MA 3467 quiz 2 answers. Thursday 17/10/13

A binary treeT" is maximal if
n=2"M_1

wheren is the number of nodes i and#h is its height.
(1) Estimate in terms of the average depth of nodes in a maximal tree witiodes.

Answer. Let h be the height, sa + 1 = 2"*1. The general formula

i . x— (h+ 1)z + ha 2
30 -
(1 —x)?
r=0

can be found by differentiating a geometric series, or bynle¢hod used traditionally in summing a
geometric series.

Sinceh = log,(n + 1) — 1 and2"*! = n + 1, substituting? for = we get
h
D> r2t =24 (h— 12" =24 (logy(n+1) = 2)(n+ 1) = (n + 1) logy(n + 1) — 2n.
r=0

So theanswer is: the average depth is

n+1

logy(n+1) — 2.

An approximate solution would also be acceptable. Therérasel)/2 leaves at deptlog, (n +
1) — 1, so the average depth is at least

(1 + %) (logy(n +1) — 1)

and, since every node has height:, the average depth is at most
logy(n+1) —1

This is simplest to express with ti&®notation. We say thaf is ©(g) if fis O(g) andg is O(f).
The answer can then be expressed as follows: average dépthisgn).

Note. Some people answered the question as follows. Supposehe average depth

ZLO 2'r _ap N h
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from which it was concluded that, is O(h). | don't see that this is obvious. There is a standard
approach to these recurrences (linear constant coefficiariation of parameters, which leads one
to substitute, = by, /2"

by, — by_1 = h2".

This meansg, = C' + > r2", and we need to sum the same series as before.
On the other hand, one could unwind the recurrence

ap = ah_1/2+ h/2 = ah_2/4+ (h— 1)/4—|— h/2 ..
arriving at the result;, < h. This may be closer to making the conclusion obvious.
(2) Estimate the average height of nodes in a maximal treenwitodes.

Answer.

h 1 1)htl h+2
L—(h+1)(3 h2
> rahTr = oh2 (h+D)  + ="' —h—-2=n—-h-1
(1/2)?

r=0

so the average is— (h + 1)/n or ©(1).

An easier estimate uses

or,2 whenz = 1/2. This yields the estimate
2 (2)
so the average is 1/(1 — (1/2)"") ~ 1/(1 — 1/n).
Again, some students approached it differently, but | foeg@actly how.
(3) In a binary tredl’, define the)-value (ad-hoc name) at any node as

> |descendants of

y ancestor ofr

and let theQ)-value of a tre€l” be the totak) value of its nodes. Estimate tlawerage (-value of
binary search tre€B. The general idea is as 4.7.

Answer. Say a binary tre@” hasn + 1 nodes and left and right subtréBsand7;. The if a node
in T} has Q-value; in T, then that increases by + 1 as Q-value ifl’, since the root has + 1
descendants. Also the root h@svaluen + 1. Therefore

Q(T) =Q(T1) + Q(Tx) + (n+ 1)%.



Following the methods of4.7, we arrive at the following recurrence for the averége@alue, call it

Q

Q(n—i—l):(n—l—lf—l—nil;fl(i)

To make it simpler, | prefer to consider the following ovetimate

Qn+1)=(n+3)(n+2)+...

n

(n+1)Q(n+1)=n+3)(n+2)(n+1)+ 22@@')

n—1

nQn) = (n+2)(n+1)(n) +2)_ Qi)
m+1)Qn+1)—n@Qn)=3n+2)(n+1)+2Q(n)
m+1D)Q(n+1)—(n+2)Q(n)=3n+2)(n+1)
Qn+1) Q) _,
n—+2 n+1
Qn)/(n+1)=C+3n

Q(n)=(C+3n)(n+1)

How big is the over-estimate? We can write a recurrence fodifierence, call itD.

(n+3)n+2)—(n+1)>=3n+5
(n+1)D(n+1) —nD(n) = (n+1)(3n+5) —n(3n+2) —2D(n)
(n+1)D(n+1)—(n+2)D(n) =6n+5

whenceD(n) isO(nlogn): Q(n) = (C + 3n — O(logn))(n + 1).



(4) Insert a new key leftmost in the red-black tree belowldvokthe web notescrupulously and be
careful.

Answer.
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(5) Delete the leftmost node in the red-black tree below.iAgae scrupulous and be careful.
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Answer.




