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1 Binary search

(1.1) The study of algorithms aims to make us better programmers invarious ways.

• Standardisation. We learn standard methods applicable to well-known programming prob-
lems; this reduces the annoying ‘problem-solving’ component of programming.

• Correctness.Those methods which are not obvious are studied and explained.

• Efficiency. We evaluate the efficiency of the methods in terms of resources such as time con-
sumed or memory space requirements.

These algorithms are usually non-numerical, meaning that exact results are easily defined and
there is no notion of approximate solution.

In numerical programming accuracy is critical; in these lectures, efficiency is desirable but the
level of efficiency is not usually of critical importance. Weare content with ‘order-of-magnitude’
analysis, and hence theO() notation is important.

(1.2) Definition Letf(n) andg(n) be two functions defined onN such that

0 ≤ f(n), g(n) ∈ R

for all n. In other words, they are nonnegative real-valued sequences. Informally,

f is O(g) ⇐⇒ lim
n→∞

f(n)

g(n)
< ∞

More formally,

f is O(g) ⇐⇒ (∃C ≥ 0)(∃N ∈ N)(∀n ≥ N)(f(n) ≤ Cg(n))

Roughly speaking, theO() notation measures thegrowth rateof sequences.
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(1.3) Searching.Frequently a program needs to search an array of keys to find the location of a
particular key. The obvious way is to iterate through the array with a for-loop; if the array has sizen
then this will taken iterations, or time proportional ton: writtenO(n). This is calledlinear search.

If the keys can be sorted, and are stored in the array in sortedorder, thenbinary search allows a
key to be located in timeO(log n).

(1.4) The idea is simple: the range of possible locations of a givenkey is halved in each iteration, so
after aboutlog2 n iterations either the key is found or the range is reduced to nothing.

int location ( int *a, int n, int key )
{

int i,j,m;

i = 0;
j = n-1;

while ( i <= j )
{
m = (i+j)/2;
if ( a[m] == key )
return m;

else if ( a[m] > key )
j = m-1;

else
i = m+1;

}
return -1; /* nothing found */

}

2



(1.5) Example.
0 1 2 3 4 5 6 7 8 9 i
-1 0 1 3 5 7 8 10 11 13 a[i]

search for 11: Search for 12:
i j m a[m] i j m a[m]
0 9 4 5 0 9 4 5
5 9 7 10 5 9 7 10
8 9 8 11 8 9 8 11
return 8 9 9 9 13

9 8
return -1

Correctness. The while-looppreservesthe following invariant condition : if the key is stored
in the arraythenits index is≥ i and≤ j. As for efficiency,

(1.6) Lemma Binary search runs in timeO(log n).

Proof. We measure the search range, namelyj − i + 1, at each iteration. In a single iteration, if
a[m] 6= key, the variablesi, j are replaced by

i,m− 1 or m+ 1, j wherem = ⌊ i+ j

2
⌋.

Let s be the search range before the iteration, i.e.,j − i + 1. We assumes > 0 anda[m] 6= key:
otherwise we are at the last iteration.

The intervali . . .m− 1 has length

m− i = ⌊ i+ j

2
⌋ − i = ⌊j − i

2
⌋ ≤ ⌊s/2⌋,

andm+ 1 . . . j has length

j −m = j − ⌊ i+ j

2
⌋ = ⌈j − i

2
⌉ ≤ ⌊s/2⌋.

The range is reduced to at most⌊s/2⌋ ≤ s/2 (possibly a fraction), so afterr iterations the search
range is at most

n

2r

(possibly a fraction). Ifr is sufficiently large so that this fraction is< 1, there can be no further
iterations. How large shouldr be?

We wantn/2r < 1, i.e.,n < 2r. Taker = ⌈log2(n + 1)⌉. Then2r ≥ n + 1. Therefore there are
at most

⌈log2(n+ 1)⌉
iterations. Each iteration takes bounded time, so the overall runtime isO(log n). Q.E.D.

Here is a binary search procedure written in Eiffel.
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location ( a: ARRAY[ <comparable type> ]; key: <same type> )
: INTEGER is

require
normal_bounds: a.lower = 1

-- just an example
do

local
i,j,m : INTEGER
found : BOOLEAN

do
from

i = a.lower
j = a.upper

until
i > j or found

loop
m := (i+j) div 2
if a[m] = key then
found = true

else if a[m] > key then
j = m - 1

else
i = m + 1

end

if found then
Result := m

else
Result = a.lower - 1

end
end

2 Binary trees

(2.1) Trees are very useful in Computer Science; the idea is based onsomething like family trees.

(2.2) Definition A forestconsists of a finite set ofnodes, together with a ‘parent’ function defined on
some of the nodes.
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It is required that the ‘parent’ function — write it asp() for brevity — is acyclic. This means that
no nodeu is a proper ancestor of itself,1 i.e., there is no nodeu such that

u = p(p(p . . . p(u) . . .))

A root in the forest is a node with no parent.
A treeis a forest which either is empty or has exactly one root.
Thechildrenof a nodeu are those nodes whose parent isu. A leaf is a node with no children.

This section is concerned withbinary trees. A binary tree has three partial functions, parent,
lchild (left child) , and rchild (right child). Also,

• For every nodev, the children ofv are the left and right child, where they exist.

• If the left childu of u exists, and also the right childv, then they are distinct:u 6= v.

Example. A binary tree can expose the ‘structure’ of an arithmetic expression. See Figure 1,
which shows a conventional way of depicting binary trees.

A typical definition of a binary-tree node in C would be

typedef struct btree_node_tag {
char * item; /* whatever is ‘stored’ in a node,

* in this case a character string

*/
struct btree_node_tag

*lchild, *rchild, *parent;
} BTREE_NODE;

And typically in Eiffel,

class BTREE_NODE [G]
feature {BTREE}
item: G -- stored at the node,

-- Type G (a parameter: generic)
lchild, rchild, parent: like Current

.....
end -- class

(2.3) Definition Theancestorsof a nodeu in a tree are either

1 ‘proper ancestor’ is explained later (2.3)
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Figure 1: Binary tree representinga− b− (2 + c/d).

• u alone ifu is a root, or otherwise

• u itself together with (recursively) the ancestors of its parent.

Theproper ancestorsof u are all ancestors exceptu itself.
Similarlyu hasdescendantsandproper descendants.

Inorder, preorder, and postorder. There are three important linear orders defined recursively
for binary trees.

• Preorder: root before left subtree before right subtree

• Inorder: left subtree before root before right subtree

• Postorder: left subtree before right subtree before root

If we take the above expression tree and list its nodes in the three orders we get preorder−−1b+
2/cd, inordera− b− 2 + c/d, postorderab− 2cd/+−. For calculation purposes inorder is useless
since the parentheses are missing, but preorder and postorder preserve the tree structure. Postorder,
‘postfix notation,’ is suitable for calculation using a pushdown stack. There is a very elegant algorithm
to convert from (parenthesised) infix notation to postfix. Itseems to be due to Dijkstra.

By the way, the Postscript language uses postfix notation. Theabove expression would be some-
thing like

a b sub 2 c d div add sub

in Postscript.

(2.4) Definition Thedepthof a nodeu in a treeT is the number of proper ancestors ofu, so the root
has depth 0. Theheightof a nodeu is the maximum distance fromu to a proper descendant ofu.

That is,

• The height of a leaf is 0;
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• If u is not a leaf, then its height is1+ the maximum height of its left and right children, if they
exist.

Theheightof a treeT is −1 if T is empty; otherwise it is the height of its root.

(2.5) Lemma (i) The height of a nonempty treeT is the maximum depth of its nodes.
(ii) A binary tree of heighth has betweenh+ 1 and2h+1 − 1 nodes.
(iii) The height of a binary tree withn nodes is betweenlog2(n+ 1)− 1 andn− 1.

Proof. (i) We skip the proof: not because it is unimportant or obvious, but because it doesn’t
reward investigation.

(ii) If T is empty thenh = −1, andh+ 1 = 2h+1 − 1 = 0. Otherwise,T is nonempty.
For anyd ≥ 0, there are at most2d nodes at depthd: this is easily proved by induction ond, since

every node at depthd has at most two children at depthd+ 1. Hencen ≤ ∑h
d=0

2d = 2h+1 − 1.
Choose a node of depthh (part (i)). It hash+ 1 ancestors including itself. Henceh ≤ n− 1.
(iii) is another version of (ii).Q.E.D.

(2.6) The Omega notation.Whenf is O(g), f grows no faster thang. But f could grow slower
thang; in that case we would writef is o(g) (‘little-o’). Informally,

f is o(g) ⇐⇒ lim
n

f(n)

g(n
= 0.

TheΩ notation is theoppositeof this. It means thatf does not grow slower thang. Informally

f is Ω(g) ⇐⇒ lim
n

f(n)

g(n
> 0.

(Possibly the limit is infinite.) With this notation, part (iii) of Lemma 2.5 can be simplified.

(2.7) Lemma The height of ann-node binary tree isO(n) andΩ(log n).

A partial strengthening will be useful:

(2.8) Lemma LetT be a binary tree containing a subsetS of k nodes. Then the deepest node inS
has depthΩ(log k).

Proof. Let d be the maximum depth of all nodes inS. The total number of nodes of depth≤ d in
T is at most2d+1 − 1, so

k ≤ 2d+1 − 1; d ≥ log2(k + 1)− 1,

sod is Ω(log k). Q.E.D.
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3 Enumerating binary trees

There are 1

n+1

(

2n
n

)

binary trees withn nodes. These are theCatalan numbers.There are at least two
ways of arriving at this. One is given in Feller Volume 2.2 The other uses generating functions.

Let bn be the number of binary trees withn nodes. We allow the empty tree:b0 = 1.
Givenn ≥ 0, by considering all possible sizes,i andj respectively, of left and right subtrees, in

a tree withn+ 1 nodes, we arrive at the recurrence

bn+1 =
∑

i+j=n

bibj

LetB(z) =
∑

bnz
n. Then

B(z)2 =
∑

n≥0

∑

i+j=n

bibjz
n

so the coefficient ofzn in B(z)2 equalsbn+1, and

zB(z)2 = B(z)− 1; zB(z)2 − B(z) + 1 = 0.

Whence

B(z) =
1±

√
1− 4z

2z

There are no negative powers ofz in B(z), which means we should take the minus sign.

B(z) =
1−

√
1− 4z

2z
=

1−∑

r≥0

(

1/2
r

)

(−4z)r

2z
.

The term inz−1 vanishes, and the others are simplified as follows.

1−∑

r≥0

(

1/2
r

)

(−4z)4

2z
=

∑

r≥1

(−1)

(

1/2

r

)

(−4)r
1

2
zr−1 =

∑

r≥1

(

1/2

r

)

(−1)r+122r−1zr−1 =

∑

n≥0

(

1/2

n+ 1

)

(−1)n22n+1zn

2 Feller, William: An Introduction to Probability Theory and its applications.
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Figure 2: Binary search tree imitating binary search on arrayof a previous example.

so

bn =

(

1/2

n+ 1

)

(−1)n22n+1 =

(−1)n
1

2

(

1

2
− 1

)

· · ·
(

1

2
− (n+ 1) + 1

)

22n+1

(n+ 1)!
=

1

2

(

1− 1

2

)

· · ·
(

n− 1

2

)

22n+1

(n+ 1)!
=

(2n− 1)(2n− 3) · · · (3)(1)(1)2n
(n+ 1)!

=

2n(2n− 1)(2n− 2)(2n− 3) · · · (3)(2)(1)
n!(n+ 1)!

=

(2n)!

n!(n+ 1)!
=

1

n+ 1

(

2n

n

)

.

4 Binary search trees

Binary search trees take their inspiration from binary search. While binary search is very efficient,
it is inflexible; that is, there is no easy way to add or remove elements in the array being searched.
Binary search trees aim to rival binary search in efficiency with greater flexibility.

(4.1) Binary search treesare binary trees whose nodes carry ‘keys’ ofCOMPARABLE type, arranged
so that inorder traversal yields the keys in strictly sortedorder.

Equivalently, at every nodev, the keys stored in its left subtree are less than, and the keys stored
in its right subtree are greater than, the key stored atv.

Figure 2 shows a binary search tree which corresponds exactly with binary search on the array
given in§1.5.

(4.2) Inorder successor: non-recursive form.The inorder successor ofp is,

• If p has a right childq, its inorder successor isq’s leftmost descendant

• Otherwise its inorder successor is the lowest ancestorq of p, if it exists, such thatp is descended
from the left child ofq.
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(4.3) To locate a key in a binary search tree is straightforward:

• Initially, p is the root.

• Repeatedly, untilp becomes NULL or the key is found, compare the key withp->key.

• If equal, returnp.

• If low, replacep by p->lchild and continue.

• Otherwise, replacep by p->rchild and continue.

(4.4) Inserting a key is almost as simple. First follow the above procedure tolocate a node con-
taining the key — if the key is already stored, do nothing. Otherwise, suppose thatu was the last
non-null valuep had. If the tree was empty, store the new key at the root. Ifp had been replaced by
p->lchild, add the key as a left child foru. Else add it as a right child.

(4.5) The cost of searchingfor a key is proportional to its depth in the tree (or the depthof the last
node inspected). Recall that the depth of a binary tree isO(n) andΩ(log n).

If the tree is shallow — meaning that its height isO(log n) — then searching the tree is maximally
efficient.

If a binary search-tree is built beginning with the empty tree and making a sequence of insertions,
it is possible that its depth isn− 1. This happens, for instance, if the keys are presented for insertion
in ascending order, in which case the tree resembles a linkedlist (there are no left children).

(4.6) The average cost of searching,however, is good, on average. This means that assuming that
a tree is built by inserting a sequence ofn keys in random order, then the average depth of a node in
an average tree is proportional tolog(n). This is proved as follows.

(4.7) First, letT be a binary search-tree withn nodes. TheINTERNAL PATH-LENGTH (IPL) is the
sum of the node depths. (Or, equivalently, the sum of lengthsof all paths in the tree.) By convention,
the root node has depth 0.

Thus the average node-depth, the average cost of accessing anode, assuming all nodes are ac-
cessed with equal likelihood, is1/n times the IPL.

Next, let IPL(T ) denote the internal path-length of a nonempty binary search-treeT ; let Tℓ and
Tr be the left and right subtrees at the root, respectively; andsuppose thati is the inorder rank of its
root. Then

IPL(T ) = i− 1 + IPL(T1) + n− i+ IPL(T2),

because the depth of a node inT1 or in T2 is 1 less than its depth inT .
Let σ be an permutation ofn input keys; we assume that all permutations have equal probability.

A treeT built from keys presented in the orderσ will have root with inorder ranki, wherei = σ(1).
If σ ranges over all permutations in whichσ(1) = i, then the subtreesT1 andT2 will range

independently over average search-trees withi− 1 andn− i nodes respectively.
Therefore

I = (n− 1) + A(i− 1) + A(n− i),
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whereI is the average IPL of trees created by all suchσ, andA(j) is the average IPL of a tree created
from j random insertions. Averaging over all possiblen values ofi,

A(n) = n− 1 +
1

n

i=n
∑

i=1

(A(i− 1) + A(n− i)).

This recurrence is well-known and there are simple tricks for arriving at a solution. First, the two
parts of the sum make the same contribution, so we get

A(n) = n− 1 +
2

n

i=n
∑

i=1

A(i− 1)

A(n) = n− 1 +
2

n

i=n−1
∑

i=0

A(i)

nA(n) = n(n− 1) + 2
i=n−1
∑

i=0

A(i)

(n+ 1)A(n+ 1) = n(n+ 1) + 2
i=n
∑

i=0

A(i)

(n+ 1)A(n+ 1)− nA(n) = 2n+ 2A(n)

(n+ 1)A(n+ 1)− (n+ 2)A(n) = 2n

A(n+ 1)

n+ 2
− A(n)

n+ 1
= 2

n

(n+ 1)(n+ 2)

Writing U(n) = A(n)/(n+ 1) we get

U(n+ 1)− U(n) = 2
n

(n+ 1)(n+ 2)
= 2

1

n+ 1
− 4

1

(n+ 1)(n+ 2)

U(n) = 2
n−1
∑

0

1

n+ 1
−X.

TheX part converges and can be ignored. Comparing the sum (called aharmonic series) with
the integral of1/x, it emerges thatU(n) = 2 ln(n) + Y whereY is bounded. HenceA(n) is roughly
2n lnn: it is O(n log n).

(4.8) Lemma The average IPL of a binary search-tree built by a random sequence of key-insertions
is O(n log(n)) and hence the average cost of a successful search in such a tree isO(log(n)).

5 Average ipl of binary trees

This section uses generating functions to estimate the average depth of binary treesas opposed to
binarysearchtrees.The distributions are different.

11



The generating function forbn, the number of binary trees withn nodes is

B(z) =
1−

√
1− 4z

2z
.

Following Exercise 5 of group 2.3.4.5 in [Knuth, volume 1]. Let bnp be the number of trees with
n nodes and IPLp.

Looking at the left and right subtrees at the root of one such tree, the left subtree hask nodes and
IPL r, say, and the right subtree hasℓ nodes and IPLs, say; andk+ ℓ+1 = n andr+ s+n− 1 = p.
Therefore

bnp =
∑

k+ℓ=n−1;r+s+n−1=p

bkrbℓs.

LetB(w, z) =
∑

n,p bnpz
nwp. Then

zB(w,wz)2 = B(w, z)− 1.

andB(1, z) = B(z) as above.
In Knuth’s notation,Bw is ∂B/∂w, etcetera. Taking∂/∂w,

2zB(w,wz)(Bw(w,wz) + zBz(w,wz)) = Bw(w, z).

LetH(z) =
∑

hnz
n = Bw(1, z). Clearly the average ipl withn nodes ishn/bn.

2zB(1, z)(H(z) + zH ′(z)) = H(z)

2zB(z)(H(z) + zB′(z)) = H(z)

H(z) =
2z2BB′

1− 2zB
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1− 2zB =
√
1− 4z

d

dz

√
1− 4z =

−2√
1− 4z

B′(z) =
−1

2z2
− 1

4z2

[

2z × −2√
1− 4z

−
√
1− 4z × 2

]

=

−1

2z2

(

1 +

( −2z√
1− 4z

−
√
1− 4z

))

√
1− 4zH =

(

2z√
1− 4z

+
√
1− 4z − 1

)(

1−
√
1− 4z

2z

)

H =

(

2z

1− 4z
+ 1− 1√

1− 4z

)(

1−
√
1− 4z

2z

)

=

1

1− 4z
+

1

2z
− 1

2z
√
1− 4z

− 1√
1− 4z

−
√
1− 4z

2z
+

1

2z
=

1

1− 4z
+

1

z
− 1√

1− 4z
− 1

2z
√
1− 4z

(1 + 1− 4z) =

1

1− 4z
+

1

z
− 1

z
√
1− 4z

− 1√
1− 4z

+
2√

1− 4z
=

1

1− 4z
+

1

z
− 1

z
√
1− 4z

+
1√

1− 4z
=

1

1− 4z
− 1

z

(

1− z√
1− 4z

− 1

)

.

or,
1

1− 4z
+

1√
1− 4z

− 1

z
√
1− 4z

+
1

z
.

Expand1/
√
1− 4z.

∑

r≥0

(−1/2

r

)

(−4z)r =
∑

r

(

2r

r

)

zr.

The coefficient, call ithn, of zn, is

4n +

(

2n

n

)

−
(

2n+ 2

n+ 1

)

= 4n − 3n+ 1

n+ 1

(

2n

n

)

.

Divide by bn, then-th catalan number1
n+1

(

2n
n

)

, to get the average ipl of binary trees:

4n

1

n+1

(

2n
n

) − 3n− 1.

From Stirling’s formula,

bn ∼ 4n

(n+ 1)
√
nπ

so the dominant term inA(n) is
n
√
nπ
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Figure 3: Hibbard’s deletion strategy

and the averagedepthof average binary trees

∼
√
nπ.

6 Deletion from binary search trees

(6.1) To delete a node fromu a binary search tree is easy if that node has fewer than two children.
Suppose thatw is its one child (defaultVoid). If u is the root,w becomes the root; otherwise,u has
parentp say; thenp becomes the parent ofw, andw becomes the left- or right- child ofp, whichever
u was.

If u has two children, the trick is to locate the inorder successor v of u, delete it from the tree (it
has no left child), and re-attach it whereu was in the tree. This is calledHibbard’s deletion strategy.
In Figure 3, if one wants to remove the node containing W, one actually replaces it by its inorder
successor X. X is easily detached from the tree because it hasno left child, and it can be moved to
take W’s place in the tree.

Lemma 4.8 does not hold when insertions and deletions are mixed together. Culberson (mid-80s)3

showed that the average IPL of a tree subject to insertions and deletions (with Hibbard’s strategy)
could beΩ(n

√
n).

Compare this with the average IPL of a binary tree.
There is a way to get guaranteed efficient insert and deleteon average. This method is due to

Michaela Heyer.4

To put it very briefly: together with a key at each node there isalso atimestamp,giving the ‘time’
(0 . . . n− 1) when the key was inserted. Of course, the keys and timestamps together can be used to
construct the tree.

Insertion is basically the same as before. Deletion is more complicated. It is arranged to have the
following property:

Suppose a mixed sequenceM of insertions and deletions is executed, ending up with a
treeT . Let S be the subsequence consisting of those insertions which arenot cancelled
by a later deletion, and letT ′ be the tree which would be built fromS.

ThenT andT ′ are isomorphic.

3 Heyer gives different sources, referring to ‘Knott’s paradox.’
4Randomness preserving deletions on special binary search trees,Electronic notes in theoretical computer science

225, 99–113.
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The treeT ′ has good average depth; therefore so hasT . (The reasoning may be quite subtle. . . )

7 Red-black trees

Here we introduce red-black trees, which are binary trees whose heights are guaranteed to beO(log n)
The structure of such trees is subject to change, but theinordersequence of nodes is preserved. They
are suitable for storing data in a linear order (inorder). Usually, though not always, they are used as
search-trees.

(7.1) In a binary tree, thesibling of a node is the other child of its parent, assuming parent and
children exist. A root has no siblings.

(7.2) A red-blacktree is a binary (search) tree satisfying

• It can be empty (no root).

• Colour and rank: every node is ‘coloured’ red or black. Thered-black rankof a node is the
maximum number of black nodes encountered in a branch from the node down (to a leaf); the
node itself is counted if it is black.

• No double red: Every red node has a black parent.

• Rank balance:Siblings have equal rank, and a node without siblings, except the root, has rank
zero.

(7.3) Lemma The root, if it exists, is black, and any other node without siblings is a red leaf.

Proof. Every red node has a black parent, so the root cannot be red.
Supposev is a node without siblings. From rank balancing, its rank is zero, so all its descendants

are red. By the ‘no double red’ condition, it has no proper descendants and is a red leaf.Q.E.D.

(7.4) Lemma Letu be a node of rankr. Thenu has at least2r − 1 black descendants.

Proof by induction on the height ofu. If u is a red leaf thenr = 0 and if it is a black leaf then
r = 1; in either case the statement is true. Ifu has one child, thenu is black and its child is a red leaf,
and againr = 1 and the statement is true.

So we can assumeu has two childrenv andw.
If u is red then bothv andw have rankr and the statement is true by induction (in fact, strength-

ened).
If u is black thenv andw have rankr − 1, with at least2r−1 − 1 black descendants each, by

induction; addingu which is black,u has at least2r − 1 black descendants.Q.E.D.

(7.5) Corollary A red-black tree withn nodes has heightO(log n).

Proof. Supposer is the red-black rank of its root.
The tree contains at least2r − 1 black nodes, sor ≤ log2(n+ 1).
Every red node has a black parent, which means that every pathfrom root to a leaf contains at

least as many black nodes as red. Therefore the tree has depthat most2r − 1, which isO(log n).
Q.E.D.
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(7.6) Keeping track of the ranks. The structure for a red-black tree should include the rank ofits
root. The rank of the root is enough: the rank of other nodes iseasily deduced.

(7.7) An imperfect red-black tree is one which has a double red or a rank imbalance, violating
exactly one of the two conditions exactly once, in the sense that there exists at most one red node
whose parent is also red, or at most one node whose children are themselves rank-balanced but who
differ in rank by 1. Thelocation of a red-red imperfection is the red child of a red parent, andthe
location of a rank imbalance is at the heavier child. (This isin case the other child is non-existent.)

It is possible to convert an imperfect red-black tree into a red-black tree, while preserving inorder.
The easier case is that of a double red imperfection.

(7.8) Rotating the links. An important operation here is that of ‘rotating the links’ at a node.
Suppose thatp is the left child of a nodeq. LetA andB be its left and right subtrees, andC the right
subtree ofq. So the subtree atq can be writtenApBqC in inorder. To rotate fromp means to makeq
the right child ofp, andB its left subtree. It is as if thepq link were rotated clockwise. This operation
preserves inorder: the result would again be writtenApBqC, though the parent-child relations are
different.

Again, if q were the right child ofp, the subtree atp beingApBqC, we can rotate fromq, making
q the parent: anticlockwise rotation.

(7.9) Fix double red. Suppose that a treeT satisfies the red-black conditions except for a possible
double-red imperfection atp.

It is all right to make adjustments to the tree that lead to a new imperfection, so long as only one is
introduced, and it is closer to the root. We avoid any action that might create an imperfection further
down the tree. Bearing this in mind, the corrective strategy is as follows. (Note: as the corrections
proceed up the tree, it is no longer certain thatp have any parent, or a red parent.) See Figure 4.

• If p is the root, make it black, increase the rank (see 7.6), and stop. Otherwise, letq be its
parent.

• If q is black, stop.

• If q is the root, make it black, increase the rank, and stop. Otherwise letr be its parent ands its
sibling (s may be null initially, that is,q may have no sibling initially).

• If s is non-null and red, then ‘promote:’ make boths andq black, and maker red. The parent
of p is no longer red, but there may be a double red atr: setp := r.

• Otherwise there are two cases, depending on whether the pathpqr is ‘zigzig’ or ‘zigzag.’ In
the zigzig case,p andq are both left children or both right children. Rotate fromq, makingq
black andr red (this is all right sinces is not red), and stop.

• In the zigzag case, rotate fromp, then rotate fromp again, makingr red andp black, and stop.

(7.10) Fix rank deficit. This is, for some reason, more complicated. See Figure 5. Theroutine
should begin with a nodeq whose rank is unbalanced, andp should be its ‘deficient child.’ It is
possible thatp be null, initially, butq should never become null. Iteratively,
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Figure 4: Fix double red

• If p is red, make it black, and stop. Otherwise, letr be the sibling ofp ands andt its nearer
and further children (i.e., ifq is deficient on the left, thens is the left child ofr).

• If r is black ands andt are null or black, then ‘demoter.’ Make r red. This fixes the imbalance
atq, but reduces its rank. Ifq was red then makeq black and stop. Else, ifq is the root, decrease
the rank (see 7.6), and stop. Otherwise replacep by q andq by the parent ofq. Again there is
an imbalance atq.

• If r is black, butt is (nonnull and) red, then rotater, copyq’s colour tor, makeq andt both
black, and stop.

• If r is black andt null or black buts is red, then rotate froms, makes black andr red, and
continue. This will raise the previous case in the next iteration.

• Otherwise,r must be red ands, t both null or black. Rotate fromr, maker black, andq red.
At the next iteration one of the above cases will be raised, and there will be at most two more
iterations.

(If the second case – sibling ofp black with two black children – is raised, then it will terminate,
becauseq is red.)

(7.11) Joiningtwo red-black trees. Given two red-black treesTL andTR, and a nodev, it is possible
to form a treeT in which all nodes inTL come first in inorder, thenv, then all nodes inTR. If TR is
empty, it is a matter of inserting appendingv to TL in timeO(rank(TL)), and similarly ifTL is empty.
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Figure 6: Joining one node and two trees. (The empty circle isa red node.)

Otherwise letr ands be the ranks ofTL andTR respectively. Ifr ≤ s, go down the leftmost
branch ofTR until a black nodew of rankr is found. Then replacew by v in TR, makew its right
child, and makeTR its left subtree. Makev red, and apply ‘fix double red’ atv to cure any double red
situation that arises. See Figure 6.

If r > s, go down the rightmost branch ofTL to locate a black nodew of rank s, and perform
similar actions. The runtime, assuming thatr ands are known in advance, isO(|r− s|). The rank of
the combined tree ismax(r, s) ormax(r, s) + 1. Clearly,

(7.12) Lemma If the ranks ofTL andTR are known in advance, then the cost of joining isO(|r−s|).
In any event the cost isO(log n), wheren is the total number of nodes in both trees.

(7.13) Splitting a tree. Given a nodev in a red-black treeT with n nodes, it is possible to construct,
in timeO(log n), treesTL andTR containing all nodes precedingv (respectively, followingv) in T
in inorder, and preserving inorder in each tree, as follows.

• First calculate the rank ofv, by counting the number of black proper ancestors and subtracting
from the tree’s rank.

• Let x = v initially, TL its left subtree, andTR its right subtree. Possibly they are empty. Make
sure the roots (where they exist) of these subtrees are black, adjusting their ranks if necessary.
If x is the root then stop. Otherwise lety be its parent.

• If x was the left child ofy then letS be the right subtree ofy, making sure its root (if it exists)
is black and adjusting its rank if necessary. Then joinTR, y, andS.

Otherwise letS be the left subtree ofy, adjusting its rank, and joinS, y, andTL.

If y was the root, then stop. Otherwise letx = y, let y be its parent, and repeat.

Crudely put, splitting involvesO(log n) operations each costingO(log n), yielding O(log2 n).
The sharp estimateO(log n) is based on the fact that the cost of joining is proportional to rank
difference. First,

(7.14) Lemma SupposeL andR are two (nonempty) red-black trees andx is another node. Let
r and s be the tree ranks before the join. Without loss of generality, r ≤ s and x becomes a left
descendant of the root ofR. SupposeL, x, andR are joined to form a treeT . ThenT has ranks or
s+ 1.

If the rank iss+1 then eitherT has rootx, with two black children, or its rootu (which was that
of R) had two red children inR before the join and two black children after.
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Proof. See Figure 7. Suppose the rank iss + 1. This can only have happened during fix double
red where the root was red and then black. This is possible ifx is made the root withL andR its left
and right subtrees. Otherwise, the root must have become redand then been changed to black again,
increasing the rank. The root can only have become red through ‘promoting’ its children, which must
have been red and are made black. In this case there are no rotations and the root ofT was the root
of R. Q.E.D.

(7.15) Runtime of Split. In splitting a treeT into TL, v, andTR, TR is constructed by a sequence of
joins involving a sequence

T0, x1, T1, x2, . . . , xℓ, Tℓ

of subtrees and nodes where the ranks of the treesTj are nondecreasing. If the root ofTj was red (as
a child ofxj), then it is changed to black. Letrj be the rank ofxj in T before splitting. These ranks
are available as part of the computation.

Let Uk be the tree constructed after joiningT0, x1, . . . , xk, Tk. We note thatT0 was the right
subtree ofv, but forj ≥ 1 Tj was the right subtree ofxj in T . HereU0 = T0 is defined also.

(7.16) Lemma rk − 1 ≤ rank(Uk) ≤ rk + 1.

Proof. Fork ≥ 1, the rank ofUk is at leastrk − 1, sinceTk had rank≥ rk − 1 before adjustment,
and the adjustments do not reduce rank.

The upper bound is harder.
We prove the upper bound by contradiction. Assuming the contrary, fix k ≥ 0 minimal subject to

rank(Uk+1) > rk+1 + 1.

By interpretingx0 asv we can include the casek = 0, r0 = rank(x0) = rank(v). Also, let
U0 = T0.

We note that rank(Tj) ≤ rj for all j, because if the root, call itz, of Tk changes from red to black,
then its parentxj was black, soz had rankrj − 1 before adjusting. The following holds (at any step
of the construction, not just thek-th)

(7.17) rank(Uk+1) ≤ 1 + max(rank(Uk), rank(Tk+1)).

Note also that the ‘1+’ term applies when there is a rank increase, as discussed in Lemma 7.14.
By choice ofk, the left-hand side is≥ 2 + rk+1, rank(Uk) ≤ 1 + rk: also, rank(Tk+1) ≤ rk+1.

Therefore
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2 + rk+1 ≤ 1 + max(1 + rk, rk+1)

This is only possible if

rk+1 = rk and rank(Uk) = 1 + rk.

Also the second case of the rank-increase lemma applies toUk, Uk+1:

+1kT+1k
xUk

+1k
U

+
+

Note

rank(U1) ≤ 1 + max(rank(T0), rank(T1)) ≤ 1 + r1.

which shows thatk + 1 ≥ 2 and thereforeUk−1 exists.
Sincerk = rk+1, xk+1 was red andxk black, sork−1 < rk.

rank(Uk) = 1 + rk ≤ 1 + max(rank(Uk−1), rk)

Now rank(Uk−1) ≤ 1 + rk−1 ≤ rk, so in this equation too, the ‘1+’ term applies, and the rank of
Uk increased when it was built. It is then impossible (Lemma 7.14) that the root ofUk has two red
children: a contradiction.Q.E.D.

(7.18) Corollary Splitting a tree takesO(log n) time.

Proof. Cost of buildingUk+1 is proportional to the difference in height betweenUk andTk+1.
This is proportional to the difference in rank(exercise).Adding,

∑

|rankTk+1 − rankUk| ≤
∑

(2 + rk+1 − rk).

This is twice the height of the tree plus its rank (at most): henceO(log n)

8 Splay trees

(8.1) Amortised analysis. To implement red-black trees is complicated; there are alternatives
which guarantee good asymptoticamortisedruntimes for a sequence of operations, and which are
much easier to program.

The idea of amortisation is to evaluate the total cost of a sequence of operations, and, if this total
is low, not to worry about some of the operations being expensive. Repetitive usage of the same
data-structure is the norm rather than the exception.

The approach to amortisation followed here uses the idea of apotential function.We suppose that
a setU of n nodes is fixed in advance. At any time during processing, there is a collection of binary
search-trees whose nodes are fromU , and this set has a certain ‘potential.’ Specifically,
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• Each one of then nodesx has a fixed positiveweightw(x).

• During the processing, any nodex has a definite set of descendants at any time (though its
descendants may change over time); therankof x is

log2





∑

y descendant ofx

w(y)



 .

• The potential of the system is the sum of the node-ranks.Φ denotes the potential at fixed time.

(8.2) Amortised cost.Theamortised costof an operation on the trees is (some measure of its actual
cost) + (new potential) - (old potential). The lemma below istrivial.

(8.3) Lemma Suppose that a sequence ofk operations is applied to the system with corresponding
potentialsΦ0 . . .Φk. Then the total actual cost is

(total amortised cost) +Φ0 − Φk.

(8.4) Splay heuristic.Suppose thatx is a node, not currently the root of a tree. Lety be the parent
of x. To splay fromx means to raisex in the tree by one or two rotations as follows:

• ‘Zig’ case. If y is a root, rotate fromx; thenx becomes the root of the tree containing it.
Otherwise letz be the parent ofy.

• ‘Zigzig’ case. Ifx andy are both left children or both right children, Rotate fromy, then rotate
from x. Otherwise

• ‘Zigzag’ case. Rotate fromx, and rotate fromx again.

(8.5) See Figure 8 Splaying fromx either makesx the root (first case) or brings it two steps closer
to the root. The number of rotations is taken as the actual cost, so a ‘zig’ operation costs 1 and the
other two cost 2. The following lemma gives a useful estimateof the amortised cost of a single splay
operation.

(8.6) Lemma Suppose thatr andr′ are the rank functions before and after a splay operation. Then
the amortised cost is bounded by1 + 3(r′(x) − r(x)) for a zig, and3(r′(x) − r(x)) for a zigzig or
zigzag.

Proof. Zig. The descendants are unchanged except forx and fory, so the ranks are unchanged
except atx andy.. Hence the amortised cost of the splay is

1 + (r′(x)− r(x) + r′(y)− r(y)).

Now, r′(y) < r(y) = r′(x) > r(x), so the amortised cost is less than1 + (r′(x) − r(x)), which is
less than1 + 3(r′(x)− r(x)).

In the other two cases the ranks are unchanged except atx, y, andz, and the amortised cost of the
splay operation is
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Figure 9: Amortised splay costs.

2 + r′(x) + r′(y) + r′(z)− r(x)− r(y)− r(z).

Subtracting this cost from3(r′(x)− r(x)), we get

(8.1) 2r′(x) + r(y) + r(z)− r′(y)− r′(z)− 2r(x)− 2,

which we want to show is nonnegative. We shall consider two disjoint subsetsV andW of nodes
which together include all but one of the tree nodes. See Figure 9

The Zigzag case is the more natural, and will be considered first. ChooseV andW to be the
descendants ofy and z after the splay, sor′(y) = log2(|V |), r′(z) = log2(|W |), and r′(x) >
log2(|V | + |W |). Bearing this in mind, we want to convert 8.1 to an expression involving just these
three ranks, sor(x), r(y), andr(z) must go. Sincer(y) + r(z)− 2r(x) is positive, because both are
ancestors ofx before the splay, we can remove this term without increasingthe result, leaving
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Figure 10: lookup — amortised costO(log n).

2r′(x)− r′(y)− r′(z)− 2,

Write w for |W | andv for |V |: the expression is greater than

2 log2(v + w)− log2(v)− log2(w)− log2(4),

which equals

log2

(

(v + w)2

vw

)

.

Now, (v − w)2 ≥ 0, so(v + w)2 ≥ 4vw; the fraction in the above expression is at least 1, and the
expression is nonnegative. Therefore 8.1 is nonnegative (actually, positive).

For the Zigzig case we chooseV to be the descendants ofx before the splay andW to be the
descendants ofz after the splay, so we want to remover(y), r′(y), andr(z).

We achieve this by subtractingr(y) − r′(y) + r(z) − r(x) from the expression, a term which is
clearly positive, and we are left with

2r′(x)− r(x)− r′(z)− 2,

which is positive by the same arguments as before.Q.E.D.

(8.7) Corollary Suppose that a nodex is brought to the root of a tree by a sequence of splay oper-
ations. Then the amortised cost of the sequence is bounded by1 + 3(r(t) − r(x)), wheret was the
root andr the ranks before the sequence.

Proof. Apply the previous bounds iteratively, forming a telescoping sum.

(8.8) Using splaying for insert, delete, join, and split.Splay operations involve only rotations and
thus preserve inorder. They can be applied where only inorder need be preserved. They are applied
as follows

• We assume that each node in the population ofn nodes has weight1/n. Then the rank of a
node withk descendants islog2(k/n). The potentialΦ is always between−n log2 n and0.

• Look up a keyk in treeT : first search fork; let x be the last node visited — it containsK if k
is in T . Then bringx to the root by repeated splaying. See figure 10.

Taking the depth ofx as the actual cost, the amortised cost isO(log n).
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Figure 12: join — amortised cost of splay isO(log n). Making T2 the right subtree atx increases
potential and hence the amortised cost, but byO(log n).

• Split T at a nodex: bringx to the root by splaying. Then the left subtreeTL of x contains all
keys< k and the right subtreeTH contains all keys> k; remove the links fromx to these trees.
See Figure 11.

The amortised splay cost isO(log n). Removing the links fromx further reduces the potential
and the amortised cost.

• Join T1 with T2, whereT1 is nonempty: Access the rightmost node, call itx, in T1, bringing it
to the root; and makeT2 the right subtree atx.

Amortised cost of accessingx and splaying isO(log n). MakingT2 the right subtree increases
the rank ofx, hence the potential, but by at mostlog2 n.

• Deletea nodex: Accessx, bringing it to the root, and letT1 andT2 be its left and right subtrees;
delete the links fromx to these subtrees. Join these trees if both are nonempty.

Amortised cost of accessingx is O(log n). Deleting the links reduces potential and amortised
cost. Joining the trees isO(log n) amortised.

• Insert a keyk: Search fork; this search ends at a nodex which contains eitherk, or the highest
key< k or the lowest key> k; if k not found, create5 a new nodey containingk. Bring x to
the root by splaying, and inserty betweenx and its left or right subtrees as appropriate.

Amortised cost of search and splaying isO(log n). Insertingy betweenx and one of its children
increases the potential, and the amortised cost, but byO(log n).

(8.9) Corollary The actual cost of a sequence ofk operations of the above kinds isO(k log n).

Proof. The amortised cost isO(k log n). Since the initial potential is at its minimal level, the
amortised cost bounds the actual cost.Q.E.D.

5 for the analysis,y is a node without children selected from the population ofn nodes.
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9 Heaps

A heapis a data-structure containing sortable keys, allowing forthe minimumkey to be accessed
efficiently.

Representation. They are stored in an array which has been given the structureof a shallow
binary tree:n items are in the firstn array locations; the children of an indexi are2i+ 1 and2i+ 2,
where defined, i.e., where they are< n; 0 is the root; the parent ofi (if i 6= 0) is ⌊(i− 1)/2⌋.

(This is specific to C. If array indexing starts at1 then the definition is different).
Heap order: keys must be in non-increasing order up the tree, that is, ifi 6= 0 then the entry ati

is ≥ the entry at(i− 1)/2.
Suppose that we have something that is ‘almost’ a heap, except that one key might be out of place,

too light or too heavy. If too light, it is moved up to the correct position usingsift up(), if too heavy
it is moved down to a correct position usingsift down().

typedef struct
{
int size;
TYPE * entry; /* sortable type */

}
HEAP;

... make_heap etcetera ...
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sift_up ( HEAP * heap, int k )
{

TYPE temp = heap->entry[k];
int i;
int finished;

i = k;
finished = 0;
while ( ! finished )
{
if (i==0 || heap->entry[(i-1)/2] <= temp )
{

heap[i] = temp;
finished = 1;

}
else
{

heap[i] = heap[(i-1)/2];
i = (i-1)/2;

}
}

}
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sift_down ( HEAP * heap, int k )
{

TYPE temp = heap->entry[k];
int i, j;

i = k;
while ( i < heap->size )
{
j = 2*i + 1;
if ( j < n-1 && heap->entry[j+1] < heap->entry[j] )

j = j+1;

if ( j >= heap->size || heap->entry[j] >= temp )
{

heap->entry[i] = temp;
i = heap->size;

}
else
{

heap->entry[i] = heap->entry[j];
i = j;

}
}

}

To add a key to a heap:

add it to the end (adjusting size) and sift_up

To delete the minimum:

move the last element to the top and sift_down

To build a heap from an array, copy the array elements into heap entries, and perform:

for ( k = (heap->size-1)/2; k>=0; --i )
sift_down ( heap, k );
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Cost ofsift up(): i is reduced by one-half (at least) in every iteration, and it stops wheni reaches
0:

O(log k)

Cost ofsift down(): i doubles per step (at least) and it stops wheni reachesn; initially k; so

O(log(n/k))

Cost ofbuild heap():
n/2
∑

k=0

log2(n/k) ≤ log
nn

n!

which isO(n).

10 Other sorting methods

Sorting a list means putting it in sorted order. The collection to be sorted is usually an array or a file.
We have already seenheapsort, which can sortn items in timeO(n log n), by building a heap and
repeatedly removing the minimum.

We shall reviewmergesort, quicksort, and radix sort (bin sort, bucket sort).

10.1 Mergesort

Mergesort is easiest described in relation to arrays of sortable items. It is based on the following
merge()routine.

Required: a[low a..hi a], b[low b..hi b] are sorted (in nondecreasing order).

void merge ( SORTABLE TYPE a[], int low_a, int hi_a,
SORTABLE TYPE b[], int low_b, int hi_b,
SORTABLE TYPE c[], int low_c )

{
int i, j, k;
i = low_a; j = low_b; k = low_c;
while ( i <= hi_a || j <= hi_b )

if ( i < hi_a && ( j == hi_b || a[i] < b[j] )
{
c[k] = a[i]; ++i; ++k;

}
else
{
c[k] = b[j]; ++j; ++k;

}
}
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Efficiency. Let r = hi a - low a + 1 ands = hi b - low b + 1; at each iteration,
eitheri or j is incremented, so the runtime isO(r + s). Obviously this can’t be bettered — ‘linear
time.’ Obviously it is easily applied to two sorted files of data, also.

Mergesort() involves usingmerge() repeatedly to sort a collection, an array, say. It is necessary
in merge() that the third arrayc be disjoint from the other two. For this reason,2-columnmergesort
is suitable. This sorts by mergesort, leaving the sorted result in target. (Note: source is not
preserved.)

void mergesort ( SORTABLE TYPE source[],
SORTABLE TYPE target[], int n )

{
SORTABLE TYPE * a, * b, * swap;
int step, i, j, mid, top;
a = source; b = target;

for ( step = 1; step < n; step = step * 2 )
{

for ( i=0; i < n; i = i + 2*step )
{

mid = min ( i + step, n-1 );
top = min ( mid + step-1, n - 1 );
merge ( a, i, mid-1, a, mid, top, b, i );
swap = a; a = b; b = swap;

}
if ( b != target )

merge ( b, 0, n-1, b, n, n-1, a, 0 );
}

}

Runtime: step doubles each ‘pass,’ so there are aboutlog2 n ‘passes.’ Each pass takes total
timeO(n); therefore,O(n log n).

10.2 Quicksort

Quicksort is best described recursively. To quicksort a collectiona of items:
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qsort ( COLLECTION a )
{
COLLECTION lo, eq, hi;
if ( a is nonempty )
{

choose some key k from a;
lo = keys < k in a;
eq = keys == k in a;
hi = keys > k in a;
recursively qsort lo and qsort hi;
replace a by lo, eq, hi concatenated.

}
}

This can be applied to arrays or files or other kinds of collection. Its worst-caseruntime is bad.
Suppose that the key chosen is always the smallest in a. Then there are recursive calls to qsort sets of
sizen− 1, n− 2, and so on: the overall cost isΩ(n2).

On the other hand, if the average-case is sought, assuming that the rank of the keyk in a is 1 to n
with uniform probability, we get

A(n) = n+
1

n

n−1
∑

r=0

(A(r) + A(n− 1− r)

Then in the recurrence is an estimate of the cost of choosingk and splitting the list intolo, eq,
hi. This is essentially the same as in estimating the IPL of binary search trees, so the average runtime
of quicksort isO(n log n).

Remark. One should pay some attention to thewaythat the splitting is carried out. The average-
case analysis is valid only if we can be sure that the splitting operation preserves randomness, in an
easily-defined sense.

10.3 Radix sort

The idea is simple. Suppose that the sort keys are 2-digit decimal numbers. First split the set into
‘buckets,’ according to the high-order digit. Then sort each ‘bucket’ on the low-order digit. More
generally, letd be the number of digits in each key. Digits are indexed0 to d− 1.
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void recursive_sort ( COLLECTION s, int i, int d )
{
if ( i < d )
distribute s over 10 buckets according to its i-th digit;
for each bucket b,

recursive_sort ( b, i+1, d );
replace s by the contents of these sorted buckets,
concatenated

}

31 41 59 26 53 58

buckets

26

31

41

59 53 58

Recursive sort of 5-s bucket

buckets

53

58

59

result 53 58 59

result 26 31 41 53 58 59

There is a more streamlined way of doing this, calledleast significant digitbucket sort. In this,
we sort on the second digit first

31 41 59 26 53 58 -> 31 41 53 26 58 59

and then on the first digit

26 31 41 53 58 59

It is essential, though, that each ‘sorting pass’ bestable.For example, the numbers53 58 59
appear in that relative order after the first pass, and the second pass cannot disturb the relative order.

(10.1) Definition A sorting method isstableif, after sorting, items with the same key appear in the
same relative order as before sorting.

The UNIX sort utility is not stable. You must usesort -s to ensure a stable sort.
The cost of bucket sort isO(dn) whered is the number of digits — the number of passes. It can

be used for ‘mixed-radix’ keys: pounds and ounces, for example, or for sorting names by first name
within surname. Notice that a stable sorting procedure makes this very easy with the ‘LSD’ (least
significant digit) method: first sort by first name, then sortstablyby surname.
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10.4 Remarks.

Apart from stability, there are two other aspects of sorting.

• Pointer sorting. Instead of sorting an arraya, to produce an arrayindex so thata is unchanged
buta[index[i]] <= a[index[i+1], 0 ≤ i < n− 1.

This is easy to achieve by re-interpeting ‘¡=’.

• In-place sorting. Mergesort requires additional storage,separating target from source (unless
some very convoluted tricks are used).

• Bucket sort doesn’t, but it’s not a general method.

• Quicksort can work ‘in-place,’ with some messing.

• Heapsort as described here uses separate storage for the heap, but the heap and the source array
can share places to get an ‘in-place’ heapsort.

11 Lower bounds for sorting and searching

11.1 Lower bound for searching.

This lower bound applies to the ‘comparison model’ of searching (and sorting).

• In this model, keys are supposedly sought through queries ofthe form ‘isx < y?’ or perhaps
‘is x ≤ y?’

• We imagine a more general program, written in C, say; moreover, since lower bounds are
sought, we can imagine different programs for differentn (the number of keys stored).

• So we consider a search program which deals with a fixed numbern of keys.

• Sincen is fixed, while- and for-loops can be eliminated, ‘unwinding’ them to a series of if-
statements.

• For a lower bound, it is enough to count the number of if-statements executed (for a specific
key), and, moreover, that the search is successful.

• Every if-statement can be assumed to include an else-part, even if the else-part does nothing.

• If the program contains code like

A;
if ( B ) then

C;
else

D;
E;
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whereA; includes no if-statements, butE may contain if-statements, it can be replaced by

A;
if ( B ) then
{ C; E;}
else
{ D; E;}

• Although this duplicates code, it doesn’t increase the number of if-statements executed in
searching for any key.

• Thus the program may be arranged in a binary tree, where the if-statements correspond to
nodes with two children, call them ‘branching nodes.’ Call this arrangement a ‘decision tree
program.’ Searching (successfully) for a particular key corresponds to travelling down this tree
to a place where the key is ‘known.’

• We consider the program to becomparison-basedif a (successful) search for a particular key
depends solely on therankof the key, its place in sorted order among the keys stored.

Obviously binary search or binary tree search fits this description.

• Put more simply, we could suppose that the search procedure computes and returns the rank of
the key.

So the decision tree containsn nodes, at the very least, where the rank of a particular stored key
is returned. These nodes are obviously independent, in thatnone can be ancestor of any other.

(11.1) Lemma Let T be a tree containingn independent nodes. Then these nodes have total depth
Ω(n log n).

Proof. Suppose thatT has a non-branching non-leaf nodeu; that is,u has one childv. Thenv can
be mapped tou, reducing the number of non-branching nodes. Repeating thisprocess, nodes inT
can be mapped surjectively to a treeT ′ in which no node has just one child. If nodesx andy are
independent inT then they are mapped to a setX of n independent nodes inT ′. The point is that the
number ofbranching-nodeancestors inT matches the number ofancestorsin T ′, and the depth of a
node inT is not greater than the depth of its image inT ′.

The treeT ′ can be pruned so that only nodes inX and their ancestors inT ′ are retained. We get
a treeT ′′ with n leaves.

This is similar to Quiz 2, question 4, and one can conclude that the total leaf depth inT ′′ is
Ω(n log n). Hence the total depth of these nodes inT is Ω(n log n). Q.E.D.

(11.2) Corollary Under the comparison model, the worst-case cost of a search isΩ(log n), as is the
average cost of a successful search.

Proof. The average cost isΩ(log n), and the worst-case cost is no better than average.6

6Assuming all keys equally likely.
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11.2 Lower bound for searching.

We assume a ‘comparison model’ for searching. There is no notion of ‘successful sort,’ but in its
place we make the assumptions

• All input keys are distinct: this does no harm, since we are looking for lower bounds.

• We assume that the numbern of keys to be sorted is fixed.

• The sorting procedure uses ‘pointer sorting,’ say, so it computes and ‘returns’ a permutation
which will convert the input to sorted order.

• There aren! permutations, so the decision tree contains at leastn! independent nodes.

Question.Of the four sorting procedures considered, which are comparison-based?
Under these assumptions, the same ideas as with searching apply, and we get lower bounds. But

this time the decision tree contains at leastn! independent nodes.

(11.3) Corollary Under the comparison model, the average and worst-case cost of sorting isΩ(n log n).

Proof. In a decision tree withn! independent nodes, the total depth of these nodes isΩ(n! log n!)
and the worst-case depth isΩ(log n!). Thus the average (assuming all permutations are equally likely)
is Ω(log n!), and so is the worst-case.

But

nn

n!
≤ en

n lnn ≤ ln(en) + lnn!

n lnn ≤ n+ lnn!

lnn! ≥ (n− 1) lnn

Thuslog n! is Ω(n log n).

12 Knuth-Morris-Pratt algorithm

(12.1) The string-matching problem can be stated as follows. Giventwo arrays,pattern[1 . . .m] and
text[1 . . . n], if the pattern occurs somewhere in the text, to return the index where the first occurrence
begins (default 0, say).

The natural way to do this is to compare the pattern from left to right with text[1 . . .m], then with
text[2 . . .m + 1], and so on, until a match is found or the end of the text is reached. This approach
yields anO(mn) algorithm. When the pattern isam−1b and the text isan, there will bem(n−m+1)
comparisons, so the algorithm isΩ(mn) also.
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text
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Figure 13: Overlapping argument underlying KMP algorithm.

(12.2) However, a partial match gives some information about the structure of the text, and this can
be exploited to yield a linear time algorithm. Consider a partial match which matches a prefixu of
the pattern beginning at text positioni, but the next pattern character fails to match. Suppose thatthe
pattern actually does occur at positioni + s in the text, wheres is a fairly small shift. Ifs < |u|,7
write r for |u| − s: the lastr characters ofu form a stringv which is also a prefix ofu (and of the
pattern). So we need only consider shifts where the stringu overlaps itself. See Figure 13. This leads
to the following definitions.

(12.3) Definition If x andy are strings then we writexy for the result of concatenatingy to the end
of x. This operation is associative.

Letu andw be strings. If there exists a stringv such thatw = uv (respectively,w = vu) thenu
is aprefixof w (respectively,suffix ofw).

If u is both a prefix and suffix ofw then it is aself-overlapofw.

(12.4) Lemma Letu, v, w be strings.(i) If u is a prefix (respectively, suffix, self-overlap) ofv andv
a prefix (suffix, self-overlap) ofw thenu is a prefix (suffix, self-overlap) ofw.

(ii) If u andv are both prefixes (suffixes, self-overlaps) ofw thenu is a prefix (suffix, self-overlap)
of v or vice-versa, depending on the lengths ofu andv. (Proof trivial.)

(12.5) Definition For each nonempty prefixu of the pattern, letv be the longest proper self-overlap of
u (possiblyv is empty). Of course,u andv are defined uniquely by their lengths. Write|v| = V (|u|).
ThenV () is called theoverlap functionfor the pattern.

(12.6) Lemma Let u be a prefix of the pattern. For alli > 0 for whichV i(|u|) is defined, letui be
the prefix ofu of lengthV i(|u|). Thenui is thei-th longest proper self-overlap ofu.

Proof. Supposeuk is the shortest of these strings. Thenuk is the empty string.
By Lemma 12.4 (i), all the stringsui are self-overlaps ofu, proper since they are shorter thanu.
Let v be any proper self-overlap ofu. RTPv = ui for somei. If v = λ thenv = uk. Otherwise

choose the shortest stringui such that|ui| ≥ |v|. It exists sinceu1 is the longest proper self-overlap
of u. Thenv is a self-overlap ofui by Lemma 12.4 (ii). By choice ofi, |ui+1| < |v|. Sinceui+1 is the
longest proper self-overlap ofui, v is not a proper self-overlap ofui, sov = ui. Q.E.D.

7|u| is the length of the stringu.
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(12.7) KMP algorithm. Granted that the overlap functionV is available (stored in an array, of
course), the following remarkably neat algorithm solves the pattern matching problem.

from -- Eiffel version
j := 0 k := 0

until
j >= m or k >= n

loop
if pattern.item(j+1) = text.item(k+1) then

j := j+1
k := k+1

elseif j > 0 then
j := V.item(j)

else
k := k+1

end
end

(12.8) Correctness of this algorithm.A ‘loop invariant condition’ holds:

• pattern[1..j] matchestext[k-j+1..k]

• j is maximal subject to the match extending toj+1. In other words, ifpattern[1..i+1]
matchestext[k-i+1..k+1] theni ≤ j.

Suppose thatj andk are both incremented during an iteration. By the invariant condition, after
incrementing,pattern[1..j] is the longest pattern prefix matchingtext[1..k].

Otherwise, the pattern should be moved forward by the shortest shift which produces another
match. If j > 0, this shift is given byj:= V.item(j). If j = 0, thenpattern.item(1)
mismatchestext.item(k), andk should be incremented.

(12.9) Runtime.Next we consider the running time of this algorithm. The point is that in each iter-
ation, either a partial match is extended or the pattern is moved forward, and whenever the pattern is
moved forward the text position of the partial match never moves backwards (in a sense, mismatches
are ‘paid for’ by previous partial matches). Putting this more precisely:

(12.10) Lemma In a single iteration of the loop, consider the two quantitiesk andk − j + 1. Then
these quantities never decrease, they are bounded byn, they begin at zero, and one or both quantities
increases strictly. Hence the algorithm terminates within at most2n iterations.

(12.11) The above argument can be phrased more succinctly if obscurely by considering the com-
bined quantity2k− j+1. We turn to computing the overlap functionV [1 . . . m]. Curiously, it can be
computed in linear time by a strategy rather close to that of the pattern-matching algorithm proper.
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V.put ( 0, 1 ) -- Eiffel version
from
j := 1
q := 0

until
j = m

loop
if pattern.item(j+1) = pattern.item(q+1)
then

j := j+1
q := q+1
V.put ( q, j ) ;

elseif q > 0 then
q := V.item(q)

else
j := j+1
V.put ( 0, j )

end
end

(12.12) correctness and runtime of calculating overlap.The runtime isO(m) for the same reasons
as in 12.9. Correctness follows from the observation that, given thatu is the firstj pattern characters,
andua the firstj + 1, thenq measures the longest self-overlap ofu which might possibly extend to a
self-overlap ofua. Therefore we conclude the following result.

(12.13) Proposition The string-matching problem is solvable in timeO(m + n), wherem is the
length of the pattern andn that of the text.

(12.14) Overlap function vs. failure function.We have used an ‘overlap function’V [j] here rather
than the slightly different ‘failure function’ originallyproposed by Knuth, Morris, and Pratt. This is
because, although the failure function should be expected to produce better running-times, the given
overlap function can be adapted to other uses, such as listing all occurrences (rather than the leftmost
occurrence, which the 12.7 yields) of the pattern in the text.

38



C version.

int * make_overlap ( char * pattern )
{
int m = strlen ( pattern );

int * ovlp = ( int * ) calloc ( sizeof(int), m );
int k, j;

ovlp [0] = -1;
k = 0;
j = -1;

while ( k < m - 1 )
if (pattern[k+1] == pattern[j+1])
{

++j; ++k; ovlp[k] = j;
}
else if ( j >= 0 )

j = ovlp[j];
else
{

++k; ovlp[k] = -1;
}

return ovlp;
}
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int kmp ( char * pattern, int * ovlp, char * text )
{
int j,k;
int m = strlen ( pattern )
int n = strlen ( text );

j = k = -1;

while ( j < m-1 && k < n-1 )
if ( pattern[j+1] == text[k+1] )
{

++j; ++k;
} else if (j >= 0)

j = ovlp[j];
else

++k;

if ( j == m - 1 )
return k-m+1;

else
return -1;

}

13 Aho-Coraskick structure

(13.1) Simultaneous pattern search with TRIEs.A trie (retrieval tree) is a tree whose links are
labelled with characters. For every path from the root, the characters labelling the links define a
character string.

The child links from any node are labelled with different characters, so every character string
defines at most one path from the root. A set of strings can be represented in a trie as the set of paths
leading to suitably marked nodes.

(13.2) Every node in the trie ‘carries’ a unique string. The root ‘carries’ λ. If p is a node, andx is
the string it carries, andq is a child ofp labelleda, theq carriesxa. Generally the stringx carrying
p dictates the path fromx to p. The set of strings stored in the trie is the set of strings carried by the
marked nodes.

Given a stringx, it is easy to find the node, if it exists, which carriesx, and to check if that node
is marked. Thus tries are handy for efficient storage of strings (rather wasteful of computer memory,
though).

(13.3) The KMP algorithm can be extended to use a trie to search simultaneously for a set of strings
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Figure 14: trie with back-links

in the text. The same method is used as before, only now the overlap function is amutual overlap
function.

(13.4) Definition LetS be a set of nonempty strings.
For any prefixu of any string inS, a proper mutual overlapof u is any proper suffix ofu which

is also a prefix (not necessarily a proper prefix) of some string in S. Such a proper mutual overlapv
may be a prefix ofu, but need not be.

(13.5) Definition LetT be a trie, withback-linksinstalled as follows: for any nodep, not the root,
let u be the string labelling tbe path from the root top and letv be its longest mutual overlap. Then
v defines a path leading to some nodeq of T , andq is the back-link fromp.

The back-link function in a trie corresponds directly to theoverlap function, and the KMP algo-
rithm can be adapted with very little change to search for allpatterns stored in the trie simultaneously.

(13.6) Construction of backlinks.It is necessary to enter all the strings in the trie before installing
the backlinks.

(13.7) Definition For any nodep, except the root, itsbacklink is the deepest nodeq such that the
string carried byq is a proper suffix of the string carried byp.

One can compute the backlinks efficiently so long as one processes the nodes innondecreasing
order of depth, i.e., inbreadth-firstorder.

• Let p be a next node in breadth-first order (initially, the root).

• For each childq of p, let a be the letter labelling the link fromp to q. Let the backlink fromq
be the root (default).

Let r = p. Keep replacingr by the backlink fromr (which is already computed, sincep is
deeper thanr) until r is the root orr has a childs labelleda. If so,s is the backlink fromq.

• Continue with another nodep in breadth-first order. . .
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Cost. For any nodep, except the root, let

gap(p) = depth(p)− depth(backlink)(p)

The amount of work done in computing the backlink atq is proportional (at worst) to1+gap(q)−
gap(parent(q)). Summing over all leaves of the tree, we getO(n), wheren is the total length of all
strings stored in the trie.

14 The union-find problem

(14.1) The UNION-FIND problem is to maintain an evolving partition of a fixed set ofn items —
{1 . . . n} for simplicity — under two operations:

FIND(x): to identify the set in the partition currently containingx, and
UNION(s1, s2): given two different sets in the partition to combine them into one.
The partition is initially inton singleton sets, and it coarsens over a mixed sequence of UNIONs

and FINDs — there can be at mostn− 1 UNIONs, which would bring all the items into the same set.
It is natural to represent the partition as a forest of trees,defined by an arrayparent, where

parent[x] is the parent ofx in the forest —−1 if x is currently the root of a tree of the forest.
The array is initially−1.

With this arrangement, to implementfind(x) it is enough to return the root of the tree currently
containingx, and to implementunion(x1, x2), wherex1 andx2 are currently roots, just make
x1 the parent ofx2 or vice-versa.

(14.2) Potential inefficiency, and size array.With no further control over the structures it is
possible that the trees in the forest become deep, so afind operation could visitΩ(n) nodes, which
is hardly efficient. The first improvement is to control theunion operation to keep the trees shallow.
This is achieved using another arraysize, where

As long asx is a root,size[x] is the number of descendantsx has in the forest.

(14.3) Size balancing.The arraysize is initialised to 1 for each entry. The UNION operation en-
sures that the node with fewer descendants is not made parent. This heuristic is calledsize balancing.
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void uf_union ( int i, int j )
{
if ( i == j )

return;

if ( size[i] >= size[j] )
{

size[i] += size[j];
parent[j] = i;

}
else
{

size[j] += size[i];
parent[i] = j;

}
}

Clearlysize[x] is maintained as the number of descendants ofx, whether or notx is a root:
however this will not hold after we revise thefind operation.

(14.4) Lemma A node of heightk has size at least2k.

PROOF. The size-balancing heuristic ensures that the size of the parent of a node is at least twice
the size of the node. There exists a path of lengthk beginning at a leaf and ending at the node; hence
the size is at least2k.

(14.5) Path compression.The revisedfind operation includes a ‘path-compression’ heuristic as
follows:
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int uf_find ( int u )
{

int v,w,x;
v = u;
while ( parent[v] >= 0 )
v = parent[v];

w = u;
while ( w != v )
{
x = parent[w];
parent[w] = v;
w = x;

}
return v;

}

The idea is that nodes are brought closer to the root of the tree containing them: the tree retains
the same rooty, so the heuristic doesn’t invalidate the algorithm. However, it doesn’t update the
size array, sosize[x] is only guaranteed to countx’s descendants ifx is a root. As a result of
the size-balancing strategy, no tree’s height exceedslog2(n), so the worst-case runtime offind(x)
is O(log(n)). The amortised runtime is much less.

(14.6) The ‘reference forest.’We are going to estimate the overall runtime of a mixed sequence,
call it S, of UNIONs and FINDs. For the rest of the discussion we shall supposeS to be fixed. The
sequenceS constructs a forest of trees. It helps to imagine another forest defined in terms ofS,
formed by executing the UNIONs but not collapsing the trees with path compressions. We call this
imaginary forest thereference forest.

(14.7) Rank.We begin by defining thetransient rankof a nodex to be

⌊log2(size[x])⌋.

The transient rank ofx is subject to change as long asx remains a root; however, oncex acquires
a parent,size[x] is frozen; we take thefinal value of the transient rank, and define this to be the
rankof x. Equivalently,

(14.8) Definition The rank ofx is ⌊log2(s)⌋, wheres is the number of descendantsx has in the
reference forest.

(14.9) Lemma (i) The parent ofx in the real forest is always an ancestor ofx in the reference forest;
(ii) rank(parent[x]) > rank[x] always, oncex gets a parent.

Proof. (i) is true whenx first acquires a parenty, sincey is its parent in the reference forest.
Thereafter whenever the parentu of x is replaced by another nodev, by induction we can assume
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thatv is an ancestor ofu in the reference forest, andu and ancestor ofx, sov is an ancestor ofx in
the reference forest.

(ii) by the same arguments as in 14.4, all proper ancestors ofx in the reference forest have rank
greater thanrank(x), so (ii) follows from (i).

(14.10) Our analysis will involve a rapidly increasing sequenceF0, F1, F2 . . .
F0 = 0, but we shall not specify the sequence yet. Given a nodex, let its rank groupbe the least

r such thatrank(x) ≤ Fr.

(14.11) Lemma There are at mostn/2r nodes of rankr.

Proof. From Lemma 14.9, all nodes of the same rank are independent nodes in the reference
forest (that is, neither is ancestor of another, and they have disjoint sets of descendants). By Lemma
14.4, each such node has at least2r descendants. Thus, ifx1, . . . , xk are all the nodes of rankr and
X1, . . . , Xk their descendants, then

k
∑

j=1

|Xj| = |
⋃

Xj| ≤ n,

and|Xj| ≥ 2r for eachj, so
∑

2r ≤ n, i.e.,k2r ≤ n or k ≤ n/2r. Q.E.D.

(14.12) Corollary If r > 0, there are fewer than

n

2Fr−1

nodes in rank groupr.

Proof. Nodes with rank groupr > 0 have ranks betweenFr−1 + 1 andFr. Hence, applying the
above lemma, there are fewer than

∞
∑

s=Fr−1+1

n

2s
=

n

2Fr−1

.

Q.E.D.

(14.13) The sequenceFj defined. We now specialise the sequenceFj by requiringFj+1 = 2Fj ; a
very rapidly increasing sequence, and the above corollary implies

(14.14) Lemma If j > 0 then there are fewer thann/Fj nodes in thej-th rank group.

(14.15) Definition log∗ n is the smallests such thatFs ≥ n.

Let L be the index of the highest rank group, i.e., the smallestL such thatFL bounds all node
ranks. Since the ranks are bounded by⌊log2 n⌋,

L ≤ log∗ n.

(14.16) Amortised cost of a find operation. Let us consider a FIND operation; indeed, let
x0, x1 . . . xk be the sequence of nodes visited tracing fromx0 = x to the current rooty = xk.
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Figure 15: amortised cost of a FIND.

Estimate the real cost of the FIND by the length of the path, i.e., k. We imagine that the cost is
measured by the number of nodes fromx0 to xk−1. See figure 15

Rather than using a potential function (which we could), it ismore natural to amortise the cost
in the following way. Whenxj and its parentxj+1 are in the same rank group, we ‘charge’ one unit
to xj. This accounts for all of the cost except wherexj andxj+1 are in different rank groups. The
‘amortised’ cost then is bounded by the number of ‘inter-group jumps’ which is bounded byL or
log∗ n.

If x is in ther-th rank group, so its rank is> Fr−1 and≤ Fr (suitably interpreted atr = 0),
every time it gets charged in this way its parent’s rank increases; so after rather less thanFr FINDs
its parent must be in a higher rank group.

Thus every node in ther-th rank group acquires at mostFr charges in this way; since there are at
mostn/Fr elements in this group (ifr > 0), that accounts for at mostn charges for the entire group.
Cost of the unions is, of course,O(n), so

(14.17) TheoremA mixture ofm FINDs with any number of UNIONs costsO((m+n) log∗ n).

15 Hash tables

Another way of accessing keys is through an array based onhash addresses.Let h() be a hash
function, some function which produces an index within the array’s range.

We shall not worry about computing the hash address. Sometimesx mod M is good enough,
wherex is a bitstring regarded as an integer andM is the array size. The point is that the hash function
should be fairly random, i.e., the values ofh(x) are uniformly distributed in the array’s range.

If all the keys produce different hash addresses then we have‘perfect hashing.’ This is rarely
possible.

15.1 Chaining

So we must expect to store groups of keys with the same hash-value. The simplest way to do this is
with chaining, where the array contains pointers to linked lists, and whena keyx with hash-valuei
is stored, it is stored in thei-th list in the array (Figure 16).

Put another way, the keys are stored in ‘buckets.’
Also the general practice is to insert a key, which is not stored, at the place where the search ends.

For chaining that means at the end of the list searched.
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Figure 16: chaining

/* LIST_ENTRY as described earlier ... */

LIST_ENTRY * lookup ( KEY x, TABLE * table )
{
LIST_ENTRY * p, * q;
int i;

i = h(x);
p = NULL;
q = table -> header [i];

while ( q != NULL )
if ( q -> key == x )
return q;

else
{
p = q;
q = q -> next;

}

/* at this point, q is null and

* the key has not been found

*/

q = make_list_entry ();
q -> next = NULL;
q -> key = x;

if ( p == NULL )
table -> header = q;

else
p -> next = q;

return q;
}
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(15.1) Analysis of chaining. Supposex1, . . . , xn are the keys inserted. When ther-th key is
inserted, there arer − 1 stored; and with suitable assumptions of randomness, the length of the
‘bucket’ searched for ther-th key is roughly(r − 1)/m. Summing fromr = 1 to n, and dividing by
n to get the average search, we get

1

n

n(n− 1)

2

1

m
≈ n

2m
.

This is the average cost of unsucessful search, which is roughly the same as the cost of successful
searching as well.

15.2 Open addressing

Under open addressing, the keys are stored in the hash table.Convention:n is the number of keys
stored andm is the size of the hash table. This timen ≤ m or else the table is full; as with chaining,
the ration/m is significant.

Now, when searching for a keyx with hash-valuei, one may see table entries containing keys
with otherhash-values. In this case we have a so-called (secondary)collision.

The most interesting one to analyse is that oflinear rehashing. Under this scheme, in searching
for a keyx, one tries the positions

h(x), h(x)⊕ c, h(x)⊕ 2c, . . .

We usea ⊕ b as an abbreviation for(a + b) mod m. As usual,m is the hash table size andc is
any increment, so long asc is prime tom; otherwise the search will cycle through a fraction of the
table. We may as well fixc = 1.

We investigate the effect of inserting a sequence

x1, x2, . . . , xn

of keys. With the key sequence left implicit, we define, for0 ≤ j < m,

Bj = number of keys with hash-valuej

Cj = number of keys whose search includedj andj ⊕ 1

(Cj measures ‘carry pastj’).

(15.2) Lemma

Cj⊕1 =

{

0 if Cj + Bj⊕1 ≤ 1

Cj +Bj⊕1 − 1 otherwise.

Let pk be the probability distribution forBj andqk that ofCj. Under randomness assumptions,
the distribution is the same for allj.

The above lemma, and common sense, yield the following
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(15.3) Lemma (i) The distributionpk is binomial

(

n

k

)

1

mk

(

1− 1

m

)n−k

(ii)

q0 = p0q0 + p1q0 + p0q1

qk =
∑

i+j=k+1

piqj

Generating functions.The generating function for a probability distributionpj is defined as
∑

j

pjz
j

For the given (binomial distribution) let us call itB(z):

B(z) =
∑

k

(

n

k

)

zk

mk

(

1− 1

m

)n−k

=

(

1 +
z − 1

m

)n

LetC(z) be the generating function for theqj.

q0z = p0q0z + (p1q0 + p0q1)z

qkz
k+1 =

∑

i+j=k+1

piqjz
k+1 (k > 0)

zC(z) = p0q0z + B(z)C(z)− p0q0

ExpressB(z) (which is known) as follows:

B(z) = 1 + (z − 1)D(z)

thus introducing a related (and known) functionD(z).

zC(z) = p0q0(z − 1) + C(z) + (z − 1)C(z)D(z)

(z − 1)C(z) = p0q0(z − 1) + (z − 1)C(z)D(z)

C(z)(1−D(z)) = p0q0

C(z) =
p0q0

1−D(z)

C(z) =
1−D(1)

1−D(z)
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the last becauseC(1) = 1.

C(z) =
1−D(1)

1−D(z)

C ′(z) =
(1−D(1))(D′(z))

(1−D(z))2

C ′(1) =
D′(1)

1−D(1)

B(z) = 1 + (z − 1)D(z)

B′(z) = D(z) + (z − 1)D′(z)

B′(1) = D(1)

B′′(z) = 2D′(z) + (z − 1)D′′(z)

B′′(1) = 2D′(1)

B′(z) =
n

m

(

1 +
z − 1

m

)n−1

B′(1) = n/m

B′′(z) =
n(n− 1)

m2

(

1 +
z − 1

m

)n−2

B′′(1) = n(n− 1)/m2

Therefore

C ′(1) =
B′′(1)

2(1−B′(1))
=

n(n− 1)/m2

2(1− n/m)

=
n(n− 1)

2m(m− n)

(15.4) Counting carries. Again we consider inserting keysx1, . . . , xn in that order. The keyxj

will be inserted once it has been determined not to be alreadystored; the path followed in that initial
unsuccessful search will be followed in any subsequent search forxj.

Suppose that the path has lengthr + 1, sor locations probed are already occupied. For each of
these locations there is another carry-past, namely,xj; so the search forxj contributes tor of the
carry-pasts.

The total number of probes is the total carry-past+n.
Theaveragecarry past

∑

j jqj at a fixed location isC ′(1). The total ismC ′(1), and therefore the
average total number of probes is

(15.5) mC ′(1) + n.
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(15.6) Definition Sn andUn are the average lengths of successful and unsuccesful searches withn
items stored under linear rehashing.

Divide Equation 15.5 byn to getSn.

Sn = 1 +
n− 1

2(m− n)
.

Splitting the constant,

Sn =
1

2
+

n− 1 +m− n

2(m− n)
=

1

2
+

m− 1

2(m− n)

Putα = n/m, the hashing density.

(15.7) Lemma The average lengthSn of a successful search under linear rehashing is

1

2
+

m− 1

2(m− n)

Ignoring the−1 term, we get

Sn ≈ 1

2

(

1 +
1

1− α

)

.

To get the average length of an unsuccessful search, we observe that every key is added following
an unsuccessful search in a table with fewer keys (clearlyU0 = 1), so

Sn =
1

n

n−1
∑

j=0

Uj.

so

Un = (n+ 1)Sn+1 − nSn

=
1

2
+ (n+ 1)

(

m− 1

2(m− n− 1)

)

− n

(

m− 1

2(m− n)

)

=
1

2
+

(

m− 1

2

)(

mn− n2 +m− n−mn+ n2 + n

(m− n− 1)(m− n)

)

=
1

2
+

m(m− 1)

2(m− n− 1)(m− n)
.

By ignoring the−1 terms in the above expression, we get

(15.8) Lemma The average lengthUn of an unsuccessful search in a table withn items stored, linear
rehashing, is approximately

1

2
+

1

2

1

(1− α)2
.
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15.3 Uniform and double hashing

Uniform hashing is an ideal: double hashing approximates it. In double hashing, for every keyx
there are two hash functions,h(x) andk(x), and the search sequence is: a linear search beginning at
h(x) with steplengthk(x).

It is necessary that

gcd(k(x),m) = 1

otherwise the search will cycle back before all locations have been probed.

(15.9) Proposition With random hash functionsh andk, double hashing behaves like uniform hash-
ing (see below).

(15.10) Definition A hashing scheme has theuniform hashing propertyif the hash sequences are
independent, so that search lengths follow a geometric distribution.

Properly speaking, since there is a finite sample space, a hypergeometric distribution, but the
difference is negligible.

With n keys stored, the probability of a slot being occupied isn/m. As previously writeα = n/m
so the distribution of unsuccessful search lengths is

pk =
( n

m

)k−1 (

1− n

m

)

pk = αk−1(1− α)

for k = 1, 2, . . ..
Therefore (withUn andSn possessing their old meaning in this new context)

Un =
∑

j

(1− α)jαj−1 = (1− α)
d

dα

1

1− α
=

1

1− α
.

To getSn:

Sn =
1

n

n−1
∑

k=0

1

1− k/m
=

m

n

∑

k

1

1− αk

1

m

The sum can be approximated by the integral
∫ α

0

1

1− x
dx = − ln(1− α)

Thus

Sn ≈ 1

α
ln

1

1− α
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15.4 Bibliographic notes

The analysis of linear rehashing is presented in ‘Algorithms: their complexity and efficiency,’ by
Lydia Kronsj̈o.8 Knuth (AOCP volume 3) gives a much more difficult analysis, andpoints out the
slight inaccuracy in the other one (the ‘carry past’ probabilities are on an infinite probability space).
That double hashing is close to uniform is apparently due to Guibas and Szemerédi, 1976.

16 Bloom filters

A Bloom filter is a cheap way of searching, generally for words in a document, where accuracy is
traded for economy. One usesk independent hash functions into a bitstring of lengthm, wherek and
m are design choices.

To add a keyx to the filter, calculate the set of≤ k hash values

{h1(x), . . . , hk(x)}

and set the filter bits to 1 at these places.
To query a keyx, calculate the set of≤ k hash-values, and check the bits at these positions; if all

these bits are on, accept; if at least one is off, reject.
Thus, there areno false negatives: no string registered in the filter can be rejected. There canbe

false positives, i.e.,x can pass the filter test for accidental reasons.
They are famously used in spell checkers. Some spelling mistakes may be missed, but this doesn’t

seem to do much harm.
Also in pattern matching, Bloom filters are used to reject words which are certainly not in the

document, and KMP or Boyer-Moore can be used to check those notrejected by the filters.

17 Directed graphs

(17.1) We begin the study of algorithms operating on graphs and directed graphs. It will be seen
that theruntimeof these algorithms is usually obvious, but theircorrectnessis not.

It was remarked at the start of this course that runtime analysis is rather ‘soft’ — growth rates
are established usingO() andΩ — in contrast with, say, numerical algorithms for which accuracy
is critical. But correctnessis critical. In graph algorithms we shall try to be careful about their
correctness, although this may degenerate into ‘sketch proofs.’

(17.2) Definition A directed graphor digraphis a pair (V,E) of verticesandedgeswhereV is finite
and

E ⊆ {(u, v) ∈ V × V : u 6= v}.

The absence of edges(u, u) reads: there are no self-loops.

8communicated by a student, Margaret Gallery
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(17.3) Definition A pathin the graph is a sequencev0, . . . , vk of vertices such that for0 ≤ j ≤ k−1,
(vj, vj+1) ∈ E.

It is trivial if k = 0. It is simpleif 0 ≤ i < j ≤ k =⇒ vi 6= vj.
A directed cycleis a pathv0, . . . , vk such thatvk = v0. It is simpleif the pathv1, . . . , vk is simple.
Directed cycles may be cyclically permuted, i.e., ifv0, . . . , vk is a directed cycle and1 ≤ i ≤ k−1,

thenvi, . . . , vk, v1, . . . , vi is a cycle containing the same edges and vertices.
A digraph isacyclic if it contains no nontrivial cycles.

There are two ways to represent digraphs. One is by anadjacency matrixA, supposing that the
vertices are1 . . . n: A = [aij]n×n, where

aij =

{

1 if (i, j) ∈ E

0 if (i, j) /∈ E.

The other is byadjacency lists,where for each vertexu there is attached the list of all vertices
adjacent tou, i.e., a list representing the set

{v ∈ V : (u, v) ∈ E}.
The latter representation is usually more economical, because graphs arising in practice are usu-

ally sparse, witho(n2) edges.
The indegreeof a vertexv is the number of verticesu such that(u, v) ∈ E: similarly outdegree.
If G = (V,E) is a digraph andw ∈ V , then

G\w = (V \{w}, {(u, v) ∈ E : u, v 6= w})

A topological orderon a digraph is a sequencing of its vertices

v1, . . . , vn

with the property that if(vi, vj) ∈ E theni < j.

(17.4) Lemma If a digraph has a topolgical order, then it is acyclic.

Proof. Equivalently, if it has a nontrivial cycle then it cannot be topologically ordered. For
supposev1, . . . , vn is any ordering andvi0 , . . . , vik is a nontrivial cycle. The cycle may be cyclically
permuted if necessary so that we can assumeik = i0 is the maximum index of all vertices on the
cycle. Then(vi0 , vi1) is an edge andi1 < i0, so the order is not a topological order.

The converse involves an inductive argument. Namely,G is acyclic iff G is empty, or it has a
vertexu of indegree zero, andG\u is in its turn acyclic.

In this discussion, a node whose indegree is zero (inG) is asource(in G).
Certainly, ifG is nonempty and has no vertex of indegree zero, then by tracing backwards from

any starting vertex, one must visit the same vertex twice, between which we get a cycle.
So if G has a vertexu of indegree zero, andG contains a cycle, then that cycle cannot containu,

soG\u also contains a cycle.
So here is a construction of an ordering which will turn out tobe a topological ordering.
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• G0 = G.

• For i = 0, . . . , n− 1, whileGi has a vertex of indegree zero: choose some such vertex.

• Let vi+1 be this vertex, and letGi+1 = Gi\vi+1.

If G is acyclic, then this produces a sequencingv1, . . . , vn. If G is not acyclic, then for some
i < n Gi will have no vertices of indegree zero.

SupposeG is acyclic and(vi, vj) is an edge ofG. Gj contains only the verticesvj, . . . , vn, sovi
was deleted beforehand andi < j. Thus the sequence is a topological ordering.Q.E.D.

(17.5) An algorithm for topological sorting. We assume the graph is represented by adjacency
lists, and that one can label to each vertexv of G with a number, indegree(v), which is initialised to
the indegree ofv in G. (This is easily done by traversing the vertices and their adjacency lists.)

A setsource is initialised to the set of sources ofG. It can be implemented in any way which
allows constant-time insertion and deletion.

• Initialise i to 0.

• While source is nonempty:

• delete a vertexu from source

• incrementi and outputu asvi

• traverse the adjacency list foru and for all edges(u, v), decrement indegree(v); if indegree(v)
becomes zero, then addv to source.

(17.6) Convention.n = |V | andm = |E| always.

(17.7) Runtime. The amount of work done processing a vertexu is proportional to1 + k where
k = outdegree(u). The overall runtime isO(m+ n).

18 Depth-first search, acyclicity, and strong connectivity

Depth-first search is a curious operation on graphs and digraphsG, which is defined recursively and
is surprisingly useful.

It is best understood as yielding a sequencingv1, . . . , vn of the vertices and a forest of ‘spanning
trees’ such that for any vertexvi, the descendants ofvi in the forest are precisely the vertices reachable
from vi in

G\{v1, . . . , vi−1}
(This notation is an obvious extension of the notationG\v.)
We always work with an adjacency list representation.
This calls for aparent link to be attached to each vertex, together with apreorder rank, and

sometimespostorderrank as well. Preorder and postorder make good sense with anytree, not just
binary trees (inorder is different). A full DFS (depth-firstsearch) of the digraph is executed as follows:
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• Preorder ranks are initialised to zero for all vertices. Also, global variables precount and
post count are initialised to zero.

• Traverse the vertices ofG in any order. When considering a vertexu, if its preorder rank is still
zero then it hasn’t yet seen in DFS: set parent(u) to NULL and dfs(u).

The dfs(u) procedure is recursive.

• Increment precount and assign it to preorderrank (u)

• For each vertexv adjacent tou, if its preorderrank is zero, then assignu to parent(v) and dfs(v)

• Increment postcount and assign it to postorderrank (u)

(18.1) Lemma If G is acyclic, and DFS is executed, then reverse postorder rankis a topological
order.

Proof. In other words, if(u, v) is an edge andu precedesv in postorder, thenG is not acyclic.
There are two cases. First case:u precedesv in preorder. That means that when dfs(u) was exe-

cuted,v had not yet been visited, and it is reachable directly fromu, so it must become a descendant
of u in dfs(u), and postorder(v) < postorder(u), contrary to hypothesis.

In the second caseu follows v in preorder andu precedesv in postorder. This means thatu is a
descendant ofv in the depth-first forest, so there is a path fromv to u; also(u, v) is an edge, so there
is a cycle containingu andv. Q.E.D.

(18.2) The strongly connected componentsof a digraphG. Two verticesu, v arestrongly con-
nectedif there exist paths fromu to v and fromv to u (i.e., there exists a cycle containingu and
v). This is an equivalence relation whose equivalence classes partitionV . The subgraphs spanned by
these classes are thestrongly connected componentsof G.

(18.3) Lemma Suppose a full DFS is executed. Ifu andv are strongly connected, they belong to the
same DFS tree.

Proof. LetC be a cycle containingu andv, and letw be the vertex of minimum preorder rank in
C. Then all vertices onC, includingu andv, become descendants ofw during dfs(w). Q.E.D.

(18.4) Lemma Suppose that DFS is executed onG and the vertices are output inreverse postorder
to a setS. Then suppose that a copyG′ is made ofG, with the same vertices but its edgesreversed.
If DFS is executed onG′, restarting the search according to the order given inS, then the trees in the
second DFF span the sccs ofG.

Proof. Verticesu, v are strongly connected inG iff they are strongly connected inG′, so the SCCs
of G andG′ correspond.

Every tree in the second DFF spans a union of sccs ofG′, hence ofG. We need to show that no
tree spans more than one BCC.

Suppose otherwise. Choose a second DFF treeT whose root belongs to a BCC K but which
contains vertices in other BCCs. Choose a vertexw in the tree such thatw /∈ K but all proper
ancestors ofw in T are inK.
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There is a path from the root ofT , call it u, tow in T , so there is a path fromw to the root inG,
but no path from any vertex inK to w in G.

Case (1)w is visited beforev in Phase 1. Thenv, and all vertices inK, are descendants ofw, so
w follows u in postorder, a contradiction.

Case (2)v is visited beforew in Phase 1. Letx be the phase 1 high point ofK, sov is a descendant
of x. Since there is no path fromx to w in G, w is not a descendant ofx.

Sincev is visited beforew, so isx, being an ancestor ofv; and sincew is not a descendant ofx,
x, and all its descendants, includingu, precedew in postorder, a contradiction.

19 A better SCC algorithm

The double DFS method of computing SCCs is as simple as possible, but impractical. Here is more
practical method using a single DFS.9

We say that one node isearlier than another if it is visited earlier during the DFS — so it ends up
with lower preorder rank.

We begin with an observation.

(19.1) Lemma Let K be a SCC, andu the earliest vertex inK. As before, all vertices inK are
descendants ofu. Then the vertices inK span aprefix subtree treeat u, meaning that ifv ∈ K then
all ancestors ofv, which are descendants ofu, are inK.

B

E

C
D

A

E

A

D C B

Figure 17: the nodes in each SCC form a prefix subtree.

Proof. There is a branch of the DFS tree fromu to v, and there is a path inG from v tou; together
they make a directed cycle, and all vertices in the cycle are in the same SCC, namely,K. Q.E.D.

Relative to a DFF, the edges ofG can be classified as follows.

• Tree edges(u, v): u is the parent ofv in the DFF.

• Forward edges(u, v) wherev is a DFF descendant ofu but not a child ofu.

• Back edges(u, v) wherev is an ancestor ofu.

• Cross edges(u, v) wherev is not an ancestor ofu butv precedesu in preorder.

The algorithm needs the following

9 See (Aho, Hopcroft, Ullman). Originally: R.E. Tarjan (1972). Depth-first search and linear graph algorithms.SIAM
J. Computing1:2, 146–160.
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(19.2) Definition Thehigh pointof a SCC is the vertex visited earliest. It is ancestor to all other
vertices in the SCC.

Given some efficient method of detecting high points, the following algorithm computes SCCs:
modifieddfs(u). It uses apushdown stack.

• Pushu onto the stack.

• For each edge(u, v) out ofu,

• If v has not been searched,dfs(v).

• Adjust a quantitylink rank(u)

• All edges(u, v) have been scanned. If at this point, it is determined thatu is a high point,
remove all vertices on stack down to and includingu, emitting them as a SCC.

Correctnessof this procedure. Briefly put, indfs(u), all children ofu in the same SCC asu
remain on the stack together with their descendants which are in this SCC; all children ofu in other
SCCs are high points and the vertices in their SCCs are removed from the stack beforedfs(u)
finishes.

(19.3) Definition Given a vertexv, supposeK is the SCC containing it. Thelink of v is the earliest
vertexx such that for some descendantw of v, (w, x) is a back edge or a cross edge, and the root of
the SCC containingx is an ancestor ofv.

Clearlyv is earliest in its SCC iff it equals its link.

(19.4) Modified dfs. This uses a pushdown stack, and needs to attach a boolean variable to every
vertex:cleared, as well aspreorder rank andlink rank fields.

preorder rank is used to test whether a vertex has been visited already.
Initially, cleared is set to 1 (true), andpreorder rank to 0, for all verticesv.
Dfs(u) is called repeatedly for unvisited nodesu until all the digraph has been processed.
Dfs(u) does the following.

• Setpreorder rank in the usual way. Also setlink rank to the same value.

• Pushu onto the stack, settingcleared(u) = 0 (false).

• For each childv of u,

• If v haspreorder rank zero (unvisited), recursively dfs(v).

• Next, If v is notcleared, and itslink rank is less than the currentlink rank of
u, then resetu’s link rank tov’s.

• It can be shown that, at this point,u is a high point ifflink rank (u) == preorder rank(u).
If this holds, output an SCC as described previously. (Remember that when vertices are popped,
theircleared value should be set to 1 (true).)
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Figure 18: the nodes in each SCC contiguous on stack.

x1

v
2
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1

uvx

Figure 19: chain of links leading back to an ancestor ofu.

Let us writelink(u) for the link of u, i.e., that vertexv such that, afterdfs(u) ends, has
preorder rankpre rank(u). Also writeKu for the SCC containingu. And writehigh pt(u) for
the high point inKu.

(19.5) Lemma All proper ancestors ofu remain on the stack whendfs(u) ends.

Proof. Otherwise there exists an ancestorv of u which is cleared from the stack beforedfs(u)
ends. Sayv is cleared at the end ofdfs(x). Then it is at or belowx on the stack and therefore must
have been added to the stack duringdfs(x), so it is a descendant ofx. Thereforeu is a descendant
of x anddfs(u) ends beforedfs(x) ends, contradicting the assumption thatdfs(x) ends before
dfs(u) ends.

(19.6) Lemma For all u, at all times,link(u) ∈ Ku, and afterdfs(u) ends,link(u) = u iff
high pt(u) = u, and in this case the vertices cleared from the stack are exactly those inKu.

Proof. This is proved by induction on the postorder rank ofu, i.e., the order in which dfs(u)
finishes.

Base case:u is the first vertex in postorder, so it is a leaf in the DF forestand at the top of the
stack.

(a) If u has no out-edges, thenKu = {u}, high pt(u) = u, link(u) = u, andKu is output
correctly.

(b) If u has out-edges, then sinceu is the earliest leaf, there is a back edge,link(u) 6= u,
high pt(u) 6= u, and nothing is output.

Induction. We may assume the following:
For all verticesv precedingu in postorder,link(v) = v iff high pt(v) = v, andv is cleared

iff high pt(v) precedesu in postorder.
(c) Sayhigh pt(u) 6= u. RTPlink(u) 6= u whendfs(u) ends.
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There is a path inG from u to high pt(u). Let v be the first vertex on the path which is not a
descendant ofu. Write the path as

u = u0, u1, . . . , uk, v, . . .

Every vertex on the path is inKu.
Sinceuk is a descendant ofu, we can assume that the edges fromu0 to uk are all tree edges.

Obviously we may assume thatu occurs only once on the path.
Sincev is not a descendant ofu it is not a descendant ofuk, and(uk, v) is either a back edge or a

cross edge.
If it is a back edge thenv is an ancestor ofu, a proper ancestor by assumption, and it is uncleared

until afterdfs(u) ends (lemma 19.5). Thereforelink(uk) ≤ v < uk in preorder. Ifk > 0 then
uk is uncleared afterdfs(uk) finishes, solink(uk−1) ≤ v < uk−1 in preorder, and so on foruk−2,
uk−3, . . . , solink(u) < u in preorder.

If it is a cross edge thenv precedesuk in postorder as well as in preorder. Sincev ∈ Ku,
high pt(v) does not precedeu (noruk) in postorder, sov is uncleared andhigh pt(v) ≤ v < uk

in preorder, solink(uk) < uk in preorder afterdfs(uk) ends, anduk is uncleared.
If k > 0, it follows thatlink(uk−1) ≤ v afterdfs(uk−1) ends; and so on, up the tree, until we

reachu: link(u) < u in preorder whendfs(u) ends.
(d) Supposelink(u) < u (in preorder) afterdfs(u) ends. It is fairly obvious, and easy to

show, that there is a path fromu to link(u)

u = u0, u1, . . . , uk = v1, x1, . . .link(u)

where for each pairx, y of successive vertices on the path, except possibly the last, link(x) is copied
from link(y) duringdfs(x). Sincelink(u) < u in preorder, not all vertices are descendants of
u.

Herek ≥ 0 anduk is the last descendant ofu on the path.
We need to show thathigh pt(u) 6= u. It is enough to show that there exists a proper ancestor

of u reachable fromu.
If (v1, x1) is a back edge, thenx1 is an ancestor of a descendant ofu, and is not a descendant of

u, so it is proper ancestor ofu reachable fromu, as required.
If (v1, x1) is a cross edge, thendfs(x1) has terminated beforedfs(v1) begins, andx1 is not

cleared, sox1 6= link(x1) and by inductionx1 6= high pt(x1), and there exists a proper ancestor
v2 of x1 reachable fromx1. Supposev2 is not a proper ancestor ofu.

20 Bipartite matching

A bipartitegraph is an undirected graph whose vertices are partitionedinto two ‘sides’X andY , and
whose edges only connect vertices on different sides. Equivalent to 2-colourable.

A bipartite graph resembles a multivalued partial functionfromX to Y or vice-versa.
A matchingis a function ‘covered’ by the graph. Equivalently, it is a set of pairwise vertex-disjoint

edges.
Themaximal matching problemis: given a bipartite graph, produce a matchingM of maximum

cardinality.
The standard approach to this problem is to useaugmenting pathsto extend the matching.
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(20.1) Definition LetM be a matching in a (bipartite) graphG.
M is perfectif |X| = |Y | and|M | = |X|.
Call an edgee exposedif e /∈ M . Call a vertexexposedif it is not incident to an edge inM .
A pathP is alternatingif the edges along the path are alternately inM and exposed. It isaug-

mentingif it is simple and nontrivial, and the first and last edges areexposed.

Given an augmenting pathP , represented as a set of edges, the set of edges

(M\(P ∩M)) ∪ (P\M)

is a matching of cardinality|M |+ 1. So we need to search for augmenting paths.
Every vertex inX is incident to at most one edge inM , so|M | ≤ |X| and|M | ≤ |Y | and if there

are no exposed vertices, soM is perfect, thenM is maximal.
Start with an exposed vertexx. Build a tree in breadth-first order (this is not essential). We

describe the construction in layers, though properly a queue should be used.

• Layer 0 is justx.

• Layer 1 contains all children ofx. For all verticesu in this layer, ifu is matched to a vertexv,
thenv goes into layer 2.

If there is an exposed vertex in this layer, stop: there is an augmenting path.

• Otherwise, develop layer 2. For all edges{u, v}, whereu is in layer 2, and{u, v} is exposed,
andv is not already seen, addv to layer 3.

• Develop layer 3. For all verticesu in layer 3, ifu is exposed, stop. Otherwise, let{u, v} be the
matching edge and addv to layer 4,

• Etcetera.

Implicitly, tree links are installed — we omit the details.
Starting with the empty matching, this procedure can be usedrepeatedly to locate augmenting

paths and enlarge the matching. It is reasonably efficient. Hopcroft and Karp improved the algorithm
and/or the analysis.

It is when the procedurefails to reveal an augmenting path that is interesting.
Write L0, L1, . . . for the layers. Without loss of generality,x ∈ X. Write

A = L0 ∪ L2 ∪ . . . ∪ LkB = L1 ∪ L3 ∪ . . . ∪ Lk−1

This impliesk is even; this is so, because whenever a vertexu is a leaf in the tree, if it is at odd
level then the tree branch tou is an augmenting path.

More generally, if{u, v} is an edge, andu ∈ A, then either it is a matching edge matchingv to
u, sov ∈ B, or it is exposed, andv would have been added to the tree if not already there; so again
v ∈ B. In other words,

Γ(A) = (def) {v : (∃u ∈ A){u, v} ∈ E} = B.

Note that|L1| = |L2|, |L3| = |L4|, and so on. Therefore

|A| = |B|+ 1
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(20.2) Lemma A necessary, and obviously sufficient, obstruction to a perfect matching is that there
exists a subsetA of X or Y such that

|A| > |Γ(A)|.

21 2014 exam syllabus, 3467 module

• Needless to say, runtime analysis is expected in most of the following items.

• Average depth of binary search trees, average depth of binary trees. (You should know the
latter estimate, but its proof will not be asked.)

• Binary search trees: insertion and deletion. TheO(n log n) average case does not apply with
deletion. Michaela Heyer gave an alternative strategy for deletion.

• Red-black trees: definition, height bounds, insertion, deletion, join, and split, runtime analysis;
O(log2 n) is an acceptable estimate for splitting, but the ‘sharp’ estimate is actuallyO(log n).
Know how fix double red(), fix rank deficit() are used; you won’t need to
remember the details of these routines.

• Splay trees: state and prove the amortised cost of ‘splay to root.’ How to split, join, insert,
delete, with amortised costs.

• Heap operations, including sift up and sift down, and building a heap in linear time. Heapsort
(the direct method, not the ‘in-place’ method). Mergesort,quicksort, radix sort. Lower bound
for sorting (not searching, as the notes said, misleadingly).

• Knuth-Morris-Pratt algorithm: using the overlap table, and constructing it. (Be able to produce
C code or a close description.)

Describe how to generalise it to search simultaneously for all patterns in a retrieval tree (trie),
assuming that ‘back-links’ have been installed in the trie.(Aho-Corasick structure.)

Cost of building and of using the Aho-Corasick structure.

• Union-Find strategy: forests, size balancing, path compression.O((m+n) log∗ n) overall cost.
Alternative strategies: rank balancing, path splitting (as in the quiz).

• Hash tables: linear rehashing, uniform and double hashing —analysis.

• Directed graphs: topological sorting (first method). Depth-first search and reverse postorder
(topological sorting again). Sharir’s strong components algorithm. Tarjan’s strong components
algorithm.

• Bipartite matching. Method of alternating augmenting paths. How to search for augmenting
paths. Prove the|Γ(Z)| ≥ |Z| criterion for existence of a perfect matching.
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