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1 Binary search

(2.1) The study of algorithms aims to make us better programmerarious ways.

e Standardisation. We learn standard methods applicable to well-known progreng prob-
lems; this reduces the annoying ‘problem-solving’ compurod programming.

e Correctness.Those methods which are not obvious are studied and exglaine

o Efficiency. We evaluate the efficiency of the methods in terms of resewsaeh as time con-
sumed or memory space requirements.

These algorithms are usually non-numerical, meaning tkatteresults are easily defined and
there is no notion of approximate solution.

In numerical programming accuracy is critical; in thesduees, efficiency is desirable but the
level of efficiency is not usually of critical importance. Vdee content with ‘order-of-magnitude’
analysis, and hence tli&() notation is important.

(1.2) Definition Let f(n) andg(n) be two functions defined @t such that

0< f(n),g(n) eR

for all n. In other words, they are nonnegative real-valued sequennésmally,

fisO(g) <~ nh_g)lo% < 00

More formally,

fis0(g) < (3C = 0)(3N € N)(Vn = N)(f(n) < Cg(n))

Roughly speaking, th€@() notation measures tlgrowth rateof sequences.



(1.3) Searching. Frequently a program needs to search an array of keys to fentbdation of a

particular key. The obvious way is to iterate through theywith a for-loop; if the array has size

then this will taken iterations, or time proportional te: written O(n). This is calledinear search.
If the keys can be sorted, and are stored in the array in sortit, therbinary search allows a

key to be located in timé&(logn).

(1.4) Theidea is simple: the range of possible locations of a ghesns halved in each iteration, so
after aboutog, n iterations either the key is found or the range is reducedatbing.

int location ( int *a, int n,
int i,j,m
i = 0;
j =n-1;
while (i <=j )
{
m= (i+)/2;
if ( a[n] == key )
return m
elseif ( a[m > key )
j = m1;
el se
i = ml;
}
return -1; /+* nothing found
}

int key )




O 1 2 3 4 5 6 7 8 9 i

(1.5) Bxample. 1 5 1 3 5 7 81011 13 a[i]
search for 11: Search for 12:
i j m a[nj [ j m a[ n
0 9 4 5 0 9 4 5
5 9 7 10 5 9 7 10
8 9 8 11 8 9 8 11
return 8 9 9 9 13

9 8

return -1

Correctness. The while-looppreservesthe followinginvariant condition: if the key is stored
in the arraythenits index is> ¢ and< j. As for efficiency,

(1.6) Lemma Binary search runs in timé&(logn).

Proof. We measure the search range, namely: + 1, at each iteration. In a single iteration, if
a[mM +# key, the variableg, j are replaced by

1+ ]
— |
Let s be the search range before the iteration, j.e-,: + 1. We assume > 0 anda[ n] # key:

otherwise we are at the last iteration.
The intervali ... m — 1 has length

i,m—1 or m+1,7 wherem = |

m—i= | = |1 < sy

andm + 1...7 has length

I o < sp2).

jm—m=j-— 5

The range is reduced to at mdsy/2| < s/2 (possibly a fraction), so afteriterations the search
range is at most

n
2"
(possibly a fraction). I~ is sufficiently large so that this fraction s 1, there can be no further
iterations. How large shouldbe?
We wantn /2" < 1, i.e.,n < 2". Taker = [logy(n + 1)|. Then2" > n + 1. Therefore there are
at most

[logy(n +1)]
iterations. Each iteration takes bounded time, so the dverdgime isO(logn). Q.E.D.

Here is a binary search procedure written in Eiffel.
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| ocation ( a: ARRAY[ <conparable type> ], key: <sane type> )
| NTEGER i s
require
normal _bounds: a.lower =1
-- just an exanple
do
| ocal
i,j,m: | NTEGER
found : BOOLEAN
do
from
i
j.
unt i
i
| oop
m:= (i+) div 2
if alm = key then
found = true
else if a[m > key then
j =m- 1
el se
i =m+ 1
end

a. |l owner
a. upper

v — 11l

j or found

i f found then
Result :=m
el se
Result = a.lower - 1
end
end

2 Binary trees

(2.1) Trees are very useful in Computer Science; the idea is bassdmathing like family trees.

(2.2) Definition A forestconsists of a finite set ofodes together with a ‘parent’ function defined on
some of the nodes.



It is required that the ‘parent’ function — write it gg) for brevity — is acyclic. This means that
no nodeu is a proper ancestor of itselfi.e., there is no node such that

Arootin the forest is a node with no parent.
A treeis a forest which either is empty or has exactly one root.
Thechildrenof a nodeu are those nodes whose parentisA leafis a node with no children.

This section is concerned withinary trees. A binary tree has three partial functions, parent,
Ichild (left child) , and rchild (right child). Also,

e For every node, the children ofv are the left and right child, where they exist.
o If the left child u of u exists, and also the right child then they are distinct: # v.

Example. A binary tree can expose the ‘structure’ of an arithmeticregpion. See Figure 1,
which shows a conventional way of depicting binary trees.
A typical definition of a binary-tree node in C would be

typedef struct btree_node_tag {
char = item /* whatever is ‘stored” in a node,
* in this case a character string
*/
struct btree_node_tag
*|child, *rchild, xparent;
} BTREE_NODE

And typically in Eiffel,

cl ass BTREE NODE [ G
feature {BTREE}
item G -- stored at the node,
-- Type G (a paraneter: generic)
lchild, rchild, parent: |ike Current

end -- cl ass

(2.3) Definition Theancestor®f a nodeu in a tree are either

1 ‘proper ancestor’ is explained latér (2.3)
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Figure 1: Binary tree representing— b — (2 + ¢/d).

e 1 alone ifu is a root, or otherwise
e v itself together with (recursively) the ancestors of its e

Theproper ancestorsf u are all ancestors exceptitself.
Similarly © hasdescendantandproper descendants

Inorder, preorder, and postorder. There are three important linear orders defined recursively
for binary trees.

e Preorder: root before left subtree before right subtree
e Inorder: left subtree before root before right subtree

e Postorder: left subtree before right subtree before root

If we take the above expression tree and list its nodes irhtlee torders we get preorder— 16+
2/cd, inordera — b — 2 + ¢/d, postordenb — 2cd/ + —. For calculation purposes inorder is useless
since the parentheses are missing, but preorder and pesfoeserve the tree structure. Postorder,
‘postfix notation,’ is suitable for calculation using a pdsivn stack. There is a very elegant algorithm
to convert from (parenthesised) infix notation to postfixssdéms to be due to Dijkstra.

By the way, the Postscript language uses postfix notation albbee expression would be some-
thing like

absub 2 c d div add sub

in Postscript.

(2.4) Definition Thedepthof a nodeu in a treeT" is the number of proper ancestors:gfso the root
has depth 0. Thieeightof a nodeu is the maximum distance fromto a proper descendant af

That is,

e The height of a leaf is O;



o If u is not a leaf, then its height is+ the maximum height of its left and right children, if they
exist.

Theheightof a treeT" is —1 if T is empty; otherwise it is the height of its root.

(2.5) Lemma (i) The height of a nonempty trdeis the maximum depth of its nodes.
(i) A binary tree of height has between + 1 and2"*! — 1 nodes.
(iii) The height of a binary tree with nodes is betweelng,(n + 1) — 1 andn — 1.

Proof. (i) We skip the proof: not because it is unimportant or obsgiolbut because it doesn’t
reward investigation.

(ii) If T is empty therh = —1, andh + 1 = 2"*1 — 1 = 0. Otherwise I is nonempty.

For anyd > 0, there are at mot’ nodes at deptHi: this is easily proved by induction ah since
every node at deptth has at most two children at deptht 1. Hencen < ZZ:o 24 = oh+1 1,

Choose a node of depth(part (i)). It hash + 1 ancestors including itself. Henée< n — 1.

(iii) is another version of (i) Q.E.D.

(2.6) The Omega notation.When f is O(g), f grows no faster thap. But f could grow slower
thang; in that case we would writé is o(g) (little-0’). Informally,

fiso(g) <= limm = 0.
ng(n
The (2 notation is theoppositeof this. It means thaf does not grow slower than Informally
fisQ(g) = lim@ > 0.
ng(n
(Possibly the limit is infinite.) With this notation, partifiof Lemma 2.5 can be simplified.

(2.7) Lemma The height of am-node binary tree i€£)(n) and2(log n).
A partial strengthening will be useful:

(2.8) Lemma Let T be a binary tree containing a subsgtof £ nodes. Then the deepest node&in
has deptH2(log k).

Proof. Let d be the maximum depth of all nodes$h The total number of nodes of depthd in
T is at mos?+! — 1, so
k<2t 1, d>logy(k+1)—1,

sodisQ(logk). Q.E.D.



3 Enumerating binary trees

There ar% (25) binary trees withmh nodes. These are tl@atalan numbersThere are at least two

ways of arriving at this. One is given in Feller Volumé The other uses generating functions.

Let b,, be the number of binary trees withnodes. We allow the empty trek; = 1.

Givenn > 0, by considering all possible sizesand; respectively, of left and right subtrees, in
a tree withn + 1 nodes, we arrive at the recurrence

bs1 = Y bib;
i+j=n

Let B(z) = >_b,z". Then

B(2)* = Z Z bibjz"

n>0 i+j=n

so the coefficient of” in B(z2)? equalsh,, 1, and

2B(2)* = B(z) — 1, 2B(2)* — B(z) +1=0.

Whence
1++v1—4z
B(z)= ——
2z
There are no negative powers:oin B(z), which means we should take the minus sign.
1—-+v1-4
B(z) = bl
2z
1— Zrzo (112)(_42)T
2z '

The term inz~! vanishes, and the others are simplified as follows.

1 - Zrzo (142)(_42)4
2z B

()l
Z (1£2) (—1)rHig2—1,r-1 _
S

n>0

2 Feller, William: An Introduction to Probability Theory and its applications
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Figure 2: Binary search tree imitating binary search on aofayprevious example.
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4 Binary search trees

Binary search trees take their inspiration from binary deakhile binary search is very efficient,
it is inflexible; that is, there is no easy way to add or remdeenents in the array being searched.
Binary search trees aim to rival binary search in efficiend\greater flexibility.

(4.1) Binary search treesare binary trees whose nodes carry ‘keySCOMPARABL E type, arranged
so that inorder traversal yields the keys in strictly sodedkr.

Equivalently, at every node, the keys stored in its left subtree are less than, and the &teyed
in its right subtree are greater than, the key stored at

Figure 2 shows a binary search tree which corresponds gxaitll binary search on the array
given in§1.5.

(4.2) Inorder successor: non-recursive formThe inorder successor pfis,

e If p has a right childy, its inorder successor igs leftmost descendant

e Otherwise its inorder successor is the lowest ancestbp, if it exists, such thap is descended
from the left child ofg.



(4.3) To locate a key in a binary search tree is straightforward:

Initially, p is the root.

Repeatedly, untib becomes NULL or the key is found, compare the key withrkey.

If equal, returrp.

If low, replacep by p- >l chi | d and continue.

Otherwise, replace by p- >r chi | d and continue.

(4.4) Inserting a key is almost as simple. First follow the above proceduledate a node con-
taining the key — if the key is already stored, do nothing. édtfise, suppose that was the last

non-null valuep had. If the tree was empty, store the new key at the rogt.hid been replaced by
p- >l chi | d, add the key as a left child far. Else add it as a right child.

(4.5) The cost of searchindor a key is proportional to its depth in the tree (or the deytthe last
node inspected). Recall that the depth of a binary tré&ig) and2(logn).

If the tree is shallow — meaning that its heightiglog n) — then searching the tree is maximally
efficient.

If a binary search-tree is built beginning with the emptyetasmd making a sequence of insertions,
it is possible that its depth is — 1. This happens, for instance, if the keys are presented $ertion
in ascending order, in which case the tree resembles a lirdkthere are no left children).

(4.6) The average cost of searchindnowever, is good, on average. This means that assuming that
a tree is built by inserting a sequencendkeys in random order, then the average depth of a node in
an average tree is proportionalltg(n). This is proved as follows.

(4.7) First, letT be a binary search-tree withnodes. TheNTERNAL PATH-LENGTH (IPL) is the
sum of the node depths. (Or, equivalently, the sum of lengtladl paths in the tree.) By convention,
the root node has depth O.

Thus the average node-depth, the average cost of accessodpaassuming all nodes are ac-
cessed with equal likelihood, ig'n times the IPL.

Next, let IPL(I") denote the internal path-length of a nonempty binary $etteeT’; let 7, and
T, be the left and right subtrees at the root, respectively;saipghose thatis the inorder rank of its
root. Then

IPL(T) =i — 1+ IPL(T}) + n — i + IPL(T),

because the depth of a nod€linor in 75 is 1 less than its depth if.

Let o be an permutation of input keys; we assume that all permutations have equal piidga
A treeT built from keys presented in the ordemwill have root with inorder rank, wherei = o(1).

If o ranges over all permutations in whiet{l) = 4, then the subtree®, and 7, will range
independently over average search-trees withl andn — i nodes respectively.

Therefore

I=(n—1)+A6G—1)+ A(n 1),
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where! is the average IPL of trees created by all suchndA(j) is the average IPL of a tree created
from j random insertions. Averaging over all possihlgalues ofi,

1 =n
An)=n—-1+ = (At —1)+ A(n —1)).
=1
This recurrence is well-known and there are simple trickafaving at a solution. First, the two
parts of the sum make the same contribution, so we get

1=n

(n+1DAMm+1)=n(n+1)+2)>  Ad)

(n+1)A(n+1) —nA(n) =2n —|2—:2A(n)
(n+1)An+1)— (n+2)A(n) =2n
Aln+1)  An) 5 n

n+t2 n+l (m+D){n+2)

Writing U(n) = A(n)/(n + 1) we get

n 1 1
(n+1)(n+2) _2n+1 _4(n+1)(n+2)

The X part converges and can be ignored. Comparing the sum (cahedh@onic series) with
the integral ofl /x, it emerges thal/ (n) = 21In(n) + Y whereY is bounded. Hencd(n) is roughly
2nlnn: itis O(nlogn).

(4.8) Lemma The average IPL of a binary search-tree built by a random sege of key-insertions
is O(nlog(n)) and hence the average cost of a successful search in such & Weélog(n)).

5 Average ipl of binary trees

This section uses generating functions to estimate theageedepth of binary treess opposed to
binary searchtrees.The distributions are different.
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The generating function fdr,, the number of binary trees withnodes is

1—-—+v1—-14z

B(z) = 2z

Following Exercise 5 of group 2.3.4.5 in [Knuth, volume 1Etlb,, be the number of trees with
n nodes and IPlp.

Looking at the left and right subtrees at the root of one stexh, the left subtree hasnodes and
IPL r, say, and the right subtree hasodes and IPLls, say; andc +/+1 =nandr+s+n—1 = p.
Therefore

bnp = Z bkr bfs .

k+l=n—1;r4+s+n—1=p
Let B(w,2) = >, , bupz"w?. Then

2B(w,wz)* = B(w, z) — 1.
andB(1, z) = B(z) as above.
In Knuth’s notation,B,, is 0B/0w, etcetera. Taking/ow,
22B(w, wz)(By(w,wz) + 2B, (w,wz)) = B,(w, z).
Let H(z) = Y h,2" = By(1, z). Clearly the average ipl with nodes ish,, /b,.

2:B(1,2)(H(z)+ zH'(2)) = H(z)
2:B(z)(H(z) 4+ 2B'(z)) = H(z)
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1—-2zB=+1—-4z

d —2

/sy v

dz V1—4z
B/(Z)ZQ_ZZ_@{22XE_V1_4ZX2:|:

= (1 (e )

mH:( 224z+m_1) (ﬂ)

V- 1z 22
2 1 1—+/1—-4
H=|—""_41- )
1—4z Vv1—4z 2z
1 +1 1 1 \/1—4Z+1
1—4z 22 22¢/1—42 1—4z 2z 2z
1 1 1 1
TR _ 141 —4z) =
1—-42 2z /1-4z 22\/1—47:( )
Lol 1 L2
1—42z 2z 2/1—-4z 1—4z 1—4z

1 1 1 1
+ - — + =
1—4z 2z 2/1—42 /1—4z

1 1/ 1—2 )
1—4z 2\ V1—-4z '
or,
1 1 1 1

4 VIod: i 2
= (V-5 ()

r>0 r

Expandl/\/1 — 4z.

The coefficient, call it2,,, of 2™, is

2n 2n + 2 ., Sn+1/2n
4" + — =4" — .
n n+1 n+1\n

Divide by b,,, then-th catalan numbegi- (*"), to get the average ipl of binary trees:

471
a1 G
From Stirling’s formula,
4n
n (n+1)y/nm
so the dominant term id(n) is
ny\/nm
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Figure 3: Hibbard’s deletion strategy

and the averagdepthof average binary trees

~ \/NT.

6 Deletion from binary search trees

(6.1) To delete a node from a binary search tree is easy if that node has fewer than tidrehi
Suppose that is its one child (defaulVoi d). If « is the rootw becomes the root; otherwise has
parentp say; therp becomes the parent af, andw becomes the left- or right- child ¢f, whichever
u was.

If « has two children, the trick is to locate the inorder successd u, delete it from the tree (it
has no left child), and re-attach it wherevas in the tree. This is calladibbard’s deletion strategy.
In Figure! 3, if one wants to remove the node containing W, ataadly replaces it by its inorder
successor X. X is easily detached from the tree because ndé&t child, and it can be moved to
take W's place in the tree.

Lemma 4.8 does not hold when insertions and deletions aredwagether. Culberson (mid-S@s)
showed that the average IPL of a tree subject to insertiodsdatetions (with Hibbard’s strategy)
could beQ)(ny/n).

Compare this with the average IPL of a binary tree.

There is a way to get guaranteed efficient insert and deletaverage This method is due to
Michaela Heyéﬂ

To put it very briefly: together with a key at each node themdss atimestampgiving the ‘time’
(0...n — 1) when the key was inserted. Of course, the keys and timesté&mgpther can be used to
construct the tree.

Insertion is basically the same as before. Deletion is monepticated. It is arranged to have the
following property:

Suppose a mixed sequente of insertions and deletions is executed, ending up with a
treeT. LetS be the subsequence consisting of those insertions whichoai@ancelled
by a later deletion, and 1&t’ be the tree which would be built froisi.

ThenT and7” are isomorphic.

3 Heyer gives different sources, referring to ‘Knott’s parad
4Randomness preserving deletions on special binary seae$,Electronic notes in theoretical computer science
225 99-113.
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The treeT” has good average depth; therefore so’'HafThe reasoning may be quite subtle...)

7 Red-black trees

Here we introduce red-black trees, which are binary treess@heights are guaranteed tak@og n)
The structure of such trees is subject to change, bunhtirder sequence of nodes is preserved. They
are suitable for storing data in a linear order (inorder)udlly, though not always, they are used as
search-trees.

(7.1) In a binary tree, thesibling of a node is the other child of its parent, assuming parent and
children exist. A root has no siblings.

(7.2) A red-blacktree is a binary (search) tree satisfying

e It can be empty (no root).

e Colour and rank: every node is ‘coloured’ red or black. Thed-black rankof a node is the
maximum number of black nodes encountered in a branch fremdde down (to a leaf); the
node itself is counted if it is black.

e No double red: Every red node has a black parent.

e Rank balance: Siblings have equal rank, and a node without siblings, extexroot, has rank
zero.

(7.3) Lemma The root, if it exists, is black, and any other node withouliisgs is a red leaf.

Proof. Every red node has a black parent, so the root cannot be red.
Suppose is a node without siblings. From rank balancing, its rankeiz so all its descendants
are red. By the ‘no double red’ condition, it has no proper dedants and is a red led).E.D.

(7.4) Lemma Letu be a node of rank. Thenu has at leasR” — 1 black descendants.

Proof by induction on the height af. If « is a red leaf them = 0 and if it is a black leaf then
r = 1; in either case the statement is trueu lias one child, then is black and its child is a red leaf,
and again- = 1 and the statement is true.

So we can assumehas two children andw.

If u is red then bothy andw have rank- and the statement is true by induction (in fact, strength-
ened).

If u is black themv andw have rankr — 1, with at least2"~! — 1 black descendants each, by
induction; adding: which is blacku has at leas?” — 1 black descendant§.E.D.

(7.5) Corollary A red-black tree witmm nodes has heigh® (log n).

Proof. Suppose- is the red-black rank of its root.

The tree contains at lea&t — 1 black nodes, so < log,(n + 1).

Every red node has a black parent, which means that everyfioathroot to a leaf contains at
least as many black nodes as red. Therefore the tree hasatepibst2r — 1, which isO(logn).
Q.E.D.
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(7.6) Keeping track of the ranks. The structure for a red-black tree should include the rariksof
root. The rank of the root is enough: the rank of other nodeassly deduced.

(7.7) An imperfect red-black tree is one which has a double red or a rank imbeJariolating
exactly one of the two conditions exactly once, in the sehaethere exists at most one red node
whose parent is also red, or at most one node whose childegth@mselves rank-balanced but who
differ in rank by 1. Thdocation of a red-red imperfection is the red child of a red parent, ted
location of a rank imbalance is at the heavier child. (Thisisase the other child is non-existent.)

Itis possible to convert an imperfect red-black tree integblack tree, while preserving inorder.
The easier case is that of a double red imperfection.

(7.8) Rotating the links. An important operation here is that of ‘rotating the link$’anode.
Suppose that is the left child of a node. Let A and B be its left and right subtrees, antthe right
subtree of;. So the subtree gtcan be writtenAp BqC' in inorder. To rotate fronp means to make
the right child ofp, andB its left subtree. Itis as if theg link were rotated clockwise. This operation
preserves inorder: the result would again be writterBqC', though the parent-child relations are
different.

Again, if ¢ were the right child op, the subtree gi beingApBqC, we can rotate frorng, making
g the parent: anticlockwise rotation.

(7.9) Fix double red. Suppose that a trég satisfies the red-black conditions except for a possible
double-red imperfection at

Itis all right to make adjustments to the tree that lead tovaingperfection, so long as only one is
introduced, and it is closer to the root. We avoid any acti@t imight create an imperfection further
down the tree. Bearing this in mind, the corrective stratsggs follows. (Note: as the corrections
proceed up the tree, it is no longer certain thaave any parent, or a red parent.) See Figure 4.

e If p is the root, make it black, increase the rank 7.6), aul IDtherwise, ley be its
parent.

e If ¢ is black, stop.

e If gis the root, make it black, increase the rank, and stop. @ikerletr be its parent and its
sibling (s may be null initially, that isg may have no sibling initially).

e If sis non-null and red, then ‘promote:” make betlandq black, and make red. The parent
of p is no longer red, but there may be a double red aetp .= r.

e Otherwise there are two cases, depending on whether thepgpath ‘zigzig’ or ‘zigzag.’ In
the zigzig casep andq are both left children or both right children. Rotate frghmmakinggq
black and- red (this is all right since is not red), and stop.

¢ In the zigzag case, rotate fropnthen rotate fromp again, making- red andp black, and stop.

(7.10) Fix rank deficit. This is, for some reason, more complicated. See Figure 5.rdiitene
should begin with a node whose rank is unbalanced, apdshould be its ‘deficient child.” It is
possible thap be null, initially, butq should never become null. Iteratively,
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Figure 4: Fix double red

e If pis red, make it black, and stop. Otherwise,die the sibling ofp ands andt its nearer
and further children (i.e., if is deficient on the left, thenis the left child ofr).

e If ris black ands andt are null or black, then ‘demote’ Make r red. This fixes the imbalance
atq, but reduces its rank. ifwas red then makgblack and stop. Else, ifis the root, decrease
the rank (see 7.6), and stop. Otherwise repjabg ¢ andq by the parent of;. Again there is
an imbalance af.

e If r is black, butt is (nonnull and) red, then rotate copy¢’s colour tor, makeq andt both
black, and stop.

e If ris black andt null or black buts is red, then rotate from, makes black andr red, and
continue. This will raise the previous case in the next ttera

e Otherwise,” must be red and, ¢ both null or black. Rotate from, maker black, andy red.
At the next iteration one of the above cases will be raised,thare will be at most two more
iterations.

(If the second case — sibling pblack with two black children —is raised, then it will terrate,
because is red.)

(7.11) Joiningtwo red-black trees. Given two red-black trdgésand7, and a node, it is possible
to form a tre€l’ in which all nodes irif';, come first in inorder, then, then all nodes iA. If Tk is
empty, it is a matter of inserting appendingp 77, in time O(rank(77,)), and similarly ifT, is empty.
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Figure 5: Fix rank deficit
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AN 4

Figure 6: Joining one node and two trees. (The empty circeresl node.)

Otherwise letr and s be the ranks ofl;, andTy respectively. Ifr < s, go down the leftmost
branch ofT; until a black nodev of rankr is found. Then replace by v in Tk, makew its right
child, and makd; its left subtree. Make red, and apply ‘fix double red’ atto cure any double red
situation that arises. See Figure 6.

If » > s, go down the rightmost branch @f, to locate a black node of rank s, and perform
similar actions. The runtime, assuming thands are known in advance, (|r — s|). The rank of
the combined tree imax(r, s) ormax(r, s) + 1. Clearly,

(7.12) Lemma If the ranks ofl;, and Ty are known in advance, then the cost of joinin@igr — s|).
In any event the cost 9(log n), wheren is the total number of nodes in both trees J]

(7.13) Splittingatree. Given a nodein a red-black tre&” with n nodes, it is possible to construct,
in time O(log n), treesT;, andTx containing all nodes preceding(respectively, followingy) in T
in inorder, and preserving inorder in each tree, as follows.

e First calculate the rank af, by counting the number of black proper ancestors and sttbiiga
from the tree’s rank.

e Letx = v initially, T}, its left subtree, and’; its right subtree. Possibly they are empty. Make
sure the roots (where they exist) of these subtrees are, lddgksting their ranks if necessary.
If = is the root then stop. Otherwise lgbe its parent.

o If z was the left child ofy then letS be the right subtree af, making sure its root (if it exists)
is black and adjusting its rank if necessary. Then jGiny, andsS.

Otherwise letS be the left subtree af, adjusting its rank, and joiff, y, andT7.
If y was the root, then stop. Otherwise let y, lety be its parent, and repeat.

Crudely put, splitting involve®)(log n) operations each costing(logn), yielding O(log?n).
The sharp estimat®(logn) is based on the fact that the cost of joining is proportiomafank
difference. First,

(7.14) Lemma Suppose. and R are two (nonempty) red-black trees amds another node. Let
r and s be the tree ranks before the join. Without loss of generatitx s and x becomes a left
descendant of the root éf. Supposd., x, and R are joined to form a tred". ThenT has ranks or
s+ 1.

If the rank iss + 1 then eitherT” has rootz, with two black children, or its root (which was that
of R) had two red children in? before the join and two black children after.
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Figure 7: two ways in which joinind. and R increases rank.

Proof. See Figure|7. Suppose the rankis 1. This can only have happened during fix double
red where the root was red and then black. This is possibiésiimade the root with, and R its left
and right subtrees. Otherwise, the root must have becomenekthen been changed to black again,
increasing the rank. The root can only have become red thrgugmoting’ its children, which must
have been red and are made black. In this case there are tiorrstand the root of” was the root
of R. Q.E.D.

(7.15) Runtime of Spilit. In splitting a tre€l" into 77, v, andTr, T is constructed by a sequence of
joins involving a sequence
T())ajllea Ty 7x€7TZ

of subtrees and nodes where the ranks of the ffe@se nondecreasing. If the rootdf was red (as
a child ofz;), then it is changed to black. Lef be the rank of:; in 7" before splitting. These ranks
are available as part of the computation.

Let U, be the tree constructed after joiniflg, z1, ..., zx, T,. We note thatl; was the right
subtree of, but forj > 1 T; was the right subtree of; in T'. HerelU, = T is defined also.

(7.16) Lemmar, — 1 <rankUy) < rp + 1.

Proof. Fork > 1, the rank ofU,, is at least;, — 1, sinceT}, had rank> r, — 1 before adjustment,
and the adjustments do not reduce rank.

The upper bound is harder.

We prove the upper bound by contradiction. Assuming theraontfix £ > 0 minimal subject to

rank Uy1) > 151 + 1.

By interpretingz, asv we can include the case = 0,7y = rank(z,) = rank(v). Also, let
U() - TQ.

We note that rankl’;) < r;, for all j, because if the root, call it, of 7}, changes from red to black,
then its parent; was black, sa: had rankr; — 1 before adjusting. The following holds (at any step
of the construction, not just theth)

(7.17) rankUyz11) < 1 + max(rank Uy ), rank(Ty1)).
Note also that thel+’ term applies when there is a rank increase, as discusseehimria 7.14.

By choice ofk, the left-hand side i$> 2 + 7.1, rankUy) < 1+ r4: also, rankTy. 1) < rgyq.
Therefore
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2+ 1 <14+ max(l+7g, rge1)
This is only possible if

ree1 =1, and  rankUy) = 1+ ry.

Also the second case of the rank-increase lemma appliés, {3, , ;:
Uk +Xk .

/.\/.>.\ +-I;<+1
¢ /\im
A

Note

rank(U;) < 1+ max(rank(7y), rank(7y)) < 1+ 7.

which shows that + 1 > 2 and thereforé/,,_; exists.
Sincery, = ry.1, Tr1 Was red and, black, sor,_; < rg.

rankUy,) = 1 + 7, < 1+ max(rankUy_1), %)

Now rankUy_1) < 1+ 7,1 < r, SO in this equation too, thé+’ term applies, and the rank of
Uy, increased when it was built. It is then impossible (Lemmal)that the root of/;, has two red
children: a contradictionQ.E.D.

(7.18) Corollary Splitting a tree take®(logn) time.

Proof. Cost of buildingUy, is proportional to the difference in height betweénand Ty, .
This is proportional to the difference in raféxercise).Adding,

> [rankTi .y — rankUy| < (24 rigs — 7).

This is twice the height of the tree plus its rank (at mosthde)(logn) |}

8 Splay trees

(8.1) Amortised analysis. To implement red-black trees is complicated; there arerdtees
which guarantee good asymptodmortisedruntimes for a sequence of operations, and which are
much easier to program.

The idea of amortisation is to evaluate the total cost of asece of operations, and, if this total
is low, not to worry about some of the operations being expensRepetitive usage of the same
data-structure is the norm rather than the exception.

The approach to amortisation followed here uses the idepofemntial function\We suppose that
a setU of n nodes is fixed in advance. At any time during processingetisea collection of binary
search-trees whose nodes are frigpand this set has a certain ‘potential.” Specifically,
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e Each one of the: nodesr has a fixed positiveveightw(x).

e During the processing, any nodehas a definite set of descendants at any time (though its
descendants may change over time); &k of = is

log, > w(y)

y descendant of

e The potential of the system is the sum of the node-rastkdenotes the potential at fixed time.

(8.2) Amortised cost.Theamortised cosbf an operation on the trees is (some measure of its actual
cost) + (new potential) - (old potential). The lemma belowrigal.

(8.3) Lemma Suppose that a sequencekobperations is applied to the system with corresponding
potentials®, . .. ®,. Then the total actual cost is
(total amortised cost) ¥y — Py.

(8.4) Splay heuristic.Suppose that is a node, not currently the root of a tree. lydbe the parent
of . To splay fromz means to raise in the tree by one or two rotations as follows:

e 'Zig' case. If y is a root, rotate fromx; thenxz becomes the root of the tree containing it.
Otherwise let: be the parent of.

e 'Zigzig case. Ifz andy are both left children or both right children, Rotate frgirthen rotate
from z. Otherwise

e ‘Zigzag’' case. Rotate from, and rotate fromx again.

(8.5) See Figure 8 Splaying from either makes: the root (first case) or brings it two steps closer
to the root. The number of rotations is taken as the actua) sosa ‘zig’ operation costs 1 and the

other two cost 2. The following lemma gives a useful estinodtdie amortised cost of a single splay
operation.

(8.6) Lemma Suppose that and’ are the rank functions before and after a splay operatiorernrh
the amortised cost is bounded by 3(+’(z) — r(z)) for a zig, and3(r’(x) — r(x)) for a zigzig or
zigzag.

Proof. Zig. The descendants are unchanged except famd fory, so the ranks are unchanged
except atr andy.. Hence the amortised cost of the splay is

L+ (1 (x) = r(z) +r'(y) — r(y)-
Now, r'(y) < r(y) = r'(z) > r(x), so the amortised cost is less than- (r'(x) — r(z)), which is
less tharl + 3(r/(z) — r(z)).
In the other two cases the ranks are unchanged excepyaandz, and the amortised cost of the
splay operation is
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Figure 8: The three splay operations.
e
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Figure 9: Amortised splay costs.

2+ 7' (x) +1'(y) +7'(2) — r(z) —r(y) —r(2).
Subtracting this cost from(r’(x) — r(x)), we get

(8.1) 2r'(z) +r(y) +r(z) —r'(y) — r'(2) — 2r(z) — 2,

which we want to show is nonnegative. We shall consider twit subset$” andV of nodes
which together include all but one of the tree nodes. Seer€igu

The Zigzag case is the more natural, and will be considerstl f{thoosé” and W to be the
descendants of and z after the splay, so’(y) = log,(|V]), '(z) = log,(|W]), andr’(z) >
log,(|V| + |W|). Bearing this in mind, we want to convert 8.1 to an expresgionlving just these
three ranks, so(x), r(y), andr(z) must go. Since(y) + r(z) — 2r(x) is positive, because both are
ancestors of before the splay, we can remove this term without increatsiagesult, leaving
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Figure 10: lookup — amortised coStlogn).

2r'(x) = r'(y) = r'(2) = 2,

Write w for || andv for |V|: the expression is greater than

2 Ing(U + w) - 10%2(“) — logy(w) — 1Og2(4),

log, ((“ jww)z) .

Now, (v — w)? > 0, so(v + w)? > 4vw; the fraction in the above expression is at least 1, and the
expression is nonnegative. Therefore 8.1 is nonnegatotadby, positive).

For the Zigzig case we chooséto be the descendants ofbefore the splay antd’ to be the
descendants of after the splay, so we want to remomey), ’'(y), andr(z).

We achieve this by subtractindy) — r'(y) + r(z) — r(x) from the expression, a term which is
clearly positive, and we are left with

which equals

21 (z) — r(x) —r'(2) — 2,

which is positive by the same arguments as befQ.&.D.

(8.7) Corollary Suppose that a nodeis brought to the root of a tree by a sequence of splay oper-
ations. Then the amortised cost of the sequence is bounded-t3(r(t) — r(x)), wheret was the
root andr the ranks before the sequence.

Proof. Apply the previous bounds iteratively, forming a telesogpsum.  |j

(8.8) Using splaying for insert, delete, join, and splitSplay operations involve only rotations and
thus preserve inorder. They can be applied where only imareled be preserved. They are applied
as follows

e We assume that each node in the population obdes has weight/n. Then the rank of a
node withk descendants isg,(k/n). The potentialb is always betweer-n log, n and0.

e Look up a keyk in treeT" first search fok; let x be the last node visited — it contaiasif %
isinT. Then bringz to the root by repeated splaying. See figure 10.

Taking the depth of as the actual cost, the amortised cogPitogn).
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Figure 11: split — amortised cost of splay@glogn), then removing the links from reduces the
potential further.

X
AN

Figure 12: join — amortised cost of splay@logn). Making T, the right subtree at increases
potential and hence the amortised cost, butiiog n).

e Split 7" at a noder: bring x to the root by splaying. Then the left subtrEg of = contains all
keys< k and the right subtre€y contains all keys- k; remove the links from: to these trees.
See Figure 11.

The amortised splay cost 3(log n). Removing the links from: further reduces the potential
and the amortised cost.

e Join T with T3, whereT is nonempty: Access the rightmost node, call,itn 77, bringing it
to the root; and maké; the right subtree at.
Amortised cost of accessingand splaying i$)(log n). Making 75 the right subtree increases
the rank ofr, hence the potential, but by at masg, n.

e Deletea noder: Accessr, bringing it to the root, and lef; andT; be its left and right subtrees;
delete the links fromx to these subtrees. Join these trees if both are nonempty.
Amortised cost of accessingis O(logn). Deleting the links reduces potential and amortised
cost. Joining the trees 8(log n) amortised.

e Insert a keyk: Search fork; this search ends at a nodevhich contains eithek, or the highest
key < k or the lowest key> k; if & not found, creafea new node, containingk. Bring x to
the root by splaying, and inseytbetweenr and its left or right subtrees as appropriate.

Amortised cost of search and splayingiflog n). Insertingy betweenr and one of its children
increases the potential, and the amortised cost, bat(byg ).

(8.9) Corollary The actual cost of a sequencekobperations of the above kindsd¥k logn).

Proof. The amortised cost i©(klogn). Since the initial potential is at its minimal level, the
amortised cost bounds the actual c&3t.D.

5 for the analysisy is a node without children selected from the population abdes.
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9 Heaps

A heapis a data-structure containing sortable keys, allowingtf@minimumkey to be accessed
efficiently.

Representation. They are stored in an array which has been given the struofuaeshallow
binary tree:n items are in the first array locations; the children of an indéare2: + 1 and2i + 2,
where defined, i.e., where they aten; 0 is the root; the parent of(if i # 0) is | (i — 1)/2].

(This is specific to C. If array indexing startslathen the definition is different).

Heap order: keys must be in non-increasing order up the tree, thatis#if) then the entry at
is > the entry ati — 1) /2.

Suppose that we have something that is ‘almost’ a heap, ettepne key might be out of place,
too light or too heavy. If too light, it is moved up to the cart@osition usingsift_up(), if too heavy
it is moved down to a correct position usiedt_down().

t ypedef struct

{

I nt size;

TYPE * entry; /* sortable type */
}

HEAP;

make heap etcetera ...
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sift _up ( HEAP * heap, int k)

{
TYPE tenp = heap->entry[K];
int i;
int finished;
i = k;
finished = O;
while (! finished)
{
if (1==0 || heap->entry[(i-1)/2] <= tenp )
{
heap[i] = tenp;
finished = 1;
}
el se
{
heap[i] = heap[(i-1)/2];
= (i-1)/2;
}
}
}
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sift _down ( HEAP * heap, int k)
{
TYPE tenp = heap->entry[K];
int i, j;
I = k;
while ( i < heap->size )
{
j = 2% + 1;
if (] <n-1 &% heap->entry[j+1] < heap->entry[j] )
o=y
if (j >= heap->size || heap->entry[j] >= tenp )
{
heap->entry[i] = tenp;
i = heap->si ze;
}
el se
{
heap->entry[i] = heap->entry[j];
i =
}
}
}

To add a key to a heap:

add it to the end (adjusting size) and sift_up

To delete the minimum:

nove the |l ast elenent to the top and sift_down

To build a heap from an array, copy the array elements intp kagies, and perform:

for ( k = (heap->size-1)/2; k>=0; --i )
sift_down ( heap, k );

28



Cost ofsift_up(): 7 is reduced by one-half (at least) in every iteration, antbips when reaches

0:
O(log k)
Cost ofsift_down(): i doubles per step (at least) and it stops whezaches:; initially %; so
O(log(n/k))
Cost ofbuild _heap()
n/2 n
Y logy(n/k) < log
=0 n:
which isO(n).

10 Other sorting methods

Sorting a list means putting it in sorted order. The collattio be sorted is usually an array or afile.
We have already sedreapsort which can sort: items in timeO(n logn), by building a heap and
repeatedly removing the minimum.

We shall reviewmergesort, quicksort, and radix sort (bin sort, bucket sorf).

10.1 Mergesort

Mergesort is easiest described in relation to arrays ofbtetitems. It is based on the following
merge()routine.
Required: a[l owa. . hi _a], b[lowb.. hi _b] are sorted (in nondecreasing order).

void nmerge ( SORTABLE TYPE a[], int low.a, int hi_a,
SORTABLE TYPE b[], int low_ b, int hi_b,
SORTABLE TYPE c[], int low.c )

{
int i, j, k;
i =lowa; j =lowb; k =1low.c;
while (i <=hi_a || j <= hi_b)
if (1 <hi_a& (] ==hi_b]| a[i] <Db[j] )
{
c[k] = a[i]; ++i; ++k;
}
el se
{
c[k] = b[j]; ++j; ++k;
}
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Efficiency. Letr = hi .a - |

owa + 1ands =hi b -

| owb + 1; at each iteration,

either: or j is incremented, so the runtime@¥r + s). Obviously this can't be bettered — ‘linear

time.” Obviously it is easily applied to two sorted files oftdaalso.
Mergesort() involves usingrer ge() repeatedly to sort a collection, an array, say. Itis necgssa

inmer ge( ) thatthe third arrag be disjoint from the other two. For this reas@wolumnmergesort

is suitable. This sorts by mergesort, leaving the sortedltr@st ar get .

preserved.)

(Note: sour ce is not

voi d mergesort ( SORTABLE TYPE source[],
SORTABLE TYPE target[],
{
SORTABLE TYPE * a, * b, * swap;
int step, i, j, md, top;
a = source; b = target;
for ( step = 1; step < n; step = step * 2 )
{
for (i=0; i <n; i =1 + 2xstep )
{
md=mn (i + step, n-1);
top =mn ( md + step-1, n - 1);
nerge ( a, i, md-1, a, md, top
swap = a; a = b; b = swap;
}
if ( b!=target )
nmerge ( b, 0, n-1, b, n, n-1, a,
}
}

int n)

b, i );

0);

Runtime: st ep doubles each ‘pass,’ so there are ablogt » ‘passes.” Each pass takes total

time O(n); thereforeO(nlogn).

10.2 Quicksort

Quicksort is best described recursively. To quicksort ectibna of items:

30



gsort ( COLLECTION a )
{
COLLECTION | 0, eq, hi;
if ( ais nonenpty )
{
choose sone key k froma
e} keys < k in a;
eq keys == k in a;
hi keys > k in a;
recursively gsort |o and gsort hi;
replace a by lo, eq, hi concatenated.

This can be applied to arrays or files or other kinds of calbectlts worst-caseruntime is bad.
Suppose that the key chosen is always the smallest in a. Tikemare recursive calls to gsort sets of
sizen — 1, n — 2, and so on: the overall cost¥n?).

On the other hand, if the average-case is sought, assunahththrank of the key inais1ton
with uniform probability, we get

A(n) = n—l—%Z(A(T) +An—1-r)

Then in the recurrence is an estimate of the cost of choosiagd splitting the list intd o, eq,
hi . This is essentially the same as in estimating the IPL ofrlgisaarch trees, so the average runtime
of quicksort isO(nlogn).

Remark. One should pay some attention to thiaythat the splitting is carried out. The average-
case analysis is valid only if we can be sure that the splittiperation preserves randomness, in an
easily-defined sense.

10.3 Radix sort

The idea is simple. Suppose that the sort keys are 2-digim@@aiumbers. First split the set into
‘buckets,” according to the high-order digit. Then sortledmucket’ on the low-order digit. More
generally, letd be the number of digits in each key. Digits are indefi¢d d — 1.
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void recursive_sort ( COLLECTION s, int i, int d)
{
if (i <d)
di stribute s over 10 buckets according to its i-th digit;
for each bucket b,
recursive_sort ( b, i+1, d);
replace s by the contents of these sorted buckets,
concat enat ed

31 41 59 26 53 58

buckets
26
31
41
59 53 58
Recursive sort of 5-s bucket
buckets
53
58
59
result 53 58 59
result 26 31 41 53 58 59

There is a more streamlined way of doing this, calkst significant digibucket sort. In this,
we sort on the second digit first

31 41 59 26 53 58 -> 31 41 53 26 58 59
and then on the first digit
26 31 41 53 58 59

It is essential, though, that each ‘sorting passstable. For example, the numbe&3 58 59
appear in that relative order after the first pass, and thenskgass cannot disturb the relative order.

(10.1) Definition A sorting method istableif, after sorting, items with the same key appear in the
same relative order as before sorting.

The UNIX sort utility is not stable. You must useort - s to ensure a stable sort.

The cost of bucket sort i9(dn) whered is the number of digits — the number of passes. It can
be used for ‘mixed-radix’ keys: pounds and ounces, for exangy for sorting names by first name
within surname. Notice that a stable sorting procedure m#kis very easy with the ‘LSD’ (least
significant digit) method: first sort by first name, then stablyby surname.
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10.4 Remarks.

Apart from stability, there are two other aspects of sorting

e Pointer sorting. Instead of sorting an aregyto produce an arrayndex so thata is unchanged
buta[ i ndex[i]] <= a[index[i+1],0<i<n—1.

This is easy to achieve by re-interpeting ‘j=".

e In-place sorting. Mergesort requires additional storagg@arating target from source (unless
some very convoluted tricks are used).

e Bucket sort doesn't, but it's not a general method.
e Quicksort can work ‘in-place, with some messing.

e Heapsort as described here uses separate storage for hdbethe heap and the source array
can share places to get an ‘in-place’ heapsort.

11 Lower bounds for sorting and searching

11.1 Lower bound for searching.

This lower bound applies to the ‘comparison model’ of seagltand sorting).

¢ In this model, keys are supposedly sought through queriéisediorm ‘isx < y?’ or perhaps
isz < y?

e We imagine a more general program, written in C, say; moremace lower bounds are
sought, we can imagine different programs for differerfthe number of keys stored).

e So we consider a search program which deals with a fixed numbgtkeys.

e Sincen is fixed, while- and for-loops can be eliminated, ‘unwinditigem to a series of if-
statements.

e For a lower bound, it is enough to count the number of if-stesets executed (for a specific
key), and, moreover, that the search is successful.

e Every if-statement can be assumed to include an else-part,ikthe else-part does nothing.

¢ If the program contains code like

A

if ( B) then
C

el se
D;

E;
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whereA; includes no if-statements, biEtmay contain if-statements, it can be replaced by

e Although this duplicates code, it doesn't increase the remds if-statements executed in
searching for any key.

e Thus the program may be arranged in a binary tree, where t#tatéments correspond to
nodes with two children, call them ‘branching nodes.” Caithrrangement a ‘decision tree
program.” Searching (successfully) for a particular kegresponds to travelling down this tree
to a place where the key is ‘known.

e We consider the program to lmemparison-based a (successful) search for a particular key
depends solely on thank of the key, its place in sorted order among the keys stored.

Obviously binary search or binary tree search fits this deison.

e Put more simply, we could suppose that the search procedmputes and returns the rank of
the key.

So the decision tree containsnodes, at the very least, where the rank of a particular ctozg
is returned. These nodes are obviously independent, imtreg can be ancestor of any other.

(11.1) Lemma Let T" be a tree containing. independent nodes. Then these nodes have total depth
Q(nlogn).

Proof. Suppose thal’ has a non-branching non-leaf nodgthat is,« has one child. Thenv can
be mapped ta;, reducing the number of non-branching nodes. Repeatingtbisess, nodes iy
can be mapped surjectively to a trééin which no node has just one child. If nodesandy are
independent i then they are mapped to a s€tof n independent nodes iif. The point is that the
number ofbranching-nodencestors irl” matches the number ahcestorsn 7”7, and the depth of a
node inT is not greater than the depth of its imagelin

The treel” can be pruned so that only nodes¥nand their ancestors i’ are retained. We get
a treeT” with n leaves.

This is similar to Quiz 2, question 4, and one can conclude ttina total leaf depth v is
Q(nlogn). Hence the total depth of these node§'iis Q2(n logn). Q.E.D.

(11.2) Corollary Under the comparison model, the worst-case cost of a seafetlig n), as is the
average cost of a successful search.

Proof. The average cost 3(log n), and the worst-case cost is no better than av&agel

6Assuming all keys equally likely.
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11.2 Lower bound for searching.

We assume a ‘comparison model’ for searching. There is nemaff ‘successful sort,” but in its
place we make the assumptions

All input keys are distinct: this does no harm, since we aoileg for lower bounds.

We assume that the numbenf keys to be sorted is fixed.

The sorting procedure uses ‘pointer sorting,” say, so itpat@s and ‘returns’ a permutation
which will convert the input to sorted order.

e There aren! permutations, so the decision tree contains at leistdependent nodes.

Question. Of the four sorting procedures considered, which are coispatbased?
Under these assumptions, the same ideas as with searclulygam we get lower bounds. But
this time the decision tree contains at lealsindependent nodes.

(11.3) Corollary Under the comparison model, the average and worst-case tsatting isQ2(n logn).

Proof. In a decision tree with! independent nodes, the total depth of these nodesrislog n!)
and the worst-case depth(iglog n!). Thus the average (assuming all permutations are equely)i
is Q(logn!), and so is the worst-case.

But

nn
— < e”
n! —
nlnn <lIn(e") + Inn!
nlnn <n-+lInn!

Inn! > (n—1)lnn

Thuslogn!is Q(nlogn). |}

12 Knuth-Morris-Pratt algorithm

(12.1) The string-matching problem can be stated as follows. Giwerarrayspattern[l...m]and
text[l...n], if the pattern occurs somewhere in the text, to return thexrwhere the first occurrence
begins (default 0, say).

The natural way to do this is to compare the pattern from ¢efight with tezt[1 . . . m], then with
text[2...m + 1], and so on, until a match is found or the end of the text is reécfhis approach
yields anO(mn) algorithm. When the patternig”~'b and the text i", there will bem(n —m +1)
comparisons, so the algorithm(gmn) also.
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Figure 13: Overlapping argument underlying KMP algorithm.

(12.2) However, a partial match gives some information about thectire of the text, and this can
be exploited to yield a linear time algorithm. Consider aiparhatch which matches a prefixof
the pattern beginning at text positiorbut the next pattern character fails to match. Supposedtibat
pattern actually does occur at positibn- s in the text, wheres is a fairly small shift. Ifs < |uyﬁ
write r for |u| — s: the lastr characters ofi: form a stringv which is also a prefix ofi (and of the
pattern). So we need only consider shifts where the striogerlaps itself. See Figure [13. This leads
to the following definitions.

(12.3) Definition If x andy are strings then we writey for the result of concatenatingto the end
of z. This operation is associative.

Letu andw be strings. If there exists a stringsuch thatw = uv (respectivelyw = vu) thenu
is aprefix of w (respectivelysuffix of w).

If u is both a prefix and suffix af then it is aself-overlapof w.

(12.4) Lemma Letu, v, w be strings.(i) If u is a prefix (respectively, suffix, self-overlap)adnd v
a prefix (suffix, self-overlap) af thenw is a prefix (suffix, self-overlap) af.

(i) If w andv are both prefixes (suffixes, self-overlapsjdhenw is a prefix (suffix, self-overlap)
of v or vice-versa, depending on the lengths.@ndv. (Proof trivial.) |}

(12.5) Definition For each nonempty prefixof the pattern, let be the longest proper self-overlap of
u (possiblyv is empty). Of course; andv are defined uniquely by their lengths. Writé = V' (|ul).
ThenV/() is called theoverlap functiorfor the pattern.

(12.6) Lemma Let u be a prefix of the pattern. For all > 0 for whichV*(|u|) is defined, let; be
the prefix ofu of lengthV?(|u|). Thenu; is thei-th longest proper self-overlap af

Proof. Suppose., is the shortest of these strings. Thenis the empty string.

By Lemma 12.4 (i), all the strings; are self-overlaps af, proper since they are shorter than

Let v be any proper self-overlap af RTPv = u; for somei. If v = A thenv = u,. Otherwise
choose the shortest string such thatu;| > |v|. It exists sinceu, is the longest proper self-overlap
of u. Thenw is a self-overlap ofi; by Lemma 12.4 (ii). By choice of |u; 1| < |v|. Sinceu;, is the
longest proper self-overlap af, v is not a proper self-overlap af, sov = u;. Q.E.D.

’lu| is the length of the string.
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(12.7) KMP algorithm. Granted that the overlap functidn is available (stored in an array, of
course), the following remarkably neat algorithm solvesghttern matching problem.

from -- Eiffel version
j =0k :=0
unti |
j >=mor k >=n
| oop
if pattern.iten(j+1l) = text.iten(k+1l) then
j =g+l
k := k+1

elseif j > 0 then

j = V.item(j)

el se

k :

end
end

k+1

(12.8) Correctness of this algorithm.A ‘loop invariant condition’ holds:

e pattern[1l..j] matcheg ext[k-j +1.. K]

e | is maximal subject to the match extending tel. In other words, ifpatt ern[ 1. . i +1]
matched ext [ k-1 +1. . k+1] then:i < j.

Suppose thai andk are both incremented during an iteration. By the invariamidéon, after
incrementingpat t ern[ 1. . j ] is the longest pattern prefix matchingxt [ 1. . k] .

Otherwise, the pattern should be moved forward by the séiostaft which produces another
match. Ifj > 0, this shiftis given byj : = V.item(j). If j = 0, thenpattern.item1)
mismatches ext . i t em( k) , andk should be incremented.

(12.9) Runtime.Next we consider the running time of this algorithm. The p@rthat in each iter-
ation, either a partial match is extended or the pattern igeahdorward, and whenever the pattern is
moved forward the text position of the partial match nevevesdackwards (in a sense, mismatches
are ‘paid for’ by previous partial matches). Putting thisreprecisely:

(12.10) Lemma In a single iteration of the loop, consider the two quantitiesndk — j + 1. Then
these quantities never decrease, they are boundex thyey begin at zero, and one or both quantities
increases strictly. Hence the algorithm terminates withimast2n iterations.

(12.11) The above argument can be phrased more succinctly if odgdayeonsidering the com-

bined quantity2k — j + 1. We turn to computing the overlap functidfil . ..m|. Curiously, it can be
computed in linear time by a strategy rather close to that@pattern-matching algorithm proper.
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V.put ( 0, 1) -- Eiffel version

from
i =1
qg:=20
unti |
j = m
| oop
if pattern.iten(j+1) = pattern.iten(qg+l)
t hen
o=+l
q:=qtl

Voput (g, | ) ;
elseif g > 0 then

g := V.item(q)

el se
j =g+
V.put ( 0, j )
end
end

(12.12) correctness and runtime of calculating overlapThe runtime igD(m) for the same reasons
asin 12.9. Correctness follows from the observation thaegrgthatu is the first; pattern characters,
andua the firstj + 1, theng measures the longest self-overlap:offhich might possibly extend to a
self-overlap ofua. Therefore we conclude the following result.

(12.13) Proposition The string-matching problem is solvable in titdém + n), wherem is the
length of the pattern and that of the text.

(12.14) Overlap function vs. failure function. We have used an ‘overlap functiow’;] here rather
than the slightly different ‘failure function’ originallproposed by Knuth, Morris, and Pratt. This is
because, although the failure function should be expeotpdaduce better running-times, the given
overlap function can be adapted to other uses, such aglatinccurrences (rather than the leftmost
occurrence, which the 12.7 yields) of the pattern in the text
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C version.

int » make_overlap ( char * pattern )

{

int m= strlen ( pattern );

int » ovip =( int ) calloc ( sizeof(int),
int k, j;

ovlp [0] = -1;
Kk 0;
] -1,

while ( k <m- 1)
if (pattern[k+1l] == pattern[j+1])
{
+4 4k ovlplk] = j;
}
elseif (j >>0)
j =ovip[j];
el se

{
++k; ovl p[k] = -1;

}

return ovl p;

}

m);
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int knp ( char  pattern, int = ovlp, char * text )

{
int j,k;
int m= strlen ( pattern)
int n =strlen ( text );
j =k = -1;

while (j <ml & k < n-1)
if ( pattern[j+1l] == text[k+1l] )

{
++j ;  ++k;
} elseif (j >=0)
j =ovip[jl;
el se
++k:
if (J ==m- 1)
return k- m+l;
el se
return -1;

13 Aho-Coraskick structure

(13.1) Simultaneous pattern search with TRIES.A trie (retrieval tree) is a tree whose links are
labelled with characters. For every path from the root, tharacters labelling the links define a
character string.

The child links from any node are labelled with different cwers, so every character string
defines at most one path from the root. A set of strings canfresented in a trie as the set of paths
leading to suitably marked nodes.

(13.2) Every node in the trie ‘carries’ a unique string. The rootfess’ \. If p is a node, and is
the string it carries, anglis a child ofp labelleda, theq carriesza. Generally the string carrying
p dictates the path froma to p. The set of strings stored in the trie is the set of stringaediby the
marked nodes.

Given a stringr, it is easy to find the node, if it exists, which carrigsand to check if that node
is marked. Thus tries are handy for efficient storage of gérinather wasteful of computer memory,
though).

(13.3) The KMP algorithm can be extended to use a trie to search &madusly for a set of strings
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Figure 14: trie with back-links

in the text. The same method is used as before, only now theapvieinction is amutual overlap
function.

(13.4) Definition Let S be a set of nonempty strings.

For any prefixu of any string inS, a proper mutual overlapf « is any proper suffix of. which
is also a prefix (not necessarily a proper prefix) of some gtimS. Such a proper mutual overlap
may be a prefix of,, but need not be.

(13.5) Definition LetT" be a trie, withback-linksinstalled as follows: for any nodg, not the root,
let u be the string labelling tbe path from the rootgand letv be its longest mutual overlap. Then
v defines a path leading to some nagdef 7', andq is the back-link fronp.

The back-link function in a trie corresponds directly to twerlap function, and the KMP algo-
rithm can be adapted with very little change to search fquatiierns stored in the trie simultaneously.
(13.6) Construction of backlinks. It is necessary to enter all the strings in the trie befortalfisg
the backlinks.

(13.7) Definition For any nodep, except the root, itbacklinkis the deepest nodgsuch that the
string carried byg is a proper suffix of the string carried by

One can compute the backlinks efficiently so long as one peasethe nodes mondecreasing
order of depth, i.e., ibbreadth-firstorder.

e Letp be a next node in breadth-first order (initially, the root).

e For each child; of p, leta be the letter labelling the link from to ¢. Let the backlink fromy
be the root (default).

Let r = p. Keep replacing: by the backlink fromr (which is already computed, singeis
deeper tham) until r is the root or- has a childs labelleda. If so, s is the backlink fromy.

e Continue with another nodein breadth-first order. ..
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Cost. For any nodey, except the root, let

gap(p) = depth(p) — depttbackiink)(p)

The amount of work done in computing the backlink & proportional (at worst) té+gap(q) —
gap(parerty)). Summing over all leaves of the tree, we g&t), wheren is the total length of all
strings stored in the trie.

14 The union-find problem

(14.1) The UNION-FIND problem is to maintain an evolving partition of a fixed setroftems —
{1...n} for simplicity — under two operations:

FIND(x): to identify the set in the partition currently containimgand

UNION( s1, s2): given two different sets in the partition to combine thenoiabe.

The partition is initially inton singleton sets, and it coarsens over a mixed sequence of N&NIO
and FINDs — there can be at mast- 1 UNIONSs, which would bring all the items into the same set.
It is natural to represent the partition as a forest of treefined by an arrapar ent , where
par ent [ x] is the parent ofc in the forest —1 if z is currently the root of a tree of the forest.

The array is initially—1.

With this arrangement, to implemeiit nd( x) itis enough to return the root of the tree currently
containingz, and to implemenuni on(x1, x2), wherex; andx, are currently roots, just make
x1 the parent ofc, or vice-versa.

(14.2) Potential inefficiency, and size array. With no further control over the structures it is
possible that the trees in the forest become deepf smd operation could visif2(n) nodes, which
is hardly efficient. The firstimprovement is to control th@ on operation to keep the trees shallow.
This is achieved using another arrsiyze, where

As long asx is aroot,si ze[ x] is the number of descendantdas in the forest.

(14.3) Size balancingThe arraysi ze is initialised to 1 for each entry. The UNION operation en-
sures that the node with fewer descendants is not made paraesteuristic is calledize balancing
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void uf _union ( int i, int j )
{
if (i ==1j)
return;
if ( size[i] >= size[j] )
{
size[i] += size[j];
parent[j] = i;
}
el se
{
size[j] += size[i];
parent[i] =j;
}
}

Clearlysi ze[ x] is maintained as the number of descendants, afhether or notr is a root:
however this will not hold after we revise tiieé nd operation.

(14.4) Lemma A node of height has size at least.

PROOF The size-balancing heuristic ensures that the size ofahenp of a node is at least twice
the size of the node. There exists a path of lerigiieginning at a leaf and ending at the node; hence
the size is at least®. |

(14.5) Path compressionThe revised i nd operation includes a ‘path-compression’ heuristic as
follows:
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int uf find ( int u)
{.
int v,w X;
vV = u;
while ( parent[v] >= 0 )
v = parent[V];
W = u;
while ( w!l=v)
{
X = parent[w;
parent[w = v;
W = X;
}
return v,
}

The idea is that nodes are brought closer to the root of tleecimataining them: the tree retains
the same roof, so the heuristic doesn’t invalidate the algorithm. Howgewtedoesn't update the
Si ze array, sosi ze[ x] is only guaranteed to counts descendants if is a root. As a result of
the size-balancing strategy, no tree’s height excéeg$n), so the worst-case runtime bf nd( x)
is O(log(n)). The amortised runtime is much less.

(14.6) The ‘reference forest.”We are going to estimate the overall runtime of a mixed secgien
call it S, of UNIONs and FINDs. For the rest of the discussion we shglp®seS to be fixed. The
sequences constructs a forest of trees. It helps to imagine anothestodefined in terms af,
formed by executing the UNIONs but not collapsing the treéh path compressions. We call this
imaginary forest theeference forest

(14.7) Rank.We begin by defining th&ansient rankof a noder to be

[log,(si ze[ x] ).

The transient rank of is subject to change as long:asemains a root; however, ongeacquires
a parentsi ze[ x] is frozen; we take thénal value of the transient rank, and define this to be the
rank of z. Equivalently,

(14.8) Definition The rank ofz is |log,(s)], wheres is the number of descendantshas in the
reference forest.

(14.9) Lemma (i) The parent of: in the real forest is always an ancestoroin the reference forest;
(i) rank(parent[ x]) > rank[x] always, once: gets a parent.

Proof. (i) is true whenz first acquires a parent, sincey is its parent in the reference forest.
Thereafter whenever the parenof z is replaced by another node by induction we can assume
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thatwv is an ancestor of in the reference forest, andand ancestor af, sov is an ancestor of in
the reference forest.

(i) by the same arguments as in 14.4, all proper ancestarsrothe reference forest have rank
greater tham ank( x) , so (ii) follows from (i). |}

(14.10) Our analysis will involve a rapidly increasing sequeiigerF;, F . ..
Fy, = 0, but we shall not specify the sequence yet. Given a nodiet itsrank groupbe the least
r such that ank (z) < F,.

(14.11) Lemma There are at most /2" nodes of rank:.

Proof. From Lemma 14/9, all nodes of the same rank are independeesrio the reference
forest (that is, neither is ancestor of another, and theg kigsjoint sets of descendants). By Lemma

14.4, each such node has at Iezistlescendants. Thus,if, ..., z, are all the nodes of rankand
X1,..., X, their descendants, then

k
I =1UX <0,
j=1
and|X;| > 2" for eachj, s0) 2" < n,i.e.,k2" <nork <n/2". Q.E.D.

(14.12) Corollary If r > 0, there are fewer than

n
2Fr—1

nodes in rank group.

Proof. Nodes with rank group > 0 have ranks betweeh,._; + 1 and F,.. Hence, applying the
above lemma, there are fewer than

o0

Z % - 2FT7:[/71.

s=Fr_1+1

Q.E.D.

(14.13) The sequencé} defined. We now specialise the sequenEgby requiringF;; = 27; a
very rapidly increasing sequence, and the above coroltapjies

(14.14) Lemmalf j > 0 then there are fewer tham/F; nodes in theg-th rank group. |}
(14.15) Definition log™ n is the smallest such thatF, > n.

Let L be the index of the highest rank group, i.e., the smallestich thatF;, bounds all node
ranks. Since the ranks are bounded by, n |,

L <log™n.

(14.16) Amortised cost of a find operation. Let us consider a FIND operation; indeed, let
xg, 27 .. .1 be the sequence of nodes visited tracing frogn= z= to the current rooty = x.
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Figure 15: amortised cost of a FIND.

Estimate the real cost of the FIND by the length of the path, k. We imagine that the cost is
measured by the number of nodes frogto z,,_,. See figure 15

Rather than using a potential function (which we could), misre natural to amortise the cost
in the following way. Whene; and its parent;; are in the same rank group, we ‘charge’ one unit
to x;. This accounts for all of the cost except whereandz;,, are in different rank groups. The
‘amortised’ cost then is bounded by the number of ‘interagrgumps’ which is bounded by, or
log™ n.

If z is in ther-th rank group, so its rank is F,._; and < F, (suitably interpreted at = 0),
every time it gets charged in this way its parent’s rank iases; so after rather less thBnFINDs
its parent must be in a higher rank group.

Thus every node in the-th rank group acquires at most charges in this way; since there are at
mostn/F, elements in this group (if > 0), that accounts for at mostcharges for the entire group.
Cost of the unions is, of cours@,(n), so

(14.17) Theorem A mixture ofm FINDs with any number of UNIONs cost§ (m +n)log"n). |}

15 Hash tables

Another way of accessing keys is through an array basetlash addressesLet i() be a hash
function, some function which produces an index within tirays range.

We shall not worry about computing the hash address. Sorestimmod M is good enough,
wherez is a bitstring regarded as an integer ddds the array size. The pointis that the hash function
should be fairly random, i.e., the values/dfr) are uniformly distributed in the array’s range.

If all the keys produce different hash addresses then we ipaviect hashing.” This is rarely
possible.

15.1 Chaining

So we must expect to store groups of keys with the same hdgl-vBhe simplest way to do this is
with chaining where the array contains pointers to linked lists, and wd&ayx with hash-value
is stored, it is stored in theth list in the array (Figure 16).

Put another way, the keys are stored in ‘buckets.’

Also the general practice is to insert a key, which is notestpat the place where the search ends.
For chaining that means at the end of the list searched.
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Figure 16: chaining

/* LI ST_ENTRY as described earlier ... =*/

LI ST_ENTRY = | ookup ( KEY x, TABLE * table )

{
LI ST_ENTRY * p, * g;

int i:

i = h(x);

p = NULL;

q = table -> header [i];

while ( g !'= NULL )
if ( qg->key == x)
return q;
el se

{
P
q
}

q;
q -> next;

/+ at this point, q is null and
* the key has not been found
* [

q = make_list_entry ();
g -> next = NULL;
q -> key = x;

if ( p == NULL )
tabl e -> header = q;
el se
p -> next = q;

return q;
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(15.1) Analysis of chaining. Supposer;, ..., x, are the keys inserted. When theh key is
inserted, there are — 1 stored; and with suitable assumptions of randomness, tigtheof the
‘bucket’ searched for the-th key is roughly(r — 1)/m. Summing fromr = 1 to n, and dividing by
n to get the average search, we get

Inn-1)1 n

n 2 m . 2m’

This is the average cost of unsucessful search, which iiptige same as the cost of successful
searching as well.

15.2 Open addressing

Under open addressing, the keys are stored in the hash @bte/ention:n is the number of keys
stored andn is the size of the hash table. This time< m or else the table is full; as with chaining,
the ration /m is significant.

Now, when searching for a key with hash-value, one may see table entries containing keys
with otherhash-values. In this case we have a so-called (seconclaigjon.

The most interesting one to analyse is thaliméar rehashing Under this scheme, in searching
for a keyz, one tries the positions

h(z), h(z)®ec, h(z)®2e,...

We usen @ b as an abbreviation faz + b) mod m. As usual;m is the hash table size ands
any increment, so long asis prime tom; otherwise the search will cycle through a fraction of the
table. We may as well fix = 1.

We investigate the effect of inserting a sequence

T1,T2y...,Tp
of keys. With the key sequence left implicit, we define,(o€ j < m,

B; = number of keys with hash-valye
C; = number of keys whose search includeand; & 1

(C; measures ‘carry pagt).

(15.2) Lemma
e C;+ Bje1 — 1 otherwise. |

Let p;, be the probability distribution foB; andg that of C;. Under randomness assumptions,

the distribution is the same for gl
The above lemma, and common sense, yield the following
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(15.3) Lemma (i) The distributionp;, is binomial
n—=k
ML
k) mk m

qo = Poqo + P19o0 + Poqr

4k = Z pig;

itj=k+1

(ii)

Generating functions. The generating function for a probability distributipnis defined as
> pid
j

For the given (binomial distribution) let us callit(z):

S (0L

(=)
— (14
m

Let C'(z) be the generating function for the.

q0% = Poqoz + (P1go + Poqr) =

C]kzk+1 _ Z piquk-i-l (k’ > 0)
itj=k+1

2C(2) = pogoz + B(2)C(2) — poqo
ExpressB(z) (which is known) as follows:
B(z) =14 (2 —1)D(2)
thus introducing a related (and known) functibxz).
2C(z) = pogo(z — 1) + C(2) + (z — 1)C(2) D(2)

(z—=1)C(2) = poqo(z — 1) + (2 = 1)C(2)D(2)
C(z)(1 — D(z)) = podo

Podo
Clz) = 1—D(z)
1— D(1)
“©=1D0)
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the last becaus€(1) = 1.

Therefore

(15.4) Counting carries. Again we consider inserting keys, . .
will be inserted once it has been determined not to be alretdgd; the path followed in that initial

1 - D(1)
& =1"D0
. (1=D())(D'(2))
CE =0 Do)
) D'(1)
(1) = 1—D(1)

B'(2)=D(2)+ (z — 1)D'(2)
B'(1) = D(1)
B"(z) =2D'(2) + (z — 1) D"(2)
B"(1) =2D'(1)
B/(Z):%(l Z;l) B
B'(1) =n/m
BY(z) = n(:zng 1) (1 z;@l)

: B"(1) n(n —1)/m?
) = 21— B'(1))  2(1—n/m)
n(n —1)

- 2m(m —n)

unsuccessful search will be followed in any subsequenthédar z;.

Suppose that the path has length 1, sor locations probed are already occupied. For each of
these locations there is another carry-past, namglyso the search fot; contributes to- of the

carry-pasts.

The total number of probes is the total carry-past

Theaveragecarry pasd _ jg; at a fixed location i€”(1). The total isnC’(1), and therefore the

average total number of probes is

(15.5)

mC'(1) +n.
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(15.6) Definition S,, and U,, are the average lengths of successful and unsuccesfulhe=avathn
items stored under linear rehashing.

Divide Equation 15.5 by: to getS,,.

Splitting the constant,

g _1+n—1+m—n_1+ m—1
"2 2(m—n) 2 2(m—n)

Puta = n/m, the hashing density.

(15.7) Lemma The average length,, of a successful search under linear rehashing is

1+ m — 1
2 2(m—n)

1 1
S,~—-1(1 )
2(+1—04) i

To get the average length of an unsuccessful search, wevelibat every key is added following
an unsuccessful search in a table with fewer keys (cldayh 1), so

Ignoring the—1 term, we get

SO

Up=(n+1)S,1 —nS,

mn—n?>+m-—n—mn+n®+n
+

(m—n—1)(m—n)
m(m — 1)
2(m—n—1)(m—n)

By ignoring the—1 terms in the above expression, we get

(15.8) Lemma The average length,, of an unsuccessful search in a table wititems stored, linear
rehashing, is approximately
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15.3 Uniform and double hashing

Uniform hashing is an ideal: double hashing approximates it. In double magHor every keyx
there are two hash functions(z) andk(z), and the search sequence is: a linear search beginning at
h(z) with steplengthk(x).

It is necessary that

ged(k(x),m) = 1
otherwise the search will cycle back before all locationgehaeen probed.

(15.9) Proposition With random hash functiorisand k, double hashing behaves like uniform hash-
ing (see below). |

(15.10) Definition A hashing scheme has tlhiform hashing propertyf the hash sequences are
independent, so that search lengths follow a geometriciligton.

Properly speaking, since there is a finite sample space, erg@pmetric distribution, but the
difference is negligible.

With n keys stored, the probability of a slot being occupied/is:. As previously writex = n/m
so the distribution of unsuccessful search lengths is

e () (B

fork=1,2,....
Therefore (withU,, and.S,, possessing their old meaning in this new context)
. d 1 1
To getS,.:
n—1
1 1 m 1 1
S’I’L = — = — —_
nkzzgl—k:/m nzk:l—akm

The sum can be approximated by the integral

/ ! dr = —In(1l — «)
0

l1—=x
Thus
1 1
Sn%_l
anl—a I
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15.4 Bibliographic notes

The analysis of linear rehashing is presented in ‘Algorghrtheir complexity and efficiency, by
Lydia Kronsjj@ Knuth (AOCP volume 3) gives a much more difficult analysis, aothts out the
slight inaccuracy in the other one (the ‘carry past’ probis are on an infinite probability space).
That double hashing is close to uniform is apparently dueuibh& and Szemedi, 1976.

16 Bloom filters

A Bloom filter is a cheap way of searching, generally for wondsidocument, where accuracy is
traded for economy. One usksndependent hash functions into a bitstring of lengthwherek and
m are design choices.

To add a keyr to the filter, calculate the set &f k& hash values

{hi(z),... he(z)}

and set the filter bits to 1 at these places.

To query a keyr, calculate the set of £ hash-values, and check the bits at these positions; if all
these bits are on, accept; if at least one is off, reject.

Thus, there areo false negativesno string registered in the filter can be rejected. Therebean
false positives, i.eq can pass the filter test for accidental reasons.

They are famously used in spell checkers. Some spellingak@stmay be missed, but this doesn’t
seem to do much harm.

Also in pattern matching, Bloom filters are used to reject wondhich are certainly not in the
document, and KMP or Boyer-Moore can be used to check thosejeated by the filters.

17 Directed graphs

(17.1) We begin the study of algorithms operating on graphs anatidegraphs. It will be seen
that theruntimeof these algorithms is usually obvious, but thearrectnesss not.

It was remarked at the start of this course that runtime amalg rather ‘soft’ — growth rates
are established using() and{2 — in contrast with, say, numerical algorithms for which aeay
is critical. Butcorrectnesds critical. In graph algorithms we shall try to be carefubabtheir
correctness, although this may degenerate into ‘sketabf@ro

(17.2) Definition A directed graplor digraphis a pair (V, E) of verticesandedgesvhereV is finite
and
EC{(u,v) eV xV: uz#uv}.

The absence of edgés, u) reads: there are no self-loops.

8communicated by a student, Margaret Gallery
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(17.3) Definition A pathinthe graph is a sequeneg, . .., v, of vertices such that far < j < k—1,
(vj; vj41) € E.
Itis trivial if £ = 0. Itissimpleif 0 <i < j <k = v; #v,.

Adirected cyclas a pathuy, . . ., v, such that, = v,. Itis simpleif the pathov, . . ., vy is simple.
Directed cycles may be cyclically permuted, i.ewif . . , v is a directed cycle antl < ¢ < k—1,
thenuv,, ..., v, v1,...,v; IS @ cycle containing the same edges and vertices.

A digraph isacyclicif it contains no nontrivial cycles.

There are two ways to represent digraphs. One is bgdgacency matrix4, supposing that the
vertices ardl ... n: A = [a;;]nxn, Where

- J1if (ij)eE
“I= Y0 if (i,)) ¢ E.

The other is byadjacency listswhere for each vertex there is attached the list of all vertices
adjacent tou, i.e., a list representing the set

{veV: (u,v) € E}.

The latter representation is usually more economical, lsgraphs arising in practice are usu-
ally sparse, witho(n?) edges.

Theindegreeof a vertexv is the number of vertices such thatu, v) € E: similarly outdegree.

If G = (V, E)isadigraph and € V, then

G\w = (V\{w}, {(u,v) € E: wu,v#w})

A topological orderon a digraph is a sequencing of its vertices

Vly...,Up

with the property that ifv;, v;) € E theni < j.
(17.4) Lemma If a digraph has a topolgical order, then it is acyclic.

Proof. Equivalently, if it has a nontrivial cycle then it cannot lmpologically ordered. For
supposey, ..., v, is any ordering and,,, . .., v;, is a nontrivial cycle. The cycle may be cyclically
permuted if necessary so that we can assgyme i, is the maximum index of all vertices on the
cycle. Then(v;,, v;, ) is an edge and, < i,, so the order is not a topological order.

The converse involves an inductive argument. Nam@lys acyclic iff G is empty, or it has a
vertexu of indegree zero, an@\u is in its turn acyclic.

In this discussion, a node whose indegree is zer6:{irs asource(in G).

Certainly, if G is nonempty and has no vertex of indegree zero, then by gdmckwards from
any starting vertex, one must visit the same vertex twictyd&en which we get a cycle.

So if G has a vertex: of indegree zero, an@ contains a cycle, then that cycle cannot contgin
soG\u also contains a cycle.

So here is a construction of an ordering which will turn oubéoa topological ordering.
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L G() =G.
e Fori=0,...,n— 1, while G; has a vertex of indegree zero: choose some such vertex.

e Letw;, be this vertex, and le¥; . ; = G;\v;1.

If G is acyclic, then this produces a sequencing .., v,. If G is not acyclic, then for some
1 < n G; will have no vertices of indegree zero.

Supposé€ is acyclic andv;, v;) is an edge ofy. G; contains only the vertices;, .. ., v,, SOv;
was deleted beforehand anet j. Thus the sequence is a topological orderiQge.D.

(17.5) An algorithm for topological sorting. We assume the graph is represented by adjacency
lists, and that one can label to each vertexf G with a number, indegree), which is initialised to
the indegree of in G. (This is easily done by traversing the vertices and thgaaahcy lists.)

A setsour ce is initialised to the set of sources 6f. It can be implemented in any way which
allows constant-time insertion and deletion.

e Initialisei to 0.
¢ While source is nonempty:

e delete a vertex from source
e increment and output: asv;

e traverse the adjacency list forand for all edgesu, v), decrement indegree, if indegree()
becomes zero, then addo source.

(17.6) Convention.n = |V| andm = |E| always.

(17.7) Runtime. The amount of work done processing a vertels proportional tol + k& where
k = outdegreéu). The overall runtime i$)(m + n).

18 Depth-first search, acyclicity, and strong connectivity

Depth-first search is a curious operation on graphs andphgi@, which is defined recursively and
is surprisingly useful.

It is best understood as yielding a sequencing. ., v, of the vertices and a forest of ‘spanning
trees’ such that for any vertey, the descendants ofin the forest are precisely the vertices reachable
fromwv; In

G\{v1,...,v;1}

(This notation is an obvious extension of the notatioy.)

We always work with an adjacency list representation.

This calls for aparentlink to be attached to each vertex, together witbraorderrank, and
sometimegostorderrank as well. Preorder and postorder make good sense wittregynot just
binary trees (inorder is different). A full DFS (depth-fisgtarch) of the digraph is executed as follows:
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e Preorder ranks are initialised to zero for all vertices. dilglobal variables preount and
postcount are initialised to zero.

e Traverse the vertices @f in any order. When considering a vertexf its preorder rank is still
zero then it hasn’t yet seen in DFS: set parent¢ NULL and dfs:).

The dfs{) procedure is recursive.

e Increment precount and assign it to preordeaink (u)

e For each vertex adjacent tay, if its preorderrank is zero, then assignto parent() and dfs()
e Increment postount and assign it to postordeank (u)

(18.1) Lemma If G is acyclic, and DFS is executed, then reverse postorder raaktopological
order.

Proof. In other words, if(u, v) is an edge and precede® in postorder, thei- is not acyclic.
There are two cases. First caseprecede® in preorder. That means that when dfs{vas exe-
cuted,v had not yet been visited, and it is reachable directly fegreo it must become a descendant

of u in dfs(u), and postordet( < postorder(), contrary to hypothesis.

In the second case follows v in preorder and:, precede® in postorder. This means thatis a
descendant of in the depth-first forest, so there is a path froio «; also(u, v) is an edge, so there
is a cycle containing andv. Q.E.D.

(18.2) The strongly connected componentsf a digraphG. Two verticesu, v are strongly con-
nectedif there exist paths fromu to v and fromwv to « (i.e., there exists a cycle containimgand
v). This is an equivalence relation whose equivalence ctgsasitionV’. The subgraphs spanned by
these classes are thgongly connected componeiotsG.

(18.3) Lemma Suppose a full DFS is executeduléndv are strongly connected, they belong to the
same DFS tree.

Proof. Let C' be a cycle containing andv, and letw be the vertex of minimum preorder rank in
C'. Then all vertices o, includingu andwv, become descendantswofduring dfs¢v). Q.E.D.

(18.4) Lemma Suppose that DFS is executed@rand the vertices are output meverse postorder
to a setS. Then suppose that a cop¥ is made ofz, with the same vertices but its edgesersed.
If DFS is executed 06", restarting the search according to the order giverbirthen the trees in the
second DFF span the sccs@f

Proof. Verticesu, v are strongly connected @ iff they are strongly connected @', so the SCCs
of G andG’ correspond.

Every tree in the second DFF spans a union of sces’ phence ofG. We need to show that no
tree spans more than one BCC.

Suppose otherwise. Choose a second DFF Treehose root belongs to a BCC K but which
contains vertices in other BCCs. Choose a vertei the tree such thav ¢ K but all proper
ancestors ofv in T" are in K.
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There is a path from the root @f, call it u, tow in T', so there is a path from to the root in(G,
but no path from any vertex iR tow in G.

Case (1) is visited beforev in Phase 1. Then, and all vertices in{, are descendants af, so
w follows u in postorder, a contradiction.

Case (2) is visited beforev in Phase 1. Let be the phase 1 high point &f, sov is a descendant
of z. Since there is no path fromto w in GG, w is not a descendant of

Sincev is visited beforew, so isz, being an ancestor ef, and sincew is not a descendant af
x, and all its descendants, includingprecedev in postorder, a contradiction. |j

19 A better SCC algorithm

The double DFS method of computing SCCs is as simple as passitilenpractical. Here is more
practical method using a single DES.

We say that one node &arlier than another if it is visited earlier during the DFS — so it e
with lower preorder rank.

We begin with an observation.

(19.1) Lemma Let K be a SCC, and: the earliest vertex inK. As before, all vertices ik are
descendants af. Then the vertices ik’ span aprefix subtree treat u, meaning that ity € K then
all ancestors ob, which are descendants of are in K.

Figure 17: the nodes in each SCC form a prefix subtree.

Proof. There is a branch of the DFS tree franto v, and there is a path i from v to u; together
they make a directed cycle, and all vertices in the cycleratke same SCC, nameli,. Q.E.D.

Relative to a DFF, the edges @fcan be classified as follows.

Tree edgesu, v): u is the parent of in the DFF.

Forward edgesu, v) wherev is a DFF descendant afbut not a child ofu.

Back edgesu, v) wherev is an ancestor of.

Cross edgeéu, v) wherew is not an ancestor af butv precedes: in preorder.

The algorithm needs the following

9 See (Aho, Hopcroft, Ullman). Originally: R.E. Tarjan (197Depth-first search and linear graph algorithi@sAM
J. Computingl:2, 146-160.

57



(19.2) Definition The high pointof a SCC is the vertex visited earliest. It is ancestor to dileot
vertices in the SCC.

Given some efficient method of detecting high points, thiowhg algorithm computes SCCs:
modifieddf s( u) . It uses gpushdown stack.

e Pushu onto the stack.
e For each edgéu, v) out of u,

¢ If v has not been searchetf,s(Vv) .
e Adjust a quantityt i nk_r ank( u)

e All edges(u,v) have been scanned. If at this point, it is determined thist a high point,
remove all vertices on stack down to and includingmitting them as a SCC.

Correctnessof this procedure. Briefly put, idf s(u), all children ofu in the same SCC as
remain on the stack together with their descendants whelmahis SCC; all children of, in other
SCCs are high points and the vertices in their SCCs are removedtfre stack beforelf s( u)
finishes. |}

(19.3) Definition Given a vertex, supposex is the SCC containing it. THenk of v is the earliest
vertexz such that for some descendanof v, (w, x) is a back edge or a cross edge, and the root of
the SCC containing is an ancestor ob.

Clearlyv is earliest in its SCC iff it equals its link.

(19.4) Modified dfs. This uses a pushdown stack, and needs to attach a booleahledo every
vertex:cl ear ed, as well apr eor der _r ank andl i nk_r ank fields.
pr eor der _r ank is used to test whether a vertex has been visited already.
Initially, cl ear ed is setto 1 (true), angdr eor der _r ank to O, for all vertices.
Dfs(u) is called repeatedly for unvisited nodesintil all the digraph has been processed.
Dfs(u) does the following.

Setpr eor der _r ank in the usual way. Also séti nk_r ank to the same value.

Pushu onto the stack, settingl ear ed(u) = O (false).

For each child) of «,

e If v haspr eor der _r ank zero (unvisited), recursively dfs).

e Next, If vis notcl ear ed, and itsl i nk_r ank is less than the curreht nk_r ank of
u, then reset’s link _rank tov’s.

It can be shown that, at this pointjs a high pointiffl i nk_rank (u) == preorder _rank(u).
If this holds, output an SCC as described previously. (Remethbewhen vertices are popped,
theircl ear ed value should be set to 1 (true).)
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Figure 19: chain of links leading back to an ancestou.of

Let us writel i nk(u) for the link of u, i.e., that vertexo such that, aftedf s(«) ends, has
preorder ranlpr e r ank( «) . Also write K, for the SCC containing. And write hi gh_pt (u) for
the high point ink,.

(19.5) Lemma All proper ancestors of remain on the stack wheif s( «) ends.

Proof. Otherwise there exists an ancestaf « which is cleared from the stack befaié s ( u)
ends. Say is cleared at the end off s( z) . Thenitis at or below: on the stack and therefore must
have been added to the stack duritfigs ( z) , so it is a descendant af Thereforeu is a descendant
of z anddf s(u) ends beforelf s( x) ends, contradicting the assumption tlés ( «) ends before
df s(u) ends. |}

(19.6) Lemma For all «, at all times,| i nk(u) € K,, and afterdfs(u) ends,l i nk(u) = wu iff
hi gh_pt (u) = u, and in this case the vertices cleared from the stack aretgxdmse ink,,.

Proof. This is proved by induction on the postorder rankupfi.e., the order in which dfs(
finishes.

Base caseu is the first vertex in postorder, so it is a leaf in the DF for@sd at the top of the
stack.

(@) If u has no out-edges, thek, = {u}, hi gh_pt (u) = w, | i nk(u) = u, and K, is output
correctly.

(b) If u has out-edges, then sineeis the earliest leaf, there is a back edgenk(u) # wu,
hi gh_pt (u) # u, and nothing is output.

Induction. We may assume the following:

For all verticesv precedingu in postorder] i nk(v) = v iff hi gh_pt (v) = v, andv is cleared
iff hi gh_pt (v) precedes: in postorder.

(c) Sayhi gh_pt (u) # u. RTPl i nk(u) # v whendf s(«) ends.
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There is a path iz from « to hi gh_pt (u). Letwv be the first vertex on the path which is not a
descendant aof. Write the path as

U= Uy, ULy U, UV, ...

Every vertex on the path is iA,,.

Sinceu, is a descendant af, we can assume that the edges frogyto u, are all tree edges.
Obviously we may assume thabccurs only once on the path.

Sincew is not a descendant afit is not a descendant af,, and(uy, v) is either a back edge or a
cross edge.

If it is a back edge then is an ancestor af, a proper ancestor by assumption, and it is uncleared
until afterdf s(«) ends (lemma 19.5). Therefoke nk(u;) < v < wy in preorder. Ifk > 0 then
uy is uncleared aftedf s( u;) finishes, sd i nk(ux_1) < v < ux_1 in preorder, and so on far,_,,
U3, -+, SOl i NK(u) < w in preorder.

If it is a cross edge them precedesu; in postorder as well as in preorder. Sincec K,,
hi gh_pt (v) does not precede (nor u;) in postorder, so is uncleared antli gh_pt (v) < v < u
in preorder, sd i nk(u) < uy in preorder aftedf s( ;) ends, and. is uncleared.

If &£ > 0, it follows thatl i nk(u,_1) < v afterdf s(ux_;) ends; and so on, up the tree, until we
reachu: | i nk(u) < win preorder whemlf s(«) ends.

(d) Supposd i nk(u) < u (in preorder) aftedf s(u) ends. It is fairly obvious, and easy to
show, that there is a path fromto | i nk ()

U = Ug, Uy, ..., U = V1, Z1,...1 T NK(w)

where for each pait, y of successive vertices on the path, except possibly thd lask (z) is copied
from| i nk(y) duringdf s(z) . Sincel i nk(u) < u in preorder, not all vertices are descendants of
U.

Herek > 0 andu, is the last descendant afon the path.

We need to show thdti gh_pt (u) # u. Itis enough to show that there exists a proper ancestor
of u reachable fromu.

If (v1,21) is a back edge, them, is an ancestor of a descendantofind is not a descendant of
u, SO it is proper ancestor afreachable fromu, as required.

If (vi,2) is a cross edge, thedf s( x;) has terminated befordf s( v;) begins, andc; is not
cleared, sa; # | i nk(z;) and by inductione; # hi gh_pt (z;), and there exists a proper ancestor
vy Of 1 reachable fromx;. Suppose, is not a proper ancestor of

20 Bipartite matching

A bipartitegraph is an undirected graph whose vertices are partitiortedwo ‘sides’X andY’, and
whose edges only connect vertices on different sides. Btgnvto 2-colourable.

A bipartite graph resembles a multivalued partial funcfimm X to Y or vice-versa.

A matchings a function ‘covered’ by the graph. Equivalently, it is &skpairwise vertex-disjoint
edges.

The maximal matching problens: given a bipartite graph, produce a matchivigof maximum
cardinality.

The standard approach to this problem is to aisgmenting patht extend the matching.
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(20.1) Definition Let M be a matching in a (bipartite) grapy.

M is perfectif | X| = |Y| and|M| = | X|.

Call an edgee exposedf e ¢ M. Call a vertexexposedf it is not incident to an edge /.

A path P is alternatingif the edges along the path are alternately/ih and exposed. It iaug-
mentingif it is simple and nontrivial, and the first and last edges exposed.

Given an augmenting path, represented as a set of edges, the set of edges
(M\(PNM))U (P\M)

is a matching of cardinality\/| + 1. So we need to search for augmenting paths.

Every vertex inX is incident to at most one edge i, so|M| < | X| and|M| < |Y]| and if there
are no exposed vertices, 86 is perfect, then\/ is maximal.

Start with an exposed vertex Build a tree in breadth-first order (this is not essential)e W
describe the construction in layers, though properly a gedould be used.

e Layer O isjustr.

e Layer 1 contains all children of. For all verticesu in this layer, ifu is matched to a vertex,
thenv goes into layer 2.
If there is an exposed vertex in this layer, stop: there isugmeenting path.

e Otherwise, develop layer 2. For all eddes v}, whereu is in layer 2, and{u, v} is exposed,
andv is not already seen, addo layer 3.

e Develop layer 3. For all verticesin layer 3, ifu is exposed, stop. Otherwise, fet, v} be the
matching edge and addto layer 4,

e Etcetera.

Implicitly, tree links are installed — we omit the detalils.

Starting with the empty matching, this procedure can be wuepdatedly to locate augmenting
paths and enlarge the matching. It is reasonably efficieopckbft and Karp improved the algorithm
and/or the analysis.

It is when the proceduriails to reveal an augmenting path that is interesting.

Write Lg, L+, . . . for the layers. Without loss of generality,c X. Write

A:L(]ULQUUL]CB:LlULgUULk,l

This impliesk is even; this is so, because whenever a ventexa leaf in the tree, if it is at odd
level then the tree branch tois an augmenting path.

More generally, if{u, v} is an edge, and € A, then either it is a matching edge matchintp
u, SOv € B, or itis exposed, and would have been added to the tree if not already there; so agai
v € B. In other words,

I'(A) = (def) {v: (Bue A){u,v} € E} =B.
Note that|L,| = |Ls|, |Ls| = |L4|, and so on. Therefore

Al = [B] +1
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(20.2) Lemma A necessary, and obviously sufficient, obstruction to agoerhatching is that there
exists a subset of X or Y such that

21

Al > [T(A)].

2014 exam syllabus, 3467 module

Needless to say, runtime analysis is expected in most obllening items.

Average depth of binary search trees, average depth ofybtregs. (You should know the
latter estimate, but its proof will not be asked.)

Binary search trees: insertion and deletion. The log n) average case does not apply with
deletion. Michaela Heyer gave an alternative strategy ébetcbn.

Red-black trees: definition, height bounds, insertion,ta@iejoin, and split, runtime analysis;
O(log®n) is an acceptable estimate for splitting, but the ‘shargheste is actuallyO (logn).
Know howfi x_doubl ered(), fix_rank_deficit() are used; you won't need to
remember the details of these routines.

Splay trees: state and prove the amortised cost of ‘splagdt’ rHow to split, join, insert,
delete, with amortised costs.

Heap operations, including sift up and sift down, and buijda heap in linear time. Heapsort
(the direct method, not the ‘in-place’ method). Mergesguicksort, radix sort. Lower bound
for sorting (not searching, as the notes said, misleadjngly

Knuth-Morris-Pratt algorithm: using the overlap tabledaonstructing it. (Be able to produce
C code or a close description.)

Describe how to generalise it to search simultaneouslylfqragterns in a retrieval tree (trie),
assuming that ‘back-links’ have been installed in the {#0-Corasick structure.)

Cost of building and of using the Aho-Corasick structure.

Union-Find strategy: forests, size balancing, path cosgioa.O((m+n)log™ n) overall cost.
Alternative strategies: rank balancing, path splittingjitathe quiz).

Hash tables: linear rehashing, uniform and double hashirapalysis.

Directed graphs: topological sorting (first method). Defatst search and reverse postorder
(topological sorting again). Sharir’'s strong componefgs@hm. Tarjan’s strong components
algorithm.

Bipartite matching. Method of alternating augmenting patHew to search for augmenting
paths. Prove thd'(Z)| > | Z| criterion for existence of a perfect matching.
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