can be expressed in matrix form
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If A has real eigenvalues and eigenvectors, then we can write

A=SA'S™' where
A0
! 1
=[]
Now the principle that when a is a constant, then d(ax)/dt = adx/dt, extends to systems
of differential equations, and
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STTAX = S71SA'S™'X = A5~ X.

Now S is a change-of-basis matrix, and S™'X gives the new coordinates, call them o and 3,
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This gives two independent differential equations

do dg
E =\, E = >\25

The solutions are
a = oo™, = Byet.

The solution involves two ‘constants of integration.” They can be resolved if one is given
the initial value of X: that at time t = ty, X = Xy. Then
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15.2 Practice

15.2.1 Exponential of a matrix

At B -8 6
e where A—[_15 1

Changing to an eigenvector basis

Cever 23071 o0 5 —3
a=swst = [ D0[05]] 5 73

e [2 3¢ 0] 5 -3]_
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the solution is

15.2.2 Sample ODE
Solve the system of ordinary differential equations

dx/dt = —8z + 6y
dy/dt = —15x + 11y
subject to x =7 and y = 3 when ¢t = 0.

Answer.

10et — 92t —6et + 6e?t 7 B 52et — 452
15et — 15e®*  —9¢t + 10e? 3 N 78! — THe?t

How can this be checked? First, check the value at t = 0: yes, it equals [7 3]7.
Next, evaluate

-8 6 52¢’ — 45e* | 52¢! — 90e?
—15 11 || 78e' —75e* | © | 78" — 150e*t
Then evaluate ) )
i 52e’ — 45e? | 52et — 90e?!
dt | 78" —T5e* | | 78" — 150e%t

So,

il )=l ]

as required.



15.3 More examples

Calculate the eigenvalues of

i

A-1 4

‘ ~1 A1‘:0
A=12—-4=0
A —2\-3=0
A=3,-1

With 2 x 2 matrices, it is usually easy to produce eigenvectors for given eigenvalues.

2 4
)\=3.)\I—A=[_1 2]

Take the cofactors of any row and transpose (unless that row is entirely zero) In the 2 x 2 case,
the cofactors of a row are equivalent to the positive or negative normal of the other row.

Positive normal to (—1,2) is (—2, —1). It is OK to scale an eigenvector, so to make it neater
we use (2, 1) instead (which becomes a column vector). You can check that
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as required.

Positive normal to bottom row (2, —1):

e[

as required.
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(We write D as a reminder that it is diagonal). As usual
A=SDS™!

Another differential equation example.

dx dy
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Solution. Find eigenvalues and eigenvectors. We get (of course, the eigenvectors can be
scaled by any amount):

A= [ 1 le ] A=SDS™,  where

p-[o 4]

Suppose we have an initial value condition as well: (z,y) = (4,1) when ¢ = 0. Then

[ : ] [
Bo -
so ap = 3/2 and [y = —1/2.
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(Needs to be multiplied out.)
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