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1. (a) Define equivalence relation and partition, and prove that if ≡ is an equivalence
relation on X then its equivalence classes form a partition of X.
Answer

An equivalence relation on X is a binary relation R which is reflexive: xRx;
symmetric: xRy ⇒ yRx; and transitive: (xRy ∧ yRz) =⇒ xRz.

A partition of X is a family Xi of subsets of X such that Xi are all nonempty,
their union is X, and they are pairwise disjoint: i 6= j =⇒ Xi ∩Xj = ∅.

Proof. (a) The equivalence classes are nonempty, because every equivalence
class is of the form [x]R for some x ∈ X; but x ∈ [x]R, so [x]R 6= ∅.

(b) Their union is X. Their union is a union of subsets of X, and it is a subset
of X. Nothing is omitted, since for every x ∈ X, x ∈ [x]R, and [x]R is included
in the union.

(c) They are pairwise disjoint. Suppose [x]R∩ [y]R 6= ∅. Choose w ∈ [x]R∩ [y]R.

Claim: [x]R ⊆ [y]R. Choose any u ∈ [x]R. Then uRx as above. Also, wRx,
so xRw (symmetry). Therefore uRw (transitivity). But wRy. Therefore uRy
(transitivity) so u ∈ [y]R.

That is: for every u ∈ [x]R, u ∈ [y]R, i.e., [x]R ⊆ [y]R as claimed. Similarly,
[y]R ⊆ [x]R, so [x]R = [y]R.

In other words, if [x]R ∩ [y]R 6= ∅, then [x]R = [y]R. This proves (c).

(b) Of the following binary relations (all on Z), say if they are (a) reflexive (b)
transitive (c) symmetric.

(i) x ≤ y (ii) x < y (iii) x 6= y
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Answer

(i) x ≤ y reflexive, transitive, not symmetric.
hb (ii) x < y not reflexive, transitive, not symmetric.
hb (iii) x 6= y not reflexive, not transitive, symmetric.

(c) Suppose that e and f are respectively left and right identities in a semigroup
A. Prove that e = f .
Answer

ef = e since f is a right identity, and ef = f since e is a left indentity. Hence
e = f .

2. (a) Show that in a permutation group Sn, if σ = (a1a2 . . . ak) is a k-cycle and
1 ≤ i < j ≤ k, then (aiaj)σ is a product of two disjoint cycles.
Answer

(aiaj)(a1 . . . ak) :

ai 7→ ai+1 7→ . . . aj−1[ 7→ aj] 7→ ai

aj 7→ aj+1 7→ . . . a1 . . . ai−1[ 7→ ai] 7→ aj

(ajaj+1 . . . ai−1)(aiai+1 . . . aj−1).

(b) Define even and odd permutation. Sketch a proof that a permutation is even
(odd) if and only if it can be represented as a product of an even (odd) number
of 2-cycles (aiaj).
Answer

A permutation is odd if its disjoint cycle decomposition contains an odd num-
ber of even-length cycles. Otherwise it is even.

Sketch proof. We may suppose n is fixed, in which case it is easy to see that
the parity of σ is

n− κ

where κ is the number of cycles in its decomposition (including length 1). By
the above result, if a and b are in the same cycle of σ, then (ab)σ breaks that
cycle into two; similarly, if they are in different cycles, then (ab)σ joins them
into one. In either case the number of cycles changes by 1 and the parities of
σ and (ab)σ are opposite.

If we begin with the identity permutation, 1, which is even, multiplying it by
an even (respectively, odd) number of 2-cycles produces an even (respectively,
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odd) permutation, as required.

(c) What subgroup of S5 is generated by (12) and (12345)?
Answer

S5

(d) What subgroup of S5 is generated by (123) and (12345)?
Answer

A5.

3. (a) Prove that the subgroups of Z (additive group of the integers) are all of the
form 〈n〉 where n ≥ 0.
Answer

Let A be a subgroup of Z (additive). If A = {0} then it is generated by 0.

Otherwise A contains a nonzero integer n. Since it also contains−n, A contains
a positive integer. By the least integer principle it contains a smallest positive
integer d.

For any q ∈ Z, qd ∈ A so 〈d〉 ⊆ A. (This point was missed in the 2015 course
notes.)

Now let a be any element of A. Let b = a mod n: 0 ≤ b < n, and b = a− qn
for some q ∈ Z, so b ∈ A and 0 ≤ b < n. By minimality of n, b = 0, so a = qn
and a ∈ 〈n〉, as required.

(b) (RSA encryption.)

i. List all 20 elements of the multiplicative group Z
∗

33.

ii. Let e = 23. Calculate a positive integer d such that de mod 20 = 1.

iii. Calculate x = 223 mod 33.

iv. Calculate xd mod 33.

Answer

Mult group mod 33, order is 20

1 2 4 5 7 8 10 13 14 16 17 19 20 23 25 26 28 29 31 32

e = 23, d = 7

2^23 = 8 mod 33

8^7 = 2 mod 33
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4. (a) Let G be the group of all rotational (orientation-preserving) symmetries of a
half-cube

{(x, y, z) : −1 ≤ x, y ≤ 1, −1/2 ≤ z ≤ 1/2}

List all the elements of G.

6 5

3

2

8

1

7

z

x

y

Answer

There is the ‘trivial’ rotation, i.e., the identity
There are 3 nontrivial rotations around the z-axis
There is one nontrivial rotation around the x-axis, and one around the y-axis.
There are two pairs of opposite vertical edges, with a axis joining their centres,
giving 2 more nontrivial rotations.
(Note in passing: bisectors of opposite horizontal edges are not rotation axes.)
There is no nontrivial rotation around pairs of opposite corners.

(b) These symmetries are linear maps which act on the unit sphere S2. A pole is
a point on S2 which is fixed by at least one symmetry in G which is not the
identity. List all the poles.
Answer

In other words, a pole is a point on a rotation axis. Face centres:

±a : (0, 0, 1/2), (0, 0,−1/2)

±b : (1, 0, 0), (−1, 0, 0)

±c : (0, 1, 0), (0,−1, 0)

Vertical edge centres:

±d : (1, 1, 0), (−1,−1, 0)

±e : (1,−1, 0), (−1, 1, 0)
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(c) The group G acts on the set of poles. List the orbits of the poles under the
action of G.
Answer

• ±a forms one orbit.

• ±b, ±c form another orbit.

• ±c,±d form the third.

(d) How many symmetries of the half-cube are there, including orientation-reversing
symmetries?
Answer

16.
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