Natural vambers and Turing machines

If forced to say what the natural wvumbers "are
really,’ the answer is: wownegative decimal
mtegers.

I\\{:{O,_I/ 2,--,910,-.- 999, -

Tsomorphic wmodels' iuclude binary nvumbers,
strings of 1s, hexadecimal numbers, and so ow.

Partial functions notation ' X-—F? 4
Aw | alphabet |is a finite set (awy finite set)
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Logic and computation lecture D2

Given a string x, its length || is i+s length as
a finite sedquence of letters (symbols).

xy 1s the product of x and vy, but the product
under concatenation, not in an arithmetical sevse.
Similarly, x™ is the product of v copies of x
concatenated together. 143 is the string 111

The Turing machive given as the first example
has input alphabet {13, so the input strings are

1w,

n >= 0.

I+ 15 easy to see that on input

1™, i+ halts with D om the tape if v is even and
with 1 on the tape if v is odd: v mod 2.



Easy exercise. Design a Turing Machine with

binary input alphabet (§0,13) such that ow
input X i+ halts with |x| mod 2 on the tape.

Repeat. A Turing machive is an object specified
by a tuple K, \Sigma, \Gamma, 4_0, \delta
where \delta is a set of quintuples definining a

partial function
Kx\Gamma 7 \Gamma x {L;R3 x K

Lt passes ﬂ/"’o‘/}@h a sequence of configuration is defined by the
oowﬁ@mm-hows. current state 4_i, the (vovnblank)
tape conteuts, and the position of
the square being scanved (current

sduare).



A Turing machive operates in a series of simple

steps. @iven X in \Sigma™ (ivput string), the
mitial configuration with input x is in the initial state 4_0
with x stored (iv adyacent squares) on the tape

and the read/write head positioned at the
square containing the leftmost letter in x, or
blavk if X is empty.

At a given step, let d_i be the state and X the
symbol in the square being scanned.

p—

ILf there is vo quintuple g_1 X ... the machive does
wothing. I+t is in a halting configuration.




If there is a quintuple beginning q_i X ... thew it
is unique, d_i XY L/R q_), sav.

(1) T+ replaces X by ¥ in the square being scanned

(i) I+ moves to the next square on the left+ if L
Is specified, on the right if R is specified.

(ili) I+ adopts the state d_)

The semantics of Turing machives are (i1s7) very easy

The set K of states and the tape alphabet [
must be disjoint sets --- not a problem.



A configuration is represented by a strivg iv
\Gamma™* x K x \Gamma™*

The string \alpha d_i \beta is the configuratiov
in which \alpha\beta are the +ape contents,
the rest of the tape being blank; the combined
string does wot begin vor end with the blank B;
d_i is the state; and the sduare being scanvea
contains the leftmost let+er in \beta, or B if
\beta is empty. We can thew define +he relation

“Configuration A yields configuration B directly.
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DPEFINITION a Turing machine M
computes a partial function J IRET

where \Sigma is the input alphabet and \Pi is a
previously unmentioned output alphabet,” wot
containing the blank symbol B, such that for
every input string x, beginning with this input
string, if M halts then it halts in a configuration
dz where z \in \Pi**., AND

If f(x) is defived, thew M halts with (novblank)
tape contents £(x). AND

It f(x) is undefined, then M loops on input X.



Exercise. Design a Turing machine with binary
input and output alphabets which is defived owly

on wonempty binary strings and computes x| mod
2. on those inputs.



The halting problem. There is vo sottware
which can tell it a program is looping or just slow.

If WM is a turing machive and x is a (bitstring)

mput thew /y[(,‘) J, Means M hates on mplet o
MYy M hakg Wikh ouwtgut v

M ('x:) 1\ M 'LOD'PS on W .,
A set X of bitstrings is RECURSIVE if there
exists a Turing machine M such +hat

WM(x) halts with ontput 4 if x \in X and

ontput D if x \notin X.
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Theorem The halting problem has vo solution;
HALTING is undecidable; HALTING is ot
recursive.




Proof Otherwise there would be a TW T
such that T(x) always halts, with ontput
1 if x can be factored as ye where T_y(z)
halts, and D otherwise.

Ove could construct a Turing machine M which
does this ow input X:

(i) it doubles’ the input, constructing xx on i+s
tape.

(it) it incorporates the quintuples of T to
determine whether T(xx) = 0 or 1

(i) IZf 0, M(x) halts.

(iv) If 1, M(x) loops.




So: M(x) halts if and ouly if xx \notin HALTING

Based on the assumption that T exists, M
exists, and M = T_¢ for a suitable encoding ¢

T WM(c) halts ITf M(c) loops
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Recursively enumerable sets. A set is recursive
if i+s characteristic function can be computed by
a Turing machine which halts on all inputs.

Definition: A set X (of bitstrings) is
RECURSIVELY ENUMERABLE if there exists a
TWM WM such that

x\inX iff WM(x) halts

Over and above the notion of halting, there is
also the notion of halting with ontput, and there
Is the votion of a Turing machine computing
partial functions partially mapping bitstrings +o
bitstrings.



We are mostly concerned with partial functions
whose domain and ravge are sets of bitstrings.

Recall that M(X)JJ means that with inpuc %, M halts
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Proposition: universal Turing machines exist.  The nearest

to a proof of this fact is awn inspection of the
program TuringinC.c, which accomplishes
something similar to a UWiiversal turing machive.



The domain of the Universal Turing Machine, the
set of x on which U(x) halts, is the set of all

strings of the form yz where y \in TWM and
T_y(2) halts.

Iwv other words the domain is the set

HALTING. HALTING is recursively enumerable but not
recursive.

There are mawny other example of wow-
recursiveness. For example, it is undecidable

whether a semigroup has decidable word-
problem.



——

Propositional logic. Iwn geweral, logic is concerned
with theories, proof systems, and
interpretations. Propositional logic is the
simplest form in which everything is composed
of boolean variables and interpretations are
connected with truth +ables.

“here are two TRUTH-values, +rue and false,
[ DENTIFIED with 1 and D respectively.

A TRUTH-FUNCTION is a map from §0,13™ +o
{013 for some w.



A truth-table is yust a presentation of a truth-

fumction. o . .
We begin with four logical connectives whose

meaning) is defined by truth tables.
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Logjic is concerned with formulae and
nterpretations. Iw propositional logic,
an interpretation is just an assigument of
truth-values to the boolean variables v the
formulae. A formulais INCONSISTENT if it
is false under every interpretations (i.e., the
truth-table has 0 everywhere in the right-hand
column).
A CNF (conjunctive wormal form) is a formula like
this (X_i are boolean variables, vot necessarily

distinct)
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A more informative definition. A
RESOLUTIONREFUTATION of a set S

of clauses is a list of clanses, each clanse either
belonging to S or a resolvent of +wo clanses
occurring earlier in the list, so that the list
contains (usually, ends with) the empty clanse.

RESOLUTION IS SOUND If asetS of clanses
admits a resolution refutation, then S is
mnsatisfiable.

PROOF TIfSis satisfiable, i.e., not inconsistent,
thewn there is an interpretation which satisfies
S. BY induction, this interpretation satisfies
every clanse in the refutation, impossible since i+
cannot satisty the empty clanse.



Resolution is complete. This will show how se+
notation is suitable for CNFs. Let S be a set of
clanses and L a literal occurring in S. Define

S\Lo=feNfL}: €eS AL £C].
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Completeness of resolution

£ S is an inconsistent set of clanses thew the
empty clanse can be derived from S by resolution.

Assume S does not contain the empty clanse ---
otherwise trivial. Thew use induction on the

number of (distinct) boolean variables occurring
n S. | ‘_
The m,bl mmJ@wh[b CNF with. 1 B.Ve IS
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