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Chapter 1 

Introduction 

Strongly interacting elementary particles such as the proton and neutron 
are not fundamental particles, but are bound states of spin -1/2 fermions, 
the quarks, and spin-1 gauge bosons, the gluons. The strong interactions 
are described by a quantum field theory called Quantum Chromodynamics 
(QCD). It is believed that quarks and gluons are permanently confined, 
i.e., it is not possible to separate an isolated quark a macroscopic distance 
from an antiquark or another quark pair. At short distances the effective 
coupling constant of QCD becomes small, and it is possible to compare 
results from experiments with theoretical predictions based on perturbation 
theory. However, at long distances the strong interactions are truly strong, 
and perturbation theory breaks down. Some nonperturbative technique is 
necessary to perform calculations of quantities that are sensitive to the long 
distance behavior of QCD. One of those techniques is the subject of this 
book: it is called "lattice QCD." 

The approach involves regularizing QCD by introducing a space time 
lattice. Quarks are restricted to occupy the sites of the lattice; gluons, the 
links joining the sites. Introducing the lattice spacing converts the Feynman 
path integral for QCD into an ordinary integral of very large dimensionality. 
The path integral expectation value of any observable can be computed by 
evaluating the integral on a computer, typically using importance sampling 
techniques. Of course, the lattice spacing is itself an unphysical quantity; 
it was introduced in order to perform the calculation. Physical predictions 
require an extrapolation from nonzero lattice spacing to zero lattice spacing. 

The idea of replacing a field variable, defined at every space-time point, 
by a variable denned at some location on a lattice is probably older than 
the idea of a field variable itself. In some physical problems (such as in 
the description of electrons in a crystal) the lattice is a physical quantity. 

1 



2 Lattice Methods for Quantum Chromodynamics 

However, the particular replacement of a continuum gauge field theory by 
a lattice theory, from which this field grew, dates only to Wilson (1974). 
[Lattice gauge theory was in the air in the early 70's: other people working 
on lattice theories with local gauge invariance included Wegner (1971), J. 
Smit, and Polyakov (1975)]. 

Wilson showed that a lattice formulation of QCD exhibited confine­
ment in the strong coupling limit. His work led to an explosive growth 
of research on the properties of strongly-coupled QCD. At first, all of this 
research was analytic. The use of Monte Carlo methods for studying sta­
tistical systems was already very old [as early as Metropolis et al. (1953)], 
and in 1979 Creutz, Jacobs, and Rebbi (Creutz et al., 1979; Creutz, 1979) 
adapted these techniques to the study of lattice gauge theories. The first 
computer simulations involving quarks began two years later (Weingarten 
and Petcher, 1981; Marinari et al., 1981; Hamber and Parisi, 1981), and by 
the mid-1980's the field of lattice QCD had been transformed into some­
thing like its present form, a mix of analytic calculations and increasingly 
larger scale numerical simulation. As techniques have advanced, the lattice 
has become an ever more accurate and important source of calculations of 
hadronic spectroscopy and matrix elements used in studies of QCD, the 
Standard Model of elementary particle physics, and beyond. 

This book is an introduction to, and motivation for, modern techniques 
of lattice gauge theory. As we wrote this book, we had several different 
audiences in mind: 

• Graduate students or other scientists beginning to do research in 
lattice gauge theory. They presumably want to know how quantum 
field theories are formulated on the lattice, and how to perform 
calculations in lattice QCD. 

• Researchers studying the strong interactions, who might be inter­
ested in using lattice calculations of reduced matrix elements in 
their (non-lattice) calculations. They presumably want to know 
what lattice people can do, how they do it, and why. 

• Experimentalists using results of lattice calculations to interpret 
measurements. They may want to understand the source of uncer­
tainty in lattice calculations. 

• Researchers in computational physics, who might be interested in 
numerical simulation, and who want to know the physical context 
in which the calculations are performed. 

When we talk about lattice methods or results with a group of particle 
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theorists who do more conventional (non-lattice) calculations, we are struck 
by how different lattice techniques seem to be from what our colleagues 
know or do. Certainly, our day to day activities of writing programs, sub­
mitting them to remote supercomputers, and analyzing our results, seem 
very different from what a weak-interaction model builder (for example) 
does. 

And yet, at the bottom, lattice QCD is merely a corner of quantum 
field theory, and the techniques lattice theorists use are simply decorated 
versions of techniques used across the board by physicists studying problems 
with many degrees of freedom in particle, condensed matter, and nuclear 
physics. 

Many of the recent advances in lattice techniques have come when ob­
servant researchers recognized a connection between a lattice problem and 
some other branch of theoretical physics associated with strong interac­
tions. The modern theory of critical phenomena is the source of many 
important ideas for lattice QCD, followed by the related topic of effective 
field theories. 

While a number of books about lattice gauge theory already exist [two 
excellent early examples are Creutz (1983) and Montvay and Muenster 
(1994)], the last five to ten years have seen enormous progress in the devel­
opment of algorithms and techniques for constructing and simulating lattice 
discretizations of QCD. Most of these advances are described only in re­
search articles in journals or in occasional summer school lectures. Some of 
them are, in fact, of a rather fundamental nature. Our goal in writing this 
book is to bridge the gap between what we think a conventionally-trained 
theoretical physicist knows and what is written in modern journal articles 
about topics in lattice QCD for those "who already know it" . 

This means that we must describe the rather specialized techniques 
associated with formulating field theories (mostly QCD) on a lattice, per­
forming numerical simulations, and interpreting their results. It also means 
that we should attempt to make connections between lattice QCD and other 
research areas of strong interaction theory and phenomenology. 

We have not made any attempt to include results from lattice simula­
tions. To do so would be to invite obsolescence. While the mean values of 
results from lattice calculations do not vary too rapidly with time, there 
is a steady decrease in the size of quoted uncertainties as techniques get 
refined and as data sets get bigger. And then there are the occasional big 
jumps when a new technique is invented or exploited. We hope we will 
give our readers enough background, that they can go directly from this 
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little book to the current research literature and understand it. Readers 
interested in the latest results, and are willing to take those results from 
very brief articles, should consult the Proceedings of the annual conferences 
in this research field, "Lattice (year)." These volumes exist as real books 
through the 2004 conference, and have since been published electronically. 



Chapter 2 

Continuum QCD and its 
phenomenology 

Since the discovery of strong forces in the atomic nucleus, physicists have 
sought to understand the strong interactions. Experimental and theoretical 
efforts during the 1950's and 1960's led to a gradually improved qualitative 
understanding. Significant developments included the quark model and 
current algebra. These developments culminated in the 1970's with the 
formulation of quantum chromodynamics (QCD), the SU(3) gauge theory 
of interacting quarks and gluons, as the fundamental basis for the strong 
interactions. Together with its companion gauge theories describing the 
weak and electromagnetic interactions, QCD became part of the Standard 
Model. 

Perturbative QCD, relying on asymptotic freedom, provided an excel­
lent understanding of hard processes that probe short distances. However, 
nonperturbative phenomena remained out of reach. The lattice formulation 
of QCD promised to fill that need. In fact lattice quantum chromodynam­
ics is nearly as old as the continuum formulation itself. But it took more 
than two decades of improvements in computational and algorithmic power 
to turn it into an effective tool for answering a wide class of nonperturba­
tive phenomenological questions. Although we are concerned in this text 
almost entirely with lattice methods, we aim, of course, to explain contin­
uum physics. So we devote this chapter to some of the continuum questions 
that can be addressed by lattice methods. Continuum models often guide 
the formulation of problems on the lattice. 

We want this chapter to be a bit more than a review, since we will often 
refer to relevant physics issues we describe here. However, it is less than 
a full discussion, because the subjects we treat are worthy of (and have 
received) long discussions in other books. 

5 



6 Lattice Methods for Quantum Chromodynamics 

2.1 The Lagrangian and QCD at short distance 

Without further ado, we write the Lagrange density for continuum Eu­
clidean QCD: 

Nf 1 
£ = Y$i{x)(Jp + mi)1>i(x)] ~ ^ V " . (2.1) 

Here tpi (x) is the fermion field corresponding to a quark of flavor i (with 
mass mi); Jp = 7AI[c\, — igA^x)], and A^{x) is the gluon field, which can 
be decomposed into components as 

A,(x) = ^ A M J ( x ) . (2.2) 
a 

The field strength tensor is 

Ftlu(x) = '£iX
aF^(x). (2.3) 

a 

It is related to the vector potential through 

F£v = d^Al - dvAl + gfatcAlAl. (2.4) 

The Aa's are the generators of the color gauge group, i.e., SU(3) in nature, 
and fabc are the structure constants. 

Although one could imagine QCD with any numbers of flavors, in nature 
there are six. According to the Standard Model the left-hand components 
(1 — 75)^/2 form doublets under the weak isospin of the electroweak inter­
actions, 

(;<) CO a) 
and the right-hand components (1 + 75)^/2 are singlets of weak isospin. 
The ^3 = 1/2 (upper entries) all have charge Q = 2/3 (in units of the 
proton's charge); the lower components, Q = —1/3. The eigenstates of 
QCD, which parameterize Eq. (2.1), are not diagonal in the weak interac­
tions; hence, in Eq. (2.5) we have primed the lower entries. The relation 
between primed and unprimed quarks is given by q[ = M^qj where M,j is 
called the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The quarks, their 
charges (in units of the proton's charge), their masses (roughly the MS 
mass at a renormalization point /x = 2 GeV), are displayed in Table 2.1. 
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Table 2.1 The quarks. 

name 

u 
d 
c 
s 
t 
b 

charge 

2/3 
- 1 / 3 
2/3 
- 1 / 3 
2/3 
- 1 / 3 

mass 

5 MeV 
9 MeV 
1.5 GeV 
100 MeV 
175 GeV 
4.5 GeV 

The dominant qualitative feature of QCD seen in perturbation theory is 
asymptotic freedom. The effective coupling constant of QCD shrinks as the 
momentum scale Q2 grows. This means that processes involving only high 
momentum or short distance are accessible to analysis with perturbative 
methods. To one loop order the beta function for JVC colors and Nf flavors 
is 

M = & = -/ 3 3 ; (2.6) 
d\l 167T2 

so the coupling constant runs as 

im= *a (27) 
4TT (lliVc/3 - 2 ty /3 ) log(Q7A?jCD)" l ' ) 

Conversely, asymptotic freedom implies that the effective coupling con­
stant for QCD grows at lower momentum scales or longer distances. The 
quantity "AQCD" expresses, somewhat poetically, the scale at which the 
strong interactions become strong. (A more precise definition of a A param­
eter is renormalization-prescription dependent.) In qualitative calculations, 
one might take it to be a few hundred MeV, so that at distances greater 
than a few tenths of a femtometer, which is the relevant distance scale for 
spectroscopy or hadronic matrix elements, QCD becomes nonperturbative. 

2.2 The nonrelativistic quark model 

2.2.1 Explanations and puzzles 

Before there was QCD, there was the quark model. The multiplet pat­
terns of numerous hadronic resonances in the 1950's and early 1960's was 
strong evidence for some common substructure. This was provided by the 
quark model of Gell-Mann and Zweig. Hadrons are composed of fermionic 
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constituents, the quarks. Mesons (integer spin states) are bound states 
of a quark and an antiquark; baryons (half-integer spin states) are bound 
states of three quarks. A glance at the intrinsic quantum numbers of Dirac 
particles shows that S-wave qq bound states are pseudoscalars (Jp = 0~) 
and vectors (Jp = 1~), and a glance at the Reviews of Particle Properties 
(Eidelman et al., 2004) reveals that the lightest meson states form a pseu-
doscalar multiplet and a vector multiplet. Three-fermion S-wave bound 
states have Jp = | and § bound states, also in accord with observation. 

In the quark model, the mass of a hadron is a sum of the "constituent" 
quark masses, plus small corrections due, perhaps, to spin effects. At the 
time of the creation of the quark model, three flavors of quarks were needed: 
nearly degenerate up and down quarks, (so that ordinary isospin would be 
a good quantum number) and a somewhat heavier strange quark. The 
approximate equality of masses and of reduced matrix elements under ex­
change of up, down, and strange quarks implies an approximate "flavor" 
SU(3) symmetry of the strong interactions, which combined with the SU(2) 
of spin to give the so-called USU(6) quark model." 

Elementary angular momentum addition allows one to write down quark 
wave functions for the mesons and baryons with remarkably accurate con­
sequences for predictions of the ratios of static quantities of the hadrons. 
The standard textbook quark model result (—2/3) for the ratio of neutron 
to proton magnetic moments is remarkably close to the experimental value 
(-0.657). 

Quarks in neutrons and protons should occupy the same lowest orbital, 
but, to make the observed pattern of states the spin and flavor, wave func­
tions need to be symmetric under interchange, contrary to the requirements 
of Fermi statistics. The resolution to this puzzle required the existence of 
a hidden quantum number, color. Quarks must have three colors to get an 
antisymmetric three-quark wave function. It seemed plausible (though not 
required) that color symmetry should also be SU(3). The ^ Q qaqa meson 
wave function and eafec9o9fc9c baryon wave function couple the constituents 
into a color-neutral representation (a color singlet state). Then confinement 
is equivalent to the statement that all hadrons are color singlets. 

Of course, much was unexplained in the quark model. What is the con­
finement mechanism? And how can one justify a nonrelativistic treatment? 
Here is how the problem arises: We know that the proton's charge radius 
is about one femtometer. The uncertainty principle requires that an object 
confined to a box of this size has a momentum of about h/r, or a few hun­
dred MeV. But the quark model assumes most of the mass of a hadron is 
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just the rest mass of the quarks (so the proton consists of three 300 MeV 
constituents). With a quark mass comparable to its momentum, a deriva­
tion of hadronic properties from the solution of a Schrodinger equation is 
suspect. 

This problem becomes more acute when we look ahead a few pages to a 
description of the low energy dynamics of the strong interactions in terms of 
an effective Lagrangian for would-be Goldstone bosons (the pseudoscalar 
mesons). If the quarks were massless, so would be the pions and kaons. 
That the pions and kaons are not massless implies that the up and down 
quarks have masses of a few MeV; the strange quark has a mass of 0(100) 
MeV. How then, does it make sense to talk about a baryon (mass greater 
than 1000 MeV) as a bound state of three quarks? 

Contemporary lattice QCD problems are the descendants of quark 
model puzzles: What are the masses of the hadrons in terms of the masses of 
the quarks? What are their static properties? What are their decay ampli­
tudes? What is the origin of the nuclear force? How do strong interactions 
influence weak decays? What are the properties of strongly interacting 
matter at high temperature and density? The list goes on. 

2.2.2 Quark model interpolating operators 

Let us continue our description of quark model phenomenology with an eye 
toward its use in a lattice context. A typical lattice calculation of hadronic 
masses measures the correlation function between composite operators with 
the quantum numbers appropriate to the desired states. The correlator is 
a sum of propagators for all hadrons with these quantum numbers. We 
generally need some way to construct interpolating operators that couple 
strongly to one of the states (typically the lightest one, or the next-to-
lightest one). Quark model wave functions can be a useful guide to the 
construction of such interpolating fields. 

Let's examine in some detail how nonrelativistic quark model wave func­
tions can help in constructing interpolating operators for baryons. We 
assume that the quarks each carry spin-1/2, have identical spatial wave 
functions, and carry three colors labeled a, b, and c. We use fermionic cre­
ation operators to assure a properly antisymmetrized state. The lightest 
states will then have J = ^ ® | ® ̂  = § © § • The J = 3/2 states are easiest 
to build. Start with the J = 3/2, mj = 3/2: 

A++(3/2)|0) = «iTt4Tt4T|0>, (2.8) 
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where the notation for the creation operators for quark orbitals identifies 
flavor, spin projection, and color. Spin and flavor lowering operators then 
lead to the other states. For example, the isospin- and spin-lowering oper­
ators produce the A + ( l / 2 ) , given by 

3A+(l/2) = tabc{\u^ul^c[ + u\{u\^) (2.9) 

Similarly, the flavor SU(3) U- and F-spin raising and lowering operators 
lead to strange members of the flavor decuplet. 

The proton and its relatives have mixed-symmetry spin wave functions 
and mixed-symmetry flavor wave functions. It is easiest to construct them 
by considering the proton, a uud bound state. The u quarks are identical, 
so their spin wave function must be symmetric ( J = 1). Then the spin-up 
proton interpolating operator is 

p(l /2) = taUau^ul^ + / ^ X T 4 T ) (2-10) 

Requiring this state to be normalized and orthogonal to the A + ( l / 2 ) gives 

a = —ft — W | . Raising or lowering flavor and spin similarly produces 
interpolating operators for the other strange and nonstrange members of 
the baryon octet. See Kokkedee (1969) for a complete list of wave functions. 

Meson states are simpler. We have a quark-antiquark pair, so statistics 
is not an issue. With two spin-1/2 particles in the same spatial orbital and 
three flavors of quarks, there are 4 x 9 = 36 states, a J = 0 flavor singlet 
and octet (9 states) and a J = 1 flavor singlet and octet (27 states). 

The quark model allows one to construct and classify excited states 
as well. Mesons are easy: we simply include (and model) orbital angular 
momentum in addition to spin. In nature, essentially all P-wave states 
[SLj = 3P2,i,o, 1Pi or JPC = 2++, 1++, 0++ and 1+") are seen, along with 
higher orbital excitations and what are plausibly radial excitations. The 
first multiplet of radial excitations of the baryon's ground state 56 is largely 
present, and the lowest P-wave multiplet [a negative parity multiplet, the 
L = 1 70 of SU(6)], is also well known. 

2.2.3 Glueballs, hybrids, and exotics 

The nonrelativistic quark model was designed specifically to explain the 
well-observed three-quark baryons and quark-antiquark mesons. However, 
QCD introduced yet another player, namely, gluons, opening the possibility 
for "hybrid" states, consisting of combinations of quarks and gluons, and 
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"glueball" states, consisting entirely of gluons. If the conserved quantum 
numbers agree, these states would be expected to mix strongly with the 
purely quark states. But some "exotic" combinations of quantum numbers 
cannot be obtained with only a quark and antiquark, e.g. the spin, parity, 
and charge conjugation combinations JPC = 0+~, 0 , and 1 _ + . The 
experimental candidates for the 1~+ state are in the 1400 to 1600 MeV 
range. In the language of the constituent quark model, the gluon would 
then have an effective mass of several hundred MeV, but as a gauge particle 
it must be strictly massless. 

2.2.4 Flavor and glueball mixing example: the anomaly 

A particularly noteworthy example of flavor and glueball mixing occurs 
in the three pseudoscalar quark-antiquark meson states. Unbroken flavor 
SU(3) requires three states, two of them in the octet, namely the / = 1, 
h = 0 pion formed as {v)u^—d1'dt)/v/2 and the unmixed / = 0 r/g = (w1'ut + 
d)d) — 2s^s^)/\/6, and the third, the unmixed flavor singlet r/o = {v)v) + 
d)d)+S1* s^)/^/?>. A pseudoscalar glueball (presumably much higher in mass) 
mixes with the flavor singlet eta. This effect is alternatively understood as 
a consequence of the U(1) axial anomaly reviewed in Sec. 2.6 below. The 
splitting of the quark masses breaks the flavor symmetry, thereby involving 
both the isospin singlet etas in the mixing, resulting, finally, in the observed 
77 and T]'. Isospin conservation protects the pion from mixing. 

2.2.5 Quark model hadron masses 

Having built states, we proceed to dynamics. We could begin by assuming 
that the mass of a hadron is additive in the number of quarks, so from a 
strictly nonrelativistic point of view 

M = ^2 UiTTli. (2.11) 
i=u,d,s 

The quantity m* is called a "constituent quark mass" and corresponds 
roughly to the energy of the quark in the state. It should be roughly the 
same parameter for baryons as for mesons. Then we would predict for the 
decuplet that 

M(fi) - M(~*) = M(S*) - M(E*) = M(S*) - M(A) 

140 MeV = 145 MeV = 153 MeV (2.12) 
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which seems to be very successful, but the predictions 

M(S) - M(S) = M(S) - M(p) 

125 MeV = 250 MeV (2.13) 

and 

M (A) = M(E) 

1115 MeV = 1189 MeV (2.14) 

do not work so well. 
Clearly, there should also be spin-dependent forces. The octet and de-

cuplet states with the same quark content are not degenerate. To suggest 
a way to model them, we recall the hyperfine interaction of atomic physics 

V(r) = £ A?A^ • ajfim^m^r). (2.15) 
ij 

We have replaced the product of charges from the electromagnetic hyperfine 
interaction with a product of color matrices A, which would be appropriate 
for the exchange of a gluon. For nonrelativistic quarks we can copy the 
formula from a quantum mechanics book, 

f(mi,mj,r) r . (2.16) 
rriimjr6 

The inverse masses arise from the magnetic moments of the quarks. In 
this model the S° — A splitting is, then, due to the difference between 
the magnetic moments of the strange and nonstrange quarks. For light 
quarks we construct a model by substituting the constituent quark mass in 
the formula. Hadrons are color singlet objects, and an interaction of this 
form immediately suggests a connection between baryon and meson mass 
splittings. For a meson, (A* + Aj)2 = 0 so AjAj = —A2 where A2 is the 
square of any generator. In baryons, {X\ + A2 + A3)2 = 0 so 2A,Aj = —A . 
The intrinsic fine structure splitting is thus twice as big in mesons as in 
baryons. Computing matrix elements of the hyperfine interaction between 
mesons and baryons, we see that pseudoscalar masses are driven down, 
vector meson masses are driven up, and octets and decuplets are split apart 
as observed. Ratios of the predicted shifts for the pion, the rho, the nucleon, 
and the Delta are - 6 : 2 : —3 : 3 for a net meson to baryon mass splitting 
ratio of 8 : 6. This is an underestimate of what is seen in nature, where the 
baryon splitting is 1232 MeV - 938 MeV = 294 MeV, whereas the meson 
splitting is 770 MeV-140 MeV = 630 MeV. 
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If one assumes that the hyperfine interaction varies smoothly with the 
quark mass [so that f{mi,rrij,r) = fo+nsfs] one can obtain phenomenolog-
ically interesting mass formulas such as the equal-spacing rule for the decu-
plet, the Gell-Mann Okubo formula for the baryon octet, 2m(N) + 2m(E) = 
3TO(A) + m(£), and the SU(6) relation, m(E*) - m(E) = m(H*) - m(H). 

The first model with a confining potential and a hyperfine interaction 
of the form of Eqs. (2.15-2.16) was written down by De Rujula et al. (1975) 
in 1975. The most successful quark model of baryon spectroscopy of which 
we are aware is due to Isgur and Karl (Isgur and Karl, 1978, 1979). It 
uses a harmonic oscillator potential to confine the quarks and the color 
magnetic dipole interaction plus a suppressed spin-orbital interaction to 
split the states. As a phenomenological description of low lying hadronic 
states, it works enormously well. However, it is not QCD, nor can it be 
derived from QCD. 

We could continue describing quark model phenomenology, but that is 
not the purpose of this book. We believe we have presented enough of 
an introduction to orient the reader. We hope she is dissatisfied with our 
discussion, since one of the goals of lattice QCD is to address questions of 
hadron spectroscopy in a more controlled way. 

2.3 Heavy quark systems 

2.3.1 Quarkonium 

When the quarks become heavy, much of their dynamics simplifies. Bound 
states of a heavy quark-antiquark pair can plausibly be modeled using 
a nonrelativistic Schrodinger equation. The charm quark is the lightest 
"heavy" quark. Its observed spectrum reveals a family of two 5-wave ra­
dial excitations, including both the 3Si and 1So level for each, and a set 
of 3 P levels in between. (It is easiest to make these states in e+e~ annihi­
lation, which produces the 3S\ states directly. They can decay by electric 
dipole radiation to the 3P2,i,o levels, or by magnetic dipole radiation to the 
1S'o states.) Above the higher 35i state, the decay widths of the observed 
resonances grow, signaling that higher states are above threshold for light 
quark-antiquark pairs to be produced. The state can then "fall apart" into 
D and D mesons, e.g. cc —> (cu)(cu). The bottom quark system is richer, 
with three 35i states and two radial recurrences of 3 P states below BB 
threshold. 

Unspecified in the Schrodinger phenomenology is the shape of the po-
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tential V(r). At short distances asymptotic freedom suggests that it take a 
Coulomb-like form, V(r) ~ g2/r, and one might expect, also from asymp­
totic freedom, that the coefficient g2 would also show logarithmic length 
dependence. If quarks are confined, the potential must rise monotonically 
at large distance. It is easy to imagine that the potential might rise lin­
early, V(r) ~ ar, with "string tension" a. Such behavior has been justified 
variously in models and in phenomenology. In bag models the color electric 
field is focused into a flux tube with a stable radius (Chodos et ai, 1974; De-
Grand et al., 1975). The observed linearly rising Regge trajectories suggest 
a linearly rising potential (Regge, 1959). A linearly rising potential gives 
a good fit to. the observed energy levels for heavy quark systems (Eichten 
et ai, 1975). Of course, these statements are merely ones of plausibility; to 
determine truly the shape of the heavy quark potential from first principles 
requires a nonperturbative approach. 

A second phenomenological question would be to explain the quarko-
nium fine and hyperfine structure. In potential models these are quasi-
relativistic effects, requiring additional assumptions about the relativistic 
behavior of the confining term. 

2.3.2 Heavy quark symmetries 

Mesons and baryons containing a single heavy quark also simplify as TUQ 
goes to infinity. The momentum transfer between the heavy quark and the 
rest of the system is typically of the scale of the light quark masses, i.e., 
(9(AQCD), and thus remains bounded as the heavy quark mass goes to in­
finity. Hence, in that limit the heavy quark is on shell and at rest relative 
to the hadron. In this limit the QCD dynamics becomes independent of 
the heavy quark mass. All heavy quark mass dependence can be extracted 
analytically leading to a power series expansion in 1/TTOQ. New symme­
try relations appear. These can be exploited to provide relations between 
matrix elements, especially when the kinematics are arranged so that the 
velocity of the initial and final heavy quarks are unchanged. (For a review, 
see Manohar and Wise (2000).) 

Unstated in the heavy quark effective theory are the specific values 
of reduced matrix elements. Also unstated is the minimum value of the 
heavy quark mass for which the quark can be considered to be "heavy." 
A nonperturbative treatment is needed to resolve these questions, either 
within the heavy quark limit or without it. 
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2.4 Chiral symmetry and chiral symmetry breaking 

2.4.1 Chiral symmetry 

The low energy limit of QCD is much more than a phenomenology; it can 
be described by an effective field theory with its own reasonably high pre­
dictive power. Let us consider the Lagrangian for QCD, given in Eq. (2.1), 
truncated to two flavors, up and down. We introduce left- and right-handed 
spinors, 

uL =-(1 --y5)u uR = -(l + j5)u 

and similarly for the down quark. Then the truncated Lagrangian is 

^ - (., w c;) (i)+(., o ( 7 1 ) («)+(£~«). 
(2.17) 

If mu = md = 0, the Lagrangian Eq. (2.17) is invariant under separate 
U(2) rotations of the left- and right-handed fields, 

2HC2) (2is) 

with Vi £ U{2) and i = L,R. In other words gluon interactions do not 
change the helicity of the quarks. However, the terms in the Lagrangian 
proportional to quark masses do not remain invariant under the transfor­
mations of Eq. (2.18). 

From Noether's theorem, each continuous parameter of the symmetry 
group has a corresponding conserved current. The group U{2) has four real 
parameters, and so there should be eight conserved currents. We focus on 
six of the conserved currents, namely, the vector and axial vector currents. 

T" 
tf = 97M y 1 J? = 97M75 y <7- (2.19) 

Here q— I J, a — 1,2,3, and r a is a generator of the group SU(2). 

If the quark masses were set to zero, the six vector and axial vector 
charges Qy A corresponding to the axial and vector currents would com­
mute with the Hamiltonian, [HQCD,QV] = [HQCD,QAI = 0> a n d would be 
conserved. Let us consider the consequences. Suppose we had eigenstates 
of HQCU, HQCD\IP) = E\tp). The opposite parity states Qv\ip) and Q%\tp) 
would be degenerate. Such parity doubling does not occur in nature. It 
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must be that nature does not respect the symmetry of the Hamiltonian 
in this (Wigner) way. The alternative possibility, that the symmetry is 
"spontaneously broken," is widely accepted. We present the classic exam­
ple of symmetry breaking below, namely, the linear sigma model. It makes 
a number of important predictions for QCD: Although the vacuum is anni­
hilated by vector charges, Qy\0) = 0, it is not annihilated by axial charges, 
<3^|0) 7̂  0. As a consequence, the spectrum of HQQD contains three mass-
less pseudoscalar particles, Goldstone bosons. The axial charges act on any 
state in the Hilbert space to create additional Goldstone boson states, with 
no resemblance to the single particle states created by the vector currents. 

The order parameter associated with this spontaneous symmetry break­
down is the quark condensate 

(0\qq\0) = (0\qLqR + qRqL\0) ^ 0. (2.20) 

Physically, it signals the instability of the vacuum against production of a 
condensate of quark-antiquark pairs. The pairs must have net zero total 
momentum and total angular momentum, so they must involve a pairing 
of left-handed quarks with right-handed anti-quarks, and vice versa. The 
vacuum expectation value of Eq. (2.20) signals the spontaneous breakdown 
of the U(2) x U(2) symmetry of Eq. (2.18) down to the subgroup of vector 
symmetries with VL = VR. 

Since the up and down quarks actually have a small mass, chiral sym­
metry is not only spontaneously broken, but also explicitly broken. Thus 
there are no truly massless Goldstone bosons. However, the n+, ir~, and 
7T°, are Goldstone bosons candidates. Indeed, they are the the lightest of 
all hadrons. 

2.4.2 Linear sigma model 

The classic example of spontaneous symmetry breaking is the 0(4) linear 
sigma model (Gell-Mann and Levy, 1960). It is a toy model for chiral 
symmetry breaking in QCD. This is a field theory for four real scalar fields, 
bundled into a multiplet $ = (</>o, <j>\, <f>2,4>3)> with a Lagrangian 

C=^$d^-9-{$2-v2f + h<j>Q. (2.21) 

When the explicit symmetry breaking term h vanishes, the Lagrangian is 
invariant under transformations <j>i —> Rij<fij where R is an element of the 
symmetry group 0(4). Then there are six Noether currents, which we may 
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choose to be 

ja = eo,bC(f)bd^c j5a = _ ^ 0 ^ ^ ( 2 2 2 ) 

where a,b,c = 1,2,3. With our choice for a potential the 0(4) symmetry 
is spontaneously broken. For small h the minimum of the potential occurs 
at (f>c = (v + h/2gv2,0). Thus the vacuum expectation value (4>) has a 
nonzero value that survives the limit h —» 0. So the bare vacuum state 
breaks the 0(4) symmetry. 

Masslessness is the first property of Goldstone bosons. To identify them, 
we consider small fluctuations about the minimum for small h, expand the 
fields as (f> = (v + a + h/2gv2, ff), and rewrite the Lagrangian as 

C = - [ < V V - (29v2 + 3h/v)a2} + -d^d^ 

-hir2/2v - (gv + h/2v2)a(<J2 + TT2) - |(<r2 + TT2)2 - hv. (2.23) 

The bare masses of the a and TT fields are 

M 2 = h/v M2 = 2gv2 + 3h/v. (2.24) 

At zero h the three components of the TT field are the massless Goldstone 
bosons, the pions. 

We have already alluded to the fact that in nature, (probably) no quark 
is massless. Nonzero up and down quark mass terms explicitly break the 
chiral symmetry, just as the symmetry-breaking term does in the linear 
sigma model. (In QCD the corresponding statement is M2 oc mu + m^.) 

The second property of Goldstone bosons, that the axial current creates 
them from the vacuum, follows from the canonical commutation relations 
and the properties of field creation and annihilation operators: 

(0\4a(0)\TT»(p)} = -ip^6<0|</>o|0} = ip„6ab ( „ + ^ ) . (2.25) 

Next, let us consider scattering of Goldstone bosons in the limit of zero 
h. We compute the T matrix for the process TT%{PI) + 7rJ(p2) —*• ^k(ps) + 
TT1(PA). In lowest order in g, this comes from the direct (7r2)2 term, and in 
order g2 it occurs through exchange of a a meson. We find 

Tk,i-,i,j = SijSkiA(s, t, u) + SikSjiA(t, s, u) + 6u6kjA(u, s, t) (2.26) 
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where s, t, and u are the Mandelstam invariants [s = (pt + Pj)2, t = 
(Pi ~ Pk)2, u = (pi- p{)2] and 

A(s,t,u) = ^ ^ - 2 g . (2.27) 

Note that in the low energy limit s —> 0 the scattering amplitude vanishes, 
since m2 = 2gv2. Expanding about s = 0 gives 

A(s,t,u)-> 4 + 0 ( s 2 ) . (2.28) 

The coefficient of s is given in terms of the axial current matrix element, 
Eq. (2.25). 

2.4.3 Nonlinear sigma model 

The elementary fields of the linear sigma model are massless Goldstone 
bosons and a massive scalar particle. A more economical effective field 
theory, the "nonlinear sigma model", treats only pions as the elementary 
fields. Since we are interested in the theory only as a low-energy imitation 
of QCD, we are content to dispense with the high mass elementary sigma 
meson. To carry out the imitation we must tune the parameters of the 
nonlinear sigma model so it gives the same set of low energy predictions as 
QCD. So in this section, as a prelude to carrying out the corresponding 
exercise with QCD, we will tune the parameters of the nonlinear model so 
it matches the predictions of the linear model of the previous section at 
energies well below the threshold for producing the massive scalar. Since 
the exercise is only pedagogical, we do this only to the extent of reproducing 
the tree graphs of the linear sigma model. 

We see from Eqs. (2.27-2.28) that the scattering matrix contains ar­
bitrarily high powers of momenta. To construct the effective Lagrangian, 
we must then keep terms with arbitrarily high powers of pion momenta or 
derivatives of the pion field 

£eff = C0 + C2 + A + U + ... (2.29) 

The term Cn contains n derivatives of the pion fields. 
Except for explicit symmetry-breaking contributions, we require that 

the terms in the Lagrangian be invariant under the SU(2)i x SU(2)R chiral 
symmetry. A simple way to realize this is to introduce the elementary fields 
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through the unitary two by two matrix U, written either in the form 

a' .TW 
U=j+i-j- (2.30) 

or 

U = exp ( jTknk J (2.31) 

with a'2 + n'2 = f2, and the rk,s are again Pauli matrices. Please note we 
are using the same notation for the field nk as in the linear sigma model. 

For the leading term £2, we take 

£2 = ^-Tr(dMCraMtft). (2.32) 

This expression is indeed invariant under U —* VRUV[, where Vi and VR 

are elements of SU(2). So it has the desired symmetry. 
This simple contribution to the full Lagrangian can be expanded in a 

Taylor series in the 7r's as 

£2 = \d^d^ + ^LdM(,?2)dM(7?2) + 0(7r6). (2.33) 

The expansion parameter is the ratio of the pion momentum to / . 
To match the nonlinear and linear models at tree level we require the 

pion decay amplitudes to agree. The conserved vector and axial vector 
Noether currents in this model are 

j; = ̂ T r (ra[U, d^)); J^ = ^ T r (ra{U, d^}). (2.34) 

The pion decay amplitude is, then, 

(0\J*a(0)\irb(p))=iPtl6
abf, (2.35) 

so we require / = u a t tree level. 
Next we introduce an explicit symmetry breaking term 

£0 = mBf2ReTr(U) w -mfiff2 (2.36) 

to complete the lowest order Lagrangian. Notice that from the standpoint 
of the polynomial expansion Eq. (2.33), we recognize a bare pion mass 
M2 = 2mB, so we require mB = h/(2v) to match the linear and nonlinear 
models at tree level. The symmetry breaking term assures that the ground 
state occurs at U = 1, or a1 = f. 
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We have thus determined the two low energy constants / and B at tree 
level. As a consistency check we can compute pi-pi scattering using £2-
Notice that this effective theory only involves the pions. To lowest order in 
the momenta there is only one diagram (corresponding to the second term 
in Eq. (2.33)). Indeed, the scattering amplitude reproduces Eq. (2.28). 

We would continue the construction of the effective Lagrangian by 
adding higher order terms to Cen, whose coefficients would be tuned to 
match the scattering amplitudes of the linear sigma model at still higher 
order in the momenta. 

2.4.4 Nonlinear effective chiral Lagrangian for QCD 

So far we have been matching results for the linear and nonlinear models 
only at tree level. Our intention for QCD is to compute quantities such 
as the pion mass, pion decay constant and the low-energy pion scattering 
amplitude nonperturbatively. In that case we compute the corresponding 
quantities in the effective theory up to as many orders in the expansion 
parameter p2/f2 as needed and match results between the two theories to 
fix the parameters of the effective theory. 

We write the effective nonlinear sigma model Lagrangian as before 
[Eq. (2.29)], but modify the parameterization of the symmetry breaking 
term Eq. (2.36) slightly, leading to the Lagrangian 

f2 f2 

£ 2 = ^ - T r ^ I / ^ f / t ] + BJ—Tt[M{U + t/f)] + higher order, (2.37) 

where the symmetry breaking term now includes a "mass" matrix [special­
izing to SU{2)} 

M=(m"M, (2.38) 

leading to a tree-level squared pion mass 

M2 = B{mu + md). (2.39) 

As before the constant / in the first term can be fixed by matching the pion 
decay constant in QCD to the pion decay constant in the nonlinear theory. 

The symmetry-breaking term is related to the quark mass term qq in 
QCD. A quick way to see this is to observe that the vacuum energy density 
of QCD, (0| —£ |0) at small mu and m^ is mu (uu)+md (dd)). At small mu 

and md, isospin symmetry gives (uu) = (dd). In the effective field theory 
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at small M, the vacuum configuration is U = 1 and the vacuum energy is 
(0| H |0) = -f2B(mu + rrid). Equating these quantities fixes 

(uu) = -f2B. (2.40) 

Combining this result with Eq. (2.39) gives 

f2Ml = -(mu + md)(uu). (2.41) 

This is called the "Gell-Mann, Oakes, Renner (GMOR) relation" (Gell-
Mann et al., 1968). 

We close this section with a couple of remarks. 

• This discussion of an effective field theory for QCD is on a very 
different footing from the one we gave for the linear sigma model. 
Even if a perturbative expansion of QCD made sense, we would 
have to match many Feynman graphs in QCD against a few pro­
cesses in the effective theory. But it is clear that the dynamics 
of QCD responsible for chiral symmetry breaking must be non-
perturbative. The formation of a bound state (like the pion) is 
intrinsically nonperturbative as is the formation of the chiral con­
densate. 

• From the point of view of the effective Lagrangian, the parameters 
/ and B are simply bare parameters; there is no short distance 
structure for them to encode. However, from the point of view 
of QCD, Eqs. (2.25) and (2.40) involve matrix elements of quark 
operators, and should be computable. One of the goals of the lattice 
program is to perform that calculation, and a test of QCD would 
be whether those determinations would agree with the values of / 
and B, as determined by a fit of experimental data to the effective 
Lagrangian. 

2.5 A technical aside: Ward identities 

Conservation laws are reflected in relations between correlation functions, 
called Ward identities. We will use Ward identities repeatedly, so we need 
to provide a brief introduction. Suppose we consider an expectation value 



22 Lattice Methods for Quantum Chromodynamics 

of any operator 

(0(a;i,a;2,...,a;TO)) = — / dUdipdipO(xi,X2,... ,x m )exp f - d4x£] . 

(2.42) 
If we perform a local change of the variables of functional integration, for 
example, ip(x) —> ip(x) + a(x)Sip(x), ip(x) —> ip(x) + a(x)S-ip(x), the oper­
ator, the Lagrangian, and the functional integration measure changes, but 
the functional integral does not. If at the same time the functional Jaco-
bian of the transformation is unity, the measure is also unchanged and we 
must have 

(&0-0 JdAxSc\ = 0. (2.43) 

This is the Ward identity. Seemingly innocuous, it expresses a relation 
between two vacuum expectation values. Let us look at some examples. 

First, consider a free Dirac particle and an ordinary U(l) rotation 
Sip — ia(x)ip(x), 5ip(x) = —ia(x)ip(x). The functional Jacobian is 
det[l — ia(x)S(x — x')]det[l + ia(x)S(x — x')] = l + O (a2), so the functional 
integration measure is unchanged to first order in a. From Noether's theo­
rem the change in the Lagrangian is 5C = id^ia(x)Jli(x), with JM = ip^^'ip. 
Suppose in addition, that the operator O is just the correlator ip(yi)'ip(y2)-
Then the Ward identity is 

0 = MyiW(l/2)>[a(l/i) - aim)] + (J d4xa(x)d»Mx)i>(yi)i,(y2)\ . 

(2.44) 
Taking the functional derivative with respect to a(x) gives 

0 = (il>{x)$(v2))[8(x - j/i) - S(x - y2)\ + {d^Jll{x),p{yl)i>{y2)). (2.45) 

Translational invariance requires that all correlators be functions of rel­
ative distances y\-x and x — y2. We can Fourier transform this expression 
with a weighting function exp[ip(yi — x)]exp[ip'(x — y2)]. The first and 
second terms of Eq. (2.45) are just the fermion propagators A(p') and A(p) 
and so we derive the Ward identity relating their difference to the unam-
putated vertex (the term on the rhs): 

(p ' -p) M f^ = A ( p ' ) - A ( P ) . (2.46) 

By pre-multiplying by A(p ) - 1 and post-multiplying by A(p ' ) - 1 , we can 
re-express this result as a constraint on the amputated vertex (the usual 
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vertex with no external legs), 

( p , - p ) M r M = A ( P ) - 1 - A ( P ' ) - 1 - (2.47) 

In free field theory, the identity is trivially satisfied, A(p ' ) _ 1 =ft +m, and 
r^ = 7M ' but it is true for interacting theories as well. Its consequence is 
that the vertex and propagator renormalizations are related. 

A second example is a bit less straightforward. We work with a flavor 
multiplet of quarks with different masses. The symmetry transformation is 
a flavor nonsinglet chiral rotation 

tp{x) l + ie(x)a—l5 ip(x), I/J(X) -> ip(x) l + *e(z)Qy75 

(2.48) 
The A's form a Lie algebra appropriate to the flavor group with commutator 
[Aa, A6] = 2ifabcXc. The conserved vector current is 

and at zero quark mass the conserved axial vector current is 

4a(z) = iP(x)^w5i>(x). 

(2.49) 

(2.50) 

If the quarks are massive, the axial current is not conserved, and in addi­
tion to the Jf(x)d>lea{x) term there is the term iea(x)^j(x){^-, M}^{x), 
where M is the flavor mass matrix. The Ward identity becomes 

50 
+ 0 j*> d>J"(x) - * ( i ) {£..*} Sea(x) 

If O = 1 the Ward identity for the axial current is 

75^(2:) 

(a\d»J?(x)\0) = (, a|^|y,Mj TB1>\0). 

= 0. (2.51) 

(2.52) 

This is called the "PCAC" (partial conservation of axial current) relation. 
If O = Jpb(y)J£(z) we can get SO from the transformations of the 

currents under a chiral rotation: 

8J°(y) = ta{y)rdJld{y) 

S4c(y) = ea(y)facdJd(y). (2.53) 
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The Ward identity is then 

([d»Jl%x)-$(x) | ~ , M ^ ^{x)\jf (y)JZ(z)) = 

ifMS\x-y){Jd
p(y)J°{z)) 

+ird8\x - z){Jl\y)4d{z)) (2.54) 

[plus terms proportional to 64(x - y)5A(y — z)}. The integral over x of this 
expression is also interesting: the divergence of the axial current integrates 
to zero, leaving 

- j dix{i,{x)^,M^{x)J?{y)J*{z)) = 

ifabd(Jd(y)Jc
p(z)) + ird(J5

p
b(y)4d(z)). 

(2.55) 

Suppose that the quark mass were somehow hidden in other parameters in 
the Lagrangian. One could determine the quark mass from a calculation of 
the correlators, and the massless limit would be the value of m where the 
vector and axial correlators were equal in magnitude and opposite in sign. 

2.6 The axial anomaly and instantons 

2.6.1 Nonconservation of the flavor-singlet axial current 

The last Ward identity example is a bit less straightforward and deserves 
its own section. Let us consider a flavor-singlet chiral rotation, defined by 
ip{x) —> [1 + ie(x)^]ip(x), i>(x) —> V>(x)[l + ie(x)j5}. At zero quark mass 
the Noether current is Jij = -07M75^. At nonzero quark mass the variation 
of the Lagrangian includes both J^{x)d'le{x) and c{x)ip{x) {^,M}ip(x). 

There is a crucial change in the Ward identity in this case, because the 
functional Jacobian is anomalous (Peskin and Schroeder, 1995). To first 
order in e(x) it is 

J = exp L i fd4xe(x)QT(x) (2.56) 

(per quark flavor) where 

QT(X) - ^ea^F^(x)F^(x). (2.57) 
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The Ward identity (with functional derivative included) thus becomes 

J £ y - iOJd4x[-d»4(x) + j(x) {75, M} i>{x) - NfQT(x)]\ = 0, 

(2.58) 
implying for O = 1 and vanishing quark masses that 

d„J^5 = -NfQT(x). (2.59) 

We see that even at zero quark mass the flavor singlet current is not 
conserved due to the presence of quantum fluctuations, and therefore the 
flavor singlet pseudoscalar meson is not a Goldstone boson. The r\ and 
(especially) the rf mesons have a large singlet component, thus qualitatively 
accounting for their mass. 

(We note that there is no anomaly for an isospin axial current: its 
strength would be proportional to Tria{Ab, Ac}, where ta is an isospin gen­
erator and the A's are color matrices. The trace is the product of a color 
piece and a flavor piece; the latter vanishes since Tr ta = 0. As a corollary, 
a theory containing many fermions with axial charges summing to zero also 
has a vanishing anomaly. We will encounter this result on the lattice in 
Sec. 6.1.) 

2.6.2 Witten- Veneziano formula 

The first attempt to understand the mass of the rf from the anomaly was 
made by Witten and Veneziano in 1979 (Witten, 1979b; Veneziano, 1979). 
Using anomalous Ward identities plus additional assumptions, they found 

2Nf 
(m* + m%, - 2m\) = f d4x(QT{x)QT(0)) = xtop. (2-60) 

This is not an identity, since it requires some mild model assumptions. It 
relates quantities in full QCD on the left side to the topological susceptibil­
ity calculated in the pure gluon theory, which is, of course, not measurable 
in experiments. Nevertheless, if we assume a topological susceptibility ap­
propriate to a random distribution of independent instantons with a density 
of one per fm4, i.e., Xtop ~ (180 MeV)4, we can account approximately for 
a large rf mass. Lattice simulations, on the other hand, can determine the 
susceptibility with or without quarks. 
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2.6.3 Suppression of the topological susceptibility 

The integral of Eq. (2.59) gives the change in axial charge over the time 
extent of integration: 

AQ5 = fdt^Q = f d^xd^5 = -Nf fd4xQT(x). (2.61) 

The integral would seem superficially to be zero (since it is the integral 
over a divergence), but the surface term at infinity does not vanish rapidly 
enough. Instead the integral is an integer, the so-called winding number or 
topological charge of the gauge configuration v. It is possible to construct 
specific solutions of the Yang-Mills field equations with v = ± 1 . These 
solutions are called instantons and anti-instantons. They can be used to 
build multi-instanton solutions, with arbitrary v. The precise form of these 
solutions need not concern us here. 

One can solve the Dirac equation in the background of an instanton 
gauge configuration, 't Hooft (1976) discovered that the Dirac operator 
has a chiral zero mode Hpip = 0, whose chirality is correlated with the 
topological charge v of the underlying gauge configuration. This correlation 
is encoded in the Atiyah-Singer "index theorem," u = n_ — n+, where n± 
counts the number of zero modes of positive or negative chirality. 

The index theorem implies that light quarks suppress fluctuations in 
the topological charge, so they reduce the topological susceptibility. As we 
will find in Ch. 3, the probability of finding a particular set of gauge field 
variables in the generating functional for gauge fields is proportional to the 
determinant of the Dirac operator. In a gauge configuration of winding 
number v the massless Dirac operator has v zero modes. Nonzero modes of 
the massless Dirac operator obey ptpr = iKipr, a n d since 75 anticommutes 
with Ip, Ip^sipr = -iKl5ipr, and all Ar ^ 0 modes are paired. With a quark 
mass, the fermionic determinant in the background gauge configuration 
becomes 

detD = mv J | (X2
r + m2). (2.62) 

As the fermion mass vanishes, the contribution of gauge configurations with 
v ^ 0 to the functional integral is suppressed, and Xtop must also vanish. 
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2.6.4 QCD vacuum 

There is an extensive phenomenology of the QCD vacuum based on instan-
tons. For a review of this subject, see Schafer and Shuryak (1998). This 
phenomenology has had a fair amount of success, mainly in predictions for 
correlation functions that are sensitive to chiral symmetry breaking. It is 
based on a description of the long distance structure of the QCD vacuum 
derived from sum rules, as developed by Shifman, Vainshtein, and Zakharov 
(Shifman et al, 1979b,a) in the late 1970's. 

The formal results about the anomaly and models of the QCD vacuum 
we have listed here are based on general principles, but all examples of 
these results involve semi-classical (instanton) solutions of the field equa­
tions. Are they then relevant in the real world of strongly-coupled QCD? 
We will see that lattice fermion actions with exact chiral symmetry allow us 
to revisit these questions in a more controlled context. Of course, instan­
ton phenomenology, like quark model phenomenology, is an uncontrolled 
description for QCD. Can it be justified directly from QCD by ab initio 
lattice calculations? 

2.7 The large Nc limit 

QCD with massless quarks does not have an obvious expansion parameter. 
The coupling constant is itself not really a free parameter, because, through 
the renormalization group, its size is connected to the distance scale. When 
we do perturbation theory, we are restricted to scales for which the effective 
coupling is small, that is, to short distance scales. There does not seem to 
be any way to organize a calculation without requiring a dimensional scale. 
However, as first pointed out by 't Hooft (1974) the inverse of the number 
of colors 1/NC can be used as an expansion parameter. It is surprising that 
the large Nc limit bears a striking resemblance to Nc = 3 QCD. To be 
precise, the coupling is decreased in this limit so g2Nc = g$ is constant as 
Nc -> co. This is "large-iVc QCD" ('t Hooft, 1974). 

In the large-iVc limit the number of gluons scales as AT?, whereas the 
number of quarks scales only as Nc. This has interesting consequences for 
Feynman diagrams. It is easiest to introduce large-iVc QCD for mesons, 
which we will briefly do. 

We consider a Feynman diagrammatic expansion of QCD. We cannot 
hope to perform a complete calculation of all the Feynman diagrams, but 
we can hope to identify the particular class of diagrams that dominate in 
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the large Nc limit. Propagating quarks carry their colors from one vertex 
to the next. A gluon propagating between two vertices carries a color factor 
(ta)ij(ta)kt- The group theory identity of SU(N) 

(ta)ij(ta)ki = g ( $u&kj jfSijSkij (2.63) 

means that in the large-Nc limit we can neglect the last term, keep the first 
term, and replace the color factor in a gluon propagator by a double line. 
(A good mnemonic is to write the color indices in the gluon as A1^, the 
quark and antiquark as q% and q~j. In traces, we sum pairs of raised and 
lowered indices: Trqq = q%ql, TrqAq = qiA^ and so on. A trilinear gluon 

A% jA^dpArf. These vertices (and the four-gluon vertex is TrAnA^dnA^ 
vertex) have quark-line decompositions shown in Fig. 2.1. 

OZ\y -> J 

- > 

- > 

- > 

Fig. 2.1 Color factor decomposition into quark lines for vertices in large-Nc QCD. 

Now we consider a Feynman diagram containing an arbitrary number of 
quarks and gluons. We replace all gluon propagators by their double lines. 
Color traces are performed by counting a factor of Nc for every closed loop. 
We associate a factor of l/y/N~c to every vertex (because g = go/VNc)-
Finally, if we consider a graph involving quarks coupled to an external 
color singlet meson, there is an extra 1/y 
the color wave function of the meson. 

'Nc for every such vertex, from 
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For purely mesonic processes (involving the creation of qq pairs at every 
space time point), we discover the following remarkable results: 

(a) 

<g> - <X> 
(b) 

Fig. 2.2 A planar diagram (a) and a nonplanar diagram (b) and their double line color 
decomposition. The color factor of (a) is (AT|)(1/JV|) while for (b) it is (JVC)(1/JV|) 

• Planar diagrams dominate nonplanar diagrams by 0(N%). An ex­
ample of this dominance is shown in Fig. 2.2, where we have shown 
the graphs first with gluons, and then with the color double lines. 

• Planar diagrams with quarks on the outside dominate ones with 
outer gluons, by l/N%. Compare Fig. 2.3. 

• Graphs with internal quark loops are down by 1/NC per quark line 
compared with planar diagrams with only gluons. 

• Color factors in the leading planar diagrams are such that no com­
bination of propagating particles form color singlets. This follows 
from the decomposition of vertices into quark lines. For example, 
in Fig. 2.2a, the quark and gluon color factors are coupled in the 
pattern qiAl

kA^qK This means that, while the four fields couple to 
a color singlet, no smaller (planar) combination of them is a singlet: 
not q~iA[ nor qiAl

kA*. The singlet part of Al
kAj is a 1/NC effect. 

• Amplitudes involving three mesons are suppressed by l/y/Wc com­
pared with two-body ones, and ones involving p mesons are sup­
pressed by 1/Nc~ • 

The consequences of these results are that mesons are qq states as in the 
quark model and do not have a qqqq or higher quark number content. They 
are noninteracting in leading order in Nc, with decay widths of order l/Nc. 
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Fig. 2.3 A graph with a gluon loop outside the quark loop, and its quark line decom­
position. 

Meson scattering amplitudes are suppressed by higher powers of Nc. The 
summaries in the Reviews of Particle Properties reveal that many hadrons 
have small decay widths: in fact, if their decay widths were not smaller 
than their masses, we would not see them at all. The large Nc limit seems 
to capture some of the qualitative features of the real world. 

Zweig's rule is the phenomenological observation that decay widths of 
hadrons into states that share no quarks with the initial state are smaller 
than decay widths in processes where quarks can flow from the initial to 
final state hadrons. In the large-Nc limit, these processes are down by l/Nc 

compared with direct ones, as the reader can check by comparing Figs. 2.4a 
and b. 

(a) (b) 

Fig. 2.4 A decay process that shares quarks between the initial and final states, and a 
"disconnected" diagram, which would be forbidden by Zweig's rule. 

The divergence of the flavor singlet axial current is given by the anomaly, 
Eqs. (2.57-2.59), which is proportional to g2. In the large-iVc limit, this 
factor is replaced by go/Nc, so that the anomaly disappears in the large-
Nc limit. This implies that the eta-prime meson becomes an ordinary 
Goldstone boson in that limit. 

In the large-iVc limit, baryons are very different objects from mesons. 
They contain Nc quarks and presumably are heavy objects. A variety of 
approaches to baryons as heavy, semiclassical objects appear in the litera­
ture (Witten, 1979a; Skyrme, 1961; Witten, 1983). It is possible to compute 
ratios of matrix elements relevant to baryon masses and couplings as a sys-
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tematic expansion in \/Nc. (For early work, see (Dashen and Manohar, 
1993a,b; Dashen et al., 1994).) 

Of course, like all the other approaches to QCD we have so far discussed, 
much is missing: there is no way to compute the sizes of any of the matrix 
elements we have described. Some nonperturbative approach (obviously, 
the lattice, again) is needed. And is Nc = 3 large or small? The qualitative 
discussion we have made here argues that it is large, but of course nothing 
prevents a leading order matrix element from being numerically small, while 
its \/Nc correction might happen to be multiplied by a big factor. 

Much of the discussion in this chapter has been phenomenological. One 
could ask, why do we need phenomenological models? We have the QCD 
Lagrangian in hand. The rest of the book shows how to use it to do cal­
culations of hadronic properties from first principles without any need for 
models. We think such an attitude is too narrow. We have mentioned these 
models of QCD because each gives us a particular insight into how QCD 
works. Models suggest questions to address with numerical simulation, 
and they guide the interpretation of numerical results. Furthermore, limi­
tations to numerical simulation often require recourse to models to extend 
our understanding of QCD. 





Chapter 3 

Path integration 

3.1 Lattice Schwinger model 

Lattice field theories are usually defined directly from the lattice action via 
the Feynman path integral. A fundamental requirement is that the formal 
continuum limit of the lattice action reproduces the correct continuum ac­
tion. The continuum Feynman path integral is, in turn, justified from a 
Hamiltonian formulation of the continuum field theory through methods 
that usually challenge mathematical rigor. Because they involve count­
able degrees of freedom, lattice field theories require less sleight of hand. 
Thus it is instructive to derive the Feynman path integral from the lattice 
Hamiltonian. Moreover, it is important for students of lattice field theory 
to be able to speak both languages. We often return to the Hamiltonian 
language when we build interpolating operators for correlation functions. 
So we begin our introduction to lattice gauge theory by considering a sim­
ple model, namely, the lattice version of the massive Schwinger model — 
quantum electrodynamics in one spatial dimension. Despite its simplicity, 
it anticipates almost all of the technical features of more complicated gauge 
theories with fermions in higher dimensions. 

We will allow ourselves some leeway in making the connection between 
the lattice Hamiltonian and its corresponding action. Since we intend al­
ways to take the continuum limit, it is acceptable to sacrifice precision for 
simplicity, provided that the resulting theories agree in the continuum limit. 

3.1.1 Free fermions in one dimension 

We consider first the free fermion field on a one-dimensional lattice. Later 
we will introduce the electromagnetic field. We will derive the spectrum of 

33 
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the free fermion and then show in the next subsection that it has twice the 
number of fermions as expected. 

In one spatial dimension we use a two-component Dirac spinor and 
define Dirac gamma matrices as follows: 

««-(^)-(s0 - . ) - ( - , ; ) <"> 
where x = 0 , 1 , . . . JV — 1 labels the lattice points and ipx(t) is the two-
component fermion field operator. 

The continuum Dirac energy density is ,ip(x)(—^id/dx + m)ip(x). We 
will choose a simple nearest-neighbor discretization of the derivative for our 
lattice Hamiltonian. For the free fermion of mass m it is 

. N-i J V - I 

HF = — ^2 ^7i(V"x+i - V"x-i) + Yl m^xipx- (3.2) 
x=0 x=0 

The lattice spacing is a and we have used a finite difference formula for the 
lattice derivative. We used the central difference in order to get a hermitian 
Hamiltonian. As usual V>x = V47o- We take periodic boundary conditions 
ip0 = ijjN. In one dimension spin has no meaning. The two fermion spinor 
components produce a particle and an antiparticle state. 

The field operators satisfy the usual anticommutation relations 

tyxa, Ipt'a'} = tia,a'8x,x'- (3-3) 

From them one can derive the Heisenberg equations of motion: 

# x = [ipx,HF] = 2a (ipx+i - V>x-i) + mjoipx. (3.4) 

The Hamiltonian is diagonalized in momentum space 

1 N~1 

-i/'fc = —F= > ex.p(27rikx/N)ipx (3.5) 

for k — 0 , 1 , . . . , N — 1. It becomes 

-i v ^ -t (m ^ s i n ( ^ ) \ / /o ^\ 
fl'-s£*Hi.M*)lm ,K M 

The eigenenergies are 

t-^+h^i™)- (3-7) 
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The zero mass Hamiltonian has a chiral symmetry 

V>* -» e i 7 6 V x (3.8) 

where 75 = 7071. This symmetry mixes upper and lower components, which 
corresponds to mixing particles and antiparticles. 

3.1.2 Species doubling 

The continuum limit of the model takes a —• 0 with Na fixed. For a finite 
energy we require k to be close to 0, N/2, or N. Notice that the dispersion 
relation, like the discrete Fourier transform, is periodic, so the point k = N 
is equivalent to k = 0. Thus in the continuum limit there are two finite 
energy solutions, both of the form E — ±y/m2 + p2, where the momentum 
p is defined to be 

(27rk/aN; k>0 
P \ 27r(fc - N)/aN; k<N V ; 

or 

p = 2ir(k - N/2)/aN; k » N/2. (3.10) 

Because of periodicity the first two cases cover positive and negative p con­
tinuously, so count as one particle of mass m, and the third case counts as 
a second particle of mass m. Both particles have their associated antiparti­
cles. This doubling of fermion species is an awkward consequence of lattice 
formulations of relativistic fermions. In d spatial dimensions one gets 2d 

species where only one is intended. Switching from a central difference to a 
one-sided difference of the form {ijjxjrq — ipx)/a would eliminate the problem, 
but then the Hamiltonian would not be Hermitian. Later on we will see 
that the lattice action with a similar discrete time derivative gives rise to 
one further doubling, resulting in 16 species in four space-time dimensions. 

In one dimension Susskind (1977) found a simple remedy to the doubling 
problem, namely, a field redefinition that diagonalizes the Hamiltonian in 
coordinate space. Let N be even and define 

V-x = ( 7 0 7 1 ) ^ . (3.11) 

Then 

^ = ^ E ^(V-i+i - V£_i) + E m^'A-T- (3-12) 
x=0 x=0 
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This is the sum of two identical Hamiltonians, one for the upper and one for 
the lower component of the spinor. If we select only the upper component 
Xx = V'xi! then we have the one-component Hamiltonian, 

. J V - I N-i 
HF = ^ Y , xUxx+i ~ Xx-i) + £ mxiXx(-)x. (3.13) 

x=0 x=0 

The same trick can be used in higher dimensions to reduce doubling. It is 
the basis for the "staggered fermion" scheme. In momentum space, because 
(—)x = exp(iirx), the one-component Hamiltonian becomes 

"2a h ^ +N/2) ̂ m ^ x w U+w• 
(3.14) 

We have bundled the Fourier modes at k and k + N/2 into a two component 
spinor. Setting the mass to zero to make the argument, we can compare 
Eqs. (3.6) and (3.14): the first Hamiltonian has two-component zero energy 
modes at k = 0 and at k = N/2, while the latter Hamiltonian has one-
component zero energy modes at k = 0 and N/2, which we have interpreted 
as a system with a single two-component zero mode at k = 0. To do this, 
we have restricted the summation over k in Eq. (3.14) to cover only half 
the interval in Eq. (3.6). 

Cutting the number of degrees of freedom in half in this way solves 
the doubling problem, but we lose chiral symmetry in the process for the 
simple reason that the lower fermion component is no longer available for 
mixing. This impossibility of formulating a hermitian, local, chirally sym­
metric theory on the lattice without species doubling is codified in the 
Nielson-Ninomiya "no-go" theorem (Nielsen and Ninomiya, 1981c,a,b). 

3.2 Hamiltonian with gauge fields 

We now want to add gauge fields and consider interactions. We want to 
find a lattice-regularized version of the Schwinger model, a single fermion 
in one spatial dimension coupled to a U(l) gauge field. The continuum 
Hamiltonian in temporal gauge is 

H = dx < -E\{x) + ^(x)7i -i— + gAi(x) ip{x) + mij(x)tp{x) I . 

(3.15) 
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The vector potential in the spatial direction is Ai(x), and Ei(x) is the 
electric field. In temporal gauge the time component of the vector potential 
is fixed to be zero. The canonically conjugate variables Ei(x) and Ai(x) 
satisfy the commutation relation 

[A1(x),E1(x')]=i5(x-xf). (3.16) 

The electric field is coupled to the fermionic charge density p through the 
Gauss' law constraint V • E = p or dE\{x)/dx = p. We will define the 
charge density carefully, below. 

Passing to the lattice involves replacing the derivative by a lattice dif­
ference (as we have already done) while maintaining local gauge invariance. 
The lattice fermion is tpx = s/a%}){ax). A local gauge transformation is a 
local change of phase of r/>: 

Vfe - > eiX*i>x. (3.17) 

Thus in the finite difference, a term like 'i/'xV'x+i w m pick up a phase 
exp[i(Ax — Ax')]. We compensate for this change by replacing the vec­
tor potential by a variable that lives on the link between the points x and 
x + l, 

gaAi(ax)-+6x (3.18) 

where 8X £ [0,2n] and define the local gauge transformation to be 

i>x -» ea*Vx (3.19) 

@x ~* ®x — Ax+i + Ax. (3.20) 

Then the combinations ipx exp(i8x)ipx+i and 4>x+i exp(—iOx)ipx are gauge 
invariant. It is also convenient to rescale the electric field into 

E^ax) = gl(x). (3.21) 

The lattice Hamiltonian is then 

1 N-i . N-I 
H = 2g2a E ^ f E [&eW*7Uk+i - VWie-'SiV'x] (3.22) 

x=0 x=0 
N-l 

+ ^2 mi>x^x. 
x=0 

The new gauge variables obey the commutation relation 

[0x,ex>] = iSXiX>. (3.23) 
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We assume periodicity in the links: ^_i = £N-I- Since all quantities have 
period 2n in the link angle 9X, £x must have only integer quantum numbers, 
in analogy with a quantized angular momentum. 

Temporal gauge also requires that physical states satisfy Gauss' law: 

4 - 4 - i = Px =•• i>li>x • • (3.24) 

That is to say, the total flux leaving a site must equal the total charge on 
that site. The notation :: represents a suitably chosen normal ordering. 
Our periodic boundary condition on the electric flux then requires that 
the net charge be zero. We usually adjust the charge so that the vacuum 
is neutral. In perturbation theory the vacuum is the state obtained by 
occupying all the negative energy states. With two-component fermions 
the average vacuum occupation has one fermion per lattice site. So if we 
define 

px =: i>li>x := V4V>* ~ 1, (3-25) 

the vacuum is neutral. In atomic lattices the vacuum state consists of a 
half-filled band with static ions of charge — 1 on each site. 

3.3 Feynman p a t h integral 

For numerical simulation it is desirable to reformulate the quantum the­
ory in terms of ordinary numbers. The Hamiltonian formalism works with 
noncommuting operators, of course, so it is less amenable to direct compu­
tation. Feynman showed that the quantum partition function 

Z(/3)=Trexp(-/3J/) (3.26) 

for bosons can be written as an integral involving ordinary numbers. As 
we will see, for fermions the integration involves anticommuting Grassmann 
variables, which might also present a computational challenge. Fortunately, 
for the models we are concerned with, that integration can be done by hand, 
leaving only ordinary numbers. 

Of course, we are not merely interested in a partition function. We want 
to calculate particle masses, decay constants, and a host of other physically 
important observables. All such quantities start from the expectation value 
of a quantum observable O: 

(O) = Tr[Oexp{-0H)]/Z{0). (3.27) 
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The Feynman technique allows us to compute both numerator and denom­
inator from a multidimensional integral over ordinary numbers. 

The steps leading to the Feynman path integration are particularly 
transparent for a lattice Hamiltonian. We begin by considering the nonin-
teracting gauge field and fermions separately and finally give the result for 
the interacting theory. 

3.3.1 Pure gauge theory 

The Hamiltonian for the one-dimensional pure gauge theory is 

N-l 
HG = ~92a J2 % (3-28) 

Z x = l 

and with no matter charges, physical states must satisfy tx — tx-\ = 0 . 
Periodicity requires £_i = £N-I- That makes this a very simple system. In 
the eigenbasis of £x the electric flux is a constant integer £ throughout. 

The partition function is trivially calculated: 

ZG(0)=Trexp(-0HG)= ] T exp (~g2a^N) . (3.29) 
fc-oo V l J 

This was too easy. Let's recalculate the partition function following 
steps that generalize to the interacting case and higher dimensions. 

We recall that the time evolution operator for a time-independent 
Hamiltonian is exp(iHt). So the partition function is the trace of the time 
evolution operator over an imaginary (often called Euclidean) time interval 
t = 10. We break this imaginary time interval into small intervals AT SO 
that M A T = P and write 

ZG(p)=TiTM (3.30) 

where T = exp(—HQAT). The operator T is called a transfer matrix. 
Acting on a state in the Hilbert space, it evolves the state through an 
imaginary time interval A T . 

The trace is conventionally done on the basis in which the 6X are diag­
onal. However, such a state vector does not automatically satisfy Gauss' 
law. We introduce the law-enforcing projection operator 

P=T[ - ^ e x p [ i ( 4 - 4 - i K ] . (3.31) 
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Then the trace over physical states is obtained by integrating freely over 
the set of all {6X} as follows: 

. N-i 

Z(P) = [T[de* W*}\ *XP(-PHG)P \{6X}). (3.32) 

The projection P commutes with HQ SO 

Z(0) = Tr (TP) M . (3.33) 

We write the matrix product on the 6X basis. There are M factors and a 
trace, requiring that we distinguish M sets of variables of integration. We 
do this with an extra subscript 6XyT for r = 0 , . . . , M — 1. We have, then, 

Z(P) = / I I M'-M-l I I M*M-2 • • • I I <tfx,0 (Ro}l TP |{0*,M-l}> 
X X X 

{{9X,M-I}\TP\{6X,M-2}) • • • ({8*,i}\TP\{6x,o}). (3.34) 

To evaluate the factors in the integrand from (3.28) and (3.31), we first 
evaluate 

J = ( K } | e x p ( - | ^ e x p ^ i w x ( 4 - 4 - i ) \{9X}) (3.35) 

for e = g2aAr and postpone the integration over the {u>x}- The translation 
operator exp(iu>£x) shifts 6X to 9X — u>. Thus 

J = <K} |exp (-i J ^ A |K '} ) = J } ( K l l e x p (-Ul) \m) 
\ x=0 ) x=0 

(3.36) 
where the shifted angles are 

% = 6X - wx + wx+i. (3.37) 

for x = 0 , . . . , N — 1 and UJN = ^o- Each factor in J is similar to the 
standard quantum mechanical Green's function for a free nonrelativistic 
particle, except that the time interval is imaginary and the result must be 
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periodic in the coordinate 6. The evaluation is done for small e as follows: 

<0x|exp ( - | ^ ) \#l) = y/£Te(6'x\ j™ d9 exp[Mx6 - 62/2e] |6£> 

oo 

= Vine ^2 exp [ - (<?; -0" + 27rn)2/2e]] (3.38) 
n= — oo 

~ \ ^ ^ e x p | i [ c o s ( ^ - C ) - l ] } -

In the second step we used the translation property again and the identity 

CO 

W + *>= E SM-%-0 + 2™). (3.39) 
n= — oo 

The third step is valid in the limit of small e (continuum limit). 
So, up to an irrelevant constant factor, the matrix element we need is 

J ~ eXP I ~^A7 S tcos^- - ^ + ̂  - w-+i) " !) | . (3-4°) 

and, finally, the partition function is 

/

A f - l J V - 1 

J ] [ ] d9x,Tdojx,T exp(-SG) (3.41) 
T=0 X=0 

where 

M - 1 J V - 1 

SG = - 5 - ^ - ^ ^ [ 1 - cos(0x, r+i - 0X,T + wx,r - OJX+1,T)} . (3.42) 
" T

 T=0 x=0 

The trace requires periodicity in r: #XM = #x0-
This important result (3.41) is the Feynman path integral with the 

Wilson action (3.42) for a 17(1) gauge field in one space and one Euclidean 
time dimension. The angle variables 6xr and wx>T correspond to the space 
and time components of the vector potential: 

Qxr = gaAi(ax,TAr) (3.43) 

wXtT = gATAo(ax,TAr). (3.44) 

The angle variables are associated with links on a space-time lattice as 
shown in Fig. 3.1. It is often convenient to represent the lattice link vari­
ables by the corresponding U(l) group elements, Ux(x,t) = exp(i0X]T) and 
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Ut(x,t) = exp(iu>XtT). Then the action is 

M-1N-1 

y
 r = 0 x=0 

(3.45) 

where the plaquette variable, 

UXT,oi = exp(iwx,T) exp(z0x,T+i) exp(- iw x + i , r) exp(-z0XiT), (3.46) 

is the product of the U(l) link variables encountered in a circuit around a 
unit lattice square (plaquette) with a corner at x, r and the other corners 
in a positive direction from there. The links are oriented according to the 
arrows in Fig. 3.1. When a link is traversed backwards we take the complex 
conjugate. 

1 1 

002 
• 

0oi 

w10 

0oo 

©12 
1 

©12 

0n 
• 

w20 

0oi 

• 

1 

T = 2 

»01 

x = l 

w00 

x = 0 
x = 0 x = l x = 2 

Fig. 3.1 Space-time lattice. 

We make some important observations about this result: 

• In the formal continuum limit gAr —» 0 and ga —> 0 with AQ and 
A\ fixed, the action becomes 

r& 
SG ~ dx0 / dr-

with F^v = dMA„ - d„A^. 

F2 

4 ^ (3.47) 



Path integration 43 

• The action SG is a Euclidean (imaginary time) classical action on 
a periodic space-time. Imaginary time is inherited from the quan­
tum thermal partition function. Periodicity in time comes from 
the trace that defines the partition function. The extent of the 
time domain defines the inverse temperature /?. Zero temperature 
corresponds to an infinite imaginary time extent. 

• Periodicity in space is a feature of the model and could be replaced 
by other boundary conditions. 

• The integration is over all classical values of the vector potential. 
This is called a "path integration", since a particular point in the 
space of integration variables describes a possible evolution (in dis­
crete steps) of the classical vector potential through the imaginary 
time domain. 

• A general (7(1) gauge transformation is specified by a (7(1) field 
exp(iAX|T) on the lattice sites. The gauge links transform according 
to 

ei"x,r _> e t A I , T e i e I l T e - i A I , T + i ) ( 3 _ 4 9 ) 

where AX,T = XX+N,T = ^X,T+M- The action SG is invariant under 
such a transformation. 

• Although we started in temporal gauge, we ended with a path 
integration over all possible gauges. This freedom came from the 
temporal gauge projection operator that was needed to enforce 
Gauss's law. The auxiliary variable u)XtT in that projection took 
on a new significance as the missing time component of the vector 
potential. 

3.3.2 Generalization to SU(3) pure gauge theory 

It is straightforward to generalize the result of the previous section to higher 
dimensions and other gauge groups. We do not take space here to derive 
everything from a Hamiltonian formalism. Instead we start from the lattice 
action (3.45). 

In three spatial dimensions and one time dimension we define a sym­
metrical four-dimensional hypercubic lattice with lattice constant a. Each 
lattice site is labeled by a Cartesian four-vector x = (x, r ) and has four links 
connecting nearest neighbors in the four positive coordinate directions. Let 
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these four directions be denoted by unit vectors ft for fi = 0 , 1 , . . . , 3. We 
put an 5(7(3) link matrix (7X,M on the link between sites x and x + fi. 

The 5(7(3) link field is related to the color vector potential field Ax MAC 

through 

*7*,£ = exp(igaAc
x^Xc) (3.50) 

where Ac for c = 1 , . . . , 8 are the eight generators of 5(7(3) and g is the 
gauge coupling constant. 

Wilson's generalization to 5(7(3) (or any other gauge group) replaces 
the product of (7(1) variables by the trace of a product of 5(7(3) matrices: 

£4,M„ = Tr (u^Ux+^Ul+^UlJ) . (3.51) 

Here x refers to the four-coordinate. The (7(1) complex conjugate has been 
replaced by the matrix hermitian conjugate. 

In two dimensions we have only the 01 plane. In higher dimensions 
we need to distinguish the plane of the plaquette. The coupling constant 
becomes dimensionless in three dimensions and we have a prefactor propor­
tional to l/(g2Ar/a). It is customary to set A T = a. Then the full 5(7(3) 
action in conventional normalization becomes 

SG-SUW 4 E E * 1 - ReC/̂ ,/3) • (3-52) 

To complete the leap to lattice 5(7(3) Yang-Mills theory we replace the 
(7(1) integration measure by the invariant 5(7(3) Haar measure: 

Z(J3) = f J]dUx<li exp(-SG-su(3))- (3.53) 

This choice completes all the requirements for gauge invariance. A gauge 
transformation is specified by an 5(7(3) matrix field Wx on the lattice sites. 
An 5(7(3) link variable transforms according to 

UXlli -» WxUXlllWl+fi. (3.54) 

By definition the Haar measure is invariant under such a transformation. 
We leave as an easy exercise for the student to show that the action is also 
invariant. 
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In the formal continuum limit a —> 0 the lattice action becomes the 
continuum Yang-Mills action: 

SG-SU(3)^J drJd^(F^)2, (3.55) 

where 

K» = d ^ ~ d»Al + dfabcA^Al (3.56) 

3.3.3 Static quark potential 

In this section we show how to determine the potential between two point 
charges in U(l) gauge theory and indicate its generalization to SU(3). 

3.3.3.1 Polyakov loops and potential energy of point charges 

First, we consider how to introduce a point source in the two-dimensional 
U(l) theory. Because of our periodic spatial boundary condition, we have 
to introduce charges in positive-negative pairs. A positive point charge 
of unit strength at coordinate x = x\ and negative charge at X2 modifies 
Gauss' law according to 

**x *-x — 1 = = Ox,x\ 0x,X2' yo.O I ) 

Now consider what this small change does to our derivation of the Feynman 
path integral. The projection operator (3.31) must be rewritten as 

P(xi,x2)= / < TT —— expfi(4 - 4 - i V x ] }exp(iwXl)exp(-iu>X2). Jo U=o 27r J 
(3.58) 

We have acquired two extra phase factors because of the point charge con­
tribution. 

Proceeding as before to the path integral, but with the modified projec­
tion operator, we obtain the partition function in the presence of the point 
charges: 

/

M - l i V - l 
]J H d0x,Tdwx,T exp(-SG)V(x1)V*(x2) (3.59) 
„—n «.—n T = 0 x=0 
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where the Polyakov loop observable is 

M - l 

V(x) = J J exp(icjXtT). (3.60) 
r=0 

To generalize to SU(3) pure gauge theory in three spatial dimensions, 
replace the 1/(1) point charges by spatially fixed color sources in the fun­
damental representation of the gauge group (fixed quarks). The Polyakov 
loop variable becomes 

M - l 

V{x) = Tr J ] UX,T. (3.61) 

This result leads us to our first interesting physical observable. The 
free energy of separation of two point charges at inverse temperature 0 is 
obtained from the ratio 

exp[-/3f1(x1,x2)] = Z(P,Xl,x2)/Z(p). (3.62) 

If we take the zero temperature limit (3 —> oo we obtain the potential energy 
between two static quarks. 

3.3.3.2 Wilson loops and point charge potential 

Wilson used a different approach to obtain the same quantity. He consid­
ered, instead, the process of creating a static pair of charges at imaginary 
time n and then annihilating them at time T2-

Such a process is a special case of the general thermal propagator ex­
pectation value as defined by (3.27): 

C(T2,n) = (Ar2BTl). (3.63) 

Here the operators are time dependent. We make the time dependence ex­
plicit by going from the Heisenberg to the Schrodinger picture in imaginary 
time as follows: 

OT = eTHOe~TH. (3.64) 

So the thermal propagator becomes 

C(r 2 , r i ) = Tv{el-f>+n)HAe{-T2+Tl)HBe-TlH\ /Z[fi). (3.65) 
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In the eigenbasis of the Hamiltonian, the result is reexpressed as 

C(T2,TI) = J2e(-/}+T2-Tl)En (n\ A\m)e(-^+n)£m ( T O | B | n ) / ^ e - " B » . 
n n 

(3.66) 
If there is a gap between the vacuum and first excited state, this expression 
simplifies in the limit of low temperature and large time separation |T2 — Ti |: 

C(T2,n) = (0\A\l)(l\B\0)e(-r2+Tl)(E*-Eo) (3.67) 

where the state |1) is the lowest state reached from the vacuum by both 
operators. 

A measurement of the exponential decay of the propagator correlation 
function C ( T 2 , T I ) gives the excitation energy. This is the standard method 
for determining hadron masses. 

We return, now, to the operator that creates a pair of static charges. 
We first consider the U(l) theory. As we have seen, the creation of a pair 
of charges changes Gauss' law. Consistency then requires that when we 
create the pair of charges, we must also create the accompanying electric 
flux. The operator that increases the flux on a single link by one unit is 
the U(l) link variable: 

e ie- |4> = | 4 + 1) • (3.68) 

So the operator that increases the flux by one unit on all links between the 
two charges is 

X2 — 1 

L= Yl ei9x- (3-69) 
X=Xl 

Likewise the operator L* decreases the flux by one unit. We must use the 
modified form of Gauss' law while the charges are present. 

The Wilson loop is defined as the correlator 

(W) = (L*T2LT1P) = (L*T2P(x1,x2)LTl) . (3.70) 

The path integral representation becomes 

/

M - l N-l 

Y[ Y[d0XTdLJ„ exp(-SG)W(xi,n,x2,Ts)/Z (3.71) 
r=0 x=0 
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where 

X2 —1 T2 — 1 X2 — 1 T2 — 1 

W(xi ,Ti ,a ;2 ,^ )= I I ei6x'T1 I I eiU,I2'T I I e -**-^ J J e ^ ^ . 
X=Xl T=Tl X=Xl T=Tl 

(3.72) 
This observable is a generalization of the plaquette operator. The path 
traversed is a rectangle with opposite corners at (XI,T\) and (2:2,72). 

The generalization of this result to 5(7(3) is straightforward. The prod­
uct of (7(1) links is replaced by a product of 51/(3) link matrices arranged 
in the order the links are traversed, and we take a trace over color. Both 
operators are gauge invariant under their respective gauge transformations. 

3.4 Free fermions 

We turn now to the fermion sector without the gauge field. The Hamilto-
nian formulation uses creation and annihilation operators. The correspond­
ing path integral formulation requires Grassmann numbers. So we digress 
with a brief introduction to Grassmann calculus. 

3.4.1 Grassmann calculus 

Let 771,..., r]n be a set of independent Grassmann numbers. They satisfy 

ViVk + VkVi = {Vi, Vk} = 0 (3.73) 

so that rjf = 0. A function of these variables can be expressed as a Taylor 
series, but the series terminates: 

f(n) = a+^2biVi+^2cijViVj+ ^2 diJkViVjVk+- • • +ZV1V2 •••Vn- (3.74) 
i i<j i<j<k 

If / is a c-number-valued function, the even coefficients a, Cij, etc. are 
c-numbers and the odd coefficients bi, dijk, etc., are independent Grass-
man numbers. Left partial differentiation with respect to the Grassmann 
numbers is denned as follows: 

-^—Vi = Sij ; ^— a = 0 (3.75) 
dVj dr]k 

-—rjiTjj = SikVj ~ SjkVi- (3-76) 
OVk 
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Note that the Grassman derivative anticommutes with an independent 
Grassmann number. Grassmann integration is the same as Grassmann 
differentiation, but for notational reasons it has been given a separate sym­
bol: 

/ dr} = 0 ; / drii r)j = 6tj (3.77) 

/ drjk rjnij = Sikr]j - 6jkr)i. (3.78) 

The Grassmann delta function is 

S(V -r,') = r,-r,' (3.79) 

so that 

Jdr,f(ri)8(ri-Tf) = f(rf) (3.80) 

where f{rj) is a c-number valued function independent of rj'. This result is 
easily demonstrated from a Taylor expansion of f(rj). 

An important property of Grassmann integration is that if 771,..., r?„ 
and T7i,..., T/* are 2n independent Grassmann numbers and if M is an 
n-dimensional square matrix, 

[{drfdrj) exp(-77tMr7) = det M (3.81) 

where 

[drfdq] = [drildm ... dr,*ndr]n}. (3.82) 

Please note that r)£ does not mean the complex conjugate of rjk\ These 
labels characterize a second set of fermionic variables, which are written 
this way for notational convenience. The notation rf means the transpose 
of 77*. As we will see, this identity is used to carry out the Grassmann path 
integration completely, leaving only an integration over ordinary numbers. 
An important related identity states that 

/ [drfdri\7]jrfk exp(-r)fMr]) = (M_ 1) j f c det M, (3.83) 

which we need to evaluate operator correlations involving fermions. We 
also have 

J WW eM-JMrj) exp (xt?? + ^ = e x p ( X t M - x ) det M. (3.84) 
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We next turn to the fermion Fock space. We use Grassmann numbers to 
parameterize the Fock basis. This is done through Fermi-coherent states, 
defined as follows. Let 77 be a Grassmann number and <f> and ft be fermion 
annihilation and creation operators. Let |0) be the vacuum state defined 
so that 

0 |O)=O. (3.85) 

Then define the state vector 

\r)) = exp^r?) |0) = (1 + ftr,) |0> • (3.86) 

This is a vector in an enlarged Hilbert space in which the coefficients of the 
vectors can be Grassmann numbers. This vector is "coherent" in the same 
sense as a bosonic coherent state. It is an eigenstate of the annihilation 
operator with eigenvalue rj: 

4\V)=V\V)- (3-87) 

This result follows trivially from the definition. The dual vector is 

<77| = <0| eXp(77*0) = <0| (1 + 77*0) (3.88) 

where 77* is independent of 77. We can then compute the inner product of 
two vectors: 

(r?^') = 1 + V*V' = exp(r/* 7/). (3.89) 

Finally, we have the completeness relation 

1 = fdr]*dr]\T])(r]\exp{-r]*r]) (3.90) 

and the trace relation for an operator O on the Fock space 

Tr£> = - J dr]*dr] (rj\ O |T?) expfa'Tj). (3.91) 

Notice the sign change in the exponent compared with the sign in the 
completeness relation. 

3.4.2 Grassmann path integral for a two-level system 

We now consider the simplest fermion theory, namely, a two-level system 
with Hamiltonian 

HF = mftt, (3.92) 
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where $ and <f> are fermion creation and annihilation operators. The two-
level Fock space consists of the vacuum, which we take to have zero energy, 
and a single excited state of energy m of maximum occupation 1. Direct 
substitution into the trace gives the partition function 

Z(f3) = Tr exp(-/?tfF) = 1 + exp(-0m). (3.93) 

To generalize this result to QCD it is convenient to derive a Grassmann 
functional integral representation. Proceeding in analogy with the pure 
C/(l) gauge theory we write the partition function as 

Z(/3) = TrT M (3.94) 

where M A r = ft and the transfer matrix is 

T = exp ( - i J F Ar) . (3.95) 

Using the trace and completeness relations for the Grassmann coherent 
states (3.90, 3.91) we obtain 

Z(0) = J dV*Mdr,Mdv*M-idVM-i • • • drfidrn e ^ " 0 (3.96) 

(VM\T\VM-I) e-*"-^-1
 (T/M-II • • • \m)e-"1*"1 (Vi\T\m). 

where T]M = — r]o, as required to produce the trace. This trace requirement 
is the origin of the fermion antiperiodic boundary condition in Euclidean 
time. 

We evaluate the matrix element of T in two steps. First, it is easy to 
show that 

exp(-m<?!>+0Ai-) \rf) = \e'm^Tr}) . (3.97) 

The transfer matrix element is then just the inner product of this result 
with the dual state 

(v'\ T \r)) = (rf \e-mATr)} = exp ( r / V ~ m A T ) • (3-98) 

Therefore 

Z(J3)= f[dr]*dr]]exp(-SF), (3.99) 

file:///vm-i
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where [dr]*dr]} = drj^drjo ... d^ - i<%*- !> 

M - l 

SF= J2 VI'MFT'TVT, (3-100) 
T , T ' = 0 

and the fermion matrix is 

MFT'T = ST'r ~ S?,+hTe-mAT. (3.101) 

The antiperiodic Kronecker symbol SF is the ordinary Kronecker symbol 
on the interval r, r ' £ [0, M — 1] and otherwise satisfies 

€,r+kM = H * # , T (3.102) 

for integer k. 
Prom (3.81) and a direct evaluation of the determinant we can evaluate 

the partition function exactly: 

Z(/3) = det MF = 1 + exp(-/?m). (3.103) 

For small A T the action SF becomes the continuum action for this 
problem: 

SF ~ f dTT)*{r) (-^ + m\ T]{T) (3.104) 

with r)((3) = -r?(0) and 77* (/3) = -77*(0). 

3.4.3 Fermion propagator 

It is instructive to evaluate the Euclidean (thermal) fermion propagator for 
the simple two-level fermion theory. In Hamiltonian language it is 

G ( r 2 - r 1 ) = ^ ( r 2 )0 t ( r 1 )> . (3.105) 

where the Euclidean time dependence of any operator O is given by (3.64) 
with H = Hp, and () is the thermal expectation value. Thus, 

G(r2 - n ) = Tr [ e - ^ t o ^ T i ) ] /Tr e'0HF. (3.106) 

Therefore 

G(T2 - Ti) = TV L-^-r,)Hp<i)e-lvt-r1)HF^e-TlHF'] / ^ e~0HF (3 1 0 7 ) 
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In this trivial model the propagator can be calculated immediately in the 
two-level Fock space basis, with the result 

G(T2 - n ) = 0(r2 - n ) exp[-m(r2 - T I ) A T ] / [ 1 + exp(-/3m)] (3.108) 

To deal with cases that cannot be solved so easily in closed form, we 
need to reexpress the thermal expectation value as a Grassmann functional 
integral. This is easily done following the same steps as before. The only 
difference is the appearance of 

(r)'\ $T |T?) = 7)'* exp(77'*77e-mAT) (3.109) 

(V'\T<l>\r,)=eMv'*Ve-mAT)rh 

Therefore 

G(T2 - n ) = J[dr,*dr,}r,T2rj*Tl exp(-Sf)/Z(0), (3.110) 

which, from the identities (3.81) and (3.83) is 

G ( r 2 - n ) = M ^ 2 T i . (3.111) 

for T2 > T\. This result generalizes to more complicated actions. The 
fermion propagator is just the inverse of the fermion matrix. 

To evaluate the inverse of the matrix is trivial if we diagonalize it first, 
using a discrete Fourier transform, 

M - l 
I 1 V - e2niu,T/M ( 3_ n 2 x 

T=Q 

for w = 1/2,3/2, . . . , M — 1/2. These values of omega give the required 
antiperiodicity in Euclidean time. On this basis the fermion matrix is just 

MFw = 1 - exp( -mAr + 2TUW/M) (3.113) 

so in the Euclidean time basis 

_ i ! ^ 2 e 27r i W ( r ' - r ) /M 

MF,T'T =M 2s l _ exp(-mAT + 2TTIUJ/M) ' ( 3 " U 4 ^ 

The sum can be carried out via contour integration in z = e
2ni"/M. There 

is one pole at E = 2mu)/(3 = m. Thus the dispersion relation is trivial, as 
we would expect. The result of the summation is (3.108). 
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3.4.4 Path integral with particles and antiparticles 

For the more interesting relativistic case, we need to include antiparticles. 
So we consider the simple Hamiltonian 

H = mipip = mtp'+ip+ —mij)_ip^, (3.115) 

where ijj and ip are the two-component spinors introduced in Sec. 3.1.1 for 
the lattice Schwinger model, but for now living on only one spatial site. The 
lowest energy state (conventionally the vacuum) has an occupied negative 
energy level. The operator ip- is then interpreted as a creation operator for 
a hole state (antiparticle) and ip_ as the antiparticle annihilation operator. 
The vacuum is assigned zero energy by normal ordering the Hamiltonian 
with respect to the newly denned creation and annihilation operators, 

H =:m,ipip :=mtp\.ip++mtpc+ijjc+- (3.116) 

The operators P± = (1 ± 7o)/2 project out the particle and antiparticle 
states. It is convenient to define particle-antiparticle Grassmann coherent 
states in terms of these projection operators as follows: 

\r]fj) = expi^P+r) + fjP-ip) |0) (3.117) 

where 

v=(m) ^ = (7?1*'_7?2*)- (3-118) 

The corresponding dual vector is 

(rflj\ = (0| exp{r)P_iP + ipP+T]). (3.119) 

The inner product is easily shown to be 

(V'f? \m) = expifj'P+r] + fjP-v')- (3-120) 

The completeness relation is 

1 = / dfjdrj \rjfj) (rifj\exp(—fjr)). (3.121) 

where df\dr] = d'qldrid^dr]^- The time evolution of the state is then given 

by 

e~HAT \rfij) = \e~mr1e-'mf)) . (3.122) 

file:///rjfj
file:///rfij
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For future reference, we need the analogous identity involving the charge 
density (3.25): 

e^P \rfij) = le^rje-^fj) . (3.123) 

It is then easy to get the transfer matrix element 

(ri'fj'\e-HAT \rfij) = exp [e~m A T (fj'P+r] + fjP-rf)] . (3.124) 

Thus the partition function is 

Z(/3) = [[dfjdri] exp(-SF) (3.125) 

where 

M - l 

SF= Y, VT<MFT/TriT, (3.126) 
T , T ' = 0 

and 

M J ? T ' T = <>T'T - or,)T+1—-—e - O T ' + I , T — 2 — ' W - 1 2 ' ) 

In the continuum limit the action becomes 

SF ~ A dr?7(r) ( 7 0 ^ : + ^ ) J;(T). (3.128) 

Again the lattice fermion matrix can be diagonalized in the time coordinate 
through a Fourier transform, leading to 

MFw = l -P + exp(- roAT+27r iw/M)-P_exp(- roAT-27nw/M). (3.129) 

As before we identify the real energy E = 2iviw//3. The determinant van­
ishes for E = ± m as expected. The projection operators in (3.127) assure 
that the particle of positive energy moves forward in time and the particle 
of negative energy moves backward, which we interpret as an antiparticle 
moving forward. 

A simpler action with the same continuum limit is 

M'FT,T = 5T,T sinh(mAr) + \^e-m^T [ # + l i T - # , T + 1 ] . (3.130) 

But this action suffers from species doubling. It has two particle and two 
antiparticle states. This is easily seen by carrying out the Fourier transform 
and examining the energies that give a vanishing determinant. It is easy to 
show that the condition is s inh(^Ar) /Ar = ± sinh(mAr). For the particle 

file:///rfij
file:///rfij
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state (plus sign) there are two choices relating the energy to the discrete 
frequency, namely E = 2iriu>//3 = m and E — 2TTILJ/P + in/AT = — m. 

3.4.5 Generalization to higher dimensions 

This simple example captures most of the important technology of fermion 
functional integration. A quick generalization to higher dimensions starts 
from the lattice functional integral, rather than the Hamiltonian. So in 
three spatial dimensions and one time dimension on a hypercubic lattice 
with spacing a, a relativistic free fermion of mass m could be described by 
the partition function 

Z(p) = A#*dV] exp ( -5 F ) , (3.131) 

where 

SF = Y1^'MF,X',X^X, (3.132) 

and where we might take the simplest discretization 

1 3 

MF = Ya Z ) (<#+/>,* - <#-£,*) % + Sx;xm. (3.133) 

The four-dimensional hermitian Euclidean gamma matrices are related to 
the conventional Minkowski gamma matrices through 70 = 70 and jj = 
—i"1j for j = 1,2,3. In the formal continuum limit the action becomes the 
familiar continuum Euclidean Dirac action 

SF ~ f d^x^id^ + m)i>{x). (3.134) 

Here ipx and ij)x are independent four-component Grassmann fields. The 
lattice dispersion relation is obtained by first diagonalizing the action with 
a Fourier transform. 

SF = J2 ^(P) I W M + m] 4>(p). (3.135) 
p 
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where p^ = sin(pMa)/a. The zeros of the determinant det(pM7M + m) as a 
function of po = iE at fixed p give the dispersion relation: 

3 

Y^ [sin(Pia)2/a2] + m2 . (3.136) 
t = i 

In the limit a —> 0 we recover the familiar relativistic relation E = 

± \ / p 2 +rn2-
The central difference representation of the derivative is needed here 

to assure a real dispersion relation. This free relativistic fermion action is 
called "naive", because it is straight forward, but suffers severely from the 
fermion doubling problem - there are 16 equivalent fermion states of mass 
m. We return to this problem and its cures in Ch. 6. 

3.5 The interacting theory 

3.5.1 Functional integral representation for the lattice 
Schwinger model 

The previous sections showed how to construct a functional integral repre­
sentation of the partition function for a free gauge field and a free fermion 
field. We are now ready to combine these ingredients to obtain the func­
tional integral representation for the interacting theory. We first return to 
the lattice Schwinger model (3.22). 

There are a few new features. First, the Gauss' Law projection operator 
(3.31) must now include the fermion charge density: 

N~1 r2n du P = I I / -TT- ™vWx - 4-1 - p*K]. (3.137) 

where px is given by (3.25). We need the particle-antiparticle coherent 
states of Sec. 3.4.4 with two components for every spatial site |{»?}{77}). So 
we have the relations 

P+**\{ri)m = P+rix\{n){n}) 
i>xP„ \{V}{fj}) = VxP- \{v}{fj}) (3-138) 

<{v}{v}\$xP+= (iv}{fi}\vxP+ 

({v}{v}\p-^ = m{fj}\p-vx-

smh.(Ea)/a •• 
: \ 
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These identities are useful for evaluating matrix elements, as for example, 

(W){ff}\MP+ + P-)-ni>x+i IW'Hv"}) = 
(WHffMP+lirh+i + f&P-lirfUi IW'HV"}), (3-139) 

where we have used P±~fi = 71-Pf. States are then labeled by both the 
Grassmann variables and the link angles 6X. The evaluation of the func­
tional integral follows the same steps as for the free fermion and pure gauge 
case. We need to evaluate the transfer matrix element 

(W},{O'}\e-HATP\{v)}{0}. (3.140) 

As in the pure gauge case we substitute the integral expression for the 
projection operator (3.137) and postpone integration over {LJ}. As before 
those angles are proportional to the time component of the vector potential. 
The integrand of the projection operator in (3.137) shifts the link angles 6 
in exactly the same way as in the pure gauge case. The action of the new 
factors exp(iu>xpx) on the state follow (3.123): 

J7 e x p ( ^ x ) \{V}{fj}) = \W'}{fj"}) (3.141) 
x=0 

where r)x = exp(iux)r]x and fjx = exp(-iu>x)fjx. 
We are left with the matrix element 

J = (WW), {e'}\e~H^ \W'}{fi}"{0"}) • (3-142) 

An exact evaluation is complicated by the fact that the Hamiltonian now 
involves noncommuting terms. For our purposes we seek a result that agrees 
with the transfer matrix element in the limit of small A T . So we are allowed 
to discard terms of order A T 2 for which noncommutation matters. In this 
spirit we obtain 

J ~ exp[-SG - ^ E (tP+e^riUi + €P-e"'lviUi 
x=0 

- f}>x+1P+e-ie*llV'x ~ ff^P-e-n-nrfi) 
N-l 

+ (1 - rnAr £ {rfxP+r£ + ffcP+ri))] (3.143) 

SG = TOf £ I1 - c o s ^ - **)] (3-144) 
y x=0 
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where we have dropped some irrelevant normalization constants. So we 
have, finally 

Z(/?)~ f[dud9]exp(-S) (3.145) 

where 

S = SG+ ] T f}x>T<Mx.T>,XTr]XT, (3.146) 
X' ,r' ,x,r 

SG is given by (3.42), and 

MX.T,,XT = <SX,X(1 + mAr) (P+e ia^c5 r,,T+i + P-e"*""JT,T»+i) 

- ^ 7 1 ( W , * e * " - ^ + i , x ' e - w " ) ST.,T. (3.147) 

The action, like the Hamiltonian, describes two fermion species. With the 
reduction of (3.13) we would have only one species. 

The action is invariant under the gauge transformation (3.20) together 
with 

VxT -> eiX^rjXT (3.148) 

TjXT > 6 ^ I T -

The continuum limit of the action is found by making the replacements 
(3.44) and r\XT = y/ax{ax,T&T). It is necessary to take A r / a —• 0 and 
mAr —> 0 first and then ga —> 0 with A^ and \ fixed. Then 

hl^ii + X(%dn + igA^% + m)x (3.149) 

where the two-dimensional gamma matrices coming from (3.1) are 70 = 70 
and 71 = —171. 

The more common "naive Wilson action" has the more symmetric form 

S = SG+ Yl Vx-T'Mx'T^xrrixT (3.150) 
X',T' ,X,T 

where 

Mx'r ' .xr = \l0 [ t f r ' . r + i e - ^ - 6^ + ̂ "*'} 8X,X (3.151) 

AT 
+ - ^ - 7 1 [<5x>+i,xeie*T - 5x+itX,eie*T] &T'r 

+ mAT<5x']X<5T/T, 
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which has the same formal continuum limit, but it has four species of 
fermions. The additional species comes from eliminating the projection 
operators in the time derivative as discussed in Sec. 3.4.4. 

In this chapter we have shown how the Feynman path integral is ob­
tained from the lattice Hamiltonian for the Schwinger model, and we indi­
cated how the result generalizes to QCD. The resulting Euclidean lattice 
action reduces to the familiar continuum Euclidean action in the limit of 
small lattice spacing. This criterion is the basis for generalizations and 
improvements to be discussed in later chapters. As we will see, the dis-
cretized lattice action that emerges takes on a new significance as a means 
of regulating ultraviolet divergences in the continuum action. 



Chapter 4 

Renormalization and the 
renormalization group 

The renormalization group plays a central role in determining the rela­
tionship between the lattice spacing and coupling in QCD, in translating 
results obtained with lattice regularization to results obtained in other reg-
ularization schemes, and in fixing the anomalous dimensions of a variety of 
observables. In this chapter we give an brief, general overview of renormal­
ization theory with applications to the lattice. 

4.1 Blocking transformations 

Suppose that we are interested in physical phenomena at some character­
istic energy scale, and we happen to know the Lagrangian for the physical 
system at a deep fundamental level. For example, as particle physicists we 
might want to compute the properties of weak interactions at low energy, 
and we happen to know the Theory of Everything, or as atomic physicists 
we might understand the physics of electrons in atoms and be interested 
in studying Bose-condensed atomic gases. Also, we assume that we know 
that even the fundamental theory is incomplete; there is some shortest 
distance or highest momentum scale A beyond which we cannot calculate. 
The theory is then said to possess a cutoff. How can we extract information 
efficiently about low-energy-scale physics from such a fundamental theory? 

The most efficient approach is not to compute directly with the fun­
damental theory: rather, we should identify the degrees of freedom of the 
fundamental theory that are relevant to the energy scale of interest and 
work with them, "thinning out" the more fundamental degrees of freedom 
to give us a simpler, effective Lagrangian. This thinning procedure is the 
basis of the "renormalization group." 

For QCD a cutoff is required in order to regulate ultraviolet divergences. 

61 
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The renormalization group describes the asymptotic removal of the cut­
off. Critical behavior in condensed matter is characterized by an infinite 
correlation length. The renormalization group describes the long-distance 
behavior of the system at the critical point. Despite the fact that the cutoff 
in QCD is artificial and in solids, real, the mathematics is the same. So 
for simplicity, we introduce the renormalization group in the context of a 
lattice theory appropriate to a solid. 

In the statistical mechanics literature, the object in the exponential 
of the Boltzmann factor is usually called the Hamiltonian H, and Z = 
Trexp(—H). The inverse temperature is absorbed into the parameters used 
to characterize H. We will retain field theoretic vocabulary and refer to this 
quantity as the action, S. Also in statistical mechanics, the techniques we 
describe apply to equilibrium systems, so the dimensionality of the system 
is the number of spatial dimensions. For a field theory in Euclidean space, 
the dimensionality is the sum of spatial and temporal dimensions (and of 
course in Euclidean space there is no distinction between them). 

Consider a classical scalar field <j)x defined on discrete lattice points 
x and an action S(<px) in D dimensional Euclidean space. Our thinning 
procedure might be done in coordinate space: we might define a new block-
averaged field by averaging over a volume V = sD around a point x, 

<j>'x = s~D J2 <t>x- (4-1) 

The probability of finding a field configuration {<j)x} in our ensemble is 
given by Boltzmann weighting, P({<{>}) = exp[—S((p)} for some action S. 
Now write the partition function as 

Z = J[d4>x]exp[-S(4>)] (4-2) 

and introduce the blocked variable through 

Z = / W * ] N 4 ] l [ 6 1cf>'x, - s~D £ ** ) exp[-S(0)]. (4.3) 
J x' \ xevx, J 

Integrating over the original variables, we find 

Z = | [# ; , ] exp[ -S ' (« / / ) ] (4-4) 
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where 

exp[-5V)l = f\d<j>x] U
5 K ' - s~° E ^ ] exP[-'S(^)]- (4-5) 

J x' \ x€Vx, ) 

This thinning process defines a new action S'{<j>') such that P({cj>'}) = 
exp[-S> ($>)}. 

Alternatively, we could introduce a momentum cutoff A/s and divide 
the field variables <f> into low and high frequency parts, <f> = <f>fj + 4>L, where 
(j)H has A > w > A/s and <J>L has w < A/s. Thinning can be done by 
integrating over the high frequency part, 

J[d4>H][d*l>L]exp[-S(<l>L,<l>H)] = j[d4>L}exp[-S'(<l>L)} (4.6) 

with 

exp[-5'(0L)] = y \d4>H] eMS(<pL, <PH)}- (4.7) 

Either way, we can formally write the result as 

5 ' = K,S (4.8) 

where Ks is an operator that transforms the action. The subscript s re­
minds us that we have combined sD spins, or reduced the effective size 
(degrees of freedom) of the system by a scale factor s. Clearly, the blocking 
can be done again with scale factor s', or both blockings can be done in 
one step with a scale factor ss' with the same result: 

S" = K,,KsS = Kta.S. (4.9) 

Typically the actions have the form 

S(0) = 5 > S ^ ) (4.10) 
i 

where the Si are coordinate space integrals (sums) over local functions of 
the field variables and their derivatives and the gi are coupling constants. 
For example for a spin model, S(<p) = —J/kT^2xy(f)*({)y — /i/fcr^xRe</)x , 
where J/kT and h/kT are interpreted as coupling constants. In principle 
the transformation Ks preserves the form of the action. That is 
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New operators may arise in the blocking process, but they can be included 
formally in the starting action with zero couplings. In this way repeated 
blocking can lead to very complicated actions. 

It is often convenient to include a rescaling of the coordinates and fields 
with each blocking step. If, as is typically the case, the operators Si are 
homogeneous in (j) and the coordinates, the action still preserves its form 
under the combination of blocking and rescaling. Suppose that the original 
lattice spacing was b. After the blocking transformation, the new fields 
are defined on a grid of spacing sb; i.e., there are grid points with no fields 
defined on them. We rename the lattice spacing label to remove these empty 
sites. It is also convenient to redefine the blocked field with an overall scale 
factor As, so 

<f>'x, = A , $ x = a 7 , (4.12) 

and 

5>&[&,] = 2>.Si[**]. (4.13) 
i i 

Relabeling $ as <j) gives us a right hand side which looks identical to the 
original action (the fields are defined on every site), except that the cou­
plings have changed. 

We require that ASAS' = ASS', so Xs = sa for some as-yet undetermined 
exponent a. (Picking a is part of the choice of the renormalization group 
transformation.) 

In this way we can characterize an action by listing all its coupling 
constants <?*: S = S(gi,g2, • • •), and the blocking transformation of the 
action is now specified by the formal relation 

9s = Rs(g). (4.14) 

Of course, we must have the composition rule 

RS*RS<=RSS,. (4.15) 

The word "renormalization" refers to the change in size of the g^s and the 
(possible) rescaling of the ^ ' s and z's. The composition relation Eq. (4.15) 
is the equation for a semi-group (not a group - in general R has no inverse). 
The equation Eq. (4.14) is called a "renormalization group equation" for 
the couplings. 

Under a renormalization group transformation, a starting action that 
was originally specified by a small number of nonzero couplings can evolve 
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into one characterized by many couplings. We will then have to find a 
way to organize the calculation. To begin doing that, let us consider an 
artificial case where there is only one g, and under a renormalization group 
transformation the new theory is also characterized by a single gs — f(g) 
for some function / . Let's assume that the function f(g) — g has the 
behavior shown in Fig. 4.1. For g > g\ (segment A), we get gs > g. 
Here g grows under blocking, and in the limit of many blocking steps, it 
becomes infinite. This means that the long distance behavior of this theory 
is strongly coupled. If g{ > g > g% (segment B), then under repeated 
blocking, g shrinks until it reaches the point g\. If g\ > g, the coupling 
grows until it reaches g\ • This is called an "infrared attractive fixed point." 
The physics at long distance scales is described by a theory whose coupling 
constant is equal to g^. Point C, g = g{, is also a fixed point. It is called 
an "infrared repulsive" fixed point, because the long distance behavior of 
the theory is dramatically different on either side of g = g\. 

_ 2 i i I i i i i i i i i i i i LJ 

0 2 4 

g 

Fig. 4.1 A toy renormalization group flow. 

When we consider flows in higher dimensional spaces of coupling con­
stants, fixed points can be simultaneously attractive and repulsive. If we 
block by a series of small steps, we can map out "flows" or "streamlines" in 
coupling constant space showing the variation of couplings under blocking. 
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For example Fig. 4.2 shows a possible flow in a two dimensional coupling 
constant space. In this example the fixed point has one attractive direction 
and one repulsive direction. Notice that there is a line on which the flow 
converges to the fixed point: if the starting theory has coupling constants 
on that "critical" line it blocks to the same fixed point theory. With more 
couplings we could have a "critical surface." The set of all theories that 
lie in the same critical surface is called a "universality class." Typically, 
universality classes are characterized by the dimensionality of space and 
the internal symmetries of the bare actions. Thus, all three-dimensional 
isotropic ferromagnets form a universality class. 

g 2 

g l 

Fig. 4.2 A renormalization group flow with one attractive direction and one repulsive 
direction. 

Close to a fixed point, g = g* + Sg, and we can linearize the renormal­
ization group equation g3 = Rs(g) to get 

6gs = R^Sg + 0((6g)2) (4.16) 

where the constant matrix ijf' is 

(jtfW = ^ W . (4-17) 

The eigenvectors ej of R% define directions in coupling constant space for 
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which a renormalization group transformation is a pure scale change. The 
corresponding eigenvalues ps must satisfy p s / v = pss>. So p(s)j = syi. We 
expand an arbitrary displacement of the coupling as 

3 

Under a blocking transformation, Sgs = ^ . t'-e^ with £'• = t jS^ . Clearly, if 
yj > 0, ij grows with s, and the distance from the fixed point grows with 
s. If %jj < 0, the distance shrinks. The subspace of e / s with Vj <0 defines 
the critical surface near g*. 

Let us introduce some terminology. Coupling parameters t't = tiSyi that 
grow under a blocking transformation are called "relevant parameters" and 
the operators they multiply are called "relevant operators." In general, 
relevancy is only defined with respect to the fixed point. If R3 drives 
the operator away from the fixed point, it is relevant, and its value in 
the original short distance theory must be "tuned" (in particle physics 
contexts, we speak of "fine tuning") to produce critical physics. We must 
do something special to the coupling of a relevant operator in order to sit 
on the critical surface. Operators with y < 0 naturally flow into the fixed 
point. It does not matter what their values were in the original theory. 
These operators are called "irrelevant." If R% does not change the operator, 
y = 0, and the operator is called "marginal." Thus, the low energy or long 
distance behavior of systems in the same universality class can be described 
by the same set of relevant and marginal operators. 

Let's suppose that we have only one relevant operator, which we will 
label by the subscript 1. We tune the bare parameters in our theory to move 
on or off the critical surface; in fact, we can imagine that there is a single 
parameter that carries us on or off the critical surface. Again, by analogy 
with a ferromagnet, we call this single bare parameter T and suppose that 
when T = Tc we are on the critical surface. Under a renormalization group 
transformation, the distance of coupling ga from the critical surface, Sga, 
shifts: 

Sg' = Rs6g = h{T)sy'e1 + <D{sy*). (4.19) 

By definition the coefficient t\(T) vanishes at the fixed point, so we expect 
tx ~ A(T - Tc), and 

Rs5g~A(T-Tc)s^e1 + ..., (4.20) 
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or 

R*&9 ~ ( 7 ) ei (4.21) 

where we have defined £ = \A(T - Tc)\~
Vl. The parameter £ is called the 

"correlation length". 
Earlier in this section we introduced two blocking methods: coordinate 

space and momentum space. The two blocking methods are not identical, 
but we want them to be approximately consistent. So we motivate the mo­
mentum space blocking prescription by taking the Fourier transform of the 
coordinate space blocking prescription. In D dimensions with lattice spac­
ing 6 we have the following Fourier transforms of the original and blocked 
fields. The spatial volume LD is unchanged, but the lattice spacing goes 
from b to sb. In momentum space the cutoff, then, goes from A = 1/6 to 
A' = A/s, and the couplings become g[. 

<t>k = L~D/2bDJ2eikx<t>x 
X 

<P'k = L-D'Hsb)DY:eik*'4>'x, 
x' 

= L-D/2(sb)DY,eikx's~D J2 <!>*• (4 '2 2) 

For low momentum the variation of the phase over the volume Vx> is neg­
ligible and we have 

cj>'k » 4>Lik. (4.23) 

So, before we do any rescaling, the low momentum components of the field 
are unchanged under blocking. In the momentum blocking scheme Eq. (4.7) 
this relation was a definition. Next, we rescale according to Eq. (4.12). The 
spatial volume is rescaled to {L/s)D and the lattice spacing is restored to 
b. The momentum cutoff is similarly restored to A. We have 

$fc = ( L / s ) - D / 2 b D 5 ^ e i f c x * I 

X 

= bDY,eikx'/ss-a4>'x. = s-D/2~acl>'k/s. (4.24) 
X' 

So in the momentum blocking scheme, scaling is defined to be 

4>L,k = 4>'k = sa+D/2$sk. (4.25) 
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How are expectation values of observables altered in a blocking trans­
formation? It is easiest to introduce the relevant formula for the case of 
momentum blocking, Eq. (4.25). Consider a two-point Green's function 
involving the low momentum modes. From Eq. (4.25) we have 

G(k) = (|^,fc|
2)p = M | V 

= s2a+D(\<j>sk\
2)P, (4.26) 

where P and P' indicate averaging with the unblocked and blocked proba­
bility distributions. So, reinserting the implicit dependence of the correlator 
on the coupling constants, we get 

G(k,gi) = s2a+DG(sk,g!i), (4.27) 

showing that the correlator picks up an overall scale prefactor under the 
blocking. 

Let us see how this function behaves near the critical surface: 

G[k, g(T)} = s2a+DG[sk, g* + RsSg(T)} = s2a+DG[sk,g* + ( j V ex +...}. 

(4.28) 
This is true for any s as long as s is large, so in particular, we evaluate it 
for s = £, 

G[k,g(T)} = ea+DG[£k,g* + e, + 0 ( ^ 2 ) ] ~ £2 a + D<?(^). (4.29) 

We can also evaluate the expression at the fixed point T = Tc, where £ 
diverges. We keep k ^ 0 and set s — 1/k: 

G{k,g*) = k-(2a+D)G[l,g* + 0(ev*)} = k~^a+D)g(l). (4.30) 

It is customary to define a correlation length through the coordinate-
space correlator, which in free field theory is G(r) ~ exp(—r/£)/rD~2. In 
momentum space, the corresponding free field correlator is G(k) ~ l/(&2 + 
l /£2) . In the latter formula, we recognize that l /£ is the mass of the 
exchanged particle. When this mass vanishes, or when the correlations 
length diverges, G(k) shows pure power law dependence on k, G(k) ~ k~2. 
This is the same kind of behavior as shown in Eq. (4.30). This behavior 
is called "scaling." We associate scaling behavior with the presence of a 
massless excitation. Interactions cause the exponent 2a + D to deviate its 
free field value of 2. 
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It is easy to see that physics on the critical surface is universal: at long 
distances the effective theory is the action at the fixed point, to which all 
the couplings have flowed, regardless of their original bare values. 

Next, imagine tuning bare parameters close to the critical surface, but 
not on it. The system will flow toward the fixed point, then away from 
it. The flow lines in coupling constant space will asymptotically approach 
a particular trajectory, called the renormalized trajectory, which connects 
(at £ = oo) with the fixed point. Along the renormalized trajectory, £ is 
finite. However, because it is connected to the fixed point, it shares the 
scaling properties of the fixed point-in particular, the complete absence 
of cutoff effects in the spectrum and in Green's functions. (To visualize 
this remarkable result, imagine doing QCD spectrum calculations with the 
original bare action with a cutoff equal to the Planck mass and then coarse 
graining. Now exchange the order of the two procedures. If this can be 
done without making any approximations the answer should be the same.) 

A useful analogy of this picture is think of the critical surface as the top 
of a high mountain ridge. The fixed point is a saddle point on the ridge. 
A stone released on the ridge will roll to the saddle and come to rest. If 
it is not released exactly on the ridge, it will roll near to the saddle, then 
go down the gully leading away from it. That gully is the renormalized 
trajectory. For a cartoon, see Fig. 4.3. 

7 
/ 

z 
^ * 

KT 
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X 
<- ^ r 

Fig. 4.3 A schematic picture of renormalization group flows along a one-dimensional 
critical surface, with the associated renormalized trajectory, and superimposed contours 
of constant correlation length. 

The bare action for an asymptotically free theory like QCD can be 
characterized by one marginally relevant operator, F*v, and its associated 
coupling g2, plus many irrelevant operators. In lattice language, our bare 
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actions are described by one overall factor of /3 = 2N/g2 and arbitrary 
weights of various closed loops, 

^ 5 = ^ r E c A - (4-3i) 

Asymptotic freedom is equivalent to the statement that the critical surface 
of any renormaUzation group transformation is at g2 = 0. The location of 
a fixed point involves some relation among the Cj's. Prom the discussion 
in the previous paragraph, setting the bare gauge coupling to some small 
but nonzero value amounts to defining the bare theory slightly away from 
the critical surface. Under blocking transformations, the theory flows away 
from the critical surface, along the renormalized trajectory. This will hap­
pen regardless of the value of the Cj 's. Now we see how lattice QCD can 
produce predictions. If some discretization of lattice QCD is in the same 
universality class as continuum QCD (or more precisely QCD with some 
continuum cutoff), they correspond to theories of the form of Eq. (4.31) 
with different Cj's. Their long distance behavior is given by the behavior 
of the theory along the same renormalized trajectory and will therefore be 
identical. The only thing special about the lattice theory is that we use it 
for expediency: we know how to do nonperturbative calculations with it. 

4.2 Renormalization group equations 

Suppose we consider a field theory with a cutoff, formulated initially in 
terms of bare fields and couplings, and we use it to compute Green's func­
tions beyond the lowest order in perturbation theory. We may find that 
the Green's functions do not depend separately on the bare parameters 
and the cutoff. Instead, the Green's functions can be written in terms of 
products of functions of the appropriate kinematic variables (the particles' 
momenta, for example) times coefficients that are specific functions of the 
bare parameters and the cutoff. These coefficients are called "renormalized 
couplings." The overall normalization of a correlator can shift relative to 
what we would find in a tree-level calculation. We express this shift by 
considering correlators of "renormalized fields." All cutoff dependence dis­
appears when we express our answer in terms of renormalized quantities. 
If that happens, our theory is said to be "renormalizable." Generally, this 
will occur only if the theory contains relevant and marginal operators. It is 
a remarkable property of renormalizable field theories, that one can make 
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predictions with them without any knowledge of the cutoff: simply deter­
mine the renormalized coupling parameters, which are typically finite in 
number, from a finite set of experimental data, and then use them to make 
additional predictions. 

If the bare theory had irrelevant operators, Green's functions would 
depend on the cutoff, containing extra terms that scale as inverse powers 
of the cutoff, so that as the cutoff momentum scale is taken to be large 
compared with the scale at which Green's functions are measured, the cutoff 
dependence would disappear. The concept of a renormalized coupling or 
field is still a useful one, as we will see. 

Suppose we view our candidate theory in terms of its renormalized pa­
rameters. We need no longer care what the bare parameters are, nor what 
the scale of the cutoff is (as long as it is set to be a shorter distance scale 
than the scale at which we do experiments). But the theory we originally 
wrote down was the bare theory with a cutoff. Would it not be more 
natural just to compute with it? Not necessarily. If the theory is renor-
malizable, its renormalized fields and couplings are what characterize all 
Green's functions, so as soon as we require consistency with experiment, 
the bare parameters and the cutoff are not independent quantities. 

The foregoing is the philosophy underlying renormalization and the 
renormalization group equations. In the following subsections we review 
renormalization in </>4 field theory and then generalize to discuss the renor­
malization group equations themselves. 

4.2.1 Renormalization in scalar field theory 

We have see that it is useful to consider how the bare parameters and cutoff 
combine to give renormalized parameters in a model renormalizable field 
theory. For a concrete example, consider (yet again) the Lagrangian for a 
scalar field 

^=\{d^of-\m0<j>l-^4 (4.32) 

and a momentum cutoff A. We assume perturbation theory is valid, and we 
want to consider various corrections to tree-level Green's functions. With 
one exception, we will restrict our calculation to the lowest nontrivial order 
in perturbation theory. 

The simplest Green's function is the boson self energy, given by the 
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P -> 
Fig. 4.4 The self energy graph. 

Feynman graph of Fig. 4.4. It is 

M W 2 i 0 (2n)U2+ml 

The integrand has no angular dependence, so 

Jl /-A2 

2 (2TT)4 70 x + rrig 

which for A2 3> m 2 simplifies to 

A0 

327T2 
A2 - mn In 

A2 

ms 

(4.33) 

(4.34) 

(4.35) 

How does the self energy £ contribute to the boson propagator? We 
can sum up its contribution to all orders in AQ, 

G = Go + GoSGo + GoSGoSGo + 

and i fG 0 = l / (p 2 + m§), 

G 

Go: 
£G 0 

1 
p 2 + m 2 - £ ' 

i.e., the particle has an effective mass 

Ao 
m2 =m2

]-'E
 2 

m0 + 
32TT2 

A2 

A2 — m2, In ^TT 
mi 

(4.36) 

(4.37) 

(4.38) 

Next, let's look at the two-to-two scattering process shown in Fig. 4.5. 
We focus on the leftmost of the M ( 2 ) graphs, M ( 2 o ) , 

Af(2a) A | rA dH 

2 Jo (2TT)4 [P+ml]\{p-iy+ml} 
(4.39) 
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(a) (b) (c) 

Fig. 4.5 One-loop scattering amplitudes in <j>* field theory. 

where p = p\ + P2- Introducing the Feynman parameter expression 

1 
dx-

ax + 6(1 - x)}2 

we find 

M(2a) = :o) _ ^0 f 
2(2TT)4 J 

d Idx 
[l2+m2

)-2l-px+p2x]2' 

(4.40) 

(4.41) 

After a change of variables, V = I — px, the denominator becomes [V2 + 
m2 +p2x(l — x)]2, the angular dependence disappears from the integrand, 
the integral over I' can be done, and we have 

M{2a) = a) = _^0_ f 
327T2 J0 

dx In 1 + 
A2 A2 

m2+p2x(l — x)) A2 + m2 + p2x(l — x) 
(4.42) 

If A2 » m2,, we can drop the last term and the "1" in the first term. Let's 
also separate the p2 dependence from the A dependence by introducing an 
arbitrary mass scale /x2 (fi is called the "regularization point"). Then 

X2 

M(2a) = _^0 
32TT2 

\2 

32TT2 

Jo 
dx 

, A2 ml + p2x(l - x) 
In -=- - In —- ^ -

A2 

In ^ - I(P2) 

(4.43) 

Note that I(p2) is finite as A —> oo, but is also arbitrary (we must specify 
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some value of /x). The other two diagrams are identical except the momenta 

vary. Wi th the tree-level term included, the complete invariant amplitude 

up to second order in Ao is 

M 
3A0 A A0 

Ao + 32*1V-^[f(s) + / W + /(u)]' (444) 

where s = (pi +P2)2, t = (pi — P3)2, and u = (pi —pi)2 are the Mandelstam 
invariants. 

The momentum-independent term 

is interpreted as the renormalized coupling. Indeed, if we computed to 
higher order, we would always find the same combination of bare coupling 
and cutoff. In particular, we would be led to replace A2, with A2 in the one 
loop term above. 

One of the popular original renormalization procedures added countert-
erms to the Lagrangian to cancel the divergences in the renormalization of 
coupling and mass. Since the divergent terms involving A are just constant 
shifts in the mass and coupling, the required counterterms are just a new 
mass and (f>4 term. No new operators are required. That was the original 
definition of renormalizability. 

P ^ 

Fig. 4.6 Lowest-order contribution to field renormalization. 

There is one other kind of A dependence in Green's functions, a con­
tribution to S(p) that is proportional to p2. It comes from the graph of 
Fig. 4.6, and it happens that it is equal to 

A1^.»C 
24(16?r)2 p? 

p\ (4.46) 
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If we recalculate the <f>0 propagator while including it, we find 

1 
(<£o(-p)<Ao(p)> = 

or 

( ! - 2 4 ( i F F l n F ) p 2 + T O o + 3 ^ ( A 2 - m 2 l n ^ ) 

(4.47) 

toHOM0>^pnb* (4'48) 

where Z$ = \— 24^1g7r^ In A2///2 is also cutoff-dependent. We can split ZQ 
into two terms, one for each <po 

<P = ~7S=<h, (4.49) 

so 

(0(-p)0(p)> = — ^ j . (4.50) 

Thus, to this order in perturbation theory, all the cutoff dependence is 
confined to three places, 

A2 ' ,2 2 ^ „ ,2 , ^0 m = m0 — S = m0 + 
32TT2 

A2 - ml In • 
mS 

(4.51) 

^ - I n ^ 
32TT2 /* 

and 

A o - ^ l n ^ . (4-52) 

2 24(16ir)2 U 1 M7 

In higher order, the cutoff dependence continues to appear only in m2 , A, 
and cj). We can interpret these relations as showing that the quantities m2 , 
A, and <p (which we imagine being measured in experiments) have no cutoff 
dependence, and that Green's functions parameterized in terms of m, A 
and (f> are finite as the cutoff is made very large. In order to do this, we 
must think of the bare parameters mo, Ao, and <po as implicit functions of 
the cutoff A; as A is varied, we must tune mo, Ao, and (f>o so that m, A and 
<j> are unchanged. The regularization point fi is fixed when we (arbitrarily) 
choose some prescription to define the scattering amplitude. For example, 
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from Eq. (4.44) we could fix the value of A knowing the value of M at some 
fiducial choice of the external momenta. 

A technical aside: the reader has presumably seen renormalization of 
(j>4 field theory before, perhaps in the context of dimensional regularization. 
UV divergences are regulated by continuation away from four dimensions. 
The regularization point \i then appears because away from four dimensions 
the coupling has a dimension. Its physics content, that it is an arbitrary 
point used to separate an expression into a cutoff-dependent part and a 
cutoff-independent part, is identical to what we have seen here. 

4.3 Renormalization group equations for the scalar field 

Let us generalize the discussion and consider a renormalized Green's func­
tion for a set of renormalized fields, a renormalized coupling, and a regu­
larization point n, (while still assuming that the mass is zero) 

G<">(pi , . . . ,Pn, n,g) = (<f>(pi)... <t>(pn)). (4.54) 

It is also equal to a correlator of the bare fields 

V /2<<Ao(Pi) • • • 4>o(Pn)) = Z;n/2G™. (4.55) 

If we shift the regularization point /x —+ /x + <5/i, and tune the renormalized 
couplings to compensate, g —* g + Sg, the bare Green's function remains 
unchanged, and so 

dGx dG. n 1 dZ4,n. 
^ + ^ + 2 ^ ^ 7 G ^ = 0- (4-56) 

Multiplying by ix/<5/i, converting variations to partial derivatives, and defin­
ing 

we get 

G ( n )(pi, . . . ,p„,<7,Ai)=0. (4.58) 

This is an example of a renormalization group equation. It tells us that 
the functions /3 and 7 compensate the Green's function for variation in the 
renormalization scale. 
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To simplify the discussion, we assume that our fields are massless. If 
we assume that G^ has an "engineering" dimension (energy)dn, and if we 
scale all momenta by p —> sp, and fi —> s/x, simple dimensional analysis 
gives 

G<n>(*j>i,...,sPn,0,/i) = O (4.59) 

and, combining the two previous equations gives 

GM(sp1,...,spn,g,v)=0. (4.60) 

This equation tells us the variation of the Green's function with respect to 
variation in the external momenta. If we could solve it, we would know 
G(n\sp) in terms of G^ip). This requires knowledge of (3(g), and 7^. If 
we knew them, we could introduce a scale-dependent coupling constant 

s ^ = / 3 [ s ( s ) ] ; 5(1) =9 (4-61) 

and then integrate Eq. (4.60) to yield 

G^(sp,g,fi) = S
d"G^[p,5(s),M]exp (-n J' ^ 7 * &(*')]) • (4-62) 

In words, a change in the momentum scale p —* sp is equivalent to 

• multiplication (rescaling) by sdn 

• a modified coupling constant that flows according to the beta func­
tion 

• an extra factor that gives rise to a so-called "anomalous dimension" 

The behavior of G^ is very complicated, but there is a special case 
where it becomes simple. That is, if the running coupling reaches a value 
g* such that further changes in momentum do not affect it. That happens 
when (3{g*) = 0, i.e., at fixed points in the renormalization group flow 
of coupling constants. Then we can replace g by g* in the last term of 
Eq. (4.62) and replace 7^ by 7J = 7^(0*), which is independent of s'. Then 

G ( n )(sp,5 , / i) = sdn-n^GM(p) (4.63) 

or 

d a . 
^ + sdS-dn 

s§-s-
mig-

n^-dn 

GW(p,g,Li)~P
d«-n^. (4.64) 
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This is the scaling behavior of Eq. (4.30). 
We might want to consider more complicated correlators. We can think 

of these correlators as not just being simple products of fields, but as corre­
lators of operators (which are, of course themselves products of fields). We 
can regard these operators either as functions of the bare parameters, or of 
the renormalized ones. A renormalization constant would relate the bare 
and renormalized quantities, carrying all the cutoff and scale dependence: 

O0 = Zo(n)0{ji). (4.65) 

One can generalize the discussion of the previous paragraphs by considering 
mixed Green's functions 

G™ = (<£i...KOx ...Oi) = Z-^Z^G^. (4.66) 

This Green's function also obeys a renormalization group equation 

G (n , i ) = 0 ) ( 4 _ 6 7 ) 
d
 a, ^ d 

V>-Q- + P\.9)-Q- + ™7tf> + *7o 

where 

A4 dZo ,„ CQx 

Finally, we have not discussed renormalization group equations for mas­
sive theories. We can think of a massive theory as a massless theory that 
happens also to contain an operator O with a coupling constant m that 
carries a dimension. We can think of Green's functions for the massive 
theory to be Green's functions of the form of Eq. (4.66), which obey the 
renormalization group equation Eq. (4.67). Just as dimensionless couplings 
have beta functions, /3(g) = fidg/dfi, so do dimensionful ones like the mass. 
The standard language for the analog of its beta function is the dimen­
sionless quantity 7 m = (fj,/m)dm/dfi. Green's functions are then written 
in terms of the running coupling constant g, and a running mass fh. We 
will encounter running masses in Ch. 12 and the more generalized prob­
lem of dealing with complicated operators in the context of QCD and the 
Standard Model, in Ch. 16. 

4.4 Effective field theories 

Let us return to our original discussion of a field theory, in which we broke 
the fields into low momentum and high momentum components, and inte-
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grated out the high momentum components. The momentum scale where 
we made a distinction between the two components was A. We recall that 

J[dcj>H\[d(j>L\ exp[-S(cj)L,<l>H)] = J[d<pL]exp[-SA(<pL)} (4.69) 

with 

exp[-5A(</>L)] = [[d<t>H}exp[S(<t>L,(i>H)}. (4.70) 

Now for some terminology. The action S\(<J)L) is called a "low energy" or 
"Wilsonian" effective action. 5A is nonlocal in time scales and over distance 
scales of order 1/A, but we are going to use it to describe physics on time 
scales much greater than 1/A or distances much greater than 1/A. For such 
uses, it is local. We can, therefore, write it as a sum of local operators of 
the <AL'S, which we label as Oi, 

5 A JdDxYJ9iOi. (4.71) 

The sum runs over all local operators allowed by the symmetries of the 
original action. That's an infinite number of terms! How can we organize 
them, so that we can actually perform calculations with the low energy 
effective action? 

One approach is to use dimensional analysis. This amounts to assuming 
that the dimension of some variable is just its engineering dimension, or very 
close to it. This assumption will be valid if, in fact, the system is weakly 
interacting. In perturbation theory, anomalous dimensions are given by 
power series in the coupling constant, and they are small if the coupling is 
small. If the system is strongly interacting, the anomalous dimensions will 
typically be large (and difficult to compute), and we will lose control over 
the calculation. So let us work with the engineering dimension. 

The action 5A is dimensionless. Then if Oi has an energy dimension 
ESi, which we write as [Oi] = ESi, its coupling has dimension [<?,] = ED~Si. 
For example, in a scalar field theory, 5 = \j dDx(dll(j))

2, so [<j>] = E~1+D/2, 
and if Oi is built of M fts and N derivatives, then 

6i = M (-1 + j)+N- (4-72) 

Let us define dimensionless couplings A, = ASi~Dgi. We will assume the 
Aj's are numbers that are of order unity. Now for a process at scale E, we 
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estimate the size of its term in the action to be 

[ dDxOi~ESi-D (4.73) 

so the size of some process governed by this term has an energy dependence 
on the order of 

A, ( x ) • (4.74) 

Now if Si > D, this term becomes less and less important at small 
energy: it is "irrelevant." An operator whose scaling dimension is Si = D 
remains constant with energy and is called marginal or normalizable. And 
operators with Si < D are again relevant. Of course, all of this discussion 
is just repetition from the last section. 

Typically, there are a finite number of relevant or marginal operators. 
We can see that from our scalar field theory example. We need 

6i = M(-l + j\+N<D (4.75) 

for an operator not to be irrelevant. In D = 4 in a theory whose symmetry 
structure permits only even powers of <fi, only (M,N) = (2,0) is relevant, 
and only (M,N) = (2,2) and (4,0) are marginal. So only three couplings 
characterize the low energy properties of these theories, and we can use an 
effective theory containing only three operators to make predictions in terms 
of these three couplings. From the point of view of the low energy effective 
theory, they are fundamental constants and they can only be determined 
from experiment. However, the low energy theory was derived from a short 
distance theory. Calculations with the short distance theory should be able 
predict their values, if we knew how to compute in that theory. (Of course, 
the parameters of the short distance theory, which are used to compute 
the values of the parameters in the low energy effective theory, must also 
ultimately be fixed by experiment, too.) 

Why do we emphasize the free action in this particular analysis? It is 
purely a matter of expediency: like looking for a lost item only under a 
street light. If the theory is weakly coupled, we can hope to perform calcu­
lations of Green's functions, and the free action might reliably determine 
the size of a typical Green's function. The effective action contains free 
field terms, which are bilinear in the field variables, and interaction terms 
with higher powers of fields. We want to compare the sizes of these inter­
action terms with the free field part of the effective action. A convenient 
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way to make this comparison is to define the scaling transformation such 
that the kinetic term in the action remains invariant. In the scalar case the 
kinetic term is ^(d^)2, with M = N = 2, S = D. Scale all energies and 
momenta by a factor s < 1, so lengths and times scale as 1/s. The volume 
and derivative in the kinetic term scale as s2~D, so to preserve the size 
of the kinetic term, fluctuations in <j> must scale as as s~1+D/2, exactly as 
we saw before. Then an operator Oj, with engineering dimension J,, scales 
with respect to the kinetic term as sSi~D. Again, whether the exponent of 
s is positive, zero, or negative determines whether the operator is relevant, 
marginal, or irrelevant. 

Table 4.1 Examples of effective field theories 

high energy theory scale low energy theory 

(1) string theory M3tring ~ 1018 GeV field theory of 
gravity and matter 

(2) grand unified theory MGUT ~ 1016 GeV SU(3) x SU(2) x U{\) 
(3) Weinberg-Salam model Mw ~ 80 GeV Fermi theory 
(4) QCD 0.5-1 GeV pions (and nucleons) 
(5) lattice field theory (lattice spac ing) - 1 continuum field theory 

Some examples of high energy theories and their low energy effective 
field theories are shown in Table 4.1. In cases (2) and (3), both the high 
energy and low energy theories can be analyzed reliably in perturbation 
theory over their entire domains of applicability. In case (3) there are 
neither relevant nor marginal operators in the low energy theory (since the 
dimension of a fermion field [ip] is 3/2, [(•tpTip)2} has S = 6). In case (4) 
the fields on the right are not the fields on the left: at long distances, QCD 
becomes strongly interacting, and the only light modes are the Goldstone 
boson pions. 

Presumably, no field theory we'll ever encounter gives a complete de­
scription of nature up to arbitrarily high energies. They are all effective 
field theories, valid up to some cutoff scale. If that is the case, is renor-
malization unimportant, because the cutoff renders all integrals finite? No, 
renormalization tells us that low energy physics depends on the short dis­
tance theory only through the relevant and marginal couplings, and possibly 
through some leading irrelevant couplings, if one can measure small enough 
effects. 

So far, we have only considered weakly coupled theories, where scaling 
is governed by exponents that deviate from the engineering dimensions of 
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operators by only a small amount. When there are interactions, the renor­
malization group still tells us how coupling constants run. This dependence 
is given by Eq. (4.62), which has the approximate solution near the fixed 
point g = g* 

G(n)(sp,ff,/z) « s
sn-n-y*<-9') = s*;. (4.76) 

If 7^(3*) is large, S'n can be very different from the engineering dimension 
6n. This happens in spin models in D = 2 or 3 dimensions. Whether 
an operator is relevant or marginal might be different from what a naive 
treatment might give. 

If the dimensional coupling scales as g = ED~Si, then its renormaliza­
tion group equation is 

E ^ = (D-Si)g + .... (4-77) 

Marginal operators, for which D — Si — 0, can show important deviations 
from naive expectations. The renormalization group equation for their 
coupling generally looks like 

E ^ = bg2 + 0(g3) (4.78) 

since the leading term In Eq. (4.77) vanishes. If b > 0, g drops as E drops, 
so the strength of the operator falls away at low energy: we speak of a 
"marginally irrelevant" operator. If b < 0, then g rises as E falls. This is a 
"marginally relevant operator." Integrating Eq. (4.78) gives 

and g(E) becomes large at E ~ Aexp[l/6^(A)]. In this case, we generally 
don't know what will happen at low energy. In QCD confinement sets in. 

Irrelevant or marginally irrelevant operators are useful because they tell 
us the range of validity of the theory at high energy. They grow as the 
energy scale rises. When they get to be of order unity something new 
has to happen. Relevant operators are dangerous, however. Think about 
the operator <f>2 in scalar field theory, appropriate for a description of a 
paramagnetic or ferromagnetic solid. In the effective action there is a term 
(A^A2)^2 , where presumably Â 2 ~ 1. It takes a special effort - some 
fine tuning in the short distance theory - to make A 2̂ small. Otherwise, 
if Â ,2 ~ 1 the (f> particle is heavy, and it should not appear in the low 
energy effective field theory at all. In the context of ferromagnetism, a 
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ferromagnetic-paramagnetic transition occurs when X^ is tuned to vanish, 
since when Â 2 > 0 the vacuum expectation value of </> can be zero, whereas 
if Â 2 < 0 the internal symmetry is spontaneously broken. 

If we were in the business of designing short distance completions of a 
theory (that is, inventing a more fundamental short distance theory whose 
low energy limit reproduces an effective field theory) we might adopt an 
aesthetic rule, that the low energy effective field theory should be "natu­
ral" in the sense that its masses are forbidden by symmetries. A natural 
effective theory could have gauge interactions, because gauge invariance 
forbids a mass. It could have fermions, if their masses are forbidden by 
chiral symmetry. And it could have scalars, if their masses are forbidden 
by supersymmetry. In this sense, the Standard Model itself is not natural, 
since the Higgs boson has a mass that is presumably not more than a few 
hundred GeV. There has to be new physics at an energy scale no more than 
an order of magnitude greater than its mass to prevent it from running off 
to the cutoff scale. 

How is this discussion relevant to lattice QCD? Lattice QCD is the short 
distance theory, and we want it to reduce to ordinary continuum QCD at 
distances that are much greater than a lattice spacing, though still small 
enough that we understand what we are looking for (because as we run 
to even larger scales, continuum QCD itself becomes strongly interacting). 
In order to do that, the lattice theory must respect the symmetries of 
continuum QCD (since if it did not, its low energy theory also would not). 
This means that, at a minimum, the lattice theory should preserve local 
gauge invariance. If the lattice fermions possess a chiral symmetry, the 
low energy theory will inherit it. If they do not, it will be necessary to 
fine-tune some parameter in the lattice theory to recover it. This is in fact 
what happens when the fermions are discretized as Wilson-type fermions. 
And in contrast to the real-world case of beyond-standard-model physics, 
where we want irrelevant operators to tell us about the underlying short-
distance theory, irrelevant operators in a lattice context are artificial: the 
short-distance theory is unphysical, and we do not want to see its effects. 

On the lattice, if all quark masses are set to zero, the only dimensionful 
parameter is the lattice spacing a. Lattice Monte Carlo predictions are of 
dimensionless ratios of dimensionful quantities, or of dimensionless num­
bers made by combining a dimensionful prediction (like a mass) with an 
appropriate power of the cutoff (that is, a calculation produces the prod­
uct a x m). One can determine the lattice spacing by fixing one mass 
from experiment, and then one can go on to predict any other dimensionful 
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quantity, or one can predict dimensionless ratios of dimensionful quantities. 
Imagine computing some masses at several values of the lattice spacing. (In 
practice, this could be done by picking several values of the bare parameters 
and calculating masses for each set of couplings.) If the lattice spacing is 
small enough, the typical ratio behaves as 

\ami(a)]/[am2(a)] = mi(0)/m2(0) + O(mio) + OHmxa)2} + ... (4.80) 

(modulo powers of log(mia), which could arise from operators whose coef­
ficients are generated at higher order in the running coupling). The leading 
term does not depend on the value of the UV cutoff. That is our cutoff-
independent prediction. Everything else is an artifact of the calculation. 
We say that a calculation "scales" if the a—dependent terms in Eq. (4.80) 
are zero or small enough that one can extrapolate to a = 0, and generically 
refer to all the a—dependent terms as "scale violations." Clearly our engi­
neering goal is to formulate the lattice theory to minimize scale violations. 

What are the implications for the behavior of the coupling constant as 
we take the lattice spacing to zero? Each dimensionless combination am(a) 
can be expressed as a function of the bare coupling(s), am = f({g(a)})- As 
a - > 0 w e must tune the couplings so that 

lim -f({g(a)\) —• constant. (4-81) 
o-»o a 

Of course, that constant is just the mass. That is, the fixed "physical" 
quantities m determine how the couplings {g(a)} vary with a. In units of 
a, however, the correlation lengths 1/ma must diverge as a vanishes. From 
the discussion of Section 4.1, we see that the couplings {g(a)} must be 
tuned to approach a fixed point. 

What does this mean for lattice QCD? QCD is a theory with a 
marginally relevant operator, parameterized by the usual gauge coupling. A 
particular lattice QCD action has, in addition, a set of irrelevant operators 
arising from discretization effects. Ignoring them, we focus on the running 
coupling constant, whose beta function for small g is given in perturbation 
theory by 

with ft, = 11 - (2/3)Nf and ft = 102 - (38/3)TV/ for SU(3). It vanishes 
at g = 0, which because of the sign of the leading term is an an ultraviolet 
attractive (or infrared repulsive) fixed point. The continuum limit of QCD 
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is thus achieved by taking the bare coupling g to zero. When g2 is small, 

16TT2 . , n2 ft , , /x2 , N 

gW=P°ln^ + W o l n l n ^ + -- (4-83) 

in some regularization scheme associated with A (which we have not spec­
ified). 

As we have seen, perturbative running is characterized by the A param­
eter. Instead of looking at mass ratios, we could demand that a ratio like 
m/A shows no cutoff dependence. Inverting the relation between g2 and A, 
and replacing /i by 1/a, we would ask that the lattice spacing vary with g 
as 

» A = U > ) j "*{-&&>)• <4-84) 
In the early days of lattice simulations people attempted to observe this 
behavior in a lattice simulation by determining the dependence of a di-
mensionful quantity on the bare coupling constant. For example the simu­
lated mass of a hadron am in lattice units should decrease with decreasing 
bare coupling g so that am/{ah) approaches a constant, with ah given by 
Eq. (4.84). This behavior is called "asymptotic scaling." Please note that 
asymptotic scaling is not scaling. Scaling means that dimensionless ratios 
of physical observables do not depend on the cutoff. Asymptotic scaling 
involves perturbation theory and the definition of coupling constants. One 
can have scaling without asymptotic scaling. 

In this chapter we make no claims for originality: everything we have 
said can be found (at greater length) in many books. Our favorite sugges­
tions for further reading about the renormalization group are Ma (1976) 
and Wilson and Kogut (1974). We turn to Ramond (1981) and Peskin 
and Schroeder (1995) for field theory questions. The literature on effective 
field theories is also vast; for a good introduction, see Polchinski (1992). 
We will encounter the language of this chapter in many places to follow. 
Running coupling constants and masses will reappear when we discuss the 
lattice QCD predictions for Standard Model tests in Ch. 16. Effective field 
theories are used to describe heavy quarks on the lattice in Ch. 6, and to 
connect QCD to low energy phenomena in Ch. 14. 



Chapter 5 

Yang-Mills theory on the lattice 

In Ch. 3 we saw how the pure U(l) and SU(3) gauge theories are formulated 
on the lattice. Here we examine the pure SU(3) gauge theory in greater 
depth. 

5.1 Gauge invariance on the lattice 

As we have seen, we need two key ingredients to construct a lattice action 
for a gauge theory. First, the action must have the correct continuum limit. 
Second, it should be gauge invariant. All popular actions place the gauge 
variables on the links of the lattice. They are elements of the fundamental 
representation of SU(3), related to the vector potential through 

Uxll = exp[igaAl(x)Xc], (5.1) 

where Ac for c = 1 , . . . ,8 are the eight generators of SU(3) and g is the 
gauge coupling constant. The link matrix is the path-dependent gauge 
connection that relates the color space at site x to the site x + jl. The more 
symmetric notation 

U(x,x + il) = UXill (5.2) 

helps to emphasize its relationship to the two neighboring sites. On a lattice 
of finite dimensions Lx x Ly x Lz x L t , a periodic boundary condition in 
the time coordinate is required to simulate the quantum partition function. 
It identifies the time coordinate XQ = Lt with xo = 0. It is common also to 
require the same periodicity in the spatial directions. 

A gauge transformation rotates the color space on each site through an 

87 
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SU(3) matrix Wx. The link matrix transforms according to 

UXlfi - WxUx>llW*+fL (5.3) 

This transformation of the gauge link matrices correlates with transforma­
tions of the matter fields on the lattice sites. For example, a quark field qx 

on each site would transform as 

qx -> Wxqx, (5.4) 

and the "gauge inner product" 

ilux (5.5) 

is then invariant under the gauge transformation. In the reverse direction 
we must have 

ql+fiUXiliqx. (5.6) 

That is, the gauge connection is directional. The links £7X|M are forward 
connections and the links f/J are backward connections. In the alternative 
notation we have 

U{x + fL,x)=Ul„. (5.7) 

Gauge invariant expressions can be constructed from ordered products 
of gauge links. For example, a product of two links in the same direction 
connects the color spaces on sites x and x + 2/i, leading to the gauge-
invariant combination 

qtUXtliUx+(iifiqx+2p.. (5.8) 

More generally, we can define a gauge-invariant inner product of matter 
fields on any pair of sites x and y connected by a continuous path C = 
{(xi,p,i)} of links: 

qxPY[U{x,x + JH)qy (5.9) 
c 

The P indicates that the product is taken in the order of the path. If the 
path traverses a link backwards, we use the adjoint of the corresponding 
link matrix. 
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Gauge invariant expressions can also be constructed from the links 
themselves. For any closed path of links C we form 

Wc = Tr[PYlU(x,x + M]. (5.10) 
c 

The result does not depend on the starting and ending point, since a cyclic 
reordering of the factors preserves both the trace and the path closure. 

Note that the path C may close by virtue of lattice periodicity in any 
periodic direction, a generalization of the Polyakov loop, discussed in Ch. 3. 
It is easy to show that the corresponding gauge loop trace is also invariant. 

5.2 Yang-Mills actions 

Gauge invariant actions are constructed from the trace of path products 
along closed loops. In Ch. 3 we introduced the simplest closed loop, namely 
the plaquette: 

VXlia, = Tr (y^Uz+hvU^Ulv) , (5.11) 

and the corresponding Wilson action 

SG-SU(3) = 4 E E (3 - ReC/*-^) • (5-12) 

The link matrix is related to the vector potential through UXifi = 
exp(igaA°\c/2). In the limit of zero lattice spacing we obtain the stan­
dard continuum Yang-Mills action 

SG-su(3) = J dr jdx\{F*vf + 0{a2), (5.13) 

F% = d»Al ~ d»Al ~ 9fabcAlAl (5.14) 

Lattice artifacts contribute at 0(a2). 
Other gauge invariant choices are possible. Any arbitrary closed loop 

can be used to construct the Yang-Mills action. As long as it is suitably 
averaged over orientations and translations in space and time to obtain the 
correct space-time symmetries, it must reduce to the correct continuum 
action. At 0(a2), however, such actions may differ. Consequently, linear 
combinations of closed loops can be designed so the leading order lattice 
corrections are canceled. This is the basis of the Symanzik improvement 
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program that seeks to reduce lattice artifacts at nonzero lattice spacing 
(Symanzik, 1980, 1983a,b). For example, a suitable linear combination of 
the plaquette term, a 2 x 1 rectangle, and a six-link "chair" or "parallel­
ogram" makes a good choice. We discuss these improvements in greater 
depth in Ch. 12. 

5.3 Gauge fixing 

The partition function is given by the gauge-invariant integral over link 
matrices: 

Z(P) = /LIdU*'» eMSG-su(3))- (5.15) 

The action and measure are invariant under the gauge transformation (5.3). 
These are the the so-called "flat" directions in the integration. In the con­
tinuum limit the gauge degrees of freedom are noncompact and the flat di­
rections are of infinite measure. Consequently, the continuum path integral 
requires Fadeev-Popov gauge fixing to obtain a finite result. Fortunately, 
lattice regulation permits the use of a compact group of gauge transforma­
tions, thereby rendering the flat directions finite. We may integrate freely 
over all gauge choices. 

Sometimes it is nevertheless useful to fix the gauge. For example, we 
might construct a meson from a source operator involving a quark on one 
lattice site and an antiquark on another. Including the gauge connection 
as in (5.9) makes the source gauge invariant. Fixing a suitable gauge also 
does the job. In this section we describe a few possible gauge choices. 

5.3.1 Maximal tree gauge 

One way to fix the gauge is to transform as many gauge links as possible to 
the unit matrix. That amounts to a change of variable in which the gauge 
transformation matrices Wx themselves become integration variables and 
the same number of links are set to a unit matrix and eliminated. To il­
lustrate, consider the set of four links forming a plaquette. For simplicity 
of notation, call them U(l,2), 17(2,3), 17(3,4), 17(4,1). Setting Wi = 1 
and Wi = 17(1,2) transforms the 1 — 2 link to a unit matrix, but also re­
places 17(2,3) with C/(l,2)C/(2,3). Similarly, setting W3 = [7(1,2)17(2,3) 
transforms the altered 2 - 3 link to unity and replaces 1/(3,4) with 
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C/(l,2)[/(2,3)[/(3,4) Finally, if we set W4 = C/(l, 2)C/(2,3)C/(3,4) the first 
three links are transformed to unity and the last link inherits the original 
link product, thus preserving the plaquette trace. 

Since the plaquette trace is gauge invariant, a gauge transformation 
clearly can never set all four links to one. The same conclusion applies to 
any closed loop. Complete gauge fixing in this manner creates a set of unit 
matrices on a "maximal tree" of links. A maximal tree fills the lattice in 
the sense that all sites are traversed by the tree. It has no closed loops and 
establishes a unique path connecting any pair of lattice sites. In effect the 
maximal tree aligns the color spaces on each site so a gauge-invariant inner 
product (5.9) formed from a path of links in the tree reduces to an ordinary 
dot product. This gauge is unique up to a global gauge transformation, i.e. 
Wx = const. 

Temporal gauge is a special class of the maximal tree gauge. In this 
gauge all possible time-like links are set to unity. Since a loop can close 
through time-periodicity by wrapping around from r = Lt — 1 to r = 0, it 
isn't possible to include all time-like links. For example, we could exclude 
from the tree a set of links on one time-slice of the lattice. From Ch. 3 we 
notice that the integration over those links serves to enforce Gauss' Law in 
that gauge, so they must not be fixed. To complete the maximal tree in 
temporal gauge one must also fix a set of space-like links. 

5.3.2 Landau and Coulomb gauge 

In continuum gauge theory Landau gauge is defined in terms of the vector 
potential by 

d»A%{x) = 0 (5.16) 

for fi = 0 , . . . 3 and Coulomb gauge by 

ViAl = 0 (5.17) 

for i = 1,2,3. On the lattice these gauge conditions are replaced by mini­
mizing (over all gauge choices) 
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(jU = 0,1,2,3) for Lorentz gauge and 

/c = 5 3 R e T r t / ^ (5-19) 
x,i 

(i = 1,2,3) for Coulomb gauge. To see how this works we take the contin­
uum limit, using (5.1). For simplicity, we consider an abelian gauge field 
and examine the Coulomb gauge prescription. A gauge transformation 
(3.20) does the mapping 

A-xi —* Axi = Axi + \ x — A ^ j . (5.20) 

We substitute this expression into Ic and set the partial derivatives with 
respect to each Xx to zero. We obtain 

D4-<-M) = 0 (5-21) 

which is a finite difference representation of (5.17). Similar reasoning works 
for Landau gauge and for SU(3). 

With either Coulomb or Landau gauge there is a residual, discrete gauge 
ambiguity discovered by Gribov (1978), which has never caused your au­
thors trouble. 

5.4 Strong coupling 

The SU(N) Yang-Mills theory is asymptotically free with an ultraviolet 
fixed point at zero coupling. The continuum limit is reached as the coupling 
g vanishes (weak coupling). To study nonperturbative phenomena in this 
limit requires numerical simulation. In the opposite limit of strong coupling 
the theory is easily solved by hand, and, as we will see in this section, it 
exhibits confinement. Although it is still not proved, all the evidence we 
have is that if the internal symmetry group is SU(N), confinement persists 
to weak coupling. 

By contrast the pure U(l) theory is not asymptotically free. At weak 
coupling it is a trivial theory of noninteracting photons. At strong coupling 
the compact theory we have been discussing exhibits confinement for much 
the same mathematical reasons as SU(N). A singularity (phase transition) 
of the partition function separates the strong and weak coupling regimes. 
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5.4.1 Wilson loop and confinement 

As an introduction to strong coupling methods, we show that the C/(l) 
gauge theory is confining in the strong coupling limit. For this purpose we 
return to the U(l) Wilson loop observable Eq. (3.72), which we write here 
as W(R, T) where R is the spatial separation of the static charges and T 
is the time interval between creation and annihilation of those charges. As 
we saw from (3.67) and (3.71), in the limit of low temperature and large 
T this observable measures the potential energy of separation of the two 
static charges: 

(W(R,T)) = J[dU]W(R,T)exp(-SG_U{1))/Z ~ Ae~TV^R\ (5.22) 

where A is a constant and we have written [dU] to denote the Haar invariant 
integration over the (7(1) link variables (equivalently, integration over 6XT 

and wx r) . Here, the excitation energy E\ — EQ = V(R) of (3.67) is the 
difference in energy of the system with a pair of static charges and without 
any background charges (the vacuum). That is just the potential energy of 
the static pair of charges. 

Confinement in this model is signaled by an indefinite linear rise in the 
potential as the charges are separated. That is to say, for large R, 

V{R) ~ aR, (5.23) 

where a is called the string tension. Substituting this expression into (5.22) 
gives 

- In ({W{R, T))) ~ aTR, (5.24) 

an "area law" for large T and R. 
In a nonconfining theory, the potential energy should become a constant 

at large distance. In that case we could have 

-ln((W(R,T)))~e0(T + R), (5.25) 

a "perimeter law" for large T and R. 
Now let us calculate the Wilson loop expectation value in the compact 

1/(1) theory in leading order in 1/g2 (strong coupling limit). The Wilson 
plaquette action is given in the two-dimensional theory (3.42). In higher 
dimensions one simply sums over plaquettes in all planes as we showed 
explicitly for SU(3) in (3.55). Since the Wilson loop is in one space and 
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one time dimension, as we will see, to leading order in 1/g2 we need consider 
only the plaquettes in the same space-time plane. 

First, the partition function is trivially evaluated. Since the action is 
proportional to 1/g2, its exponential is just 1 to leading order. Thus with 
a suitable choice of integration measure, to leading order, 

Z ~ 1. (5.26) 

(We use the same measure for numerator and denominator in (5.22), so any 
normalization factors cancel.) In the numerator, the same leading term in 
exp(—SG-U(I)) contributes nothing, because the integral over the phase 
factors in W(R, T) vanishes. 

To find the leading nonvanishing contribution, consider, first, the case 
R = T = 1, namely a plaquette. In this case the first order term in 1/g2 

in exp(—SG-U(I)) contains, among many other terms, the same plaquette 
traversed in the opposite sense. Multiplying it by W(R, T) cancels the 
phase factors, resulting in a nonvanishing contribution at order 1/g2- All 
other terms in the expansion to this order give vanishing integrals. Next, 
consider the 1 x 2 Wilson loop. In this case a single plaquette from the 
expansion does not cancel all the phase factors. But a term at order 1/g4 

contains the product of two plaquettes that fill the 1 x 2 Wilson loop and 
cancel all phase factors. This is the only term with a nonvanishing integral 
to this order. 

For arbitrary R and T we must go to order l/g2RT to obtain the leading 
nonvanishing contribution, which consists of a product of plaquettes tiling 
the Wilson loop. It is represented pictorially in Fig. 5.1. It contributes 

(W{R,T))~(J^ (5.27) 

for a symmetric lattice (a = A T ) , leading to area-law confinement with a 
string tension 

a = log(2<?2). (5.28) 

More generally to any order in 1/g2 any nonvanishing contribution to 
the Wilson loop expectation can be represented by a surface in a four-
dimensional space of any shape, including handles, bounded by the Wilson 
loop and tiled by plaquettes coming from an expansion of the exponential 
of the action. Such strong coupling expansions have been studied in con­
siderable detail and to very high order (Drouffe and Itzykson, 1978). The 
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Fig. 5.1 An RxT Wilson loop (a) and the pattern of tiling that gives the leading order 
strong coupling contribution (b). 

analogy with quantum fluctuations of a string is suggestive; such imagery 
makes a strong coupling expansion intuitively appealing, even if it goes in 
the opposite direction of the physical limit. 

The same reasoning applies to SU(N), except that we do not simply 
cancel phase factors. Instead we integrate using group orthogonality theo­
rems 

/ du Uij = 0 

f dU UijUZt = SikSje/N, (5.29) 

where we normalize the Haar measure to J dU = 1. For SU(3) we also have 

/ dU UijUkeUmn = eikmCjln/Sl, (5 .30) 

where Cikm is the usual cross product symbol. For higher N the corre­
sponding identity has N factors in the integrand, the generalization of the 
permutation symbol and N\. There are similar identities for integrands 
with still more SU(N) factors. 

These identities tell how to tile the Wilson loop to obtain nonvanishing 
contributions in the strong coupling expansion of the SU(N) Wilson action. 
The first identity (5.29) requires that any link matrix be matched by at least 
one link matrix in the opposite sense. This leads to the same tiling that 
we required for the U(l) theory. The second identity (5.30) introduces a 
new possibility: we can match a link matrix with two in the same direction 
and get a nonvanishing integral. Thus an alternative tiling replaces any 
plaquette of one orientation with a product of two plaquettes in the same 
space-time location, but of the opposite orientation. Such alternatives are 
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higher order in the the strong coupling expansion. 
To leading order we are left, finally, with the same leading order tiling 

of the Wilson loop that we obtained for t / ( l ) , as shown in Fig. 5.1. Details 
of the calculation are left to the reader. Again we obtain confinement with 

a = log(g2N). (5.31) 

Notice that this confinement test fails in the presence of light dynamical 
fermions. As we separate the heavy QQ pair, at some point it will become 
energetically favorable to pop a light qq pair out of the vacuum, so that 
we are separating two color singlet mesons. The Wilson loop then shows 
a perimeter law behavior. With dynamical quarks, "confinement" simply 
means it isn't possible to isolate a quark at macroscopic distances. 

5.4.2 Glueball mass 

We continue our brief examination of the strong coupling limit by calcu­
lating an intuitively interesting result, namely the mass of a glueball in 
SU(N) gauge theory. 

To create a glueball we use gauge invariant interpolating operators. The 
simplest choice is the plaquette operator itself. Consider the real part of 
the space-space oriented plaquette. Viewed as an operator acting on the 
vacuum, as we have seen in Ch. 3, it serves to create a closed loop of color 
electric flux. If we sum over spatial rotations, we obtain an operator that 
belongs to the trivial representation of the cubic group. It contains the 
spin-parity Jp = 0 + of a continuum theory among higher possible angular 
momenta. It is also charge-conjugation even. To see this, observe that 
charge conjugation reverses the direction of the color electric flux. So the 
charge conjugated plaquette operator is constructed by traversing the same 
links in the opposite direction. Such a reversed path is included in the sum 
over rotations. Let us denote this operator by GQ++. 

To compute the glueball mass we calculate the correlator (3.63) of a 
plaquette source at r = T\ and a plaquette sink at r = TI- Since the 
plaquette operator has a nonvanishing vacuum expectation value, we must 
subtract the "vacuum disconnected" contribution to isolate the glueball 
mass. That is, we want the connected correlator 

Cco„n(r2 - 7i) = <0| AT2Bri |0> - (0| AT2 |0) (0| BT1] |0a). (5.32) 

The vacuum disconnected part (second term on the rhs above) in the 
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present case is just 

<0| G0++T210) (0| G0++T1 |0) = (0| G0++ |0)2 . (5.33) 

In analogy with (3.67) we have 

C c o n n f o - TX) = (0 | G0++ | 0 + + ) < 0 + + | G 0 + + |0> e^+^mo++. (5 .34) 

In functional integral language we want 

CCOnn(r2 - n ) = f [dU}G0++T2G0++Tl exp( -S G ) /Z 

-(f[dU]GQ++exp(-SG)/z) . (5.35) 

We proceed to a calculation of this mass to leading order in the strong 
coupling expansion. This expectation value is analyzed in exactly the same 
way as the Wilson loop. We must find a tiling that bounds both the source 
and sink plaquettes. Topologically speaking there are two classes of sur­
faces, those that connect the source and sink and those that do not. The 
latter generate the vacuum disconnected part. The former contribute to 
the glueball mass. The leading order connected contribution forms a square 
cylinder as shown in Fig. 5.2. We obtain 

Cconn(T) ~ k (jj^j (5-36) 

for constant k leading to 

m 0 + + ~ 4 1 o g ( j V ) . (5.37) 

Fig. 5.2 A pair of plaquettes separated by a distance T and the pattern of tiling that 
gives the leading order strong coupling contribution to the connected correlator. 
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5.4.3 Polyakov loop 

We conclude our discussion of the strong coupling limit of pure Yang-Mills 
theory by returning to the Polyakov loop, a loop that wraps around the 
lattice by virtue of periodicity. A single such loop has vanishing expectation 
value. A physical interpretation is tempting. As we recall from Ch. 3, the 
expectation value of a single Polyakov loop gives 

{V{x)) = exp(-/3F0) (5.38) 

where Fo is the free energy of a single static quark. Confinement should 
require that it be infinite, forcing a zero expectation value. But it is zero 
for another reason. 

To see this consider a particular symmetry of the functional integral. If 
we multiply all time-like links in one time slice by a member z of the center 
of the gauge group, the action and integration measure is unchanged. (By 
definition the center elements commute with all group elements.) In the 
case of SU(3) these elements are just exp(2mk/3) times the identity for 
k = 0,1,2, i.e. elements of the group Z(3). Under the center transformation 
the Polyakov loop is multiplied by z. In the course of doing the path 
integration, these center-related configurations are visited symmetrically. 
The Polyakov loop expectation value averages to zero. However, this result 
is merely a test of our projection onto states that satisfy Gauss' Law! The 
integration over a set of time-like links includes a sum over the center 
transformation, so it enforces a requirement that all states be color neutral 
(triality zero). A single static charge in the fundamental representation 
fails this test, since there is no way to screen it in finite volume in a pure 
Yang-Mills theory. 

On the other hand, a pair of Polyakov loops in opposite directions has 
zero triality. As we have seen in Ch. 3 its expectation value is 

(V(x)V*{x + R)) = exp[-0F(R)], (5.39) 

where F(R) is the free energy of separation of a pair of static quarks. In 
the leading strong coupling approximation this expectation value is easily 
calculated following the same methods as the Wilson loop and gives 

F(R) ~ \og(2g2)R (5.40) 

at large R. At infinite separation we get a zero expectation value, the 
proper test of confinement. At high temperature, a phase transition is 
encountered, leading to a deconfined phase in which the free energy of 
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separation is asymptotically constant. This result can be understood from 
the strong-coupling point of view by considering the entropy of fluctuations 
in the surface connecting the two Polyakov loops. As the temperature is 
increased at a fixed strong coupling, the rapidly increasing multiplicity of 
terms contributing at the same high order offsets the cost of going to high 
order. The flux tube connecting the static charges fluctuates freely, leading 
to deconfinement. 





Chapter 6 

Fermions on the lattice 

In contrast to gauge fields, for which the replacement of the vector potential 
by the link is nearly the beginning and the end of the story, marrying light 
or massless fermions to the lattice has been a difficult problem of long 
standing. The kernel of the difficulty is chiral symmetry, and taking either 
the naive view of a chiral fermion (in terms of a helicity eigenstate) or a 
more sophisticated view (as a (^,0) representation of the Lorentz group), 
it is clear that it is the space-time lattice itself that is the source of the 
problem. Many approaches to lattice fermions have been developed over 
the years, none of which are without complications. At present, there are 
two directions to take: one can sacrifice full chiral symmetry on the lattice 
in return for simple discretizations of fermions that are easy to simulate, or 
keep full chiral symmetry at a considerably higher computational cost. 

Heavy fermions are insensitive to chiral symmetry, but bringing them 
to the lattice is also not altogether straightforward. The problem now 
is that the product mqa can be much greater than unity. This product 
governs the scale of lattice artifacts. In that case the quark mass - but 
not other relevant quantities - is much greater than the scale of the UV 
cutoff, suggesting immediately that a solution of the problem can best be 
couched in the language of effective field theory through an expansion in 
inverse powers of the mass. 

6.1 Naive fermions 

Naive fermions are the simplest lattice implementation of fermions. They 
are rarely used in simulations, but it is interesting to begin with them, to 
illustrate the pitfalls associated with fermions on the lattice. The action 
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for a continuum free fermion is 

S = I' d^x^x^d^x) + mi>(x)il>(x)]. (6.1) 

As we have seen in Ch. 3, naive lattice fermions are constructed by replacing 
the derivatives by symmetric differences. We explicitly introduce the lattice 
spacing a in the denominator and write 

Sn
L

aWe = ^Dna ive^ = Y, ^ n l A ^ n +mJ2 IPnlpn, (6 .2) 
n,M n 

where the lattice derivative is 

AMVn = ^ ( ^ " + A ~ V>n-£)- (6.3) 

As we did in Ch. 3, gauge fields are introduced by using a link variable to 
connect neighboring sites. Then 

n,ii n 

(6.4) 
The free propagator is easy to construct: 

1 at \ c • , \ - i -i-f^sinpf.a + ma 
-S(p) = («7M smp^a + ma) = ? 2 — £ - — , (6.5) 
a }__, sin p^a + mza* 

while in the weak coupling limit, with U^(x) = expligaV^x)), the vertex is 

V(g)VM(fc) (6.6) Si=^>2 V>(P)S7M C O S 

p,q,k 

^(p + q)^ 

with p + k + q = 0. 
Now the lattice momentum components pM range from — it/a to 7r/a. A 

continuum fermion with its propagator (n^p^ + m ) - 1 has a large contribu­
tion at small p from four modes that are bundled together into a single Dirac 
spinor. The lattice propagator has these modes too, at p = (0,0,0,0), but, 
as we have seen in Ch. 3, there are other degenerate ones, at ap = (n, 0,0,0), 
(0,7r, 0,0), . . . , (IT, 7T, 7r, 7r). AS a goes to zero, the propagator is dominated 
by the places where the denominator is small, and there are sixteen of 
these, in all the corners of the Brillouin zone. Thus our action is a model 
for sixteen light fermions, not one. This is the famous "doubling problem." 

Doubling is an exact symmetry of the naive fermion. Let us follow 
the pioneering analysis of Karsten and Smit (1981) and call a location 
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where the propagator has a pole p. There are 16 symmetry transformations 
1>'n = Tn^n, , # , = $nT£ that interchange the fs: T = 1 , 7 M 7 5 ( - ) X " / O , 

For example, 7i7se l 7 rx i/a shifts p± to p\ + na. We can label the sixteen 
T's by where they take momenta near (0,0,0,0) and call them T(p). We 
further label the spin part of T(p) as s(p) = 1,7^, Let us assume that 
the momentum p is close to some p, p = k+p, and write 

1 , . -i-ylism(k+p)lta + ma 

or 

S(P) = sip)™-^ s{j>)-^ + 0(a). (6.8) 

To identify the particle content, rotate to Minkowski space, where 7 0 = 174, 
k° = iki, and 

S(P) = s(P)m-ri+il:k°s(pr + 0(a). (6.9) 

S(p) has sixteen poles, corresponding to sixteen propagating Dirac particles. 
We can extract the wave functions of these particles from the residues of 
the poles: for fco = \k2 + m2 > 0, they are 

s(p)lH- k - HofcoMp)-1 = X ^ ^ W H ^ M P ) - 1 ] (6-10) 

and for fco = — V k2 + m2 they are 

sip^-k-ijoko^ip)-1 = -X)[*(PK(-fc)][v(-fc)s(p)_ 1] (6.11) 
A 

where u\ and v\ are the standard four-component free spinors. Thus 
the wave functions for the sixteen particles and antiparticles are s(p)u(k), 
s(p)v(k), u(k)s(p)~1, and v(k)s(p)~1. 

Even if we restricted all initial and final state particles to be ones with 
p = 0, this would not eliminate the other particles from contributing as 
intermediate states, since gauge bosons couple to them. Loops of these 
particles would be present in all processes. Furthermore, by glancing at 
the vertex, Eq. (6.6), we see that all these particles have the same vector 
charge, g, or in units of g, all fermions have Q = 1. 

When the fermion mass is set to zero, the naive fermion action has a 
continuous global chiral symmetry i/j —> e"7 5^, i> —> V'e1675. Could we 
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construct an action that is simultaneously chiral and undoubled? Such an 
action would have a propagator 

- l 

(6.12) 

where PM (p) is some real function of p. For one Dirac fermion, we would 
expect that PM(p) = 0 at p^ = 0. By periodicity, it must also cross the 
PM = 0 axis at pM = 2ir/a. Then at some intermediate momentum, either 
Pfj, must be discontinuous, or there must be another crossing of the PM = 0 
axis. The second case implies that the spectrum is doubled. 

2 

1 

a 
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Fig. 6.1 Possible choices for the function P(p)/1. 

In the first case, the corresponding coordinate space action would be 
nonlocal: 

AM^„ = ^2 f(m){ipn+mii - ipn-mii) (6.13) 
m 

where f(m) would fall off as a power of m. For example, a linear P(p)M 

would give a derivative operator like / (m) ~ (—)m/m. Such actions are 
unacceptable, since they do not correspond to local field theories. Thus, 
we seem to be stuck: if an action is chiral, it must be doubled. 

One way to avoid doubling would be to alter the dispersion relation so 
that it has only one low energy solution. The other solutions are forced to 

S(P) = X/V^CP) 
L M 

T i i i i i i i i i i i i i i r 

J I I 1 —I—I— \—I—I—I—I—! I I I I L 
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E ~ 1/a and become very heavy as a is taken to zero. The simplest version 
of this solution, called a Wilson fermion, adds an irrelevant operator, a 
second-derivative-like term 

Sw = ri>Dw^ = ~ Y,^"W-n+A - 2V>„ + Vn-A) - - y ^ V (6-14) 

to 5 n a i v e . (We are obviously considering the free theory; gauge fields could 
be introduced straightforwardly as before.) The propagator will become 

L M -*7M sinp?a + ma - r £ ( c o s p „ a - 1) 
-5 (p) = „ . 2 - f ^ T 7 77^- (6-15) 
a E M

s i n p^a + [ m a - r X , M ( c o s p ^ a - 1 ) ] 2 

It remains large at pM ~ (0,0,0,0), but the "doubler modes" are lifted 
at any fixed nonzero r to masses that are order 1/a, so G(p) _ 1 has one 
four-component minimum. Unfortunately, the Wilson term is not chiral. 
Apparently, if an action is undoubled, chiral symmetry is explicitly broken. 

Nielsen and Ninomiya (1981a,b,c) analyzed this problem in depth and 
proved a famous "no-go" theorem about doubling and chirality. In detail, 
the theorem assumes 

• A quadratic fermion action •ip(x)iH(x — y)ip(y), where H is Hermi-
tian, has a Fourier transform H(p) denned for all p in the Brillouin 
zone, and has a continuous first derivative everywhere in the Bril­
louin zone. H{p) should behave as 7^pM for small p^. 

• A local conserved charge Q defined as Q = ^2xJo(x), where j 0 is a 
function of the field variables ip{y) where y is close to x. 

• Q is quantized. 

The statement of the theorem is that, once these conditions hold, H{p) 
has an equal number of left handed and right handed fermions for each 
eigenvalue of Q. 

There is a folkloric version of the theorem that says that no lattice 
action can be undoubled, chiral, and have couplings that extend over a 
finite number of lattice spacings ("ultra-locality"). This is actually not 
what the theorem says. It is the quantization of the charge that governs 
whether the theorem is evaded or not. (This is the constraint modern 
four-dimensional chiral actions relax.) 

Ultra-locality is a historical engineering constraint on lattice action de­
sign. What is needed for a proper field theoretic description is locality, 
meaning that the range of the action is restricted to be on the order of 
the size of the spatial cutoff. It is believed that having lattice couplings 
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that fall off exponentially with distance (measured in units of the lattice 
spacing), i.e. S = J2X r ^P(x)C(r)ip(x + r) with C(r) ~ exp(—r/£), £ oc a, 
corresponds to a local action in the continuum limit, but that slower fall 
off (power law, for example) does not. 

The connection between chirality and doubling deepens when we think 
about the anomaly, for there is a theorem due to Adler that states that it is 
not possible to regularize a theory with a single fermion in a way consistent 
with chiral symmetry, such that the axial current is conserved. With a 
lattice regulator, either we must add fermions to cancel the anomaly (naive 
and staggered fermions), or explicitly break chiral symmetry (Wilson-type 
fermions), redefine what is meant by a chiral rotation (overlap fermions) or 
change the dimensionality of space-time (domain wall fermions). 

With naive fermions, the anomaly is canceled among the doublers. To 
see that, imagine coupling the naive fermion to an axial vector field (or 
alternatively, couple the axial vector field to the chirally invariant part of a 
Wilson fermion action). This is easily done by introducing a new link field 
Ufi{x) = exp[igaj5J^(x)]. The interaction term is 

si=Yl ^ (P)37M75 COS 
p,q,k 

-{p + q)^ i>(q)4(k) (6.16) 

with p + k + q = 0. The vertices give the axial charges of fermions near 
some p: 

[u{p + p)s_1(p)]7M75 cos(-(p + q + 2p) ̂ a)[s(p)v{q + p)] = 

W(P)[S_ 1(P)7M75S(P)] cos(pMa)v(g) + 0(a). (6.17) 

Near p = 0, s(p) — 1, and the coupling [s_1(p)7A(75s(p)] = 7^7s> so the 
axial charge is Qs = 1. If p„ is near n/a then s(p) = 71/75, the coupling is 
—7/z75, and Q5 = — 1. In all, eight of the doublers have Q5 = 1 and eight 
have Q$ = — 1. (This is the charge quantization of the Nielsen-Ninomiya 
theorem.) The anomaly is canceled; the spectrum is doubled. 

6.2 Wilson-type fermions 

We have already introduced the undoubled but non-chiral Wilson fermion, 
whose free action appends the Wilson term ripDwip, Eq. (6.14), to 5" iaive. 
While the true Wilson action of classical antiquity is i/i[Dnaive4-Uw]V', and 
in addition the parameter r is conventionally set to unity, there are actually 
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two dimension-five operators that can be added to a naive fermion action. 
The Wilson term is just one of them. The other dimension-five term is a 
magnetic moment term 

Ssw = •ip(x)a^Flll/ip(x). (6.18) 

(Note our convention: <7M„ = -(i/2)[7^,7„] or 7^7,, = <JM„ + ia^.) If 
both terms are included the action is called the "Sheikholeslami-Wohlert" 
(Sheikholeslami and Wohlert, 1985) or "clover" action. The latter name 
arises because the lattice version of F^ (we'll call it C^ below) is the 
sum of imaginary parts of the product of links around the paths shown in 
Fig. 6.2. These days, pure Wilson fermions are rarely used, having been 
replaced by the clover action (with various choices used to set the value of 
the clover term). 

Specifically, the clover term is a sum of four oriented loops of links 

iC»v{x) = \{fll„-fl). (6.19) 

The /M„ is the sum of loops in Fig. 6.2: the upper right corner is 

Up{x)Vv{x + foU^x 4- v?Uv(x?. (6.20) 

In the Abelian limit 

C»» = \j2Mc) (6.21) 
c 

is the sum of the vector potentials from the links running counter-clockwise 
around the outside of the two-by-two plaquette. It is equal to .FM„ plus 
lattice artifacts. Of course, many other definitions are possible, though less 
often used. 

In contrast to naive fermions, whose Dirac operator is antihermitian, the 
Wilson fermion action is neither hermitian nor antihermitian. However, 
it obeys a property called "75-hermiticity," meaning that D^ = 75.D75. 
This relation implies that if the Dirac operator has a complex eigenvalue, 
Dfa = Xi4>i, then A* is also an eigenvalue. (To see this, introduce factors of 
75 to replace the eigenvalue equation by 75£>7575</>i = Xi'fsfyi or, taking the 
Hermitian conjugate, ((pi^D = A*(</>»75). The equivalent secular equation 
for this equation, a left eigenvalue equation, is det(D — X*I) = 0, which 
shows the pairing.) D can also have real eigenvalues, which in principle 
could be of either sign and any magnitude. 
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In the Wilson fermion literature it is conventional to talk about "hop­
ping parameter" K = \{ma + 4 r ) _ 1 rather than the quark mass, and to 
rescale the fields ip —> y/2Kip. The action for an interacting clover fermion 
is conventionally written in terms of two parameters K and csw as 

S = Y2 $n^n 

n 

rncsw 
Y^^n^nvC^tpn. (6.22) 

n^iv 

Of course, one could consider many variations of Wilson fermions: one 
could change the definition of the derivative, or of the Wilson term, or of 
the anomalous magnetic moment term. In the literature, these variations 
are often given their own names, but they share the common property that 
they are undoubled and nonchiral. We will continue to call any ultralocal 
lattice action that is undoubled and nonchiral a Wilson action. 

^ ^ 

Fig. 6.2 The "clover term". 

Why the Wilson term? Why the clover term? We will return to a fuller 
version of this story when we discuss "improvement," but let us give an ab­
breviated explanation. Lattice actions are merely bare actions, constructed 
as a sum of relevant, marginal, and irrelevant operators, each multiplied 
by its own coupling constant. If we neglect interactions, naive dimensional 
analysis tells us the relevance of any operator. We want to find a lat­
tice analog of a continuum action ^(Jj) + m)ijj, whose lattice artifacts are 
removed order by order in a or g2, or both. 

Tree level improvement is simplest: use the organizing principle of di-
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mensionality to construct a set of fermionic operators, first in the contin­
uum, and then on the lattice. The fermion field tp has mass dimension 3/2, 
so the operator OQ = "ipip is dimension 3, Oi = ^Jpi}) is dimension 4. There 
are two dimension-5 operators, Oi = ipplpij) and O3 = {l/2)'il)(TlillFflvip, 
fifteen dimension-6 operators, and so on. Lattice operators, which we will 
label with a superscript L, can be written as continuum operators plus 
higher order artifacts: for example, the naive fermion derivative is 

A^d^ + a2\(dfi)
3 + .... (6.23) 

o 
The Wilson term and the clover term are particular linear combinations of 
0% and 0%. 

To remove all order a errors, we would need a lattice Lagrangian 

CL = c0O% + CiOi: + c20% + c30%. (6.24) 

Clearly, the choice Co = m, c\ = 1, C2 = C3=0 reproduces the continuum 
action through 0(a). (In fact, this is the naive fermion action.) However, 
this action is still doubled. 

How can we remove the doublers while avoiding introducing more lattice 
artifacts? A scheme for doing this systematically was introduced by Liischer 
and Weisz (1985b) and is called "on shell improvement." The particular 
version of this program that is applied to the undoubling problem is to add 
an operator to CL that does not alter the good low momentum behavior we 
just found, but does lift the doublers (which, after all, live at p ~ 1/a). We 
will describe this procedure in more detail in Ch. 10, but here is a synopsis: 

One way not to alter the low energy behavior is to choose a combination 
of operators that could appear in a redefinition of the field variables, as it 
could be removed by inverting the redefinition. As an example, in the 
continuum, suppose that we shift the fields innnitesimally to 

(This is called an "isospectral transformation.") Then the leading change 
in the Lagrangian is 

SC = a(e + e')ij{mp + pp)ip. (6.26) 

The Ip term can be absorbed into 0{ by rescaling the fields. The operator 
#>#>is 

pp = D2 + ^CT^F„U. (6.27) 
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The Jacobian does not contribute at 0(e) (Sheikholeslami and Wohlert, 
1985). The pp term is a "redundant operator", i.e., if we had had it to 
start with, it could have been removed from the Lagrangian by undoing the 
field redefinition. 

Now we pass to the lattice and write down some discretization of the 
continuum action, which will, of course have discretization artifacts pro­
portional to some power of the lattice spacing. Without the isospectral 
transformation, we would have discretized •ippip, which would have given 
us the naive action. This action has 0(a2) discretization errors, but it is 
doubled. Doing the isospectral transformation before we pass to the lattice 
guides us toward a discretization of the Lagrangian C = "4>[p + eapp]ip. Of 
course, the lattice analog of pp is a particular linear combination of the 
Wilson and clover terms. Their relative weights are fixed from Eq. (6.27). 
To order (a2), this fixes r = csw- However, the overall weight of the pp 
term is free because it came from an isospectral transformation: regardless 
of the value of r, all lattice actions with the Wilson term and the simple 
clover term, but with r = csw, will have 0(a2) lattice artifacts. Clearly, 
we want to avoid "near doubling," and so r = 1 is a convenient choice. 

(Notice that while the transformation is called 'isospectral," we only 
consider its effect to leading order in the infinitesimal parameter ea. We 
have also not considered the effect of the field redefinition on currents. We 
will return to this discussion in Ch. 10.) 

At the order we are working, there are only two new parameters in 
the action, and their ratio was fixed using Eq. (6.27). However, that will 
not be the case in higher order, so let us consider the other dimension-5 
operator (the clover term) by itself. We can fix its value (as we would 
for the values of all operators which are not redundant in the sense of 
isospectral transformations) by performing a lattice calculation of some 
physical process and matching it to the desired continuum result. One way 
to do this is to turn on a quark mass and compute two quantities: the 
dispersion relation for very small momentum, and the energy of the quark 
in an external magnetic field. Written as an energy, the result of these two 
calculations is 

E{p,B)=m1 + ^ - + l ^ . (6.28) 

If the bare fermion mass is mo, then we can show (for r = 1) 

ami = log(l + arno) 



Lattice fermions 111 

2 + AarriQ + (amo)2 

2mo(l + amo)(2 + amo) 

( 2 m 2 ) - i _ 1 ; ^ ( 6 .29) 
v ; 2m0(l + moa) v y 

To make the magnetic moment agree with its continuum value, we need 
TUB = TU2 implying csw = 1 (= r) at tree level. The difference between 
m\ and m-i just corresponds to an additive shift in the mass of a hadron, 
which does not contribute to mass differences. This will be described more 
in Sec. 6.6. 

Wilson-type fermions contain explicit chiral-symmetry breaking terms. 
This can cause problems in simulations or in their analysis. The most 
obvious difficulty is that the zero bare quark mass limit is not respected by 
interactions; the quark mass is additively renormalized. The value of the 
bare quark mass mq at which the pion mass vanishes is not known a priori 
before beginning a simulation. Simulations with Wilson type fermions have 
to map out m^ vs amq by direct observation. 

We can see how the Wilson term affects observables by recalling our 
discussion of Ward identities. This requires a digression into a discussion 
of conserved currents for naive and Wilson fermions. The conserved vector 
and axial currents for naive fermions are 

J»(n) = ̂ {ipnlnU^lpn+p, + T/W/iT^W^n] (6.30) 

and 

Jlin) = 7,$n1^sUIJ,(n)ipn+p, + ^„+A7p75^(n)+^n]- (6.31) 

This is easily checked from the equation of motion: AMJM(n) = 0 with 
the backward difference A^n = <pn — 4>n-(i- The Wilson term spoils the 
conservation of both currents. It is possible to define a conserved vector 
current for Wilson fermions, 

JCM = \$n(-y* ~ r)£/M(n)V„-A + i>{n + A)(7M + r)U^n)^n] (6.32) 

but no conserved axial current exists. Because the Wilson action is not 
chiral the PC AC relation for on-shell matrix elements of the axial current 
includes an extra term 

(a\A^\p) = (a\2miPl5iP + r{75,Dw}\(3). (6.33) 

(2m2)-1 

(2ms) - 1 
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The mass term is the ordinary chiral-symmetry violating term, but the 
second term represents the explicit chiral symmetry breaking of the Wilson 
term. If we neglect gauge interactions, Dw is an irrelevant operator, Dw ~ 
aV2, so it dies away in the naive continuum limit. In fact, if we evaluate it 
between two free quark states, it is 

(P2H75, Av}|Pi) = ra(mf + ml)u(p2)75u(pi) + 0(a2). (6.34) 

At nonzero a, and in the interacting theory, the situation is a bit more 
complicated. Because the action is not chiral, nothing protects the quark 
mass from acquiring an additive shift, so that the value of m at which 
correlators show chiral behavior such as a conserved axial vector current is 
no longer at m = 0. 

In perturbation theory the loop graphs that contribute to the additive 
mass renormalization have a 1/a divergence (regulated by the lattice). This 
1/a factor combines with the intrinsic a dependence of the operator to give 
a mass shift Sma = 0(g2). (We have reintroduced the lattice spacing 
to write a sensible dimensionless expression; recall that on the lattice, all 
dimensionful parameters scale with the appropriate dimension of a since it 
is the only scale. What is important for current algebra is the size of chiral 
symmetry violations compared with other scales.) 

The situation we are describing was analyzed in detail by Bochicchio 
et al. (1985). They found that the Wilson term mixes with the pseudoscalar 
current and the divergence of the axial vector current, 

{75, rDw} - 26Mi>75iP - (ZA - 1 ) A ^ , (6.35) 

where 6M and ZA - 1 are both 0(g2), so that Eq. (6.33) is replaced by 

ZA(a\A^\(3) = (a\2(m + 5M)^^\(i). (6.36) 

By fine-tuning m to be equal to -SM, one can return to the chiral point. 
Within perturbation theory this is the complete story: only one parame­
ter needs to be tuned for g2 ^ 0. If we think of the coupling as a scale 
dependent g{a), then at sufficiently small a, it runs (logarithmically) to 
zero. If there is a regime where perturbation theory is applicable, then 
in that regime chiral symmetry breaking for Wilson fermions is like chiral 
symmetry breaking in the continuum. 

A second serious problem with the use of a nonchiral action is that 
operators that would not mix if the action were chiral can now do so. This 
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seriously compromises weak interaction matrix element calculations done 
with Wilson-type fermions. (See Ch. 16 for more discussion.) 

Finally, if the action were chiral, the Dirac operator would have an eigen-
mode spectrum that would be strictly bounded: all of its real eigenvalues 
on a background gauge configuration would have the same sign, regardless 
of the values of the gauge field variables. Because the action is not chiral, 
no such constraint exists. This is a serious problem because of the way sim­
ulations are done: one picks a value of bare mass m and constructs a set of 
propagators, inverting D + m on an ensemble of gauge configurations. It 
can happen that one configuration in the ensemble has an eigenmode whose 
eigenvalue is near — m. Then D + m is non-invertible: the propagator blows 
up. This situation is called "encountering an exceptional configuration" in 
the literature. The reader can imagine that one or two exceptional config­
urations can seriously compromise the statistical quality of a data set, and 
indeed, they present a practical problem in using Wilson type fermions for 
simulations at small quark masses. 

When D+m has a zero eigenvalue, the fermionic determinant det(D+m) 
is zero, so such gauge configurations should have zero weight in the ensem­
ble. To steer around them correctly puts strong demands on the simula­
tion algorithm. Of course such configurations are a serious problem for the 
quenched approximation, which omits the fermionic determinant altogether 
from the integration measure. But even with the determinant properly in­
cluded, there can be problems. There are arguments in the literature that 
full QCD with Wilson-like fermions at nonzero lattice spacing has unphys-
ical phases in which QCD is realized differently from continuum expecta­
tions. That would preclude doing simulations relevant to phenomenology 
at those mass and lattice spacing parameters. 

6.2.1 Twisted-mass fermions 

A formulation of lattice fermions (Frezzotti et at, 2000) that removes ex­
ceptional configurations is called "twisted mass QCD." This is a scheme for 
Nf = 2 flavors in which the lattice Dirac operator is expanded to become 

Awist = D + m + iM75T3. (6.37) 

The isospin generator T3 acts in flavor space. The extra term is called the 
"chirally twisted mass." It protects the Dirac operator against exceptional 
configurations for any finite /u, since det jDtwist = det((D+m)t(.D+m)+/u2). 
Doublers are avoided when a Wilson-type operator is used for D. 
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One might think that twisted mass QCD reduces to ordinary QCD only 
at \i = 0, but that is not so. If we take the continuum twisted-mass action 

C = ip(D + m + 1/175X3)̂  (6.38) 

and perform a chiral rotation, 

•00 = exp N a 7 5 y ) ^ = R(a)tp 

-00 = $exp ("*75yJ = $R(a), (6.39) 

we observe that if tan a = /x/m the action becomes 

C = $Q(D + M)1>0 (6.40) 

with M = yjm2 + /A 
A simulation in twisted mass QCD begins by picking a lattice discretiza­

tion of D, such as the Wilson or clover actions. [The improvement program 
for twisted mass QCD is practically identical to the program for any Wilson-
type action (Frezzotti et al., 2001).] One also chooses the parameter a. One 
then measures some Euclidean Green's functions 

(0(ij,tp))a = Z~l [\di>d$dU}0(ij,ip)e-s, (6.41) 

which are then related to the ordinary QCD Green's functions (of the fields 
ipo, V̂ o) by considering the sum of twisted-mass correlators 

(O(^o, <Ao)> = (0[R{a)1>, i>R{a)\)a. (6.42) 

At nonzero lattice spacing, the twist term breaks flavor and parity sym­
metries. These symmetries are restored in the continuum limit. Flavor 
symmetry breaking produces a mass splitting between the charged and 
neutral pions. At "maximal twist" (a = TT/2) symmetry is restored at a 
rate 0(a2) (Frezzotti and Rossi, 2004). Maximal twist is emerging as the 
favorite way to implement twisted mass QCD because for many interesting 
operators, Eq. (6.42) simplifies for its special value of a. 

Notice, finally, that, as is the case for all other parameters in Wilson-
type actions, the twist angle is not given by the bare parameters: it is 
shifted by interactions. One way to determine this would be to compute 
the renormalized mass TUR in terms of the bare parameters: 

mR - Zm[m(l + bmam) + bma^i2} + 0(a2); (6.43) 
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one would have to somehow (via perturbation theory or some additional 
nonperturbative calculation) find the coefficients Zm, bm and bm. Then 
a = 7r/2 corresponds t o r n = —bmafj,2. For further details we refer the 
reader to the literature. 

6.3 Staggered fermions 

The sixteen-fold degenerate doublers of naive fermions can be condensed to 
a four-fold degeneracy by means of the local transformation ipn —> Clni>'n, 
V>„ —> ijj'ntt'll where 

fin=7o07ri72n273"
3- (6-44) 

There are sixteen different fi's. Using 

fiH^n+A = ( - l )«o+n 1 + - + n , - 1 = ^ ( ^ ( 6 . 4 5 ) 

(and noting f2j,fin = 1) we rewrite the action as 

n,n n 

(6.46) 

Written in terms of ip', the action is diagonal in spinor space. Although 
ip' is a four-component spinor, all components interact independently and 
identically, so we can reduce the multiplicity of naive fermions by a fac­
tor of four simply by discarding all but one Dirac component of ip'. The 
resulting one-component field Xn is the "staggered fermion" field with the 
one-component action 

S = -xM(U)X a 

= 2^ J2 Xna>i(n) [U^Xn+p, -U^n- tfxn-p] + ™ J Z XnXn-

(6.47) 

Because of the sign alternation in aM(n), the natural unit cell for the 
staggered fermion field is the 24 hypercube. One may then think of the 
sixteen hypercube components of the field as four sets of four Dirac compo­
nents. This residual "doubler" degree of freedom is called "taste:" a single 
staggered fermion corresponds to four tastes of continuum fermions. 
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In the older literature, taste was sometimes associated with physical 
flavors: up, down, etc. This was not a fruitful idea; it is not possible to 
break flavor symmetry by introducing different masses for the tastes. In 
contemporary practice one introduces a new staggered fermion species with 
its own mass for each new flavor. So each flavor carries four tastes. We 
defer until the end of this section dealing with the additional multiplicity. 
For simplicity for the most part we discuss a one-flavor, four-taste theory. 

The one-component action (6.47) is invariant under a modified U{\) 
chiral transformation. Notice that the kinetic term in the action connects 
only even with odd sites. The mass term connects even with even and odd 
with odd. So at zero mass the one-component action is invariant under the 
transformation 

X -» exp(ir50)x X^xexp(iT59) (6.48) 

where I"̂  is diagonal in the site and color index and at site n 

T5„ = 1 even n; T^ = - 1 odd n. (6.49) 

At any mass the fermion action (6.47) satisfies 

M(f/) t = r 5 M((7)r 5 . (6.50) 

This remnant chiral symmetry is key to the practical utility of this 
action. It suppresses additive quark mass renormalization and produces a 
natural Goldstone boson. At zero quark mass M is antihermitian and thus 
has imaginary eigenvalues. The spectrum of M^M is bounded from below 
by (am)2, permitting simulation at quark masses considerably smaller than 
the Wilson actions. Thus staggered fermions are preferred over Wilson ones 
in situations in which the chiral properties of the fermions dominate the 
dynamics. 

A convenient change of basis helps to expose the taste multiplicity 
(Gliozzi, 1982; Duncan et al, 1982; Kluberg-Stern et at, 1983). For sim­
plicity we begin with free fermions. Label the sixteen sites of the hypercube 
with four-component vectors rj with components t]^ — 0 or 1. Then define 
a four-taste Dirac field through a unitary change of basis: 

ry
a = l/8^n™X2y,a+n- (6-51) 

n 

(Use the same fi as before to get the same Dirac gamma matrices.) The 
field ip has four Dirac spinor components a and four taste components a 
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and lives on the hypercube with origin at 2y. This is called the staggered 
fermion spin-taste basis. The inverse transform is 

X2„/a+„ = 2Ti:[ntVy]- (6.52) 

With a little algebra the free staggered fermion action can then be expressed 
in the spin-taste basis: 

S = Y,b% 
y.M 

( 7 M ® / ) A M + - 6 ( 7 5 ( 8 ) 7 ; 7 5 p / , ipy 

+mb4^2ipyI®Iipy, (6.53) 
X 

where the first and second block derivatives (b = 2a) are 

and 

U^y = *»+»* + * » - » * - 2 ^ (6.55) 

The sum over y runs over all hypercubes of the blocked lattice. The tensor 
product notation is spin ® taste. Taste symmetry is four-fold, so the use 
of Dirac matrices for its generators is natural. The irrelevant dimension-
five term involving (75 <g> 7^75) breaks taste symmetry at nonzero lattice 
spacing. 

In the interacting theory the action in the spin-taste basis is a bit more 
complicated. Since the transformation from the one-component hypercube 
basis to the spin-taste basis collects fields from different lattice sites, to 
preserve gauge invariance in the interacting theory, the basis change must 
include the gauge connection: 

V£° = 1/8 £ ^aW(2y, 2y + r,)X2y/a+r,- (6-56) 
v 

where W(2y,2y + rj) is a product of gauge link matrices f/M(n) connect­
ing sites 2y and 2y + 77, or a suitable linear combination of such products 
[sometimes then projected to SU(3)]. The inverse transformation is then 

X2y/a+r, = 2W~\2V, 2V + 7?)Tr[fi^y]. (6.57) 

With interactions included the lattice action in the spin-taste basis does 
not have a simple expression. Expanded in powers of the lattice spacing, 
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the action becomes 

S=J2 b%\h» ® I)D^y + aStb,i + 0(a2) 
y,v 

+mb4 ^2 ipyl ® Itpy}. (6.58) 
X 

The zeroth order (in a) term is the continuum action with a four-fold taste 
degeneracy. The irrelevant first order taste breaking (and Lorentz symme­
try breaking) contribution St6,i contains dimension five fermion bilinears in 
75 ® 7^75-0^, {in - 7f) ® l-F^t/, and 75aM1/ <g> (7^ + 7 ^ ) 7 5 ^ . So even in the 
interacting theory only irrelevant operators break the taste symmetry; in 
the continuum limit taste-symmetry breaking is suppressed, and we obtain 
a theory with four degenerate tastes. 

At nonzero lattice spacing most of the staggered fermion taste and spin 
rotations are replaced by shifts and rotations in the hypercube. The con­
tinuous symmetries of continuum QCD are broken to discrete symmetries. 
In particular, continuum taste symmetry is broken and taste multiplets are 
split. But at zero mass, one lattice symmetry transformation, a U(1)A 
symmetry, survives in continuum form: 

tpy -> exp(i6>75 <g> 75)^1, (6.59) 

ipy -> ipy exp(i075 <g> 75). 

This is just Eq. (6.48), reexpressed in the spin-taste basis. We see that the 
remnant continuous chiral transformation mixes taste as well as spin. It is 
easy to check that the taste-breaking terms in the interacting theory listed 
after Eq. (6.58) are invariant as they should be. 

Following the contemporary practice of introducing a new staggered 
fermion species for each new flavor, we write the conserved currents in a 
world with two degenerate flavors of quarks, namely up and down. The 
fermion field is now a spinor in flavor space and we introduce the flavor 
Pauli spin matrix Tj. There is a conserved vector current based on the 
spin-taste operator TJ7M ® 1, which is represented in the one-component 
basis by 

JiAn) = 1 [Xn+(L<xIJ.(n)TiUl{n)xn + XnOili{n)Ull(n)TiXn+ii} • (6.60) 

At zero mass there is also a conserved axial vector current based on the 
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taste mixing operator ^7^75 <g> 75: 

JiAn) = 4 [Xn+Aa*i(»)(-)nr<yM(n)X" + XnaM(n)(-)nTi£/M(n)xn+A] • 

(6.61) 

The spontaneous breaking of this symmetry produces an isovector of Gold-
stone pions with taste label 75. 

A conventional isovector chiral transformation, on the other hand, would 
be generated by the taste singlet operator ^757^ ® 1, and a isosinglet chiral 
transformation by 757^ ® 1. In the one-component basis such currents 
connect \ a n d X at pairs of points separated by three links in the hypercube. 
They are not conserved at nonzero lattice spacing. Since the axial anomaly 
originates in the gluon sector, which carries no taste, it must be a taste 
singlet and couple to the pseudoscalar density generated by 75 <g> 1. A 
consequence is that there is no exact connection between zero modes of 
the staggered fermion Dirac operator and the winding number of the gauge 
fields. These modes emerge only in the continuum limit. Their chirality is 
not precisely ±1 . 

Let us consider the meson spectrum with degenerate up and down 
quarks. First we consider the continuum limit. At zero mass the action has 
a full SU(8)L <g> SU(8)R ® U(l)v symmetry, which spontaneously breaks 
to SU(8)v ® U(l)v- Without taste we would be speaking only of SU(2) 
and we would have the familiar isovector of three Goldstone pions. With 
tastes included, each of these pions comes in a taste multiplet of 16. The 
isoscalar pseudoscalar eta-prime is similarly multiplied by 16. It is mod­
ified by the gauge anomaly. As we have observed, the gauge anomaly is 
a taste singlet, so only the taste singlet eta-prime acquires a mass. The 
remaining taste-nonsinglet members survive as Goldstone bosons. They 
would be physical in an SU(8)v <8> U(l)v world, but they are unphysical 
in the SU(2)v ® U(\)v world that is closer to our own. We must exclude 
them from consideration in constructing "physical" asymptotic states. We 
discuss this "valence projection" further in Ch. 14. 

At nonzero lattice spacing but zero quark mass only an SU(2)v ® 
U(l)v ® U(1)A symmetry survives. Spontaneous breaking of this sym­
metry results in a single isovector Goldstone boson. The other 15 partners 
in their multiplets remain massive. Turning on the lattice spacing splits 
the taste multiplets. Because the surviving continuous U(1)A symmetry 
involves the taste generator 75, the lightest member of the multiplet (the 
one whose mass vanishes at zero quark mass, regardless of lattice spacing) 
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Fig. 6.3 An example of taste symmetry breaking in an improved staggered action. The 
notation Ts x IV specifies the spin-taste construction of the pseudoscalar interpolating 
operator. (See Sec. 11.2.3.) Data are from Orginos et al. (1999). For an explanation of 
the splitting, see Lee and Sharpe (1999). 

has taste component 75. An example of splitting is shown in Fig. 6.3. This 
pattern was first described by Lee and Sharpe (1999). 

A glance at Eq. (6.58) suggests that taste breaking effects are 0(a) 
(first order in lattice spacing). Appearances are misleading, however. In 
the meson spectrum, the splitting is expected to be 0(a2a2) for the fol­
lowing reason. First, in the free staggered action, the free quark dispersion 
relation must be identical to the naive free quark action, which has no 
taste splitting. Thus taste splitting occurs only as a result of the terms in 
the action involving gluon exchange - in particular gluons with momentum 
components close to the lattice cutoff. In a quark-antiquark meson, two 
such exchanges are required, one to change the tastes of both quark and 
antiquark and one to change them back again. Thus we require a factor 
0(a2). The further factor of 0(a2) is best understood from the point of 
view of an effective theory in which the gluonic degrees of freedom are in­
tegrated out. Then taste splitting is induced by dimension six four-fermion 
operators (Lee and Sharpe, 1999), which therefore require a dimensional 
factor of a2. 

To improve the accuracy of numerical simulations it is desirable to 
reduce and gain control of taste mixing. This is done with two strate­
gies. First, the simulations are done with improved versions of staggered 
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fermions, which we will return to in Ch. 10. Second, the analysis of low 
quark mass simulation data is done in the context of a low energy effec­
tive theory appropriate to staggered fermions, i.e. a chiral Lagrangian with 
ANf flavors of fermions (the "4" is for four tastes) including explicit taste-
breaking terms. We will return to a detailed discussion of this methodology 
in Ch. 10. 

We have postponed until now the problem of dealing with the unwanted 
taste degree of freedom. To introduce the solution that one finds in the 
literature, consider the following general situation. We imagine having a 
Lagrangian for continuum QCD with Nf flavors of quarks. The Dirac 
operator M = D + m depends on the underlying gauge fields. We use it to 
construct operators whose expectation values can be analyzed to compute 
physical observables, which we write generically as 

(O) = i J[dU][d^][dilf]0(^j) exp(-SF - SG). (6.62) 

At this point we integrate out the fermions to write the observable as a 
functional integral over only the gauge fields, 

(O) = | / [d[ / ]0(M i T
1 )de tMexp(-5 G ) . (6.63) 

Suppose we wish to pass to the lattice, using a discretization for the fermions 
that does not experience doubling. We could do this at any point in the 
procedure, from before Eq. (6.62) to after Eq. (6.63). However, for stag­
gered fermions, we have to confront the problem of the taste multiplicity. 
This involves the two places the Dirac operator appears in Eq. (6.63), and 
the standard solution is rather different in either case. 

First, M appears in the fermionic determinant de tM. To reduce the 
unwanted multiplicity of sea quark loops, simulation algorithms take the 
fourth root of the fermion determinant. To the extent the eigenvalues of 
the fermion matrix are nearly four-fold degenerate, the fourth-root approx­
imation is effective. Since the splitting of the degeneracy is induced by an 
irrelevant operator, this approximation is thought to become exact in the 
continuum limit and produce the same results as an undoubled theory. At 
nonzero lattice spacing the approximation produces artifacts. We will see 
an example in Sec. 14.3. As of this writing the fourth root approximation 
is controversial. Simulations based on it have been very successful in re­
producing experimental results, but there is no proof that the continuum 
limit is smooth. 
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Second, M appears in the operator 0(M^1) involving valence quarks. 
From our previous discussion, the taste mixing terms in M are irrelevant 
operators, whose effects die away at least as O(o) as a is taken to zero. It is 
possible to construct operators that couple only to a single taste rather than 
to multiple members of a taste multiplet. Correlators of these single-flavor 
operators can mix with different tastes as intermediate states, but because 
this mixing is induced by irrelevant operators, it is simply a scaling viola­
tion. We expect universal behavior in the continuum limit when comparing 
results from staggered fermions with ones that are taste-symmetric. We 
will describe how to construct these single-flavor operators in Sec. 11.2.3. 

The treatment of valence and sea quarks can be unified through the 
usual generating functional for Green's functions. For example for an oper­
ator 0{il)i•ipj) constructed from local mesonic combinations ipi(x),ipj(x) we 
have 

ZM = f\du\ [ # ] [dip] exp( -5 G ) det[M + atJ (x)]1 /4 . (6.64) 

so that (O) = 0(6/Sdij) logZ(aij). The sources <Jij can be designed to 
couple only to selected tastes. 

6.4 Lattice fermions with exact chiral symmetry 

Far and away, the easiest path to a chiral fermion comes simply by modify­
ing the definition of a chiral rotation from the usual Sip = iejsip, 5$ = ieip^ 
to either 

Sip = icy5 (l - £-D\ It; 5i> = it% (l - ^D) 7 5 (6.65) 

or 

Stf> = ic75 ( 1 D ) ip; 6$ — ie$j5. (6.66) 

V ro ) 
The operator D should be local, and a is the lattice spacing. The naive 
a —» 0 limit of the new chiral rotation is just the usual one, so this is just 
the usual chiral rotation modified by the addition of an irrelevant operator. 
It is (nearly) ubiquitous to take D in the rotation to be the Dirac operator 
used in the action, so that the Lagrange density is C = {pDip. Requiring 
6C = 0 under either of the altered chiral rotations replaces the usual anti-
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commutation relation for the Dirac operator by the new constraint 

0 = l5D + D75 - —Dl5D. (6.67) 

This expression is called the "Ginsparg-Wilson relation," named after its 
inventors (Ginsparg and Wilson, 1982). They proposed it as a natural 
consequence of a renormalization group calculation, but we can take it 
as the consequence of an alteration of the definition of a chiral rotation. 
(Experts will recognize that we could have written the chiral rotation as 
Sip = ie-j5(l — aRD)ip where R is some local operator. Then the Ginsparg-
Wilson relation would have been {75,/?} = aD^RD. This extension has 
not received widespread practical use.) 

The Ginsparg-Wilson relation immediately implies 

{75)JD-1} = ^ (6.68) 

and, using D^ = 75.D75, 

D + £>f = — D^D. (6.69) 
TO 

Fermions obeying the Ginsparg-Wilson relation have a number of inter­
esting properties. First, their eigenvalues are confined to a circle of radius 
ro/a in the complex plane, centered at the point (ro/a,0). This is easy 
to see if we write the eigenvalue equation as D<j> = \cf> with X = x + iy. 
The Ginsparg-Wilson relation via Eq. (6.69) says that 2x = (a/ro)(x2+y2) 
or (x — ro/a)2 + y2 = (ro/a)2. Second, if an eigenmode of D is chiral, 
75</> = ±0 , then A is real and equal to either 0 or 2ro/a: 

(75£> + D75 - -DlhD)<j) = (±2\<f> T -X2)4> (6.70) 
ro r0 

so A [2 - (a/ro) A] = 0. 
As a crutch to further understand the spectrum of D, let us introduce 

the hermitian Dirac operator H — 75D. Eq. (6.69) becomes 

l5H + Hj5 = -H2. (6.71) 
ro 

If an eigenstate \tp) of H is also an eigenstate of 75, from Eq. (6.71), its H 
eigenvalue must be (0, ±2ro/a). Then it is an eigenstate of all four operators 
H, H2, D, and 75. Otherwise, \ip) and 75 \ij)) form a two-dimensional 
subspace that is invariant under the action of H and 75 (and consequently 
D), and on which H has eigenvalues ±e. This is easiest to see by beginning 
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with an eigenvector of H, which obeys H\\jj) = e\ip) for e =̂  0 or ±2ro/a, 
and constructing the orthogonal state 

\4>) = N[lh\i>) -M(#>6|V'>] , (6.72) 

where N is a normalization factor, 1/N2 = 1 — |('0|75|V')|2- (To prevent 
1/N2 = 0, the construction requires that \ip) not be an eigenstate of 75.) 
Computing H\4>) and using the Ginsparg-Wilson relation, Eq. (6.71), we 
get 

H\4>) = -e\4>) + \il>)Ne (e± - 2 ( ^ 7 5 ^ } ) • (6.73) 

So we see that the subspace is invariant under H. It follows that \<f>) is an 
eigenstate of H with eigenvalue —e and (V,|7s|V') = e/(2ro/a)- Finally, we 
see that H2 is just e2 on this subspace and it commutes with 75, so we can 
diagonalize H2 and 75 simultaneously. 

From these considerations, when we switch to the simultaneous eigen-
basis of H2 and 75, it is easy to show that H is a direct sum of two by two 
blocks, each of which is 

# = _ ! _ ( e2 eV(2r0 /a)2 - e2 

2r0/a \e^(2r0/a) -€ 

[On this basis 75 = diag(+l, —1)]. In addition H may have simple diagonal 
terms for e = 0 or 2ro/a. 

The operator D — 15H reduces, of course, to block-diagonal form on the 
same two- or one-dimensional eigenspaces of H2. Where the eigenvalues of 
H are ±e, the eigenvalues of D come in complex conjugate pairs, 

J ^ J M S O T ^ (6.75) 
2r0/a

 K ' 

or they are real: e = 0 corresponds to A = 0 and e = ±2ro/a corresponds 
to A = 2ro/a. Where eigenmodes of H with nonzero eigenvalue ±e have 
matrix elements (0|7s|0) = ±e/(2ro/a), from Eq. (6.67) it is easy to show 
that nonzero eigenvalue eigenmodes of D have (V'lTsW = 0. 

Since our Hilbert space of Dirac fields is complete and finite dimensional 
we must have Tr 75 = 0. If we take the trace on the eigenbasis of D, we 
find that the only nonzero contributions come from the eigenspaces 0 and 
2ro/a. In the eigenspace 0, Tr 75 counts the difference n + — n_ between 
zero eigenmodes of positive and negative chirality. In the eigenspace 2ro/a 
it counts the corresponding difference n'+ — n'_. For the net trace to vanish, 
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we must have (n+ — n_) + (n'+ - n'_) = 0. Similar reasoning shows that 
Tr 75D = (2ro/a)(n'+ — n'_). This leads us to the identity 

0 = 2 ^ T V 7 5 D = _ T V 7 5 ( 1 _ 2 ^ £ , ) = n - ~ n + - ( 6 ' 7 6 ) 

This is the first part of the index theorem, which equates the topological 
charge (winding number) to Q, the difference between zero eigenmodes of 
positive and negative chirality, gauge configuration by configuration. To 
complete the theorem we must relate Q to the topological charge. For a 
smooth background gauge configuration, showing that Tr 75Z) is propor­
tional to the integral over eaP,iVF£pF*v involves manipulations similar to 
the continuum calculation (Peskin and Schroeder, 1995). 

It is convenient (and useful, to make contact with five-dimensional for­
mulations, as we will see in the next section) to define the massive overlap 
operator for fermion mass m as 

The "shifted propagator" D(m)~l is often used in calculations: 

1 - -r^-r\ Dim)-1 = Dim)-1 - . l . . . (6.78) 
2r0/aJ K ' y ' 2(r0/o) v ' 

It obeys 

{75, Dim)'1} = 2mD(m)-176D(m)-1. (6.79) 

One could not ask for anything more chiral. D, the inverse shifted prop­
agator, is generally not local, but its anti-commutator is quite familiar: 
{75,-D} = 2m75. 

Because the eigenvalues of D lie on a shifted circle, one can write D as 

D = —[l + V] (6.80) 

where V is a unitary operator. In practice, V is chosen to be a function 
of some ordinary, non-chiral, undoubled massless lattice Dirac operator d 
and a mass term equal to —ro/a. The universally-used (perhaps unique?) 
choice is the overlap action of Neuberger (1998a,b) 

D=r-± 
a 

d- r0/a 

yj{d - ro/a)t(d - ro/a) 
(6.81) 
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or, introducing the hermitian operator h(m) = ^f5(d + m), 

D=r^[l + 75e[h(-r0/a)}} (6.82) 

where e(h) is the matrix step function, e(h) = h/y/h?. The choice of coef­
ficients is made so that if d is "small" compared to ro/a, D ~ d. 

Of course, with such a complicated expression, D cannot be ultra-local. 
If this action is to be well behaved, it must be local. Hernandez et al. 
(1999) have proved that D(x — y) is local, falling off like exp[—C(x — y)/a] 
if the gauge connections are sufficiently smooth. As the gauge fields be­
come rougher, at large lattice spacing, it is believed that this constraint is 
no longer satisfied. Golterman and Shamir (2003) have argued, and pre­
sented numerical evidence, that when the underlying gauge configuration 
becomes too rough, eigenmodes of the kernel action d(—ro/a) cease to be 
localized; their eigenmodes spread in space, overlap, and mix into a band. 
This may cause the overlap operator to become nonlocal. As a practical 
comment, if one is doing a calculation with overlap fermions, it is reasonably 
straightforward to check for locality by computing the norm of a vector 

1>(x) = D{x - y)Sy:0 (6.83) 

and checking that it dies exponentially with x. 
Only a cursory glance at Eq. (6.81) reveals the computational difficulty 

associated with the overlap. Because D is not ultra-local, its matrix rep­
resentation is not sparse. We defer a discussion on practical methodology 
for computing the overlap operator to Sec. 8.6, and merely remark that the 
most useful approach to e(/i) involves an approximation 

N , 

e(h)^eN(h) = h^J^f7. (6.84) 

Thus an application of the overlap operator to a trial vector involves finding 
inverses of the operator h? + Cj. 

An interesting way to see that the Ginsparg-Wilson relation gives a 
lattice action with full chiral symmetry (other than simply noting that 
SC = 0) is to consider a multi-fermion Green's function. As we saw in our 
discussion of Wilson fermions, in a non-chiral theory the Ward identities 
pick up extra terms involving •0(75, .D}^, 

(SO(x, y)) = (50)cons + ( J (sWy){75, D}1>(y)). (6.85) 
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It is usually the case that J(x) = -ip(x)Tijj(x) for some Dirac matrix T. The 
Ginsparg-Wilson relation replaces the anti-commutator by •4>{x)D^Dili{x) 
and so the extra term in the Ward identity is 

(J(x)j;(y){l5, D)1>(y)) = (^(x)T^(x)rP(y)Dl5D^(y)). (6.86) 

However, ip(x)'ilj(y) = D(x,y)~1 and D(x,y)~lD{y) = 6(x — y): the extra 
term is just a contact term. If the correlator is not evaluated at zero 
separation, it will give results consistent with chiral symmetry. Thus all 
the usual continuum chiral symmetry properties are present in Ginsparg-
Wilson fermions, even at nonzero lattice spacing. 

6.5 Exact chiral symmetry from five dimensions 

One could just terminate a discussion of chiral lattice fermions with the 
Ginsparg-Wilson relation, but it is a worthwhile exercise to consider another 
ultraviolet completion of four-dimensional interacting fermions: we imagine 
that the world is really five-dimensional, and that a four-dimensional chiral 
fermion arises from structure in the fifth dimension. We will show that 
the fermions in the low-energy effective field theory at a particular location 
in the space obey the Ginsparg-Wilson relation. One could either work 
directly with them, or simulate the original five-dimensional theory on a 
lattice. The second alternative is called a "domain wall fermion." 

6.5.1 Five dimensions in the continuum 

The description of the five-dimensional world becomes much more trans­
parent if we preserve continuum language. [A nice place to begin reading 
is Kaplan and Schmaltz (1996).] After we have outlined the main ideas, we 
can return to the lattice and describe the discrete version of these fermions. 
The lattice versions of these ideas originated with Kaplan (1992) and the 
method which is most widely used was developed by Shamir (1993). 

Consider first free fermions in a five-dimensional Euclidean world: the 
usual coordinates /i = 1 to 4, labeled by x^, and a fifth dimension labeled 
by s. We imagine a free Dirac operator 

D5 = D4 + 7505 - M{s) (6.87) 

where D4 = 7̂ <9M, <% = d/ds, and the "mass parameter" is assumed 
to vary with s, interpolating between —M and M as shown in Fig. 6.4a. 
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We can assume a solution of the Dirac equation D$x = 0 where xix,s) — 
exp(ipx)u(s), p = (iE,p) in Euclidean space, where p2 = -E2+p2 = —m2. 
If D5x = 0, then 

[75d5 - M(s)]u = -i i>u. (6.88) 

Squaring the equation in the usual fashion (multiplying on the left by 
— (75^5 — M) and on the right by i jP) we find 

\-dl + V{s)]u = m2u. (6.89) 

Here V(s) = M2 + -y5d5M. 
V(s) is shown in Fig. 6.4b. The spectrum has three kinds of modes: If 

m2 > M2, the spectrum is continuous. If m2 < M2 there can be discrete 
levels, but if the only scale in the problem is M, and m and M are the 
same order of magnitude, these eigenvalues are also O(M). Finally (and 
most important), there can be massless modes 

[-75<95 + M(s)]u{s) = 0, 7 / J V x = 0 (6.90) 

with wave functions 

u = exp ( ± / ds' M(s') j v (6.91) 

with "fftPfiV = 0 and v chiral: P±v = v; P± = (1 ± 7s)/2. If the potential is 
as shown in Fig. 6.4, only the negative chirality mode is normalizable. 

1.0 
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Fig. 6.4 (a) A typical potential M(s) that supports a zero mode, (b) The potential in 
the two chiral sectors; the negative chirality zero mode is bound deep in the well. 

This is a general situation, independent of any specific details about 
M(s). Because V(s) commutes with 75, its eigenstates come in chiral pairs 
- unless one of the wave functions is non-normalizable. In our example, 
that happens for the positive chirality zero mode. If M(s) had additional 
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zeros, there would be additional zero modes, corresponding to additional 
chiral fermions if the wave function of one chirality was non-normalizable. 

Since the situation does not depend on a particular form for M, let us 
replace it by a wall with Dirichlet boundary conditions at s = 0. We restrict 
ourselves to s > 0 and take M(s) = M in that domain. For this simplified 
case the left-handed zero mode is pinned to the s = 0 surface and its wave 
function falls away like exp(—Ms). Now let us find the four dimensional 
effective field theory of the massless mode. We can do this by finding the 
propagator G(x, si; y, s2) between two sites in the five-dimensional manifold 
and restrict our attention to the case si = s2 = 0 (since that is where the 
massless mode is confined). The Green's function obeys 

(Z54 + 75% - M)G{x,Sl;y,s2) = 6(x - y)S(Sl - s2) (6.92) 

with 

P+G(x,s1;y;s2) = 0 (6.93) 

at si = 0. One can show that 

G(x, 8l = 0; y, s2 = 0) = 2MP_S(x, y)P+, (6.94) 

where S(x, y) = D(x, y)~l if x ^ y, 

D = M[l-l5-Q=], (6.95) 

and Q = 75(M — D4). That is, D obeys the Ginsparg-Wilson relation. 
We reproduce the derivation of this result given by Liischer (2000). It 

proceeds through the intermediary of the operator Q(si,s2) acting on four-
dimensional Dirac fields ip(x) via Q{s\,s2) = Jd4yG(x,s\;y,s2)ip(y). Q 
obeys the equation 

As0(* i , a2 )= t f ( s i -*2) (6-96) 

with the chiral constraint 

P+g(Sl=0,s2)=0. (6.97) 

Since D4 does not depend on the fifth dimension, 

G(si,s2) = [e^-s^8(Sl - s2) + C]75 (6.98) 

before we impose boundary conditions on our solution. Our first constraint 
is that we want G(si,s2) to vanish as |si — s2\ —> 00. We can force that 
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by introducing positive and negative eigenmode projection operators for 
Q, P± = | ( 1 ± Q/y/Q^), writing the identity operator as S(x — y) = 
P+ + P-, and shuffling terms in Eq. (6.98) so that the exponential falls 
away appropriately. The identity 2MP + P_ = P+D can be employed to 
show that the operator 

G(Sl,s2) = {e^-s^ie(Sl-S2)P--0(s2-Sl)P+}+eSlQP-~P+e-s^}l5 

(6.99) 
is a solution of the equation of motion that also solves all boundary con­
ditions. Equation (6.94) follows, improbably, by writing e = Q/y/Q^ with 
e2 = 1, MD~l — X)n(75e)"i shifting some sums, and inserting or removing 
contact terms as needed. 

6.5.2 Five dimensions on the lattice 

Everything we have described in the previous subsection immediately con­
nects to our earlier lattice-based discussion. We first introduce a lattice 
spacing in the four dimensions of low-energy interest, while holding the 
fifth dimension continuous. The gauge fields in the five dimensional world 
are assumed merely to have no variation in the fifth dimension, so that the 
action continues to be a sum of a four-dimensional and a five-dimensional 
piece. Then, replacing M by ro/a, we have 

D5 = d{U)\att + 7 5d5 - r 0 /a . (6.100) 

The overlap action is once again obtained as the four dimensional action at 
x5 = 0 . 

If the action obeys the Ginsparg-Wilson relation, the transformation 

ip -> ^ + £75 (1 - -TT ] ip; V>->V> + eV)75 (6.101) 

leaves the action invariant. This transformation is certainly asymmetric, 
but in Euclidean space, ip and tp are integrated over separately, and a chiral 
rotation is just a change of integration variables. 

Now define 

75 = 75 ( l - § ) • (6.102) 

It happens that % = 75 and 7! = 1. We can define fermion chiral projectors 
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to be P± = §(1 ±75) and anti-fermion projectors to be the usual P±. Since 

D = P+DP- + P-DP+, (6.103) 

we could study a lattice-regulated theory consisting only of left-handed 
fermions by imposing the restrictions on our fields that P-ip = ip and 
i>P+ = i>. 

We can also directly expose the chiral fermion in a five dimensional 
context. Write the five-dimensional field as S&(x,s) and the action as 

S= fdixds^(x,s)D5<H{x,s). (6.104) 

Separate variables in * to write 

* = I } U s ) P - + rn{s)P+\tpn{x) 
n 

tf = ^n(x)[ln(syP++rn{a)*P-]. (6.105) 
n 

The equations of motion separate into chiral sectors with 

( - a 5 - M)ln = -rnlp4ipn; (d5 - M)rn = -lnJp^n (6.106) 

Chiral zero modes (for which p4ip = 0) again have exponentially growing 
or falling solutions in the fifth dimension. There are also the usual set of 
Kaluza-Klein modes (fermion modes with eigenvalues O(M)). For them, 
write D4tpn = w^ij)n. If we replace the field variables in the action with 
the mode expansion of Eqs. (6.105), we can integrate over s to construct a 
four-dimensional action 

h .1=0 r=0 n nonzero 

(6.107) 
The three sums run, respectively, over the sets of negative chirality zero 
modes, positive chirality zero modes, and over all nonzero modes, for which 
chiralities are paired. 

We can now describe the domain wall fermion of the lattice literature, as 
introduced by Shamir (1993). We take a five-dimensional space 0 < s < L, 
with Dirichlet boundary conditions at both ends. There will be one zero 
mode of each chirality, localized on a boundary. Their wave functions are 
^4exp(-Ms) or A e x p [ - M ( L - s ) ] , where A2 = 2M/ [ l - exp( -2ML)] is the 
normalization factor. We must bundle the two chiral modes into a single 
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Dirac spinor. Shamir does this by orbifolding the fifth dimension. More 
simply said, he adds an extra term mP-6(s)8(s' — L) + mP+6(s - L)S(s') 
to D(x,s;x',s'). After repeating the mode expansion, we replace the sum 
of positive and negative chirality massless modes by an action for a single 
Dirac particle 

S= fd4x [ip(x)(pi + n)il>(x)] (6.108) 

where the Dirac mass is 

2M 
" = m i - e x p ( - 2 M L ) * 2mM- (6-109> 

As a final technical point, the would-be chiral modes dominate long 
distance physics, but it might be advantageous to suppress the Kaluza-Klein 
modes by hand. This can be done by adding a set of massive scalar fields 
(called "Pauli-Villars regulator fields" by Furman and Shamir (1995) after 
the familiar continuum regulators). If we take a discretized fifth dimension 
with sites labeled s = 1 to 27V (and include the orbifold mass m), a possible 
lattice partition function would be gotten by defining the regulator fields on 
every other site and giving them an action that has the same UV structure 
as the fermions: 

. 2 2N z=/ n du^x) n Nd$x,sdipx,s n <#£, A , - e - s , (6.no) 
x,n a=l s= l 

where 

IN N 

S= Y, i>x.sDs(Tri)il>x,. + 5 Z <t>ksDl{m = l)D5(m = 1)</>X,S. (6.111) 
x,s—l x,s=l 

Obviously, the boson site label runs over only every other fermion site. The 
complete functional determinant is then 

detD5(m;2N) 

det Dl(m=l,N)D5(m = 1,N)' 

On the lattice the four dimensional term lpi is replaced by any Wilson-
type operator (to exclude doubling from the start). The Wilson term part 
of such an action is lumped with the M parameter of the five dimensional 
action. This prevents the exact separation of variables between the fifth di­
mension and the other four. [Relevant formulas are given by Shamir (1993).] 
The discretization of a finite-length fifth dimension affects the chirality of 
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the action. A sketchy derivation of a lattice action on a finite volume 
[adapted from Edwards and Heller (2001)] illustrates these points. With 
L$ sites in the fifth dimension and a lattice spacing in the fifth dimension 
of as, the action is 

L5 

S = £ ^ [ ( a 5 P 4 ( - M ) + 1 ) ^ - P _ # i + 1 - P + ^ - i ] (6.113) 
i=\ 

with P _ * i 5 + i = m P _ f i and P + * 0 = mP+^Lb. If one redefines # 4 = 
75D4, sets Q± = a5HiP± ± 1, and writes ^ = (Px)i> a n d i>i = XiQZ1^, 
with 7>,-fc = P-5jk + P+Sj-i,k for j = 1,2,. . . , £5 - 1, or P-SL^k + P+<5i,fc 
if j = L5, the action becomes 

5 = - { x i [ ( P + m P + ) x i - T - 1 x 2 ] 

+ £ XilXi - T-'xi+i] 
i=2 

+XL 5 [XL 5 -T- 1 (P+mP_)xi]} (6.114) 

where T _ 1 = —Ql1<5+. One can now integrate out the fields on successive 
sites, beginning with XL5 and \Lb and going down to xi and xi- The 
fermionic determinant is det A^ where 

A F = - [ ( r - * . + 1)75] { i ± ^ + i ^ 7 5 p ^ i } . (6.115) 

The term in the square brackets is canceled by the determinant of the 
Pauli-Villars regulators, leaving the term in curly brackets, 

A F = l + rn + i-rn7sQi5_ ^ 

If we write 

- . -1 1 + a5HT 

1 - a5Hr 

(a convenient notation; actually, HT = #4(2 + a^^Hi)-1), then 

(6.117) 

(l + a5HT)^-(l-a5HT)L> 
W L » ~ (1 + a5HT)L* + (1 - aBHT)** ( b > 1 1 8 j 

or 

Q L B = t a n h ( - ^ l o g | r | V (6.119) 
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These expressions were first derived by Neuberger. For finite L5, QL5 is 
an approximation to the matrix step function e(x) of the overlap operator 
[defined in Eq. (6.82)], of the form of Eq. (6.84). As £5 grows, it becomes 
increasingly accurate. 

This result is only one of many possible five-dimensional operators, 
which reduce to overlap-like four dimensional operators for large L5. (For 
a recent discussion of several variant actions, see Edwards et al. (2005).) 
For any finite £5 none of these domain wall actions are exactly chiral, just 
as no finite-AT truncation of Eq. (6.84) would be chiral either. This means 
that these actions are members of the class of Wilson actions, and would 
show typical behavior of a Wilson action with regard to chiral symmetry. 
In particular, these actions would show an additive mass renormalization, 
which the domain wall literature refers to as a "residual mass," a shift 
away from zero for the value of the bare quark mass at which the pion 
becomes massless. As with ordinary Wilson-type fermions, this has to be 
determined via simulation. These actions will also fail to realize the index 
theorem precisely; they will not have chiral zero modes. 

As a general rule, all nnite-Ls domain wall actions have much better 
chiral behavior than the generic Wilson or clover actions we discussed in 
Sec. 6.2. But, of course, some choices of lattice action will be better than 
others. Generally, the better the approximation to a step function, the 
better is the chiral behavior observed in a simulation. Doing domain wall 
simulations then requires confronting an engineering question, namely, for 
any action, how big must L5 be for one's desired calculation? 

6.6 Heavy quarks 

The charm quark has a mass of about 1.5 GeV, and the bottom quark is 
at about 4.5 GeV. Only a very brave simulator would venture to a lattice 
spacing below 1/20 femtometer, so at best Mca > 0.4 and M^a > 1.2, but 
they are often very much greater. Unless they are carefully designed, lattice 
actions develop rather severe discretization effects once the product MQO, 
becomes large, so a direct attack on the properties of heavy quark systems is 
likely to encounter problems. Fortunately, one does not have to make such 
a direct attack, and a few minutes' reflection about effective field theories 
tells why; when the quark mass is the same size as the cutoff, and when one 
is interested in physical processes at scales far below the cutoff, relativity 
contributes little physics. Just as we organize a low energy effective action 
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as a sum of terms of increasingly higher dimension, multiplied by a coupling 
constant that scales with a power of the cutoff, so we can construct an 
effective action for the heavy quark, whose terms are organized as powers 
of a small parameter like the inverse of the heavy quark mass or its velocity. 

Heavy quarks (the charm or bottom quark) appear in two contexts: in 
bound states of a single heavy quark and one or more light hadrons, such 
as the D or B meson, or in bound states in which all the constituents are 
massive, such as the J ftp or T systems. The physics of the two systems 
is slightly different. In systems with a single heavy quark, the center of 
mass coordinate is centered on the heavy quark: in the center of mass 
frame the heavy quark does not move. The light constituents contribute 
an amount A ~ a few hundred MeV to the energy of the system. These 
systems are described by Heavy Quark Effective Theory (HQET), whose 
expansion parameter is 1/MQ. The ratio A/MQ would then be about 1/5 
for charmed systems, 1/15 for bottom hadrons. 

Quarkonia (QQ states) are different. Think about them as you would 
positronium. In a Coulomb potential the kinetic energy p2/(2M) and 
potential energy —as/r balance, and the uncertainty principle says that 
{p){r) ~ 1, so (p) ~ OISMQ or v ~ as. The binding energy is roughly 
Q.2MQ ~ MQV2. The small expansion parameter that characterizes the 
effective field theory is v; this expansion is called nonrelativistic QCD 
(NRQCD). In typical potential models, v2 ~ 0.1 for bb systems and 0.3 
for cc. Clearly, the expansion will work much better for bottom than for 
charm. 

We discuss first the two effective field theories, and then return to con­
sider the use of relativistic actions for heavy quarks. 

6.6.1 Heavy quark effective theory 

Let's return to Minkowski space and derive the heavy quark expansion. We 
begin with the Dirac Lagrangian 

C = Qli-fDp - MQ]il>. (6.120) 

Projecting out quark tp+ — (1 + 7o)/2i/' and antiquark ip- = (1 - jo)/2ip 
fields, we obtain the zeroth order Lagrangian describing a heavy quark at 
rest: 

£O = ' 0 + ( J £ > O - M Q ) V ' + , (6.121) 
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and the propagator is just a straight Wilson line (P is the path-ordering 
operator) 

S(x, XQ; x , x0) = —i9(xo — x0)S (x — x )e - T' U 3 f £ - ^\p-iMQ^o-x'B) 

x P exp -ig / dyA°a(x,y)t° 
JxU 

To go further, we uncouple ip+ and ip- by writing 

(iD0 - MQ)tp+ = 5 • Dip-

(iD0 + MQ)ip- = -a • Dtjj+ 

(6.122) 

(6.123) 

or 

(iD0 - MQ)ip+ = -(a • D) (5 • D)j,+. (6.124) 
lL>o + MQ 

Expanding 

1 1 
iD0 + MQ 2MQ 

iD0 - MQ 

2MC 

fiD0-MQ\' 
V 2 M Q J + ... , (6.125) l - : „ " + 

and defining color electric and magnetic fields through the covariant deriva­
tives gE = — i[Do,D] and geijkBi = i[Dj,Dk], we transform the Dirac 
equation into 

(iDQ - MQ)fa 
(a-Df 

2MQ ' 8M£ 

(iD0 - MQ) 

+ 7&2P-D,3-fi\ 

8 M 2 (a-Dy-(ff-D) 
2 jiDp - MQ) 

8M% + ... V-+-

(6.126) 

Next, using the equations of motion to order I/MQ to eliminate time deriva­
tives on the right hand side, we have 

(-iDo + MQ)fa 
D2 ff-B 

+ 5; 2MQ *2MQ 

+ -^{{Di,Ei]+i(DxE-ExD)} + ... 

(6.127) 
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The mass dependence of the leading term can be eliminated by redefining 
ip+ —> exp(-iMQt)ip+. We have arrived at the Lagrangian for heavy quarks 

^heavy — W-\-
D2 5-B 

2MQ * 2MQ 

+ 8 M ^ { [ A ' Ei} + i(DxE-Ex D)} 
m 

(6.128) 

4-OL* For antiquarks, substitute tp+ —> ip_, ip'+ —> ip-, and ta —> t° 
This is an effective action. One keeps as many terms as are needed 

to produce 1/MQ accuracy. Keeping only the first term (iDo) is called 
the "static limit;" it has very interesting symmetry properties (such as an 
SU(2) associated with the quark's spin) and its own extensive literature 
and applications. 

6.6.2 Nonrelativistic QCD 

Before passing to the lattice, let us introduce nonrelativistic QCD, in the 
context of QQ bound states. Here the expansion parameter is the quark's 
velocity. To organize the expansion, we have to think first about the sizes 
of fields and operators. 

We start with the number operator: 

/ ' 
(Txiprip = l. (6.129) 

From the uncertainty principle, the size of the bound state is (x) ~ l/(p) 
and so tp^tp ~ (p)3 or \ip\ ~ ( M Q V ) 3 / 2 . 

The kinetic energy is 

r D2 

KE = Mv2 = I d3xipi—-ip, (6.130) 

so of course the spatial derivative is |D| ~ MQV. The time derivative has a 
size |D0 | ~ MQV2, because [iD0 + D2/(2MQ)]ip = 0. 

We need color fields as well. If we work in Coulomb gauge, which 
is a reasonable choice for nonrelativistic bound states, the leading-order 
Schrodinger equation becomes 

ido-<Mo + ^ - ) v = 0, (6.131) 
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and so \gAo\ ~ MQV2. Electric fields scale as gAo/x, so they are \gE\ ~ 
MQV3. The vector potential is a solution of the wave equation, so (d2 — 
W2)gA = gJ = g2^Wtp/MQ. Therefore, \A\ ~ MQvs. Finally, gB = 
gW x A and so \gB\ ~ MQV4. AS expected, electric fields are bigger than 
magnetic fields. 

We now construct the Lagrangian. We begin, of course, with the non-
relativistic Schrodinger equation 

•^NRQCD — V'+ iD0 + 
2MQJ 

ip+ (6.132) 

which we saw in the last section. We now want to add to it. To do this, 
we proceed a bit differently. We write down all interaction terms that 
are consistent with the symmetries we desire to include: gauge invariance, 
parity, rotational invariance, and so on. We assign an arbitrary coupling 
constant to each term, which we will have to determine by matching to 
a more fundamental theory (a relativistic fermion). Of course, we group 
terms by their power of velocity. 

In order v2, 

6C2 = Cl^+D^+ 
Q 

+c2^l(D • E - E • D)i>+ 

+c3-£Til>l<? • 0 x E - E x D)1>+ 
MQ 

+c4^ip\_a • BJJ+. (6.133) 

We have used the equations of motion to trade iDo for D2/(2M), for a 
reason that we will explain, below. At order v4 there are spin-dependent 
terms 

6C* = f1j^il>i{D2,S-BW+ 

+f2^l{D2,a- (DxE-Ex D)}^+ 

+f3^lff-(ExE)1>+ (6.134) 

that are needed to get accurate spin splittings, and the list can go on, 
depending on the desired accuracy of the calculation. For a discussion of 
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more operators, we refer the reader to the extremely well written paper by 
Lepage et al. (1992), where all of this was first described (and which we are 
merely following). 

The Ci and ft coefficients are determined by performing a calculation in 
relativistic QCD and in the effective field theory and forcing the result of 
the latter to agree with the former in their overlapping regions of validity. 
Here it is for momenta much smaller than MQ. For example, because the 
first relativistic correction to the energy is P4/(8MQ), C\ = 1/8. Next, 
one can scatter a quark from a static electric field. The amplitude the 
underlying theory is 

TE(P, q) = u{q)l0gA0{q- p)u(p). (6.135) 

Looking up the usual formula for a spinor wave function, we find 

TE(p,q) = *l>l[S(p,q) + iff • (qx p)V(q,p)]gA0iP+, (6.136) 

where S(p,q) = [1 - (p — q)2 / (%MQ)2]. In this expression, the "1" matches 
the lowest-order Schrodinger calculation, and the second term can be 
matched from the effective Lagrangian if C2 = 1/8. The C3 part of SC2 

gives the spin-dependent piece, if C3 = 1/8, and scattering off a vector po­
tential is matched by C4 = 1/2. Of course, one could push the calculations 
to higher order in a and get more accurate matching coefficients. 

If the reader will glance back at Eq. (6.128), she will notice that in 
NRQCD language, HQET is a theory with C4 = 1/2, and c-i = C3 = 1/8, so 
the order 1/MQ and 1/MQ terms agree with the 0(v2) expansion. However, 
other expansion parameters are different, and the terms that need to be 
bundled together to work to some desired order are also different. Notice, 
for example, that the v4 terms in NRQCD are a mix of 1/MQ and 1/MQ 
terms. 

Now we return to Euclidean space, and then to the lattice. The transla­
tion dictionary from Minkowski (M) to Euclidean (E) variables is that 
r 0 _ _ , - _ 4 aO _ , - Q 4 r\(M) _ , • / ) ( £ ) AO _ AAA „ n J 
X ( M ) — " ( £ ) ' U(M) — t a(B) ' ^0 — l l J i > ^(M) ~ l-n(E) a n Q 

E)M} = —iE(Ey We can keep our formulas for the actions with a few 
sign changes. 

On the lattice, spatial derivatives are made covariant in the usual way, 
inserting link variables. Pretty much any discretization could be used, and 
since it is possible to get very high statistics in nonrelativistic simulations, 
the reader might want to discretize an a way that remains accurate all 
the way to larger lattice momenta. The electric and magnetic fields are 
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components of F^ and they can be discretized using some variation on an 
appropriately-oriented clover term. 

The time derivative is very special. Suppose we think of any of these 
lattice actions as a discretization of 

C = ij(x, tfD4ip(x, t) + ip*(x, t)Hip{x, t), (6.137) 

and suppose that H involves only spatial derivatives. The simplest dis­
cretization of the time derivative gives 

£ = if)(x, ty\Ut(x)-4>{x, t + 1)- ip{x, t) + aHipix, t)]/a, (6.138) 

and the Green's function obeys the equation 

Ut{x, t)G(x, t + 1; 0,0) - (Sx,x. - aH)G(x', t; 0,0) = <5*,0<5t,o, (6.139) 

whose solution is 

G(x, t + 1; 0,0) = U}(x, t)[Sx,x> - aH(x, x')}G(x', t; 0,0). (6.140) 

This is an initial value problem. The complete Green's function can 
be computed with one pass through the lattice. Any more complicated 
derivative (say, including next-nearest neighbors) turns the initial value 
problem into a discretized partial differential equation, which can be solved 
only by an iterative procedure taking many passes through the lattice. 
Nobody ever does this. 

Equation (6.140) is not precisely what the experts use. If the solution 
is to be stable, |1 - aH\ should be smaller than unity. In the free-field 
limit, aH = X^,(2sinpja/2)2/\2MQO) and so one must have Mqa > 3. To 
increase stability, slice up the time interval. If we call HQ the Schrodinger 
term and SH everything else, Eq. (6.140) is replaced by 

*'+«-('-*)"('-f)*«('-T) 
x(l-^\nG(x',t;0,0). (6.141) 

It is not easy to take the continuum limit of a HQET or NRQCD cal­
culation. These are effective field theories and need aMq large to make 
sense. However, to check results, one can compare simulations for a range 
of aMq's and check for stability. To go all the way to Mqa = 0, we have 
to return to actions of relativistic quarks. 

file:///2Mqo
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6.6.3 Heavy, relativistic quarks 

Typical discretizations of light quarks develop lattice artifacts as amq be­
comes order unity. A classic example is given by the simple Wilson or clover 
action's dispersion relation, from Eq. (6.29). There are two cures: One is 
to devise lattice actions for relativistic fermions that work well at all quark 
masses. This is easy to talk about, but hard to do, so the other alternative 
is to think about interpreting the results from simpler actions in a way 
that reduces lattice artifacts. The second choice is called the "Fermilab 
program" after the home of (two-thirds of) its inventors (El-Khadra et al., 
1997). 

The reader should pause to re-read the discussion of the clover action 
from the point of view of on-shell improvement: absent any special discus­
sion (about chiral symmetry, for example), one can write a lattice action as 
a sum of operators times coefficients, which we will now take to be functions 
of the bare mass in addition to the coupling g2. 

S = J2cn(m0a,g2)Sn. (6.142) 
n 

Furthermore, we do not enforce any space-time symmetry on the couplings: 
we are interested in low spatial momentum, not high energy. This of course 
allows the number of operators to increase: the dimension-4 operator ijjlpip 
is replaced by the two operators 1/J74.D4V and •07 • Dtp. One then identifies 
redundant directions by performing an isospectral transformation (this is 
where doublers would be removed), and determines the other couplings by 
some physical improvement criterion. Through dimension-5 there are eight 
operators. Three are redundant, one is fixed by the bare mass, one by wave 
function normalization, one is the space-time asymmetry parameter, and 
the last two are the coefficients of S • B and a • E interactions. It happens 
that the nonrelativistic limit of any space-time symmetric action takes the 
form 

rr/ J , , A D2 * S - 5 [7- D,j-E] ) T 

i7' = * |M1 +7o^o-^-^^-7oL^ + . . . ] * , 

(6.143) 

where Mi, M2, and MB are all functions of mod. The * M i * term does not 
contribute anything interesting to the dynamics; it (or rather, Mx - M2) 
is just an overall energy shift. One could obtain the correct 0(1/MQ) 

corrections to HQET if one could tune MQ = M2 = MB- The first tuning 
can be done by choosing arriQ to produce a desired M2, either analytically 
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or by simply fitting the dispersion relation. The second tuning can be done 
by varying the coefficient of E • B. (This is automatic at tree level for the 
clover action; recall Eq. (6.29), but it might have to be set by hand for 
other discretizations.) If the last term were needed, one could introduce a 
bare-mass-dependent a • E coupling. 

Another lattice artifact that appears at large amo is a drift in the residue 
of the propagator. The continuum behavior l / (2m)(l + 7o)/2 is generally 
modified by lattice artifacts into Z(amo)/(2m)(l + 7o)/2. One can re­
store the canonical behavior for the massive field by rescaling the lattice 
field by l/y/Z(amo). The Wilson action is again the best-known example. 
While we earlier said that the connection between "continuum-like" field 
normalization and "K-like" normalization was ipc = y/2K,rpK, the tree level 
connection is actually ipc = y/1 — 6KtpK. In the massless limit of free field 
theory, K = KC = 1/8, they agree, of course, but in the large mass limit K, 
vanishes and the large mass limit of \f2ki\) is bad. A full nonperturbative 
determination of Z(amo) would presumably be needed to fix this unphysical 
result. 



Chapter 7 

Numerical methods for bosons 

7.1 Importance sampling 

A general functional integral for the partition function for a bosonic field 
(f>(x) has the form 

Z = J[64] exp[-5(0)] (7.1) 

where [d(j)] = \\n d<f>n is an integration over the values of the field on each 
lattice site n. Any physical observable O can be expressed as a function of 
the field <j>. Its expectation value is given by 

(O) = J[d<j>\ 0(<A) eMS{4>)}/ JM exp[ -S(0 ] , (7.2) 

which is just the average of the observable with respect to the measure 
[d0]exp[-Sr»]. 

The massive multidimensional integration presents a numerical chal­
lenge. It is accomplished through a variety of importance sampling meth­
ods, designed to select a sufficiently complete subset of points {<f>(k\k = 
1 , . . . , N} in the integration domain such that the ratio of integrals is well 
estimated on this subset. These sample points are called "field configura­
tions." One configuration specifies the value of the field on all lattice points. 
There are two broad classes of importance sampling methods: Monte Carlo 
and molecular dynamics. 

143 
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7.1.1 Monte Carlo methods 

The Monte Carlo method generates a sequence of random field configura­
tions 4>^ with a probability distribution tailored to the measure: 

P ( 0 ) a e x p [ - 5 ( 0 ) ] . (7.3) 

An obvious precondition is that exp[— S((f>)] be positive. Then the expec­
tation value of the observable is just the simple average of the observable 
over the sample configurations: 

^ 4 E ^ W ) (7-4) 
fe=l 

in the limit N —> oo. There are two Monte Carlo schemes in common use, 
namely, the method of Metropolis et at (1953) and the heat bath method. 
Both methods start from an initial field configuration and approach the 
desired probability distribution through a sequence of prescribed random 
updates or transitions in the field values. Under suitable conditions the 
sequence of configurations (j>^°\ (f)^,... generated in this way becomes a 
"Markov chain." In analogy with statistical mechanics, the limiting prob­
ability distribution is called the "equilibrium distribution" and the process 
of reaching it is called "equilibration". The expectation value of the observ­
able is then evaluated after the distribution is first suitably equilibrated. 

The random transition takes <f> to </>' according to a probability R((j>' +— 
4>). Thus we may speak of a sequence of probability distributions P^{<j>) 
related by the Langevin evolution equation 

p{k+iH4>') = Jm p(fc)(0)i?(^ <- 4>). (7.5) 

In the transition the action changes from S{4>) to S((j)') = S(<f>) + AS. If 
the transition probability satisfies the "detailed balance" condition, 

R{<f>' - 4>)/R{<t> «- 0') = exp[-S(<A')]/exp[-S(0)] (7.6) 

then the distribution (7.3) is a fixed point of the equation. (The detailed 
balance condition is sufficient, but not necessary.) Whether, in fact, any 
starting point and any given transition scheme eventually leads to a unique 
end point, namely, the equilibrium distribution, is a deep question. In 
practice the transition methods are tailored to be sufficiently thorough that 
the desired result is achieved. 
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7.1.1.1 Metropolis et al. method 

The standard method of Metropolis et al. (1953) makes a proposed change 
4> —> <j>' with probability Q(<p' <— </>), such that the reverse transition has 
the same probability: 

Q(0' <- 0 = Q{4> - A (7-7) 

It then chooses a random number A distributed uniformly on [0,1] and 
accepts the proposed change under the following conditions: 

(1) If S(<f>') < S(4>), always accept the change. 
(2) Otherwise, accept the change if exp(—AS) > A. 

This is called the "accept/reject" condition. If the change is rejected, an­
other attempt is made. Clearly, this method generates a transition proba­
bility that satisfies detailed balance (7.6). 

7.1.1.2 Heat bath method 

The heat bath method visits each of the lattice sites and, while keeping 
the values at all other sites fixed, replaces the value of the field at the 
target site by a new value according to a probability distribution propor­
tional to exp[—S(<fi)]. The name comes from an analogy with a classical 
statistical ensemble with a hamiltonian and temperature defined so that 
S(<f>) = H/kT. Consider the dependence of the action on the single site 
coordinate (f>n with the field fixed at all other lattice sites, 

H = h(<pn) + e0. (7.8) 

The local objective is to achieve a thermal distribution exp[—h((j>n)/kT] of 
the local variable <j>n. For example, for the following simple discretization of 
free 4D scalar field theory, the lattice action couples only nearest neighbors 

S = H/kT = - £ <A„+ „̂ + (8 + m2) J2 ^nA (7.9) 
n,/x n 

The dependence on the field at a single site </>„ is given by 

h(<pn)/kT = -<f>no-n + (8 + m2)(j>2j2, (7.10) 

where the environment is specified by 

Vn = sX&n+V + 0n-/x)i (7-11) 
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which is taken to be constant in this step. The distribution exp[—h(<j>n)/kT] 
is simply Gaussian, so selecting a completely new <pn in this case is as trivial 
as the theory itself. 

The heat bath transition probability is independent of the starting con­
figuration </> 

R(<t>' < - c£) oc exp[-S(<j>')] (7-12) 

and the condition (7.6) is clearly satisfied. 
The method is repeated for each lattice site. Clearly the more local the 

action and the simpler the functional form of h(<j)n), the more efficient the 
updating process. 

7.1.2 Molecular dynamics method 

The molecular dynamics (MD) method uses classical dynamics and the er-
godic hypothesis to obtain the desired statistical distribution (Callaway and 
Rahman, 1982, 1983). It introduces a fictitious momentum pn conjugate to 
4>n at each lattice site n and considers the hamiltonian 

%« = Ey + W (7-13) 
n 

This hamiltonian defines classical evolution in "molecular dynamics time" 
r: 

K =Vn Pn = -dS/d<j>n, (7.14) 

where the dot denotes the r derivative. Starting from an initial choice 
\p(r = 0),4>{T = 0)] these equations define a trajectory \p{r), <j>{r)\ through 
phase space. The set of all such trajectories is area-preserving. The corre­
sponding classical partition function is 

Z = J [dp] [#] exp[-Jf (p, d>)]. (7.15) 

The Gaussian integral over momenta is trivially done, giving a result pro­
portional to the path integral expression for the quantum partition function 
(7.1). So the quantum partition function can be evaluated using classical 
molecular dynamics. According to the ergodic hypothesis, the probabil­
ity of visiting a point <f> along the classical trajectory is proportional to 



Methods for bosons 147 

exp[—S(cp)]. Expectation values of observables are then computed by sim­
ply averaging over the MD "trajectory": 

<0) = i f ° drO[<j>{r)}. (7.16) 

As with other importance sampling methods, before averaging, one allows 
the system to evolve to a sufficiently large time TQ that thermal equilibrium 
is established. 

7.1.3 Refreshed molecular dynamics 

We are principally concerned that cf) reaches the more probable equilibrium 
region quickly and then traverses the phase space efficiently. A measure of 
this efficiency is the rate of decay of the autocorrelation coefficient for any 
observable O: 

/•OO 

C(T) = N dr' SO(T' + T)SO[T'}, (7.17) 
Jo 

where SO(T) = 0[<J)(T)] — (O) and the normalization A'' is fixed by requiring 
C(0) = 1. The slower the autocorrelation coefficient decays, the longer it 
is necessary to follow the MD evolution to get a suitably small variance in 
the expected value of the observable. 

"Refreshing" was proposed by Duane and Kogut (1985, 1986) as a 
method for speeding the decorrelation. In this method one starts with 
a random choice for the canonical momenta, evolves the system for a fixed 
molecular dynamics time, selects a completely new set of canonical mo­
menta (the refreshing step) and without changing the coordinates <j> starts 
a new trajectory. The process is then repeated. The random momenta are 
selected from the Gaussian distribution that appears in the classical par­
tition function. This method also has the advantage of helping to realize 
ergodicity. 

In practice refreshing is usually found to reduce autocorrelations. Why 
might that be? One can imagine that the classical trajectories include cycles 
that bring some of the coordinates back to their initial values, instead of 
visiting other parts of the phase space. Giving the system a thermal kick 
helps push it into a new region of phase space. 
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7.1.4 Hybrid Monte Carlo 

Constructing the molecular dynamics trajectory requires a numerical in­
tegration of a system of first order differential equations. The numerical 
integration advances along the trajectory through a series of discrete steps 
in molecular dynamics time. To get a faithful sampling of the Feynman 
path integral the trajectory should be followed accurately. To do so re­
quires making the step size small or the integration method more compli­
cated. Either way the computational cost grows. Hybrid methods attempt 
to evade this problem. 

Hybrid methods combine both the molecular dynamics and the 
Metropolis et al. Monte Carlo method. The molecular dynamics trajec­
tory starts with a configuration </> and ends with <fi'. This process can be 
viewed as defining a Metropolis et al transition function Q((p' <—</>). At 
zero integration step size the molecular dynamics evolution is time-reversal 
invariant, so Eq. (7.7) is satisfied. With a careful choice of the integration 
algorithm the evolution can also be time-reversal invariant for a discrete 
step size. One then proceeds with the usual accept/reject decision based 
on the change in the action S((f>). If the proposal is rejected, the configu­
ration is restored to </>, the momenta are refreshed, and a new trajectory is 
followed. 

Viewed as merely a definition of a Metropolis et al. transition function, 
the molecular dynamics evolution can be done with a coarse time step. 
However crude the integration method, it is essential that the stepping 
algorithm be time reversal invariant to high precision so that the reversibil­
ity condition Eq. (7.7) is satisfied. The leapfrog algorithm (see below) is a 
popular choice. 

Whenever they are admissible, hybrid methods are the most popular 
and effective, since the accept/reject decision builds in an accuracy that is 
absent in plain molecular dynamics. Furthermore, the molecular dynamics 
trajectory provides a natural choice for the Monte Carlo transition function. 
For these reasons hybrid Monte Carlo methods are called "exact" methods. 

7.1.5 Leapfrog algorithm and improvements 

The leapfrog algorithm is a convenient second order integration method that 
gives the time reversal invariance needed for the Metropolis et al. transition 
function. It alternates coordinate and momentum updates. We illustrate 
it for a scalar field theory. We start by splitting the MD hamiltonian into 
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kinetic and potential contributions as follows: 

H = K + U (7.18) 

where K = YlnPn/^ an<^ ^ = ^W- ^n analogy with quantum mechanical 
time evolution, the MD evolution over a time step e can be realized through 
a classical time evolution operator if we use Poisson brackets in place of 
commutators, 

T(e) = exp(tfe). (7.19) 

For a small time step e we can approximate the operator by 

T(e) « TK(e/2)Tu(e)TK(e/2) = exp(tf e/2) exp(C/e) exp(Ke/2) + 0(e 3) . 

(7.20) 
where Tu(e) is the updating 

au 
p - p~ew 

(7.21) 

and T/f(e) is the updating 

p->p 

<t> —> (f> + ep. 

(7.22) 

Eq. (7.20) is clearly symmetric under time reversal. The operators Tpc 
evolve only the coordinate and Tu evolves only the momentum. So at the 
expense of a local stepping error of 0(e3) we can accomplish the integration 
by evolving only the coordinate for a half step, followed by the momentum 
for a full step, followed by the coordinate for a half step. 

If we repeat the process, two successive coordinate half steps combine 
to make a full step, and, except for the first and last iterations, we end up 
alternating full coordinate steps with full momentum steps. Since our goal 
is to integrate over a fixed time interval t we require t/e steps, leading to a 
global error of 0(te2); by definition, it is a "second order" method. 

An improved leapfrog method was proposed by Sexton and Weingarten 
(1992), who showed that the coefficient of the error term is reduced if one 
changes the sequence to 

T(e) « T /,(e/6)T£/(e/2)T^(2e/3)Tc /(e/2)TK(e/6). (7.23) 
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Although this is still a second order method, because the error is reduced, 
the step size can be lengthened somewhat. 

7.2 Special methods for the Yang-Mills action 

7.2.1 Heat bath 

As we have seen in Ch. 5, the SU(N) lattice Yang-Mills field is commonly 
represented by associating an SU(N) matrix Unti with each lattice link. 
The heat bath method updates each link one by one, replacing it with a 
random new link with a probability determined by the contribution of that 
link to the full Yang-Mills action 5G,YM- For the Wilson plaquette action, 
that contribution can be written as 

Sn»{Unii) = - ^ ReTWn/lVBM) (7.24) 

where Vnil is the sum of the "staples" connected to the link f/„M, i.e., the 
product of the other three links in each plaquette containing Unil. The new 
link is generated with probability 

Pnil{U) oc exp[-SnM(£/)]. (7.25) 

The updating process for SU(2) is simplest. We write the quaternion de­
composition of an SU(2) matrix U as 

U = u0 + iff • u, (7.26) 

where Gj are the Pauli matrices and uv is a real four vector. (For a unitary 
matrix we also have Y2ul = !•) Let vv be the corresponding components 
of Vnil. They are real because V is a sum of unitary matrices. The task 
reduces to one of generating a new unit four-vector u'v from the probability 
distribution 

P(U) oc exp[/3(u0vo -u-v\. (7.27) 

Algorithms due to Creutz (1980) and Kennedy and Pendleton (1985) gen­
erate this distribution. 

For N > 2 there is the method of Cabibbo and Marinari (1982). Select 
a diagonal SU{2) subgroup of SU(N). If we put the selected rows and 
columns first, we have the block decomposition: 

U V ,W 
1 a J) (7-28) 
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To preserve unitarity the update is accomplished by left multiplying C/„M 

by a "hit" matrix 

H - . i j \ • (7-29) 

After the hit the single-link action becomes 

Snit(HUnil) = - ^ Re[Tr(fa«) + Tr6]. (7.30) 

In analogy with the SU(2) heat bath, we select a random ft according to 
the distribution 

P(h) oc exp[(3/N ReTr{hw)}. (7.31) 

This process is then repeated for different SU{2) subgroups to improve 
thermalization. 

7.2.2 Overrelaxed updates 

Overrelaxation methods seek to accelerate the decorrelation of the gauge 
configurations by introducing further shuffling of the gauge fields. The name 
comes from an analogy with a standard numerical method for improving 
the iterative solution of linear systems (Brown and Woch, 1987; Creutz, 
1987). 

The method is simplest for an SU(2) gauge action. Each site is visited 
one by one. The action for a single gauge link £/„M is Snfi(Un^) where 

Sn»{U) =-0/2Tr(UVnil). (7.32) 

The action is minimized when U = UQ, where 

Uo = Vlj\VmJ. (7.33) 

and \V\ denotes det V. Now consider the Metropolis et al move 

U -> I/' = U0U*U0. (7.34) 

Repeating the move takes us directly back to U, so we satisfy the reversibil­
ity condition. Moreover, the action is unchanged: 

Sn»(U') = Snll(U), (7.35) 

so we accept the move with probability one. 
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In effect the move takes U to a "diametrically opposite" side of the 
minimum UQ in the group manifold. Thus it helps generate a rather different 
gauge configuration without changing the action. 

The generalization to SU(N) follows closely the method of Cabibbo and 
Marinari (1982) discussed for the heat bath algorithm above. Instead of 
selecting a random h for the hit matrix, however, we take 

h = {w*/\w\f. (7-36) 

The new contribution to the action becomes 

Snii{HUnix) = -(3/NRe[Tr(wi) + Trb}. (7.37) 

But since Tru;* = Trw, the action is unchanged. This process is repeated 
for different 51/(2) subgroups to further the decorrelation. 

The overrelaxation moves do not change the action. Thus if they are 
the only updates they constitute a "microcanonical" method. To explore 
the grand canonical phase space one alternates overrelaxation steps with 
heat bath steps or hybrid Monte Carlo trajectories. 

7.2.3 Molecular dynamics 

To set up the molecular dynamics (MD) equations one needs a momentum 
Hn^ for each link matrix Unil = exp(^4„M). For gauge field molecular 
dynamics, it is convenient to treat the gauge links Untl as the coordinates, 
rather than the vector potential Anil. Following Gottlieb et al. (1987), 
we start with a postulated equation of motion for the link matrices and 
a natural form for the MD hamiltonian. Then we complete Hamilton's 
equations by requiring energy conservation. 

To preserve unitarity we require that Hnfl be traceless and hermitian 
and write the equation of motion for Unfi as 

Unft = iHntiUn^ (7.38) 

and the MD hamiltonian as 

HG,YM = \Y1 T ^ M + SG,YM(U). (7.39) 
nfj, 

The gauge momentum can be expanded in terms of the traceless hermitian 
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generators Ta of the SU(N) Lie algebra as 

Hnti = Y,K»Ta- (7-40) 
a 

Stochastic momenta are then obtained by selecting unit Gaussian random 
values for /i£ . 

To obtain the MD equations, we require, first, that hamiltonian HQ,YU 

be a constant of the motion. So 

HG,YM = Yl ^{HniiHnil) + SG,YM(U) = 0. (7.41) 

To be specific let us evaluate the time derivative of the Wilson plaquette 
action. In the notation of Eq. (7.24) it is 

SG,YM(U) = - A £ T r [ t / n M K M + V^U^}, (7.42) 

where Vnil is the formal partial derivative, <95G,YM/5[/„ I M , *-e'i m differ­
entiating, we also fix U^. Putting together Eqs. (7.38), (7.41) and (7.42) 
gives 

5 3 Tt[Hnil(Hnil + iFnit)] = 0, (7.43) 

where 

Fn„ = - ^ T r ( f / „ M y „ M - V^U^). (7.44) 

The expression in parentheses in Eq. (7.43) is hermitian, so for the equation 
to hold for all traceless hermitian Hnfi we must have Hnil + iFnfi — cl, i. e. 
a constant times the identity. For Hntl to remain traceless, we must have 
Nc = iTr Fnfl so 

I-
N' 

iHnll = - ^Tr(Un^Vnfi) (7.45) 
TA 

where TA denotes the traceless antihermitian part: WTA = (W — W^)/2 — 
Tr(W - W*)/(2N). 

As a mnemonic, we can write this result in the form of Hamilton's 
equation 

.rj dSG,YM ,_ .„s 
lHn» = -diA^ ( 7 ' 4 6 ) 
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where the formal derivative with respect to the vector potential iAn^ = 
log£/nM means 

dSG,YM dSG,YM = _ l T l { u 

idAn N' dUn<fM 
(7.47) 

TA 

and the formal derivative dSG,Yu/dUn^ means Vntl. The result is easily 
generalized to other gauge actions. 

Equations (7.38) and (7.45) are the basis for gauge field molecular dy­

namics. 



Chapter 8 

Numerical methods for fermions 

Calculations with dynamical fermions are expensive, so a great deal of 
effort has been invested in developing efficient algorithms. In this chapter 
we begin by reviewing strategies for treating the fermion determinant. We 
will see why essentially all large-scale simulations with dynamical fermions 
use some variation of a molecular dynamics update. We will discuss the 
standard family of algorithms first, and then briefly discuss improvements 
and special strategies for the chiral overlap fermion. At the heart of every 
method is the need to solve a large sparse linear system efficiently. So we 
conclude with a discussion of efficient sparse solvers and eigensolvers. 

8.1 Taming the fermion determinant: the <& algorithm 

Let us begin with full QCD with a single flavor of fermion. Its partition 
function is 

Z = f [dU][d$][diP] exp[-SG(U) - ipM(U)ip} (8.1) 

where M = D+m. After integration over the fermion Grassmann variables, 
the partition function becomes 

Z = f[dU] exp[-SG(U)} det M(U). (8.2) 

The determinant is nonlocal, so computing its change under a change in 
the gauge field is very expensive. One way to make the problem tractable 
is to simulate the determinant by introducing a color-triplet, scalar "pseud-

155 
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ofermion" field $. This is done via the formal identity 

det M{U)= [{d&dQjexpl-^M-1®}. (8.3) 

We can expand $ in terms of eigenmodes ipj of M and the corresponding 
eigenvalues Xj 

$ * M - 1 $ = ^ $ * ' 0 J - - ^ * $ - (8-4) 

This exposes a series of problems, all arising from the fact that the eigen­
values of lattice Dirac operators are complex and their real parts may not 
be positive-definite. Whatever the global properties of the eigenvalues, as 
long as the overlap of $ onto the eigenstates is not carefully chosen, indi­
vidual terms in the exponential can be complex or carry a net negative sign. 
Then the exponential in Eq. (8.3) cannot be interpreted as a conventional 
probability measure. 

Fortunately, the determinant of the Dirac operator for any reasonable 
lattice fermion is real, although it may not be positive. Reasonable actions 
obey a property called "75-hermiticity," meaning that D^ = 75.D75. This 
relation implies that if the Dirac operator has a complex eigenvalue, Dfa = 
Xi4>i, then A* is also an eigenvalue. 

For staggered fermions the Dirac operator is anti-hermitian, so all eigen­
values are imaginary, and 75-hermiticity means that they are paired or zero. 
We could then rewrite the determinant, det M = Yl^iXi + m) as 

det M = m" Y[{X2j+m2). (8.5) 
pairs 

(for v zero eigenvalues). If we could find an operator whose spectrum 
consisted of only the real factors above, we could use it in the pseudofermion 
exponential. 

Nonchiral actions, such as the Wilson action, are typically neither her-
mitian nor anti-hermitian, and have eigenvalues that are paired complex-
conjugates or unpaired and real: det M — X\vaiTS(\X^ + m2) n r ( ^ r + m ) -
The absence of chiral symmetry means that the sign of the real eigenvalues 
is not protected, so the determinant can have either sign. Therefore, even 
an operator with real eigenvalues that reproduces the determinant would 
be unacceptable. 

The eigenvalues of the chiral overlap operator lie on a circle of radius 
ro in the complex plane with nonnegative real parts. Like the Wilson 
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operator, they are either paired complex conjugates or unpaired and real, 
but the determinant is nonnegative. 

In practice, it is generally too difficult to find a "paired" operator that 
sums only over the paired eigenmodes and that can be constructed without 
knowledge of the eigenvectors. The solution involves an explicit doubling 
with corrections to come later. Because of 75—hermiticity, det£> — detD^ 
and the determinant for two flavors is de tD 2 = det D^D, just what we 
want. Our pseudofermion action has become 

Z = f[dUd$*d$] exp[-SG(U) - fc^M+M)-1*] 

= f[dU] exp[-SG(U)]det[M\U)M(U)]. (8.6) 

For the Wilson fermion and overlap action a doubling resulting in degen­
erate up and down quarks could be an acceptable approximation for some 
calculations. For calculations involving a different number of other flavors 
it is not. For the staggered fermion action the doubled action represents 
two flavors of staggered fermions. However, the combination M^(U)M(U) 
decouples even and odd sites, so restricting the pseudofermion field $ to 
even (or odd) lattice sites removes the additional doubling. The four-fold 
taste degeneracy remains and must be dealt with separately. 

It is straightforward to generate a random pseudofermion field accord­
ing to the distribution in Eq. (8.6). If the Gaussian random field R is 
distributed according to exp(—R^R), then 

$ = M\U)R. (8.7) 

is distributed according to the weight in (8.6). 
The $ algorithm of Gottlieb et al. (1987) combines a heat bath method 

for the pseudofermion field with a modified version of the refreshed molec­
ular dynamics method for the gauge field, described in Ch. 7. One selects 
a random gauge momentum and a random pseudofermion field 3>. Then, 
keeping the $ field fixed, one integrates the gauge field along a short molec­
ular dynamics trajectory. The gauge momentum and $ field are then re­
freshed and the process is repeated. In terms of the mnemonic Eq. (7.46) 
the molecular dynamics force term is the formal derivative of the effective 
action with respect to the vector potential iAM„; 

(8.8) 
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where 

Sen = SG(U) + ^[MiU^MiU)}-1^. (8.9) 

Because the fermion matrix depends on the gauge field, the pseudofermion 
term contributes the "fermion force", 

iFFlltn = X*- |—[M(C/ ) tM([ / ) ]X, (8.10) 

where X = (M^M)-1®. Computing the derivative is straightforward but 
tedious. We refer the reader to the literature for details. To get X we must 
solve the large sparse linear system 

{M^M)X = $. (8.11) 

Since M depends on the gauge field, we must solve this linear system at 
each step in the gauge field molecular dynamics integration. For this rea­
son, including fermions in the path integration adds considerably to the 
computational cost. 

The "$" algorithm is easily converted to an "exact" hybrid Monte Carlo 
method, just as we did for the gauge field algorithm in Ch. 7. At the end 
of a gauge-field trajectory one makes an accept/reject decision, based on 
the change in the effective action Seff-

All molecular dynamics methods suffer to some degree when the fermion 
matrix M has a small eigenvalue. Small eigenvalues appear at small quark 
mass and notably for gauge configurations with nontrivial topological wind­
ing number. Good chiral actions respect the index theorem: as the absolute 
value of the winding number increases, a new zero mode of the Dirac kinetic 
energy operator D appears. A small mass term in M = D + m displaces 
the zero only slightly. The fermion determinant is then small; the fermion 
force, which involves inverting the fermion matrix, is large; and it changes 
rapidly when a zero mode appears. Larger forces require a smaller MD step 
size for accuracy or they lead to a lower acceptance rate. They tend to pre­
vent changes in topological charge, so may impede an efficient exploration 
of the phase space. 

How much of a problem is presented by topology change depends on 
how well the algorithm respects chirality. The classic Wilson fermion ac­
tion has poor chiral properties and develops unwanted zero eigenvalues at 
not very small quark masses. Gauge configurations producing them are 
sometimes called "exceptional configuration". Their prevalence prevents 
efficient simulation with this action at moderately small quark masses. 
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Staggered fermion actions are protected from this defect by their remnant 
chiral symmetry, but at nonzero lattice spacing, there isn't enough sym­
metry to respect the index theorem precisely. The would be zero modes 
are only approximately zero. The large-force problem may worsen as the 
lattice spacing is reduced. With chiral fermion actions, such as domain 
wall and overlap, the problem is exquisitely apparent. When the topology 
changes the overlap operator changes discontinuously and the fermion force 
is momentarily infinite. We will revisit this question below when we discuss 
special methods for those actions. 

8.2 Taming the fermion determinant: the R algorithm 

The "R" algorithm works directly with the determinant, rather than recon­
structing it from a pseudofermion field. In so doing it provides a framework 
in which one can hope to simulate a physical number of quark species. 

Using the matrix identity ln(det>l) = TrlnA, we absorb the fermion 
determinant in Eq. (8.6) into an effective gauge action as 

Z = J[dU]exp[-SeB(U)], (8.12) 

where 

Seff = SG(U) - Trln[M t(t/)M(C/)]. (8.13) 

The "R" algorithm of Gottlieb et al. (1987) builds a refreshed gauge-field 
molecular dynamics from this effective action. In this case the fermion force 
term involves 

iF„n = ^—Trln[Mi (U)M(U)} 

=^{mkw)^[MHu)M{u)]}- (8-14) 
To evaluate this expression exactly, we need to know all the matrix elements 
of the inverse matrix 1/[M^(U)M(U)}. Because the inverse is a dense ma­
trix, that computation is prohibitively expensive. Instead, one estimates 
the inverse by a stochastic method. Let R be the Gaussian random field 
we introduced for the $ algorithm. Averaged over this distribution, the 
product of two components at sites m and n and colors a and b satisfies 

^•an^bm — oai,dmn, (8.15) 
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where the over line denotes averaging over random R. Let 

X = M~XR = [M^(U)M(U)]-lM^R. (8.16) 

Then 

X^X*Z = [MHU)M(U)}-lbm, (8.17) 

and 

iF„n = X t — — [MHU)M(U)]X. (8.18) 

The stochastic evaluation of the inverse matrix has brought us very close to 
the $ algorithm. For example, note that if we define $ = M^R in Eq. (8.16), 
the expression for the stochastic field X is exactly the same! But if we take 
seriously our intention to obtain a good stochastic approximation to the 
fermion force, we should refresh the vector X at least once in each gauge 
field molecular dynamics step, whereas the $ algorithm permits holding the 
$ field constant over the entire gauge field trajectory. The conventional R 
algorithm therefore refreshes at each step. This is the key difference between 
the two algorithms. We refer the reader to the literature for further details. 

Because the effective action must be evaluated stochastically in the R 
algorithm, it is not possible to use it in an accept/reject decision. Therefore, 
it remains an "inexact" method. The molecular dynamics step size must 
be small enough that step-size errors are negligible, or results must be 
extrapolated to zero step size. 

8.3 The fourth root approximation 

The $ algorithm has serious drawbacks. With Wilson fermions all quark 
species are doubled. A doubling of the strange quark is not an accept­
able approximation to reality. Worse, with staggered fermions all quark 
species come in four degenerate tastes. An approximate solution takes the 
appropriate fractional power of the determinant. For staggered fermions it 
is 

Z = f[dU] exp[-SG(U)] J J det[Mt(t / )M(C/)]^ / 4 , (8.19) 
J f 

where the product is over fermion flavors / with mass degeneracy Nf. For 
degenerate up and down quarks plus a strange quark Nud = 2 and Ns = 1. 



Methods for fermions 161 

For Wilson fermions we would use Nf/2 instead. 
Taking a fractional power in this way is not rigorously justified in field 

theory, so it is understandably controversial. In the continuum limit, it is 
expected that the eigenvalues of the fermion matrix are suitably degenerate, 
so the root is well denned. When they are not degenerate, the root produces 
artifacts. The unanswered question is whether the continuum limit of the 
modified theory is smooth enough that all artifacts vanish with the lattice 
spacing. So far we have neither proof that the approximation is harmless, 
nor any indications that it is harmful. Despite the controversy, some of the 
(apparently) most successful and precise results in contemporary lattice 
gauge theory are based on this approximation. 

We modify the R algorithm to simulate the fractional power by rewriting 
the effective action as 

Sen = SG(U) - J2 ^Trln\M}(U)Mf(U)}. (8.20) 
/ 

In perturbation theory the trace in the fermion contribution to the effective 
action generates single sea quark loops. Multiple sea quark loops arise from 
reexponentiating those terms in the path integration. So the fourth-root 
reduces the contribution of each sea quark loop by a factor of four. 

With these changes the R algorithm proceeds as before. The gauge field 
evolution is approximated by a series of small discrete time steps e. With 
each step one generates a random $ field based on the current gauge field, 
computes the fermion force, and updates the gauge momenta and field. To 
get a result at the end of a trajectory of fixed length that is good to second 
order in the step size, we use a second order method, such as the leapfrog 
algorithm. In the standard implementation, in one cycle it moves the gauge 
field by a half step, updates the gauge momenta by a full step there, then 
moves the gauge field by another half step. 

To preserve second order accuracy in the presence of stochastic pseud-
ofermion fields requires care. With the <3> algorithm the random pseud-
ofermion field is generated at the beginning of the trajectory and remains 
a constant background throughout. No change in the leapfrog method is 
required. With the R algorithm the stochastic field depends on the in­
stantaneous value of the gauge field. It becomes necessary to do one extra 
gauge-field update per cycle (Gottlieb et al., 1987). For a given flavor, one 
begins by moving the gauge field through a time interval e(l — JV//4)/2. 
The stochastic field for that flavor is generated there. (With Nf = 4, the 
initial step is zero and the stochastic field is generated at the beginning of 
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the interval.) The initial step is repeated to produce the stochastic fields 
for other flavors. Then the gauge field is moved to the leapfrog halfway 
point, where the standard algorithm resumes. The stepping asymmetry for 
Nf < 4 makes the method all the more unsuitable for a hybrid Monte Carlo 
accept/reject decision. 

8.4 An exact algorithm for the fourth root: rational hybrid 
Monte Carlo 

Another way to get a fractional power of the determinant is to start with 
a fractional power of the fermion matrix itself: 

Z = [{dUd$*d$\ exp[-SG{U) - ^ ( A f t M ) - * ' ' 4 * ] (8.21) 

= f[dU}exp[-SG{U)}det[M^(U)M(U)}N^4. (8.22) 

There it can be approximated by a rational function (Clark and Kennedy, 
2004a,b). A diagonal rational function has the partial fraction representa­
tion 

( M t M ) - " / / 4 « r (MtM) = a0 + £ WM + bn' ^ 2 3 ) 

n=l 

where an and bn are constants. A <E> algorithm can then be constructed in 
much the same way as in Sec. 8.1. The principal advantage of this approach 
is that the effective action is computed deterministically, so it can be used 
in an accept/reject decision. Thus simulation results would not be subject 
to possible systematic errors due to a nonzero integration time step. Such 
a hybrid method is called "rational hybrid Monte Carlo." 

The added complexity increases the computational cost. Instead of 
solving a single sparse linear system, a separate system must be solved for 
each term in the expansion of the rational function. Multishift solvers help 
here. The fermion force computation is similarly modified. The advantage 
of the method is that, despite the considerably larger cost per integration 
step, one can take a larger step size than accuracy would allow with the 
R algorithm, thereby gaining an advantage (to say nothing of the peace of 
mind that comes from using an exact algorithm). 
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8.5 Refinements 

As the quark mass is decreased the condition number of the fermion matrix 
increases and the step size in the molecular dynamics evolution must be 
decreased to preserve accuracy of the R algorithm and maintain the accep­
tance rate of the $ algorithm. Thus the computational expense grows. A 
variety of refinements attempt to reduce the cost by allowing a larger step 
size at the same accuracy or acceptance rate. 

8.5.1 Sexton-Weingarten scheme 

In Ch. 7 we discussed the leapfrog and improved leapfrog algorithms. The 
Sexton and Weingarten (1992) scheme makes a further improvement by 
splitting out the cheaper gauge dynamics from the more expensive fermion 
dynamics and giving it smaller steps. A regrouping of terms in the Hamil-
tonian gives 

H = HYM + SF, (8.24) 

where HYM = K + SG is the Hamiltonian for pure gauge molecular dy­
namics. Then, in analogy with the improvement to the leapfrog algorithm, 
for this split we make the approximation 

T(e) » TF(e/6)[TYM(e/2m)}mTF(2e/3)[TYM(e/2m)}mTF(e/6), (8.25) 

where TF(e) = exp(SFe) and TYM{() = exp(i?y^fe)- Note that the time 
step for the Yang-Mills evolution is e/ra, whereas it is e for the fermion 
force term. The Yang-Mills dynamics is, in turn, approximated in the same 
manner: 

TYM(e) = TK(e/6)TG(e/2)TK(2e/3)TG(e/2)TK(e/6). (8.26) 

where TG(e) = exp(SGe). Reducing the error from the gauge force per­
mits a slightly bigger step for the fermion force. Of course one reaches a 
point of diminishing returns when the residual error from the fermion force 
dominates the overall error. 

8.5.2 Hasenbusch method 

Here is a preconditioning method that works directly with the fermion de­
terminant and introduces an extra pseudofermion field, as follows (Hasen-
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busch, 2001; Hasenbusch and Jansen, 2003): 

Z = [[dUd&ld$id$Zd$2]exp{-Sa(U) - ^(W^W)-1*! 

- miW^M^iW^M)}-1^}- (8.27) 

If W is chosen successfully, the condition number of both kernels is smaller 
than their product. An extra inversion is required, since the heat bath 
updating of $2 starts from a Gaussian random R2 and sets $2 = W~1MR.2. 
The additional expense in calculating the fermion force is small, provided 
W is reasonably sparse. 

An example of a possible preconditioner is one constructed from the 
fermion matrix itself: W = M + mo, effectively increasing the mass of the 
quark. 

The Hasenbusch scheme can be combined with the Sexton-Weingarten 
scheme for further improvement. 

8.5.3 Schwarz alternating method 

A good preconditioning strategy reduces the quark forces, whose effects are 
expensive to calculate, thereby permitting a larger step size at the same 
accuracy. The Liischer implementation of the Schwarz alternating method 
attempts just that (Liischer, 2003, 2004). It begins by partitioning the 
lattice into a set of regular hypercubic domains A of arbitrary size in such 
a way that they can be colored alternately white and black in chessboard 
style. The set of white sites is denoted Q and black, O*. The fermion 
matrix is then block LU decomposed: 

/ Dfi. Ddn. \ = / D n . 0 \ / 1 D^} Dan* \ , g 28) 

\Ddn Dn J \D9n \) \0 Dn - DdQD^}Ddn- ) ' V ' ; 

The off-diagonal blocks contain terms in the fermion matrix that connect 
sites in adjacent hypercubic domains. The fermion determinant is then 

det M = det Dn det £>n. det[l - D^lDdnD^lDan.]. (8.29) 

The first two factors are just the determinant of 

^{tL\ ( 8 '3 0> 
Considered by itself, D\ describes fermion dynamics decoupled with respect 
to the domains A. The fermion force on the gauge field is found by inverting 



Methods for fermions 165 

the comparatively small matrices restricted to their domains. The gauge 
field dynamics in the domain also depends on the gauge force, which couples 
gauge links across domain boundaries. So it is necessary to fix a set of links 
at the surface to their values at the most recent update. They then define 
Dirichlet boundary conditions for the gauge field evolution within each 
domain. 

The last factor is the determinant of 

D2 = l - D^lDanD^Dail,, (8.31) 

which couples the blocks and costs more to evaluate. But some economies 
are possible here. Inserting a projection Pn* onto the boundary sites in the 
domain of Dan* as in 

D'2 = l-Pn-D^DdnD^}Dda- (8.32) 

does not change the determinant, and leads to a tolerably sparse matrix. 
The product of the two determinants is simulated using a separate 

pseudofermion field for D\ and D2. It then helps to use the split time 
scale of the Sexton-Weingarten method, stepping the less expensive D\ 
dynamics faster than the more expensive £>2-

Because the boundary gauge links need updating and, further, to avoid 
possible artifacts associated with the positioning of the domains, after each 
updating cycle, the domains are shifted by a random space-time displace­
ment. 

8.6 Special considerations for overlap fermions 

Computational difficulties for overlap fermions arise even before one begins 
to think of using them in simulations. First one must evaluate the overlap 
operator itself. Recall that the overlap Dirac operator is 

D = r0{l + j5e[h(-r0)}}, (8.33) 

where h{—ro) = 7s(d — ro) is the hermitian Dirac operator and e(x) = 
x / v x is the matrix step function. The costly bottleneck in overlap simu­
lations is, of course, the application of the step function to a trial vector. 

One can approximate e(h) either as a polynomial in h or as a rational 
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function. A polynomial approximation would be 

N 

e(h) = hsN(h2) = h ^ cnh
2n, (8.34) 

n=0 

where SN(X) is an approximation to 1/^/x. This can be implemented as a 
series expansion in Chebychev polynomials Tn(x), 

sN(x) = Y^cnTn(x). (8.35) 
n 

In our experience diagonal rational functions are more efficient. One writes 

Z"nh2n 

eN(h) = h 
EM 2 " 

AT 

= h CO + E f-f h? + dj 
(8.36) 

The sum of inverses can be computed using a multishift conjugate gradient 
algorithm described below. 

For real x any good approximation 6N(X) has a range 0 < xmin < x < 
£max where it works reasonably well, but outside that range, it fails. (These 
end points can be adjusted by a multiplicative change of scale, but the lower 
end point is never zero.) In order for the approximation to succeed for 
the matrix function e(h2), we require that the good interval contain all the 
eigenvalues of h2 from smallest A^^ to largest A^^. The largest eigenvalue 
is bounded by the lattice cutoff, so in a typical simulation it is very stable; 
the smallest presents a problem. Indeed, in a dynamical simulation, Xmin 
crosses the origin when the topology of the gauge configuration changes, so 
one always encounters arbitrarily small values of A. 

The cure to this problem is to isolate the small eigenmodes and include 
their contributions exactly. Arrange the eigensolutions h(~ro)\j) = Xj\j) 
in order from smallest X2 to largest. Then apply e(h) to a vector \ip) as 
follows: 

e(h)\1>) = eN(h) ( |V) - E WO'IVO ) + E IJ>(^)0#)- (8-37) 
\ 3=1 J 3=1 

Now tN{h2) has to be a good approximation only for the range X2j to A2,. 
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Two examples of ejv's are the polar expression and the Zolotarev ap­
proximation. The polar expression [referring to Eq. (8.36)] has CQ = 0 and 

1 
Cfe = 

Ncos2[n(k-±)/2N]' 
dk = tan n(k - \)/2N (8.38) 

It is actually the power series expansion of the approximate step function 
used by the finite-fifth-dimension domain wall fermion. It is not robust 
enough to use in most simulations. 

The Zolotarev formula represents the state of the art (as of 2006). Re­
ferring readers to the mathematical literature for its derivation, we present 
a cookbook recipe (since we have encountered misprints in the literature). 
The coefficients are defined in terms of the elliptic integrals eel, en, sn, and 
dn, which we list due to the plethora of conventions, 

vi. M r a+bx2 

cel(k,p,a,b) = I 
Jo 

-dx 

y 

(1 + px2)y/{l + x2)(l + k2x2) 

sn(u,k); u= —. : 

Jo V(i - y2)(i - fcV) 
(8.39) 

with sn2 + en2 1, fc2sn2 + dn = 1 . The approximate step function is 

N 

eN(x) = x ^ 
be 

t=i 
X2 + C2l-\ ' 

COX X t (3?min> ^maxj def ine K — ^min /^maxi K 

£KP/(2N). Then the partial fraction coefficients are 

(8.40) 

cel(/t, 1,1,1); and u ~ 

ct 

be = 

sn(u,K2) 
cn(u,n2) 

n N-\, -, 

j=l (C2i -C2t-1) 
r i j=i; i^( c2i-i - c2e-i) 

(8.41) 

The resulting €N(X) needs a small correction to remove an asymmetric 
deviation from e(x) = 1. The literature is silent on a preferred minimization 
criterion (absolute deviation, least squares, etc.). The extrema are located 
at xi = :rmin and x2 = a;min/dn[Kp/(2A/')]. Replacing be by 26</|ejv(a;i) + 
e(x2)\ to find the smallest absolute deviation is a good practical choice. The 
precision of the resulting approximation is 

\CN(XI) + e(x2) 
(8.42) 
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over the desired range, so it is straightforward to pick a desired accuracy 
for a known range simply by varying N. We illustrate an example of a 
Zolotarev approximation in Fig. (8.1). 

10° 

10"* 

10-" 

T io"6 

""2 10"B 

10"'° 

IO"18 

io - 1 4 

0.0 0.5 1.0 1.5 
x 

Fig. 8.1 An example of a tenth-order Zolotarev approximation to the step function, 
where the desired range is for 0.1 < x < 1. We plot eio(x) - 1 to display the error in the 
approximation. 

With techniques for applying the overlap operator to vectors in hand, 
we turn to simulations with dynamical overlap fermions. At the time this 
section was written, only a few groups had published simulations with dy­
namical overlap fermions, so what we will say is tentative. The currently 
favored method uses hybrid molecular dynamics with the $ algorithm. 

As we have seen from Eq. (8.10), the $ algorithm obtains the force on 
the gauge field from the derivative of the pseudofermion effective potential 
Sf = $*[M(£/) tM(I/)]-'1$ with respect to the vector potential A or U. As 
long as M(U) changes smoothly with U there is no problem. As we move 
along the molecular dynamics trajectory, however, one of the eigenmodes of 
the kernel operator might change sign. When that occurs, the spectrum of 
the overlap operator M(U) changes discontinuously due to the appearance 
or disappearance of a zero mode. This discontinuity generates an infinite 
fermion force. Conventional MD stepping algorithms, such as the leapfrog, 
fail and we require special treatment. In particular we need a reversible 
MD treatment to carry us past the step. 

A reversible molecular dynamics treatment of a discontinuous effective 
potential was proposed by Fodor et al. (2004). It is based on the analogy 
with classical particle motion in the presence of a step barrier. Imagine a 
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unit-mass particle moving in two spatial dimensions (x, y), and approaching 
a potential step, with V(x,y) = 0, say, for x < 0 and V(x, y) = VQ for 
x > 0. The component of momentum in the y direction is unchanged when 
the particle strikes the barrier, but there is an impulse in the x direction, 
which causes a discontinuous change in px. If the barrier is too high, the 
particle "reflects," px —> — px, but if the barrier is low enough, the particle 
crosses the barrier ("refracts") while px changes. The change is given by 
energy conservation, \p\ = \{p'x)

2 + VQ. 
In the QCD simulation, we must identify the MD time at which one of 

the eigenmodes of the kernel operator has a zero eigenvalue. We move along 
the trajectory until we arrive at that "crossing" time. Then we change the 
gauge field momentum H discontinuously, reflecting or refracting according 
to the size of the step in the potential AS / . After reflecting or refracting, 
we return to our usual leapfrog integration until the end of the trajectory 
(or until we reach the next topological boundary). 

We recall that the analog of the energy was \H2 +S. In terms of the unit 
normal vector to the surface of discontinuity N, there are two possibilities 
for changes in the gauge momenta, depending on the size of the momentum 
component along the normal. In compact notation we denote the inner 
product of two vector fields in the Lie Algebra of SU(N) by 

N*H = ^2Tr(N^Hnil). (8.43) 
nfj, 

Then, if {N*H)2 > 2AS), we have refraction: 

AH = -N N*H + N sign(N*H) y/(N*H)2 - 2AS/. (8.44) 

Alternatively, if (N*H)2 < 2AS/, we have reflection: 

AH = -2N(N*H) (8.45) 

Here AS / is the height of the discontinuity, which only comes from the 
fermionic part of the action. The discontinuity arises because one eigen-
mode of the kernel action h changes sign. (Recall Eq. (8.37).) Calling this 
eigenvector x, the (unnormalized) normal vector TV is the matrix element 
of the derivative of the kernel action with respect to A, computed in this 
special crossing state 

w<^> = * * a i b ) x ' (8'46) 
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In practice, the exact step function of the overlap operator is replaced 
by some approximation, such as a rational functional approximation. To 
obtain an accurate approximation to the step function, it is also necessary 
to project out low modes of the kernel operator, as in Eq. (8.37). This in­
troduces another complication for HMC: we have to be able to differentiate 
the projector. Evaluating the derivative requires determining the change 
in the projector under small perturbations in h. Labeling the projector 
on an eigenmode of h(-rO) with eigenvalue A as P\ = |A)(A| , first order 
perturbation theory gives (Narayanan and Neuberger, 2000) 

6Px = j ^ ( l ~ P\)8hPx + PxShy^il - Px). (8.47) 

In the force, this term is combined with an analytic differentiation of the 
rational functional approximation, using sources from which the low modes 
have been projected out, basically a mix of Eqs. (8.10) and (8.37). 

8.7 Monte Carlo methods for fermions 

Fermionic methods based on molecular dynamics evolution are not used 
because they work exceptionally well, but rather because they work at 
all. They suffer from rather long computer time correlations compared 
with Monte Carlo updating methods. (The reader can easily check this 
fact by simulating a pure gauge theory.) Comparisons for the pure gauge 
theory may not be relevant to fermionic systems like QCD, since the latter 
theories have propagating Goldstone bosons (the pions) which surely affect 
the performance of any algorithm. Even so, the desire to speed up fermionic 
simulations results in the creation of alternative update strategies, and it 
is worthwhile to survey possible directions these strategies can go. 

We would like to briefly describe some alternative methods for dynam­
ical fermion simulation. They do not really share very much in common 
(other than not being molecular dynamics), but here are their similarities: 
These methods are designed to make large changes in the gauge fields. 
Typically, they do not require computing a force vector, and so they do 
not require that the gauge connection used in the fermionic action to be 
differentiable. This makes them useful for fat link actions, since it is easier 
to design such actions without the constraint of differentiability. 
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8.7.1 Multiboson method 

One such method is the multiboson method of Liischer (1994). We 
will describe its implementation for two degenerate flavors of Wilson 
fermions. Our objective is to generate the determinant in Eq. (8.6). Using 
75—hermiticity again, it can be rewritten as det(M+M) = det(i72) where 
the hermitian Dirac matrix is H = 75 M. We then approximate the inverse 
1/H2 as a polynomial Pn{H2) of degree n in H2. The polynomial factors 
as follows 

Pn(H
2) = Y[(H-fik- ivk){{H -»k + ti/fc) 

fc=i 

= f[((H-nk)
2 + u2

k). (8.48) 
fc=i 

Then the desired determinant can be generated from a multiple integration 
over bosonic fields, one for each factor: 

det H2 = / Y[ d(t>\d<j)k exp 
*' fc=i 

• j>I(( f f- /*) a+"fc)0k 
k = i 

(8.49) 

Since the partition function involves only bosons, one can update with a 
combination of Monte Carlo and overrelaxation. The problem with this 
method is, of course, that as the fermion mass becomes small, the condi­
tion number of H2 diverges, and the required order of the polynomial that 
approximates H2 grows. (The reader should think about sparse matrix in­
version a la conjugate gradient, where the inverse of H2 is also a polynomial 
in H2). Then the number of boson fields also grows, as does the cost of the 
simulation. 

8.7.2 Ratio of determinants 

Another class of updating algorithms begins with the partition function 

Z = f[dU] exp[-SG(U)} det M(U), (8.50) 

proposes changes by looking only at SG(U), and then accepts or rejects 
them according to the ratio of the determinants. For example, one could 
perform a change of link variables that is microcanonical with respect to 
SG(U), that is, SG(U') = SG(U), and then accept with an acceptance 
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probability 

or, alternatively, writing SG(U) = SG(U) + SG(U), microcanonically up­
dating with respect to SG(U) and pushing SG(U) into the accept/reject 
step: 

Pacc(C/', U) = min j l , ^ ^ ( f r ) exp [Sb
G{U') + Sb

G(U)} j . (8.52) 

These methods encounter two problems. The first problem is that the 
change in the fermionic determinant is usually large, except when the 
change in the gauge fields is small, so the acceptance rate is tiny. Most 
of the "strength" of the determinant comes from its ultraviolet part, and so 
this problem can be addressed by using fermions with fat links (this decou­
ples them from the UV part of the gauge field), and by preconditioning the 
fermion action, essentially integrating out its UV degrees of freedom and 
replacing them by an effective gauge action, so that SG(U) in Eq. (8.52) 
contains a fermionic contribution. 

The second problem is that the ratio of determinants usually has to be 
calculated using a noisy estimator, for example 

PLx(U',U) = am{l,e?Wu''>-M<!/M}, (8.53) 

where the vector £ is generated according to the distribution 

P ( 0 ex e - ^ ^ X (8.54) 

If the change in the determinant is large, the variance of the noisy estimator 
diverges. 

We can compute the variance in the stochastic estimator along the lines 
of Hasenfratz and Alexandru (2002): the determinant ratio is 

det M(U') [,,.,, r - M ( I / ' ) C 1 , o c c x 
r = deu^Ty = / ^ e x p H w n • (8'55) 

which can be written as an expectation value in a sample of Gaussian 
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random vectors 

• / 

d£*d£ exp -n *,M(U>) 
M(U) -m 

exp C \M(U) ' * 

exp(-ro//^*^exP(-ro 
(8.56) 

£*£ 

The estimator for the square of the determinant involves 

fl«S-ne ( e x p L * V M(U) 

and the squared variance is 

det 

a2 = det • 
>M(U') 
' M(U) 

«*£ 

1 

M(U') 
' M(U) 

- l 

- d e t 
I M(U) J 

(8.57) 

(8.58) 

The problem is that if the matrix M(U')/M(U) has an eigenmode less 
than or equal to 1/2, the standard deviation diverges. A multiboson trick, 
writing 

detA = (de tA 1 / n ) n 

expj-^e;^/--!^-
*;& 

(8.59) 

I)-turns the divergent term in the standard deviation to &et~~n{2Al/n 

which is finite if none of the eigenvalues of A are less than 2~™. 
Finally, the cost of these methods scales roughly with the squared vol­

ume of the simulation, since each time one updates a "patch" of gauge fields 
(and the number of patches scales with the volume), the cost of comput­
ing the determinant goes as the volume. Nevertheless, simulations using 
variants of this algorithm are being used to produce interesting physics re­
sults. For examples, see (Hasenfratz and Knechtli, 2002; Hasenfratz and 
Alexandru, 2002; Hasenfratz et al., 2005). 

8.8 Conjugate gradient and its relatives 

Much of the computational effort of a calculation involving fermions is 
spent solving sparse linear systems. The molecular dynamics updating 
requires solving M^MX = $ for a random vector $ and fermion matrix 
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M. Evaluating expectation values of hadronic correlators usually requires 
constructing quark propagators, that is, the inverse M _ 1 of M, obeying 
the equation 

MM-1 = M~XM = I. (8.60) 

Since M is a square matrix of dimension a few times the lattice volume, 
but has only order (volume) nonzero entries, this is a problem of sparse 
matrix inversion. It is usually not possible to construct or store M~1(x,y) 
for all lattice sites x and y, since the inverse is dense, requiring finding order 
(volume)2 numbers. Instead, one typically constructs g = M~xh for some 
selected source vector h by solving 

Mg = h, (8.61) 

leading us back again to a sparse matrix problem. 
The conjugate gradient algorithm and its variants have proven to be 

the most successful sparse-solution methods for lattice QCD applications. 
The standard conjugate gradient algorithm (CG) requires a hermitian pos­
itive definite matrix. The biconjugate gradient method and variants are 
used for non-positive-definite matrices. The RHMC algorithm and over­
lap HMC algorithm require efficient multi-shift solvers, which are available 
for both conjugate and biconjugate gradient solvers. Here we give a brief 
introduction to these methods. 

8.8.1 Even-odd preconditioning 

A simple block LU preconditioning (Schur decomposition) takes advantage 

of the special structure of the staggered and Wilson Dirac matrices and 

cuts the problem size in half. Decomposed into subspaces of even and odd 

lattice sites, the Dirac matrix has the block structure 

where the upper row and left column refer to even sites and the lower 
row and right column to odd. For staggered fermions Re — R0 = m and 
Deo = D = —D\e. For Wilson fermions Re and R0 are site-diagonal, mixing 
only colors and spins on each site. So they are easily inverted. They satisfy 
75.R75 = R). The off-diagonal blocks satisfy 75-Deo75 = D\e. For either 

(8.62) 



Methods for fermions 175 

case we may write the Schur decomposition of M: 

M _ TTA T - f1 D*°R~~°X \ fRe - ^oRo^oe 0 W 1 0 M-UAL-{0 ! ){ o Rj{R^Doel 
(8.63) 

The inverses of L and U are obtained trivially by reversing the sign of the 
off-diagonal block. 

We then start from the linear system 

Mg = UALg = h (8.64) 

and define Lg = x and U~1h = b. Then we must solve 

•^•ee U \ / Xe \ ( 0f> 

0 R0J\XoJ V V " (8"65) 

where Aee = Re — DeoR~1Doe and we have split the vectors into even-
site and odd-site components. For staggered fermions the matrix Aee = 
(m2 + DD^)/m is hermitian positive definite. For Wilson fermions it is 
not. Solution on the odd sites is trivial, so the task reduces to solving a 
sparse system on the even sites. Once the solution x is known we finish 
with the trivial calculation g = L~xx. If h has support only on odd sites, 
we can do a similar preconditioning leading to a linear system on only the 
odd sites. 

For staggered fermions the matrix M^M is block diagonal in the even-
odd decomposition: 

^ - ( m ' + o D D , ^ + V B ) - ("1 
so the if b has support only on even sites, the linear system M^Mx = b is 
same one we encountered in the preconditioned algorithm above. 

8.8.2 The conjugate gradient algorithm 

Since M^M is hermitian positive definite, one could invert the Dirac matrix 
M by inverting M^M and then multiplying by M*, M = M^(M^M)~l. 
This is arguably the optimal choice for staggered fermions (de Forcrand, 
1996). 

For the linear system Ax = b, the conjugate gradient algorithm con­
structs a series of approximate solutions xn in such a way that the resid­
ual vectors rn = b — Axn become progressively smaller. The algorithm 



176 Lattice Methods for Quantum Chromodynamics 

starts from an arbitrary initial guess XQ, which gives an initial residual 
TQ = b — AXQ. The problem then reduces to one of solving 

A(x - x0) = r0. (8.67) 

The algorithm does this by working with an n-dimensional Krylov space, 
Kn, consisting of the span of the vectors {ro, Aro, A2ro, • • •, j4 n _ 1ro}. The 
space is progressively enlarged as n is increased during the iteration. The 
approximate solution xn — xo is the vector in the Krylov space that mini­
mizes the Cartesian norm of the residual vector rn. 

Solving the hermitian positive definite linear system Ap = ro for p = 
x — XQ is equivalent to minimizing the quadratic form 

f(p) = \(p,Ap)-(r0,p), (8.68) 

where (x, y) denotes the inner product of the vectors x and y (Golub and 
Van Loan, 1996; Press et al., 2002). A possible linear search method starts 
from the origin, picks an initial search direction, say, po = TQ £ KQ, and 
minimizes f(ap) as a function of a, resulting in 

a0 = T -.—r. (8.69) 
(po,Apo) 

We arrive at the first approximate solution 

xi = xo + a0po (8.70) 

with residual 

n =b- Axi =r0- a0Ap0 G Ki, (8-71) 

and we get an updated linear system A(x — x\) = r\. It is easy to show 
that (ri,ro) = (ri,Po) = 0. We select a new search direction p\, this time 
in K\, and repeat the process. To collect what we have so far, the recursion 
relation starts with XQ and po = ro = b — AXQ and proceeds for n — 0 , 1 , . . . 
with 

pn G Kn (8.72) 

^n+i =rn- anApn G Kn+i (8.74) 

xn+i =xn + anpn, (8.75) 
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so finally we have xn = XQ + Y^=o akPk- But how do we select an optimum 
new search direction pn £ Kn for n > 0? The conjugate gradient criterion 
specifies that the search vectors be "A-conjugate" i. e. mutually orthogonal 
with respect to the metric A: 

(Pi,Apj) = 0 ioii^j. (8.76) 

It suffices to make the new search direction be the following linear combi­
nation of the previous search direction and the new residual: 

Pn+i = rvi+i + (3npn (8.77) 

Pn = ( r " + 1 ' T ' " r ) - (8-78) 

What is especially remarkable is that the residual vectors are then mutually 
orthogonal and the search vectors are orthogonal to all subsequent residuals: 

(ri,rj)=0 {n,Pj) = 0 ioii>j. (8.79) 

Thus the residual vectors (r/t, k = 0 , . . . , n — 1) become an orthogonal basis 
for Kn. The search vectors pk are likewise a basis, but orthogonal with 
respect to the metric A. These assertions can be proven easily by induction. 

With this choice of search direction the expression for an can be rewrit­
ten 

With exact arithmetic the process terminates eventually with rn = 0, either 
when the Krylov space fills the complete vector space, or it fills an invariant 
subspace containing TQ. Then we have an = 0. 

With ordinary precision, when several hundred iterations are required, 
the algorithm suffers from an accumulation of round off errors. The late 
search directions begin to lose conjugacy with the early search directions 
and the algorithm begins to regenerate them. Another consequence is that 
the recursively developed residuals become an increasingly unreliable esti­
mate of the true residual b — Axn. One may remedy both problems either 
by increasing the precision of the calculation or by restarting the algorithm, 
using the last best solution xn as a starting guess. Typically, after a few 
iterations, the residuals drop well below the value they would have had 
without restarting. 
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8.8.3 Biconjugate gradient 

Wilson-Dirac matrices are neither hermitian nor antihermitian. Even-odd 
preconditioning for the Wilson Dirac matrix does not produce a hermitian 
matrix. So we must turn to other solvers if we want to invert them directly. 
The biconjugate gradient algorithm is used for nonhermitian systems. It 
is quite similar to the conjugate gradient algorithm described above. It 
produces two sequences of residual vectors rk and a dual vector r^ and two 
sequences of search vectors pk and its dual pk- Starting from XQ, po = 
TQ = b — AXQ and an arbitrary po = r~o it generates the sequence from the 
algorithm 

OLn 

rn+i 

fn+1 

Zn+1 

Pn 

Pn+1 

Pn+1 

Xn+1 

= 

= 

= 

= 

= 

= 

= 

= 

TniPn 

Pn > Apn 
rn ~ anApn 

Tn ~ OinA pn 

Xn ~T OLnVn 

{rn+i,rn+i) 

t^ni^n) 

rn+l + Pnpn 

fn+1 + PnPn 

Xn + Oinpn 

for n = 0,1, The vectors satisfy the bi-orthogonality relations 

(Pi,APj)=0 (pi,A^pj) = 0 (8.89) 

{fi,rj) = 0 ( r i ) f j ) = 0 (8.90) 

(fi,Pj)=0 ( r i l p i ) = 0 (8-91) 

for i > j . 
Since A is nonhermitian there is no related minimization problem. The 

orthogonality relations assure that with exact arithmetic, the method ter­
minates, but there is no assurance that the norm of the residual decreases 
monotonically. The coefficients an and /?„ are not guaranteed to be ra­
tios of positive values. Instabilities arise when the denominators are small, 
leading to fluctuating residuals. The stabilized method discussed below is 
preferable. 

The method generates two Krylov spaces, one based on A and ro for 
the vectors rn and pn and another based on A^ and fo for the dual vectors. 

(8.81) 

(8.82) 

(8.83) 

(8.84) 

(8.85) 

(8.86) 

(8.87) 

(8.88) 
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Thus we can write 

rn = Pn{A)r0 fn = Pn{A^)f0, (8.92) 

where Pn is an nth degree polynomial, with coefficients determined by the 
recursion relation. The orthogonality relation between the residual vectors 
can be written as 

(h,rj) = (PiiA^PjWro) = (fQ,Pi(A)Pj{A)r0). (8.93) 

This observation suggests an asymmetric approach in which only rk = 
Pk(A) is iterated and the dual vector f0 is fixed. This is the conjugate 
gradient squared algorithm, which suffers from similar instabilities, but 
which inspired the stabilized biconjugate gradient algorithm discussed next. 

8.8.4 Stabilized biconjugate gradient 

The stabilized biconjugate gradient algorithm (BiCGStab) (van der Vorst, 
1992) resolves problems with the biconjugate gradient and conjugate gra­
dient squared algorithms and remains a top choice (Frommer et al. (1994); 
de Forcrand (1996)). The BiCG7s method exploits the special symmetry 
of the Dirac matrix and is also competitive (de Forcrand, 1996). 

Like the other CG methods, the BiCGStab algorithm is a Krylov space 
solver. It is similar to the conjugate gradient squared algorithm mentioned 
above in that it does not evolve the dual vector f^. But it replaces the se­
quence of residual vectors r„ = P%{A) with the sequence rn = Qn(A)Pn(A) 
where 

n 

Qn(x) = ]\(1 - ukx). (8.94) 
fc=0 

and at step n, u n is selected to minimize rn. Thus we have the biorthogo-
nality relation 

(fi,r'j) = 0 (8.95) 

where fj = Qi(A)r0 and r'j — Pj(A)ro- As a result, with exact arith­
metic the method terminates after a finite number of steps. But we 
don't actually produce these vectors in the iteration. Instead, we gener­
ate rn = Qn(A)Pn(A). 
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Stab algorithm. Start with ?o -

an = (fo,rn)/(r0,Apn) 

S = rn ~ OinApn 

t = As 

_(t,s) 

rn+1 = (1 - ujnA)s 

Xn+1 = Xn + W„S + Otnpn 

R _ (r0,rn+1)an 
Hn — / - •, 

{r0,rn) tun 
Pn+l = rn+l + /?n(l - WnA)p„. 

= r0 = Po- Then for 

(8.96) 

(8.97) 

(8.98) 

(8.99) 

(8.100) 

(8.101) 

(8.102) 

(8.103) 

8.8.5 Shifted solvers 

The staggered fermion RHMC and overlap algorithm both require evaluat­
ing a series of the form 

E afc 

. M + bk 
. K = l 

h = ^Takgk, (8.104) 
fc=i 

where M is one of the standard Dirac matrices, h is a "source" vector, and 
ak and bk are constants. Thus we require the solution to a set of shifted 
linear systems: 

(M + bk)gk = h. (8.105) 

The problem appears again in applications that require determining a series 
of quark propagators with different masses, but the same source vector. 

Even-odd preconditioning works just as well with a shifted matrix, and 
the generic problem reduces to a shifted sparse system on even lattice sites: 

(A + s)x = b. (8.106) 

If we start from a zero guess for the solution, the first residual is 7~o = b, 
independent of the shift s. Then the Krylov space for A+s is the same as the 
one for A, permitting us to reuse the same space to solve simultaneously for 
multiple shift values. The algorithms CG-M, BiCG75-M, and BiCGStab-
M are short-recurrence methods that do just that (Frommer et al., 1995; 
Jegerlehner, 1996, 1998). We refer the reader to the literature for details. 
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When the shift s is positive, the condition number of the matrix is de­
creased. Thus the smallest shift usually controls the number of iterations 
required for convergence. As we have remarked, when the number of iter­
ations is high, round off errors accumulate and the method degrades. But 
requiring a zero starting guess rules out restarting from the previous best 
solution. Thus the only protection against round off error is to work at 
higher precision. 

8.8.6 Computing fermion eigenmodes 

Eigenmodes of the Dirac operator have many uses. Just as finding eigenval­
ues and eigenmodes of ordinary matrices is best left to canned routines, so 
also with eigenvalues and eigenfunctions of the lattice Dirac operator. The 
most widely used package we know of is the "Arpack" family (Maschhof 
and Sorensen, 1996). 

If one wants eigenmodes of a hermitian operator whose spectrum is 
bounded from below (D^D, for example), there is a reasonably straightfor­
ward method of choice: the Ritz variational method. The idea is familiar: 
construct a variational bound on an eigenmode of the hermitian operator 
by diagonalizing the operator in a subspace of trial functions. 

We denote the eigenvalues and eigenvectors of a hermitian matrix A by 
Xk and Vk and order them so Xj < Xk for j < k. The Ritz variational 
method for finding the fcth eigenvalue and eigenvector minimizes 

*(*) = T ^ T (8-107) 
{x,x) 

subject to the constraint that (x, Vj) = 0 for j < k. The minimization can 
be done using a conjugate gradient method. The algorithm has strong sim­
ilarities with the linear solver. Here we summarize the accelerated method 
of Kalkreuter and Simma (1996). 

Let a gradient function be defined as 

g{x) EE i v x M ( z ) = [A~{x^
)]X- (8-108) 

It satisfies (g(x), x) = 0. It vanishes when x is an eigenvector and plays 
the role of the residual r in the linear solver. Starting from a nonzero 
initial guess xo and initial search direction along the gradient po = go = 
g(x0), we minimize the rational function (i(xo + ap0) with respect to a, 
yielding OJQ. This exercise is equivalent to finding the lowest eigenvalue 
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and corresponding eigenvector of A in the two-dimensional space spanned 
by XQ and po = go, or, equivalently, the two-dimensional Krylov space Ki 
spanned by {xo,Axo}- The process is then repeated with a new search 
direction pi in the Krylov space K3. After each such search, the improved 
eigenvector is updated using 

xn+\ =xn + anpn. (8.109) 

The gradient at each new position gn+i = g(xn+i) is, by construction, or­
thogonal to pn as well as xn+\. Rather than searching in the direction of 
the new gradient gn+i, the new search direction is chosen somewhat arbi­
trarily to be a linear combination of gn+i, Pn, and xn+i that is orthogonal 
to x„+i: 

(xn+l,Pn) 
Pn+1 = gn+l + 0n Pn ^ n + 1 

(xn+i,xn+i) 
(8.110) 

/?„ = ( g " + 1 ' g " t l } - (8-111) 

After the CG-like iterations have converged sufficiently, we have an ap­
proximation wo to the lowest eigenvector. We proceed to the next higher 
eigenvector, requiring that the initial vector and all search directions be or­
thogonal to wo. The second CG-like iteration leads eventually to an approx­
imation wi for this eigenvector. The process is repeated, always keeping the 
guess and search direction orthogonal to the previous Wk's. Eventually, we 
generate an orthogonal set of approximate eigenvectors {wo, w\,... WN-I}-

At this point the Kalkreuter algorithm rediagonalizes A on this basis, yield­
ing improved approximations w'k and improved estimates of the eigenvalues. 
We then restart the entire method, using w'k as the initial vector for each 
search. 

For further details, we refer the reader to the literature. 



Chapter 9 

Data analysis for lattice simulations 

Let us suppose that, after an enormous effort, the reader has collected a 
series of measurements of some observable Oj from a lattice simulation. 
Can she then proceed directly to the extraction of a physical observable 
from her data set? Unfortunately, the answer is usually no. Lattice data 
sets conceal correlations, which must be treated in a successful statistical 
analysis. 

Correlations arise in lattice simulations from two sources. First, the 
ensemble of field configurations on which the observable is measured form 
a Markov chain with inherent correlations from one member to the next. 
The simulation algorithm produces a new configuration in the chain by 
evolving from the previous one. We will call this process "evolving in sim­
ulation time". One often refers to these correlations as "autocorrelations" 
in simulation time. When the chain comes into equilibrium, by definition 
the probability of finding a configuration with action S(<fi) present in our 
sample set is exp[—S((j>)]. But one cannot assume successive measurements 
of Oi are statistically independent. 

Second, many observables are not merely the volume average of a 
single quantity. Frequently we are interested in a correlation function 
C(x,y) = ((j)(x)<f)(y)). The function is measured at the same set of co­
ordinate x, y pairs on each configuration. The resulting set of values is 
then averaged over the ensemble of configurations. The measured values 
fluctuate from configuration to configuration in a correlated way simply 
because each set comes from the same configuration. Thus one cannot as­
sume that measurements at different coordinate pairs x, y are statistically 
independent. 

183 
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9.1 Correlations in simulation time 

Suppose we have measured Ai for a series of AT equilibrium field configura­
tions i, spaced at regular intervals A T in simulation time. We compute the 
usual mean (^4), where (} means averaging over N values. The goal of the 
statistical analysis is to estimate the variance in that mean, correcting for 
autocorrelations. The naive sample variance is CQ = (A2)-(A)2. We define 
the scaled fluctuation Xi = {Ai — {A))/cr0- The autocorrelation coefficient 
at time lag r = Ar(i — j) is then defined as 

C(T) = (xiXj). (9.1) 

Note that C(0) = 1. If the data points are uncorrelated, C{r) = 0 for 
T ^ O . If not, one expects that C(T) is a sum of decaying exponentials. 
One definition of autocorrelation time for the system is the time constant 
of the slowest exponential. 

The naive variance of the mean of M successive measurements is given 
by ""o.mean = ao/M- But it is biased by autocorrelations. How do we re­
move this bias? We must have a statistically independent sampling. If our 
N values span many autocorrelation times, we can construct an indepen­
dent statistic by averaging over a subset of M successive values, jj ^2t Xi, 
provided M is much larger than the autocorrelation time. If we do this for 
many such subsets, each of them well separated in evolution time, we can 
compute the true variance in the mean over M successive sample values 
from 

(9.2) 
Here the () means averaging over many such subsets. From the definition 
of the autocorrelation coefficient, we then have 

< £ e » = <mean [1 + 2C( A T ) + 2C(2 A T ) + . . . ] . (9.3) 

This result shows how to correct the naive variance for the effects of auto­
correlations. It can be shown that the correction factor is greater than 1. 
In actual practice we take M = N, and, of course, to get the usual unbiased 
estimator of the naive sample variance a2 we must multiply by N/(N — 1). 

If we can measure C(T) up to a sufficiently large r, we can use Eq. (9.3) 
to correct the naive variance. But C(T) itself has statistical errors that may 
make it unreliable. Blocking is an alternative: group the data into blocks 
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of rib successive measurements and form the N/rib block averages £ j . If 
rib is long compared with the autocorrelation time, the blocked data will 
be less correlated. Of course, the variance of the mean of the N/rib block 
averages Bi, 

i 

is an estimate of the variance <r„ean of the mean over all N measurements. 
But it is biased by residual autocorrelations between values close to either 
side of the boundaries between adjacent blocks. As we increase the block 
size, the bias decreases, and for sufficiently large n;,, the variance rises 
asymptotically to the unbiased variance of the mean as 

^mean("b) = ^ L a n ~ « / " 6 (9-5) 

for positive a. One can attempt a linear extrapolation in l/rib to "infi­
nite block size". Since data is finite, the number of blocked averages N/rib 
shrinks as rib increases, and the statistical reliability of a2 {rib) deteriorates 
with increasing block size, which introduces uncertainties in the extrapo­
lation. [Recall that the fractional uncertainty on amean is 1/2/(AT/rib).] 
Ultimately, no matter what method we use, there is no statistical remedy 
if the autocorrelation time is comparable to or exceeds the total measure­
ment time, since the information needed to compensate for it is simply not 
present in the data. 

For correlation functions C(x, y) the statistical complications of dealing 
with both autocorrelations in simulation time and correlations between 
different choices of x, y usually limit us to a more simplistic approach. We 
start by estimating the autocorrelation time by examining fluctuations in 
C(x, y) at selected values of x, y (or possibly selected linear combinations of 
those values). From this information we choose a few reasonable blocking 
sizes rib, and from blocked data, carry out the analysis described in the 
next section. The goal is, of course, to avoid contamination of our final 
results from autocorrelation. So the test is whether we see a statistically 
significant variation in the final results as rib is varied. 

Some calculations are so inexpensive that measurements can be made at 
generously spaced intervals with no significant autocorrelations. Quenched 
lattice simulations are an example. A good updating algorithm can make 
this possible. For spin models powerful "cluster" updating algorithms that 
change whole blocks of spins at once are very effective in reducing the 
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autocorrelation time. Unfortunately, as of this writing, no such algorithm 
exists for QCD, with or without dynamical fermions. 

9.2 Correlations among observables 

9.2.1 Correlated least chi square 

Let us imagine that we wish to measure a correlation function Rj as a 
function of a lattice parameter j , e.g., lattice coordinate, constructed from 
a lattice operator O, and we expect that it is described by a model function 
/ : 

Rj = {O(j)O(0)) = f(j,aa). (9.6) 

The model function is parameterized by a set of coefficients aa, whose 
values and uncertainties we wish to determine from the data. We will do 
this by adjusting aa in a conventional least chi square fit. But we must 
take into account possibly important correlations between measurements 
at different j . Let us suppose that we have N independent configurations 
(or N blocks of configurations that we assume to be independent). On the 
ith configuration we construct our correlator Rji. The average value of the 
correlator over all configurations is denoted by 

— 1 N 

RJ = NJ2R^ (9-7) 
i = l 

To estimate the statistical uncertainty in each Rj, and to find the correla­
tions between them, define a correlation matrix 

1 N — — 
Cij = N(N-l) ^2[*** - **1 to* - *i]• (9-8) 

The extra N in the denominator is introduced so that the diagonal elements 
of Cij are just the variances in the means Rj. The off-diagonal elements 
carry information about correlations. Apart from the presence of correla­
tions, there is nothing very special about lattice data. One can transcribe 
most of the tools from any standard treatment of least chi square curve 
fitting. Here we summarize the results without detailed derivation. 

Let us define Ri to be the result of averaging an infinitely large sam­
ple. If the theory were correct, then R\ would be equal to f(i, aa) for 
a particular choice of the parameters aa. Under a reasonably mild set 
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of assumptions (essentially that the fluctuations of the averages Rj are 
Gaussian-distributed), the probability distribution for the ilj 's that leads 
to the observed correlations must be 

P(R) oc exp - - 2^(Ri - Ri)[C ^(Rj - Rj) 

= e X p | - i ^ [ ^ - / ( i , a a ) ] [ C - 1 ] i j [ ^ - / 0 > o ) ] i . (9.9) 

To find the best fit, we maximize the probability distribution in Eq. (9.9) 
by varying the a a ' s . This amounts to minimizing (twice the) exponent, 

X2 = £ p f c - /(! ,«„)] [C-1]^- [R~- f(j,aa)] (9.10) 

Once the best fit a a ' s are found, two questions remain: How good is the 
fit, and what are the uncertainties on the measured o;a's? 

As is the case with uncorrelated measurements, the uncertainties in the 
aa can be found in the usual way from the error matrix of the fit. And 
the probability distribution for the best fit values maps into a probability 
distribution for x2, which is just a distribution for a d dimensional vector, 
where d is the number of degrees of freedom-i.e., the number of points 
to be fit minus the number of fit parameters. Each vector component is 
Gaussian distributed with a standard deviation of unity: 

PU2)dx2 = ^ ( x Y 7 2 - 1 eM-X2/2)dX
2 (9.11) 

With many degrees of freedom, we expect to get x2 = d ± \/2d, so a "chi-
squared per degree of freedom of about one" {x2/d — 1) would characterize 
a good fit. Goodness of fit is determined in the usual way from the "confi­
dence level," the probability that a correct model with correct estimates of 
the data would give a lower chi-squared than was found. 

9.2.2 Truncating the correlation matrix 

Suppose Rj measures the correlation between operators separated by a co­
ordinate distance proportional to j . In that case the correlation matrix is 
typically diagonally dominant with values that fall away from the diagonal 
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[see Eq. (9.27) below]. An analysis of variance starts with a spectral decom­
position of the correlation matrix. The largest eigenvalues account for most 
of the variance. The corresponding eigenvectors give the directions of the 
most important joint fluctuations in the Rj. They are called the "principal 
factors". If the components of the real eigenvectors are plotted against j , 
they typically resemble the normal modes of vibration of an open string. 
That is, the largest eigenvalue typically corresponds to all points fluctuat­
ing in the same direction. The second largest corresponds to a fluctuation 
with one node, etc. The smallest eigenvalue is associated with the most 
nodes. If we are fitting a correlation function to a single decaying expo­
nential, we can see that, roughly speaking, the largest eigenvalue controls 
the uncertainty in the overall normalization and the next largest eigenvalue 
contributes primarily to the exponential decay rate. Typically the ratio of 
the largest to smallest eigenvalue is quite large. When we invert the cor­
relation matrix to construct chi square, the smallest eigenvalues have the 
largest weight. 

Not having enough data is a common problem in a lattice simulation, 
and it can cause "unusual" difficulties, since one might not have a good 
estimate of the correlation matrix. As a general rule, the large eigenvalue 
eigenmodes of the correlation matrix are well determined. The small eigen­
value modes, however, may not be. If so, chi square may suffer large fluc­
tuations from their contribution. Because it is constructed from N outer 
products, the rank of the matrix C can be no greater than N. So in the 
extreme case of insufficient data, if the number of configurations N is less 
than the dimension of C, the smallest eigenvalues are zero and C simply 
has no inverse. 

One possible remedy is to use singular value decomposition. Starting 
from the spectral decomposition 

k 

we approximate the inverse by a restricted sum over the modes, keeping 
only the ones with Afc greater than a cutoff value A 

[C-%W = £ l^(O)^(0fc(OI- (9-13) 
A|t>A 

(A common variant often used in the social sciences starts by similarly 
truncating the spectral decomposition of CV,, but then, before inverting, 
restores only the diagonal values to their full measured variance (Harman, 
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1960). This procedure is justified by Occam's razor: we accept only the 
principal factors that the data require, and beyond that assume no further 
correlation.) 

Having constructed C _ 1 , one can proceed to fit the data. Of course, A 
was arbitrarily chosen, and for the fit to make sense, the best fit values and 
their uncertainties should not depend on the choice of A. 

9.2.3 Jackknife and bootstrap methods 

The jackknife and bootstrap methods provide another way to take into 
account correlations. Starting from a sample of N values, the jackknife 
method removes J of them, leaving a sample size N — J. One carries out 
the full statistical analysis on the reduced set and records the best fit results 
for the parameters aa. The process is then repeated, this time removing a 
difference set of J values. The repetition continues until the original sample 
is exhausted. If this is done systematically, we end up with P = N/J sets 
of best fit values aaj for j = 1 , . . . , P. The jackknife mean and variance for 
the parameters aa are then constructed as follows: 

j 

a2
a = (l-l/P)J2(caj-a^)2. (9.14) 

i 

The result for the average is obvious. The expression for the variance starts 
from the average of the squared deviation and multiplies it by (N/J — 1) 
to compensate for the bias introduced by the reuse of data in constructing 
the samples. One can similarly construct a jackknife estimate of the full 
error matrix for the fit parameters. 

The jackknife is a simple and effective method for taking into account 
the influence of correlations on the fitted parameters. It can also help 
account for autocorrelations. If one chooses an elimination set size J larger 
than the autocorrelation time, the best fit jackknife parameter means and 
variances should be stable within statistical uncertainties. 

The bootstrap method has some similarities to the jackknife method. 
Starting from N sample values, the bootstrap method makes a random 
selection to build a new set with M values. In this case the selection is 
done without deletion, so it is possible that the new set has repetitions. In 
fact we could even have M > N. The full statistical analysis is carried out 
on the set M and the best fit results are recorded. The process is repeated 
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P times, where P is anything we like. We then have P sets of values for 
the parameters. 

To simplify the following derivation, set a = 0. The jth bootstrap 
sample has entries otjk with k = 1 to M. Its mean is 

1 M 

a ' = M $ > i * (9-15) 

fc=i 

and the bootstrap population standard deviation is 

1 P 1 

°$ = p E K 6 ) 2 = W E <**«*'• (9-16) 
j=l jkk' 

Now in the bootstrap sample j the average number of repetitions of 
a given value ajk is M/N, so the average of J2k' ajkajk' over random 
samples is a2 M/N independent of j and k. That is to say, the original 
values are assumed independently distributed with mean adjusted to zero, 
so the cross correlations average to zero, but the correlation of a value with 
itself averages to a2, and the expected number of such self-correlations is 
M/N. So, inserting the average into the expression for a\ and summing 
over j,k, and k', we get 

This means that the variance in the mean is the same as the variance in 
the bootstrap means: 

<4ea„ = <%• (9-18) 

We have ignored small correction factors for biases. 
We know of no particular reason to prefer either method over the other. 

The jackknife and bootstrap methods are so similar in construction, as 
long as the sample size is adequate, that both methods extract the same 
information. Some practitioners use the bootstrap method to go beyond a 
calculation only of parameter variances and attempt to generate a probabil­
ity distribution in parameter values, quoting asymmetric confidence ranges. 
We know of no solid statistical justification for this practice. 
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9.3 Fitting strategies 

9.3.1 Fitting range 

The fitting strategy depends on the physics objectives, of course. Let us 
consider the very common problem of extracting hadron masses from the 
correlation function of two operators. We average over transverse distances 
and express it as a function of only one variable, the Euclidean time. Let 
0(t) = ] ^ 0 ( : r , t) and consider 

R(t) = (O(t)O(O)). (9.19) 

If we write 0(x, t) = exp(Ht)O(x,0)exp(—Ht), insert a complete set of 
states, and assume that the spectrum of H is given by a discrete set of 
energy levels, then 

R(t) = J2\(0\O\n)\2 exp(-mnt). (9.20) 
n 

The fitting function is (see Ch. 11) 

f(t) = Y,An exp( -m n t ) (9.21) 
n 

plus possible boundary effects. 
If we are interested only in the lightest mass in the channel, we could 

select the fitting range t € [tmin, tmax] with tm[n high enough that the lowest 
mass dominates the correlation function. This process should be done with 
care, because setting £m;n too high risks throwing away useful information, 
resulting in a larger variance in the mass value. So how high is enough? One 
way to set it is to fit with only one or a few masses, and vary the minimum 
t = tmin until the chi square is good. As tmin rises, excited states become 
less important and one would expect that the fitting function would be a 
good representation of the data. Another way to set it is to compute the 
"effective mass" from meff(t) = \og[R(t)/R(t + 1)]. If the fates are kind, 
a plot of the parameter meff(t) vs. t will show a plateau where the lowest 
mass term dominates and the fitting range can be set. (Since the effective 
mass depends only on pairs of time slices, it does not incorporate as much 
information as a full-fledged fit. For this reason, the authors use it only as 
a rough guide.) 
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9.3.2 Signal to noise ratio 

Clearly, excited state properties are more difficult to measure than ground 
state properties, because the lower mass states dominate the correlator 
exponentially at large t. States with vacuum quantum numbers are difficult 
because the vacuum contribution gives a constant function of t, under which 
the signal vanishes exponentially. 

Physics issues often determine the intrinsic noisiness of an observable. 
The fluctuations in the correlator R(t) are given by the correlations of the 
absolute squares of the operators: 

Na2(t) = <|O(*)|2|O(0)|2) 

= ]£(0| |O(*) |2 |n><n| |O(0) |2 |0)exp(-mn t ) . (9.22) 
n 

It may happen that the relevant intermediate states in Eqs. (9.20) and 
(9.22) are different. For example, consider ordinary light quark spec­
troscopy. The operator O used in the correlator creates a single quark-
antiquark pair. From Eq. (9.22) the noise in meson correlators comes from 
operators that create two quarks and two anti-quarks. The lightest state 
with this particle content is a two-pion state. Thus, the signal-to-noise ratio 
scale as 

R(t) 
~ y/~Nexp[-(mM - mv)t]. (9.23) 

a(t) 

This is a constant for the pion itself, but falls exponentially for any other 
state. Similarly, baryon signals degrade as 

^ § ~ y/Nexp[-(mB - (3/2)m»)t]. (9.24) 

This happens because the operator creates three quarks, so its absolute 
square creates three quarks and three antiquarks. The lightest (3q)(3q) 
state is a three-pion state. Nonzero momentum states (where mn is replaced 
by En(p) = yjp2 + m 2 ) suffer a similar fate, because generally the light­
est state coupling to the squared operator consists of two zero-momentum 
particles. 

9.3.3 Interpolating operator 

Although these general considerations tell us how the signal to noise ratio 
inevitably degrades with increasing t, it says nothing about the constant of 



Data analysis 193 

proportionality in Eqs. (9.23-9.24). An insightful choice of the operator O 
can help. Any local operator with the correct channel quantum numbers 
can serve as an interpolating field, but an operator that "looks more like 
the hadron" may permit a smaller tmin, e.g., an operator that distributes 
the quark creation operators over a volume of a cubic fermi, perhaps with 
some interesting spatial dependence. 

There are other strategies. One can choose several interpolating opera­
tors Oi in the same channel and compute the full correlation matrix Ry (t) 
from the mixed correlation between operator Oi and Oj. If the hadron 
masses are distinct, the fitting functions have the factorized form 

/«(*) = ] C binbJn exp(-m„t) . (9.25) 
n 

This approach is closely analogous to the Rayleigh-Ritz variational treat­
ment of the ground state wave functions and eigenenergies of a Hamiltonian. 
With a larger basis set the system can choose the linear combination of in­
terpolating operators that most resembles the ground state. There may 
even be sufficient freedom to spare that the excited states can be modeled 
effectively. 

9.3.4 Asymmetric lattice 

Another strategy works with an asymmetric lattice in which the Euclidean 
time interval is much smaller than the spatial lattice constant. Of course, 
the physics is still the same, but, measured in lattice time units, all time 
variation is slowed down. The signal decays more slowly, and noise rises 
more slowly. But the correlation in measurements at adjacent times in­
creases as well, reducing the statistical independence of the measurements. 
Thus this method is most effective in cases where those correlations are 
small to start with - for example for heavy quarks and glueball masses. 

The method we used above in the operator analysis of variance can also 
tell us the origin of correlations in the data. Consider the correlation of 
fluctuations from different times, 

NCtlM = ({R(h) -R(h)}[R(t2) -Rjtej}) 

= <O(ti)O(0)O(i2)O(0)> - (O(ti)O(O)) <O(i2)O(0)>. 

(9.26) 
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When t\ and to, become large, but t\ — £2 is fixed, this expression becomes 

NRtlM ~ (O(ti)O(ta)) (0(0)0(0)), (9.27) 

and if we again assume the correlator of two O's involves exchange of a 
particle of mass m, we get the exponential decay exp[—m(ti — £2)]-

9.3.5 Bayesian methods 

Limiting the fitting range to t > tmjn in order to suppress the contribution 
from too many excited states risks throwing away useful information. Here 
Bayesian methods [introduced to the lattice community by Lepage et al. 
(2002)] can help. The method is based on Bayes' theorem about conditional 
probabilities. 

Bayes theorem deals with a statistical ensemble whose members may 
have two attributes, say A or not A and B or not B. Consider a randomly 
selected member of the ensemble and let P(A) be the unconditional prob­
ability that it has attribute A and P(B) be the unconditional probability 
it has B. Let P(A\B) be the conditional probability that any member has 
attribute A, given that it already has attribute B. Similarly define P(B\A). 
Then a simple counting exercise shows that 

P(A\B)P(B) = P(B\A)P(A). (9.28) 

This theorem is then applied to curve fitting in the following manner. We let 
A be the probability that the parameters take on values in the neighborhood 
of {aa} and B be the probability that the measured mean correlator values 
take on values in the neighborhood of {Rt}- Our starting probability in 
Eq. (9.9), interpreted in this language, represents the probability we obtain 
the mean values {Rt}, given that the parameters are {aa}. But when we 
do curve fitting, we want to turn this interpretation around. Our likelihood 
function gives the probability that the parameter values are {a a } , given 
that our measured values are {Rt}- Bayes' theorem tells us how to do this 
reversal and get the likelihood function: 

P({aa}\(Rt}) = P({Rt}\{aa})P({aa})/P({Rt}). (9.29) 

The left hand side is the likelihood function we use for optimizing the 
parameters. The first factor on the right is nothing but our original model 
probability function Eq. (9.9). The second factor is the probability that 
the parameter values are {aa}, independent of our measurement: that is to 
say, their a priori probability. This is where our prior knowledge must be 
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encoded. The third factor l/P({Rt}) is interpreted as just a normalization 
constant, since everything is conditioned on having already obtained {Rt}-

Thus from Bayes' theorem we are asked to fold in prior information into 
our likelihood function Eq. (9.9). It is rewritten 

i W M ) oc P({aa})Pprior({c*a}). (9.30) 

The operational question is how much freedom we allow ourselves in set­
ting PPrior({aa})- A purist might prefer to set the prior probability to 1 
to avoid any prejudice. But even purists make hidden assumptions about 
the parameters. Negative hadron masses are nonsensical, so would be re­
jected. Even keeping only a few terms in the fitting function in Eq. (9.21) 
is equivalent to the prejudice that the coefficients of the neglected terms 
are zero. 

The Bayesian modification offers the opportunity to build reasonable 
assumptions into parameter fitting. Such assumptions might be informed 
by a model calculation that predicts the mass differences between ground 
and excited states. A simple way to put these assumptions into practice 
is to formulate the prior probability as a Gaussian in selected parameters. 
Then the priors simply augment chi square: 

X-aug A. "• A p r 

where 

2 ^ (An - A°n)2 ^ (mn - m°n)2 

Xprior ~ 2-~i CT2 "f" Z_* CT2 ( ,» .OZ; 

The parameters A^, m°, CTA„, and amn are inputs ("prior parameters" or 
"priors") to the fit. 

Now one does a fit as follows: choose a set of priors and find the set of 
parameters that minimize the augmented ~x2

aug. One could fit over a range 
t S [tmin,tmax] or fit to the full range. Instead of varying the range (tmin 

of the fit), one could just add more priors until the output fit parameters 
stabilize. One must also vary the prior variables and their spreads (the 
cr's). Some of the output parameters will depend sensitively on the choices 
for the priors. These parameters are not determined by the data. Some 
will be independent of the choice of prior. These are parameters that are 
fixed by the data. 

We began this section assuming that the reader had a data set and 
wanted to extract physics results from it. We conclude by assuming that 

(9.31) 
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the reader has done a statistical analysis, has measured some quantities 
and now wants to write a paper. We hope that the reader has taken to 
heart all the cautionary remarks we have interjected, and has devised a set 
of checks on his results. Remember, if a result looks too good to be true, 
it probably is. 



Chapter 10 

Designing lattice actions 

10.1 Motivat ion 

Lattice calculations begin by picking a lattice discretization of one's desired 
theory. The resulting bare lattice action is a function of the cutoff a and a 
set of bare couplings g(a). If the bare action is in the universality class of 
the desired theory, then as the lattice spacing is taken to zero, the calcu-
lational results are universal. At any nonzero a scaling violations spoil the 
universality of the results. Since the cost of a lattice simulation increases 
rapidly as the lattice spacing is reduced, it makes good sense to consider 
alternative discretizations with smaller scaling violations. Then one may 
do simulations at a larger lattice spacing. Techniques for doing this are 
called "improvement." 

In principle actions that lie in the same universality class have an iden­
tical set of relevant and marginal operators. Only their irrelevant operators 
differ. Lattice operators are generally mixtures of operators of different 
dimensionality, and so different choices for lattice actions amount to tak­
ing actions with different mixtures of irrelevant operators. As a simple 
example, consider two definitions of the derivative operator 

4>{x + a) - <f>(x - a) d<f>(x) a2 d3<j>(x) 
A l ^ = Ta = ^ - + -6~foT + --- ( 1 ( U ) 

and 

<P(x + 2a) - 4>{x - 2a) dcj>(x) . 2a 2 d3cf>(x) , 
A2<t>= Ta = - d a - + -T-^r + ---- ( 1 ° - 2 ) 

The leading terms are identical; the non-leading terms differ. One could 
cancel the a2 terms with A 3 ^ = 4/3 Ai<?!> - 1/3A20. Order a4 terms would 
remain. Because all discretization errors in the derivative up to 0(a3) have 
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been eliminated, we call this an C(a3) improved action, or say that we 
have an 0(a4) action. The generalization of this classical improvement to 
interacting theories, and the extension of improvement to the field variables 
themselves, forms the most-used improvement criterion, the Symanzik pro­
gram (Symanzik, 1980, 1983a,b). 

Of course, most of the improvement methods found in the literature do 
not come from some systematic analysis. If the reader will permit us to 
be unsystematic for a moment, the unwanted lattice artifacts that might 
require correcting include 

• "Kinetic" violations: lattice artifacts can alter the quark dispersion re­
lation (and hence the dispersion relation for bound states). They could 
also alter rotational invariance in, for example, the heavy quark po­
tential. Typically, these effects are corrected with a more complicated 
lattice approximation to the derivative operator. As an example of 
the gain improved actions can bring, we show the heavy quark poten­
tial computed at tree level from the Wilson gauge action and from an 
improved action, the Liischer-Weisz action, in Fig. 10.1. 

• Violations of SU(Nf) x SU(Nf) chiral symmetry by either Wilson-type 
or staggered fermions: Typically, a more complicated gauge connection 
can help here. Fig. 10.2 illustrates such improvement in a perturbative 
mixing coefficient (which might be encountered in a lattice calculation 
of BK) and for the additive mass renormalization of a clover fermion. 

Both features contribute to scale violations in the hadronic spectrum or 
in matrix elements. 

As we begin a more detailed discussion of improvement techniques, we 
must caution the reader: The lattice community generally agrees that some 
kind of improvement is a good thing. How it should be done and what con­
stitutes a good test of improvement are subjects of considerable controversy. 
Presumably this is because, in the end, "improvement" is about dealing 
with irrelevant operators! Improvement may be motivated by purely the­
oretical considerations or by a practical need to repair a specific problem. 
Certainly, no improvement scheme fixes everything in a simulation. There 
is always a price to pay. At a minimum the cost of the simulation at fixed 
lattice spacing goes up. Moreover, as is often the case, an improvement 
scheme fixes one problem, but introduces another. 
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Fig. 10.1 A comparison of the heavy quark potential in free field theory from the Wilson 
gauge action (squares) and the Liischer-Weisz action (crosses). 
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Fig. 10.2 Examples of chiral improvement from an APE-smeared fat link. The unim­
proved action has aN = 0. The larger aN, the greater the smearing, (a) A perturbative 
calculation of the coefficient of an undesirable four-fermion operator that mixes the op­
erator relevant to BK with an opposite chirality operator, (b) The troublesome additive 
mass renormalization for quenched clover fermions using the Wilson gauge action at a 
coupling /3 = 6.0, as measured in a Monte Carlo simulation. The parameters a and JV 
are defined in Eq. (12.28). 

10.2 Symanzik improvement 

Tree level Symanzik improvement is a good introductory example. Gauge 
fields require a slightly different treatment from fermion fields. 
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10.2.1 Gauge action improvement 

Gauge invariance restricts the available dimension-four operators for the 
continuum gauge action to just one: 

Oi^^TtF^F^. (10.3) 

There are no dimension-five operators, and three dimension-six operators, 
all of them breaking 0(4) invariance: 

06a = J2 TrD^F^D^ 
III/ 

tiup 

06c = ^TrDMiVD*-PV ( IM 
)ivp 

Symanzik improvement for gauge actions commonly produces variations on 
the Wilson action, so we begin with the plaquette. The first terms in the 
expansion of the plaquette in powers of the lattice spacing involve all of 
the above operators: TrC/p = N + ( l / 2 )a 4 0 4 + a6 £ > j 0 6 t + • • • • Thus 
one would expect physical quantities computed with the Wilson action to 
have 0(a2) lattice artifacts. To eliminate them requires at least three lat­
tice operators, since there are three dimension-six operators. The simplest 
choice of lattice operators after the plaquette ("pi") are the perimeter-six 
loops, the rectangle ("rt"), parallelogram ("pg"), and chair ("ch"), shown 
in Fig. 10.3. An action could be 

S(u) = (3j2Ci<Di (10-5) 
i 

where 0% = (l/3)ReTr(l — [/,). It is convenient (for now) to normalize 
cpi + 8crt + 8cpg + 16cc/j = 1 so the coefficient of F^F^ is unity. 

To fix the coefficients, we must choose an improvement criterion. The 
first such calculation involved correlation functions of Polyakov loops, Wil­
son loops that cross the box and are joined periodically. The improvement 
criterion was to enforce the absence of 0{a?) corrections to the scattering 
amplitude. As a second choice, one could require that the potential be­
tween static charges reproduces the continuum lowest order perturbative 
result [V(r) = 1/r] up to terms of order a4. In either case, at tree level, 
one finds cpg = 0, cr t + cch = —1/12. 
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A 

(a) (b) 

A 

(c) 

7 

Fig. 10.3 The three perimeter-six loops: (a) "rectangle," (b) "parallelogram," 
(c) "chair." 

It is convenient to choose cch = 0 since the multiplicity of "chair" loops 
per site is higher than that of the other operators, and this is what is 
usually done in practice. Thus, at tree level, the improved gauge action is 
characterized by the plaquette, with weight cp\ = 5/3, and the rectangle, 
with cr t = —1/12. This is called the "tree-level Liischer-Weisz" action 
(Luscher and Weisz, 1985b) in the literature. 

_„(° ) Improvement can be extended to higher order, where now Cj = c, + 
g2Cj . Luscher and Weisz (1985a) carried the Polyakov loop correlator 
calculation to next order and computed the coefficients. We will defer 
writing it explicitly until the end of the next section. 

Beyond one loop, lattice perturbation theory becomes arduous, and the 
authors are not aware of higher order improvement calculations. Instead, 
perturbative improvement is often replaced by various kinds of nonpertur-
bative improvement, which we will describe below. 

10.2.2 Fermion action improvement 

We already described much of the Symanzik program for Wilson-type 
fermions in Ch. 6. As we recall, doubling complicates the program for 
fermions. The Wilson term prevents doubling, but by itself it adds an 0{a) 
term to the action. Instead, introducing the Wilson term through a field 
redefinition gives 0{a) improvement. The redefinition is typically done in 
the continuum. Write the continuum action in terms of continuum fields 
ipc and •ipc and a continuum Dirac operator Mc = If) + mc: 

• - / * * i\)cMci\)c (10.6) 

Now perform a field redefinition ipc = f2c-0, ipc = ipQc, so the action density 
becomes •i/JMat/j where MQ = £lcMcQc. The usual choice is fic = Cic = 
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MQ = p + mc ( 1 + -ramc j - -ra 

1 — (ra/A){lp — m c) , for which 

~ + 2a,M/FfiV " ( 1 ° " 7 ) 

with terms of 0(a2) omitted. The Jacobian of the transformation con­
tributes, effectively, a correction of 0(a2) to the action. A field redefinition 
does not change the quark spectrum, but it has introduced a second deriva­
tive, along with an accompanying anomalous magnetic moment term with 
a fixed coefficient. Now we discretize Ip, D2 and FM„ to any desired order in 
an, and add corrections from the Jacobian, if needed, to produce a lattice 
action that is correct to that order. Using the naive derivative, the Wilson 
term, and the clover term, we arrive again at the clover action with 0(a2) 
errors. If all we want are spectral quantities, we are done: we have an 
undoubled lattice action. 

Continuum off-shell observables, such as the propagator (ipc^Pc) or cur­
rent %pcTipc, are also transformed under the field redefinition. The lattice 
transformation is written in terms of 0, a discretized version of Slc. Thus 
the current 

J r = Vvl>c, (10.8) 

written in terms of the transformed fields ip and ip, becomes the "improved 
current" 

Jr = $ ra. 
4 

ra l-—(p-mc) T \-—{p-mc) ip, (10.9) 
4 

or, using the equation of motion, for on-shell hadronic matrix elements, 

J r = $ ( l - r±p) r ( l - y # > ) V- (10.10) 

For a nice introduction to operator improvement, see Heatlie et al. (1991). 
Making more accurate discretizations in Eq. (10.7) gives an action with 

0(a4) classical errors, called the "D234 action" (Afford et al, 1997). 

10.2.3 Nonperturbative improvement 

Nonperturbative improvement involves parameterizing both the action and 
the improved operators, and tuning or fitting the parameters to eliminate 
lattice artifacts. As long as one restricts oneself to O(a) improved actions, 
there is only one interesting action parameter to tune, the clover term. The 
operators have additional parameters. Rather than using the full improved 
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current, Eq. (10.9), it is customary to expand to lowest order in a and 
employ a simpler expression. For example, the flavor non-singlet axial 
vector current becomes 

Aa,imP = ZA[{1 + hAamq)A^ + CAad^PO], (10.11) 

where the derivative is, of course, approximated by some lattice difference. 
In this expression, the axial and pseudoscalar currents are just 

Al{x)=i>{x)W)farP{x) (10.12) 

and 

Pa{x)=i>{x)1^raij{x). (10.13) 

(r a is an isospin generator.) The technical problem now is to separate the 
effects of action parameters and operator ones. 

The most extensive studies use simulations in a box with fixed bound­
ary conditions for the gauge fields, the Schrodinger functional formalism 
(Liischer et al., 1997b). The improvement criterion uses the PCAC quark 
mass, defined by a ratio of correlators, 

m { x ^ ] S 2 < f ( 8 l ) 0 « ( x a ) ) + ( a ) ' ( } 

The quark mass should be a constant, and so parameters are tuned to 
minimize the variation of m{xi,x-2) within the volume of the box. One 
can choose to improve only at mq = 0; this simplification eliminates the 
bA coefficient. The numerator of Eq. (10.14) involves two terms. The CA 
term can be eliminated from the action-matching part of the calculation 
by requiring that a linear combination of m's and pseudoscalar correlators, 
rather than m itself, not vary. Then after csw is fixed, the procedure can 
be repeated for CA-

Symanzik improvement for fermions is generally not pursued beyond 
0{a2). The problem is that at dimension 6, four fermion operators appear in 
the effective action. It is difficult to simulate an action with these operators, 
because when a fermion action is no longer bilinear in the field variables, 
it is not possible to integrate out the fermions to produce a functional 
determinant without introducing auxiliary fields. 
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10.3 Tadpole improvement 

Tadpole improvement is a variation on Symanzik improvement in which 
the matching coefficients are computed using a heuristic implementation of 
perturbation theory called "tadpole improved perturbation theory" (Lepage 
and Mackenzie, 1993). In Ch. 12, we learn that lattice perturbation theory 
is performed by expanding the link variable as 

U^x) = exp[iagA„(x)] -> 1 + iagA^x) - a2g2Afi(x)2/2 +.... (10.15) 

The coupling g and lattice spacing a seem to be correlated, but in lat­
tice perturbation theory a class of diagrams have ultraviolet divergences 
(regulated on the lattice) whose divergence is canceled by the explicit a de­
pendence in the vertex. Thus these terms are suppressed only by powers of 
g, not by powers of a. They tend to be large. These are the QCD tadpoles. 
One is shown in Fig. 10.4. 

Fig. 10.4 A "tadpole diagram" for the ferraionic self energy. 

Tadpoles come from the high-momentum part of loop integrals, hence 
from the high momentum part of the gauge field. We should be able to 
remove them from the theory. Speaking poetically, one can imagine per­
forming an RG calculation in a smooth gauge and integrating out the UV 
modes. The link would be replaced by its IR part, a "tadpole factor" UQ 
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would parameterize the UV part, and Eq. (10.15) would be replaced by 

U„(x) -> u0 expliagAnix)} -> u0[l + iagA^x) - a2g2All{x)2/2 + . . . ] 
(10.16) 

where now A^ has support only from IR modes. 
The tadpole factor uo depends on the parameters of the theory and 

can be measured in a simulation. There are many possible choices (which 
give slightly different versions of tadpole improvement). One definition of 
uo sets it to the average value of TWM(x)/./V in Landau gauge. Another 
common definition uses the plaquette expectation value: 

/ l \ 1 / 4 

u0=[-(TrUp)) . (10.17) 

Tadpole improvement replaces all links f/M in lattice expressions with 
U/i/uo, where UQ is measured in the simulation. Removing the tadpoles 
reduces lattice renormalizations. Because UQ is measured in the simulation, 
it also might remove some of the nonperturbative renormalization of lattice 
operators. 

As an example, consider the tadpole-improved Wilson gauge action 

S=Y, 4 O^P + h-c-) ~* H ^T7 C 1 ^ + h-c-)- (10-18) 

Perturbation theory in g2 = g2 /UQ has no tadpoles, so the perturbation 
series shows improved convergence. (We will see an example below). 

Tadpole improvement is often used in lattice perturbation theory cal­
culations, but it is most commonly encountered as a way of approximately 
implementing the Symanzik improvement program. One takes an action, 
whose coefficients have been computed in perturbation theory, and re­
computes the coefficients using one of the tadpole improvement schemes. 

Let us see how this works for clover fermions. (The use of the Wilson 
gauge action, and a = 1, is implied.) We recall that the fermion Lagrange 
density, setting r = 1 but keeping csw a s a free parameter, is 

CF = rmp(x)ip(x) 

-\ Z!0(aO(l + l^U^x + A) + t?(i)(l - l^U^x - A) 

-2${x)il>(x)] - 2CSw^(x)a„uF^(x). (10.19) 
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We rescale the action by multiplying by 2K = l / (m + 4), or, equivalently, 
rescale the field to %/J' = y/m + 4ip, to get 

CF = $'(x)1>'(x) 

-K Yfi'WO- + 7M W O * + ft) + i>'{x){l - 7M)I/>'(a; + £)] 

--Kcsw4>'(x)afJ,uFflIyip
l(x). (10.20) 

Tadpole improvement amounts to making the replacement C/M —• U^/UQ in 
the action. With the usual "clover" definition for F^, the clover term picks 
up a factor of 1/UQ, and the tadpole-improved lattice action is (dropping 
the primes) 

CF = ^(x)ij(x) - f YftWQ- + l»)UMx) + $(x)(l - -yJUliKx)] 

- \ — ^T^{x)alu/F^{x). (10.21) 
Z lift UQ 

Now imagine using this action in a simulation. In the derivative term, 
we merely redefine K/UQ to be a new hopping parameter «/ . The simulation 
uses a clover term c'sw = CSW/UQ. The tree level value of csw is unity, 
hence, the tree-level tadpole-improved clover coefficient is 1/UQ. 

Now we go beyond tree level. Let us first do a tadpole-improved predic­
tion of the additive mass renormalization, 5mc = l/(2«c) — 4, for Wilson 
fermions. At tree level, we expect that K'C = KCUQ = 1/8, or KC = l/(8uo). 
Thus at this level, 

6mca= - ! - - 4 = - 4 ( 1 - u0). (10.22) 

In first order perturbation theory, l/(2«;c) — 4 = —5.457a, and the pertur-
bative expansion for the plaquette gives UQ = 1 — g2/12 = 1 — ira/3. So to 
get an expression that combines nonperturbative and first order contribu­
tions, we subtract the first order part of uo and add the first order part of 
5mr: 

6mca 
47T 

-4(1 - uo) + -r-a - 5.457a = -4 (1 - u0) - 1.269a, (10.23) 

where the term in brackets is zero, perturbatively. The perturbative ex­
pansion is better behaved, in the sense that 1.269 is a smaller number than 
5.457. The scale of a, q*, in the language of Ch. 12, must be recomputed, 
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of course. If that is done, we find a lower value of q* than for the non-
tadpole-improved calculation. This is consistent with the idea that what is 
left after tadpoles are removed is more infrared. Equation (10.23) actually 
does give a fairly good reproduction of lattice data [see the discussion in 
Lepage and Mackenzie (1993)]. 

Now we use tadpole-improved perturbation theory to predict the value 
of the clover term that improves the action. It was computed in perturba­
tion theory (Luscher and Weisz, 1996; Wohlert, 1987) as 

csw = l + 4lgl (10.24) 

with go the bare lattice coupling constant and cs^r = 0.2659. Since uo = 
1 — g2/12, the tadpole-improved prediction is 

1 
csw = -3 

*0 

„2 

1 + ui Vsw 4 (10.25) 

so the coefficient of gfi is reduced to 0.0159. 
To illustrate the use of tadpole-improved perturbation theory, we show 

in Fig. 10.5 a comparison of the clover coefficient csw for the ordinary 
clover action in quenched approximation with the Wilson gauge action. We 
compare ordinary perturbation theory, the one-loop tadpole formula, and 
an analytic interpolating formula for the nonperturbative determination 
from Luscher et al. (1997a) 

l-0.656ff0
2-0.152gg-0.054g0

6 

CSW = l-0.922flg • ( 1 ° - 2 6 ) 

Panel (a) shows that the tadpole-improved formula captures most of the 
nonperturbative contribution, up to gft ~ 1. However, panel (b) is poten­
tially more realistic. It shows the same result, but in terms of /3 = 6/g%. 
The value 0 = 6 corresponds to a lattice spacing of about 0.1 fm, whereas 
0 = 6.5 corresponds to a lattice spacing of about 0.045 fm. These are lat­
tice spacings at which realistic simulations are performed. Is the fact that 
tadpole improvement misses about half the excess over the pure perturba-
tive formula important? We suspect that for most simulations, the answer 
is no. 

For Wilson-type fermions, tadpole improvement of the clover term, 
i.e. replacing csw = 1 by csw = 1/WQ, slightly increases the lower limit of 
bare quark masses below which exceptional configurations cause trouble. 

Tadpole improvement is a major part of modern simulations. What 
it lacks in rigor (compared with a full nonperturbative determination of 



208 Lattice Methods for Quantum Chromodynamics 

2.0 

1.8 

6 
o 

1.6 \-

1.4 

1.2 f-

1.0 
0.0 

. ' ' ' ' 1 ' 

L (a) 

r 

. 
-
r ^^ 
: — - < \ . I , 

/ X 
yx 

/ x x ... 

1 -

1 1 I 1 1 
1 

X • 

. 
• 

-

1 : 

0.5 

go2 

1.0 

6 
o 

1.8 

1.6 

1.4 

1.2 

i n 

•' ' 1 ' 

X 

:, , 1 , 

• • 1 

(b) 

x x 

, , , 1 , 

X 

' 1 ' '-

-j 

-

x ""• 

. 1 . ,: 

6.0 6.2 6.4 

Fig. 10.5 A comparison of a nonperturbative determination of the clover coefficient 
csw (the solid line) with the tadpole-improved expectation (crosses) and the naive per­
turbative prediction (the dotted line) as a function of the bare lattice coupling, in panel 
(a), and versus /? = 6/g2 , in panel (b). 

action coefficients) it more than repays in ease of use. It would be daunting, 
indeed, to determine all the coefficients of some high-order NRQCD action 
nonperturbatively. And, by and large, tadpole improved actions show fairly 
good scaling behavior. 

A "standard action," which we recommend for use in simulations, is 
the "tadpole-improved Liischer-Weisz action," (Liischer and Weisz, 1985a; 
Alford et al., 1995) composed of the plaquette, the rectangle, and the par­
allelogram loops. It uses the one-loop perturbative coefficients of Liischer 
and Weisz, augmented by tadpole improvement. In common usage the nor­
malization convention for the gauge coupling differs from that of the Wilson 
action. (Namely, gl is 10//3pi, not 6//3pi.) The action is 

S [ [ / ] = / ? p l ^ R e T r ( l - t / p l ) 

+ / ? r t ^ R e T r ( l - ! 7 r t ) 

+ £wE^ReTr(1-c/ps) (10.27) 

with couplings 

/3pi 
^ = - ^ 2 (1 + 0 . 4 8 0 5 a s ) , 

20 UQ 

A A»i 
pg 0.03325 a s (10.28) 
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The parameters u0 = (TrUpi/3)1/4 and 3.068a,, = - ln(TrC/pi/3) are deter­
mined self-consistently in the simulation. The coefficients in Eq. (10.28) 
are a combination of the tree-level and one-loop Symanzik couplings and 
the perturbative expansion of the tadpole; we have introduced 1 = (1 — 
(3.068/2)OJS)/UO to rescale the coefficients of the rectangle and parallelo­
gram. Because UQ is supposed to be determined self-consistently, one may 
need to do tuning runs to determine it before beginning a big simulation. 
In our experience, these runs do not have to be very accurate. 

10.4 Renormalization-group inspired improvement 

Symanzik improvement attempts to correct through some order an. But 
what is the best that one can hope to do? We recall the answer to that 
question was given in Ch. 4: Think of improvement in the context of the 
renormalization group. We want an action without cutoff effects. Such 
actions live, in principle, along the renormalized trajectory of some renor­
malization group transformation. 

One could obtain such an action by the following procedure. Imagine 
having a set of field variables {(j)} defined with a cutoff a. Introduce some 
coarse-grained variables {$} defined with respect to a new cutoff a', and 
integrate out the fine-grained variables to produce a new action 

e-/?s'(*) = j fye-nnw+sm, (10.29) 

where 0T($, <j>) is the blocking kernel that functionally relates the coarse 
and fine variables. Repeat this procedure many times. The action for the 
blocked variables will flow toward the fixed point of the RG transforma­
tion and then out along the renormalized trajectory, eventually reducing 
to an action consisting only of relevant and marginally relevant operators. 
Simulations done with the blocked action should show only the scaling vi­
olations associated with the strength of these operators, which in QCD are 
the quark mass terms and the running coupling. 

Unfortunately, integrating Eq. (10.29) for QCD generates ever more 
complicated actions, which in practice have to be severely truncated. The 
resulting actions do not live on any renormalized trajectory. In the liter­
ature, such actions are typically called "renormalization-group inspired." 
The authors are aware of only two such gauge actions that have received 
much attention. They both consist of the plaquette and the rectangle, i. e. 
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Eq. (10.27) with /3pg = 0, j3p\ = @co, and /3rt = /Jci, with the normalization 
condition co + 8ci = 1. The Iwasaki action (Iwasaki, 1983) has c\ = —0.331; 
the DBW2 action (Takaishi, 1996) has c\ = -1.4088. 

The critical surface for asymptotically free theories is at at (3 = oo. In 
that limit, as first pointed out by Hasenfratz and Niedermayer (1994), the 
blocking transformation of Eq. (10.29) becomes a steepest-descent equation 

S'(*) = min[T($, <{>) + £((/>)] (10.30) 
<t> 

that can be used to find the "fixed point action" 

SFP($) = min[T($,</>) + SFP(<I>)]. (10.31) 
<t> 

These actions have several noteworthy properties. First, not only are they 
classically perfect actions (i.e., no 0(an) scaling violations for any n), 
but they are also one-loop quantum perfect (Hasenfratz and Niedermayer, 
1997). That is, as one moves out the renormalized trajectory, 

\sRT(g2) = \[SFP + 0(g% (10.32) 

Physically this happens because the original action has no irrelevant opera­
tors, and they are only generated through loop graphs. Thus these actions 
are an extreme realization of the Symanzik program. Second, because these 
actions are at the fixed point, they have scale invariant classical solutions. 
This fact can be used to define a topological charge operator on the lattice 
in a way that is consistent with the lattice action (Blatter et al, 1996). 
And third, fixed-point fermion actions obey the Ginsparg-Wilson relation 
(Hasenfratz et al., 1998) and are thus chiral. 

Fixed point actions have been used in simulations of d = 2 sigma 
models (Hasenfratz and Niedermayer, 1994). A completely constructed 
fixed-point action for QCD is too complicated to use in simulations, but 
approximate fixed-point actions have seen a fair amount of use. These 
actions are "engineered" in the following way. One picks a favorite block­
ing kernel, which has some free parameters, and solves Eq. (10.31). Then 
one tunes the parameters in the kernel to optimize the action for local­
ity. This action is truncated for use in simulations. Typical fixed-point 
actions are hypercubic (the lattice Dirac operator joins sites offset by 
nM = (±1,0,0, , 0), (±1, ± 1 , 0 , 0 ) . . . (±1, ± 1 , ± 1 , ±1)). They typically have 
0(a2) lattice artifacts. 



Designing lattice actions 211 

10.5 "Fat link" actions 

Most of the time, lattice actions are made gauge invariant using gauge 
connections that are simple products of link variables along the shortest 
path; for example, in the nearest-neighbor derivative, 

jj{x)ip(x + A) -» $(x)U^x)il>{x + £). (10.33) 

However, in the late 1990's, people began to explore alternative connec­
tions, in which the U^x) was replaced by a sum of terms, each one of 
which was a product of link variables over a different paths. The sum of 
terms connecting, for example, points x and y —call it E(x,y))—could be 
replaced by a single unitary variable V(x,y), which could be chosen by 
maximizing TrV(x,y)'S(x, j / ) t . These connections are called "fat links." 
People discovered that non-chiral actions with fat links had much smaller 
chiral symmetry violations than equivalent non-chiral actions using ordi­
nary "thin" links as connections. The additive mass renormalization was 
commonly reduced by an order of magnitude. Staggered actions with fat 
links showed much smaller taste symmetry breaking. 

It is easy to understand these results in the context of perturbation 
theory. The thin-to-fat link transformation acts as a form factor on the 
fermion-gauge field coupling. This suppresses tadpoles dynamically. For 
staggered fermions, it also suppresses taste-changing interactions. On the 
other hand fat links do not improve "kinetic" properties of actions (such as 
dispersion relations or the restoration of rotational invariance). 

Fat links decouple ultraviolet fluctuations of the gauge field from the 
fermions. In addition to the good features that we have already described, 
their use also seems to reduce the number of conjugate gradient iterations 
needed to invert the Dirac operator. However, nothing is free. Fat links 
distort the heavy quark potential at short distances. 

For example, in the nonrelativistic quark model for a meson consisting 
of a heavy quark and a light antiquark, the decay constant is proportional 
to the bound state wave function at zero separation. The fat link softens 
the potential, the wave function spreads out, and its value at the origin 
falls. This is, of course, only a scale violation, but it could be a big scale 
violation and might spoil the calculation. APE-smeared links with heavy 
smearing produce a large distortion of this type. There are other choices for 
fat links. Delia Morte et al. (2005b) studied static-light systems with the 
HYP link of Hasenfratz and Knechtli (2001) for the gauge connections and 
found they improved the signal. These fat links smooth the gauge field only 
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within one hypercube, while APE-smearing extends over longer distances. 
Dynamical fermion algorithms were difficult to marry to fat links. The 

problem is that in the standard molecular dynamics algorithm, one needs 
to differentiate the action - and hence, the fat link - with respect to the 
link variable, dV{x,y)/dUtJl.{z). One way to do this is to use the sum of 
paths H(x,y) as the fat link, and differentiate by "following the paths." 
The problem with this solution is that it strongly constrains the amount 
of fattening one can achieve. Recently, differentiable fat links have been 
proposed and used. As this subject is still evolving, we will merely men­
tion some of the popular alternatives: the "stout link" of Morningstar and 
Peardon (2004), and the "FLIC" link of the Adelaide group (Kamleh et a/., 
2002). 

Fat links can be embedded in the Symanzik program as follows. In 
momentum space the fat link's gauge field 5M(<z) is related to the thin 
link's gauge field A^q) through a form factor /iM„(g) 

Bfi(q) = J2~h^(q)Av(q), (10.34) 

and h^iq) ~ 1 + 0(a2q2) + 0(a4g4) + To achieve full a2 improve­
ment, one would tune the fat link parameterization to eliminate the 0(a2q2) 
term. 

To date, the most heavily used (measured by CPU hours consumed) fat 
link action is the "AsqTad" action developed by the MILC collaboration 
(Orginos et al, 1999) and by Lepage (1999). It is a staggered fermion action 
with a nearest and third-nearest neighbor interaction 

A M - ^ ( A M ) 3 . (10.35) 

The third-nearest neighbor coupling is a thin link, but the nearest-neighbor 
interaction uses the fat link 

V^x) = cJJ^x) + Y, [»3S${x) + 
v 

+ £ (u*S$p(x) + Y,w7S$pt,{xj) + wLS$(x)] (10.36) 
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where 

S$(x) = Uu(x)U»(x + 0)Ut{x + A) 

S$p(x) = Uv(x)S${x + 0)Ut{x + A) 

S{JJpa(x) = Uu(x)S^pUx + i>)Ui{x + A) 

S$(x) = Uv{x)Sf}{x + i>)Ut{x + A). 

The coefficients are c\ = &w$ = 48^7 = 1/8 WL = -1 /16 , and 103 
In practice, they are all tadpole-improved. 
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Spectroscopy 

11.1 Computing propagators and correlation functions 

A great many lattice calculations begin with spectroscopy. Masses are de­
termined from the asymptotic behavior of Euclidean-time correlation func­
tions. The general correlator is written 

Ctj(t) = Tr[O i(t)O j(0)e- / 3 i /]/Z (11.1) 

where Z = Tre_ / 3 i f and Oi(t) are interpolating operators, i.e., operators 
that create the state of interest from the vacuum. Making the replacement 

Oi(t) = eHtOie-m (11.2) 

and inserting a complete set of energy eigenstates into Eq. (11.1) yields 

dj(t) = J2 (m\ °i \n) M °j H e-Ente-Emi0-f)/Z. (11.3) 
7n,n 

This expression is valid for any temperature T = 1/(3. We have assumed 
that the spectrum of energy eigenstates is discrete. If t and (3 — t are 
large (zero temperature limit), the correlation function is dominated by 
the lowest states. Keeping only the vacuum state "0" and first excited 
state "1" and taking the special case of a diagonal correlator (i = j) gives 

Cu(t) = | (0| Oi |0) |2 + I <0| Oi |1) |2 [e - f i l t + e-
B»tf-*>] 

+0[e-(E2-El)t] + ^ - ( j f c - B o w - t ) ] . ( 1 L 4 ) 

The first term is the vacuum disconnected part. Correlation functions are 
usually defined with it removed. If the operator has no vacuum expectation 
value, it is zero anyway. If it has a vacuum expectation value, removing it 

215 
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typically degrades the signal to noise ratio. Figure 11.1 gives an example 
of a correlator with no vacuum disconnected part. If the operator has a 
zero momentum component, E\ is the mass of the lightest state it excites. 
If the operators Oi have poor overlap with the lightest state, the correction 
terms have a relatively large coefficient and a reliable value for the mass 
can be extracted only at a large time t. 

If also t <^ P the diagonal vacuum-connected correlator has the asymp­
totic form 

CiiW-KoiOiii)!^-^ ' , (n.5) 

thus allowing the energy to be extracted from an "effective mass" formula 

meff(i) = log[C(t)/C(t + 1)]. (11.6) 

The asymptotic value of this function is E\. 
Just as with the Rayleigh-Ritz variational method, including more op­

erators in the correlator helps in extracting higher-lying states. If there are 
TV interpolating operators, we may consider iV excited states: 

N 

Cij{t)z±Yt9imerEmt9U^ (11.7) 
m=l 

where gjm = (0| Oj \m). For convenience we take Oi to be hermitian, so C^ 
is also hermitian. The generalized effective mass formula in matrix form is 
then 

gAg-1=C(t+l)C-1(t) (H-8) 

where A = diag{e~Bm}. So the effective energies are obtained from eigen­
values of the channel transfer matrix C(t + \)C~l{t) in the limit of large t. 
We can also formulate the analysis as a generalized eigenvalue problem 

C(t + l)xm = e-B™C(t)xm (11.9) 

where the eigenvector xm is the mth column of g* -1. As the space of 
interpolating operators is increased, we expect, in analogy with Rayleigh-
Ritz, that the lowest-lying eigenvalues converge first. 

As we remarked in Ch. 9, the effective mass analysis works only with 
pairs of time slices, so it does not incorporate as much information as a 
full-fledged fit. For this reason the authors do not recommend its exclusive 
use. 
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Fig. 11.1 An obviously very nice looking lattice correlator and its fit. In this case 
0 = Nta = 32a. 

Most of the interesting observables involve valence fermions. The in­
terpolating operators create or annihilate fermion fields from the vacuum. 
Let's suppose we wanted to measure the mass of a meson in the Wilson 
formalism. Then we might consider measuring a correlation function 

C(t) = £<J( : r , i ) J (0 ,0 ) ) (11.10) 
X 

where 

J(x, t) = xjj(x, t)Tip(x, t) (11-11) 

and r is a Dirac matrix. We say that the source of the meson is at time 0 
and the sink is at time t. The intermediate states \n) that saturate C(x, t) 
are the hadrons that the current J can create from the vacuum: the pion, 
for a pseudoscalar current, the rho, for a vector current, and so on. Written 

T i i i i i i i i i i i i r ^ 

i i i i i i i i I i i i L 
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in terms of the fermion fields, the correlator is 

C(t) = ^(Ol^fCrr, ^ r ^ ^ C x , t ) ^ (0 ,0 ) r f e i ^ f (0,0)|0> (11.12) 
X 

with a Roman index for spin and a Greek index for color. We contract 
creation and annihilation operators into quark propagators [see Eq. (3.83)] 

Wf(x,t)i%{0,0)\0) = G$W;0,0). (11.13) 

There are two ip fields and two $ fields in the meson correlator. So there 
are two ways to pair them in the contraction. One way pairs the ip with 
the -0 in the source, forcing the same contraction in the sink. The other 
way pairs the ip in the source with the -tp in the sink and vice versa. See 
Fig. (11.2). Also remembering sign changes from interchanging Grassmann 
variables, we then have 

C{t) = ^ T r [G(X,t;x, t)T] Tr [G(0,0;0,0)r] 
X 

- ^2Tr [G(x, t; 0,0)rG(0,0; x,t)T] (H-14) 
X 

where the trace runs over spin and color indices. If the meson is a 
flavor nonsinglet, the former contraction gives zero. Baryon correlators 
are constructed similarly. We see that the space-time "Feynman rule" 
for Fig. (11.2) associates a valence quark line from (x',t') to (x, t) with 
G^(x,t;x',t'), but does not display gluon and sea quark lines. 

The computation of the second (quark-line connected) term in 
Eq. (11.14) typically proceeds as follows. The Dirac equation (sparse matrix 
problem) is solved with a delta function source at (0,0) to get G(x, t; 0,0) 
for all sink locations (x,t). This calculation is done for each source color 
and spin. The path-reversed propagator is found immediately from the 
identity G(0,0; x, t) = ̂ $G*{x, t; 0,0)75. The computation of the first term 
in Eq. (11.14) is considerably more difficult, since it requires G(x, t; x, t) for 
every point (x,t), i.e., a sparse matrix solution starting from every lattice 
point. One strategy uses a stochastic estimator with random sources Rt 

defined for each spatial site x on the time slice t. We then have 

J2 Tr [G(x, t; x, t)T] = (RtGTRt), (11.15) 
X 
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where the expectation value represents an average over a large number of 
random source vectors. One sparse matrix solution is required for each 
random vector Rt-

ooo 
(a) (b) 

Fig. 11.2 Connected (a) and disconnected (b) quark diagrams corresponding to the two 
terms in Eq. (11.20). 

11.2 Sewing propagators together 

In this section we examine the construction of mesonic correlators with 
specific spin and parity quantum numbers in the Wilson and staggered 
fermion formalism. 

11.2.1 Mesonic correlators - Wilson fermion formalism 

A typical mesonic interpolating operator is written as xr = crQ^q, where q 
and q are Grassmann fermion fields. The Dirac matrix T is chosen to have 
space-time symmetries appropriate to the desired channel (pseudoscalar for 
T = 75, vector, for T = ji, and so on. We use the conventional hermitian 
basis for the Euclidean Dirac matrices. We postpone a discussion of fla­
vor and a possible spatial wave function. With the suppressed summation 
over color (to make a color singlet) and Dirac components displayed, the 
operator is 

Xq = cTqTq = ^ ^ c r £ ( z ) r s s , <&(*). (11.16) 
c s,s' 

It is convenient to work with hermitian operators so that %r = Xr-
Since xv = cT^lo^laq, we require crT = cf 701^70. See Table 11.1. We 
are not including any minus signs associated with interchanging the order 
of the Grassman q and q. 

Thus, recalling the minus sign for the closed fermion loop, our flavor 
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Table 11.1 Coefficients for hermitian mesonic correlators 

T r" = 7 0 ^ 7 0 cr to compensate 

1 1 1 
75 - 7 5 i 
70 70 1 
li -~fi i 
7075 7075 1 
7i75 ~7i75 i 

nonsinglet correlators become 

<t$(z)76V(aO^(0)T6V(0)> = (Tr[l5G(x,0)l5G(0,x)}) 

(V5(a:)7oV(x)^(0)7oV'(0)) = -(Tr[j0G(x,0)7oG(0,x)\) 

(# (z ) 7 ^z )# (0 ) 7 i V<(0) ) = (TihiGfaOfriGiO,!))) 

(^(^7075^(^)^(0)7075^(0)) = -(IV [7o75G(a;, 0)7o75G(0,x)]) 

= (Tr[7o75G(a;,0)757oG(0,x)]) 

(#(x)7i7sV'(a:)#(0)7i75V'(0)) = ( T r ^ G ^ O h ^ s G ^ a : ) ) , (11.17) 

with an obvious generalization for non-diagonal operators (correlators of 

Xr and xr1)-
It is sometimes useful to construct interpolating operators as multiplets 

of the symmetries that mix them, so the states they generate belong to the 
same multiplet. For example, suppose one wanted to study pseudoscalar 
and scalar mesons in a theory with an SU(2)L®SU(2)R symmetry. The op­
erators creating the real 0(4) vector multiplet $ = (na, /o) and its opposite 
parity partner multiplet <fi' = (a,Q,r)) can be denned as follows: 

*a = iYL ™rifii h = £ mt (11-18) 
ij i 

ao = ~Yl * T 5 * ^ = * ]C *1**- (11.19) 
ij i 

Here the r a ' s (a = 1,2,3) are the SU(2) generators. Under a conventional 
vector SU(2) flavor rotation the 7ra's rotate among themselves, as do the 
ag's, and the /o and 77 are left invariant. Under an axial SU{2) flavor 
rotation the 7T'S mix with the /o and the a0 's with the 77. Under a global 
£/(l) axial rotation, the <f> and <j>' vectors mix. As we noted above, the 
flavor singlet correlator has two contributions, one, a valence quark-line 
disconnected piece in which the quark and antiquark in the source annihilate 
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and the sink is obtained by pair production, and the other, a valence quark-
line connected piece in which the quark and antiquark lines both pass from 
source to sink. With the above definitions we can now see the flavor factors: 

(V(x)v(y)) = -MTrl5G(x,x)Trj5G{y,y)) + 2(Trl5G(x,y)l5G(y,x)) 
(11.20) 

Finally, we remark that the quark and antiquark fields in the interpo­
lating operator need not appear at the same space-time point and they may 
have nonzero momentum. In principle x r can create all hadrons with the 
selected quantum numbers, ground states and excited states of all momenta. 
Suppose we are interested only the ground state. Euclidean propagation 
eventually always suppresses excited states, no matter how we construct the 
operator, but in the process the signal to noise ratio drops. If we choose an 
interpolating field that "looks" more like the hadron, we can get a better 
signal: a mesonic operator could be 

Xr(x,t)= ^2 <f>(xi,x2;x,t)q{xi,t)rq(x2,t) (11.21) 
Xl ,X2 

where x\, x2, and x are spatial vectors. The function $(0:1,0:2;x, t) should 
be chosen to look like one's favorite model of a hadronic wave function. 
Without special care, however, the correlation function (we take a diagonal 
one for example), 

C(x,t;y,0) = (cr$(xi,x2;x,t)q(xi,i)Tq{x2,t) 

c*r&(x3, x^, y, 0)crq(x3,0)Tq(x4,0)) 

= |cr |
2(Tr*(a;1, x2; x, t)&{x3, x4; y, 0) 

TG(x2, t; x3,0)rG(:r4,0; xu *)>• (11.22) 

is not gauge invariant, in which case the gauge field integration gives zero. 
It is usually worthwhile to persevere, and add extra ingredients to our trial 
interpolating operators. One possible solution is to fix to some smooth 
gauge and just take $(xi, x2; x, t) to be some smooth function. (So as not 
to interfere with time propagation, the gauge choice for this purpose should 
not constrain the time-like gauge links.) The authors have had much success 
using Coulomb gauge and a $(xi , x2; x, t) which is a product of Gaussians 
of width about one fermi, 

$(xi,x2;x,t) = <j){x\ — x)(j>{x2 - x). (11.23) 

Another possibility is to let $(a:i, x2; x, t) be a function of the link fields so 
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that Eq. (11.22) is gauge invariant. The simplest method includes a gauge 
connection (product of gauge link matrices) between the points x\ and x-i-
Another method defines 

$(xi,X2;x,t) = (f>(x2; x,tf 4>(xi; x,t) (11.24) 

and constructs the (/>'s "diffusively." For example, if 

(D2 + \2)<j>{x; XQ, t) = S(x - x0)S(t - t0) (11.25) 

where D is a covariant spatial derivative, Eq. (11.22) is gauge invariant and 
$(x\,X2; x, t) has an extension roughly 1/A in space. This is called "Jacobi 
smearing" in the literature. 

To calculate the correlator in Eq. (11.22) it is necessary to construct 
the fermion propagator (solve a sparse matrix problem) from the source 
point (#3,0) to the sink point (x2,t) for as many values of £3 as required 
by the wave function. This can be very expensive. In practice, factorized 
wave functions like Eqs. (11.23-11.24) are almost always used. Then the 
correlator can be written as 

C{x,t;y,0) = \cr\
2(Ti$(x1,x2;x,t)rg(x2,t;y,0)rg(y,0;x1,t)). (11.26) 

where Q{x2, t; y, 0) = £ * G(x2 ,t;x, 0)(j>(x - y) obeys 

{D + m)x2, t; x',t'g(x', t'; y, t0) = <j>{x2 - y)6(t - to). (11.27) 

The calculation of the correlator then proceeds as if point sources were 
used. 

To study states of nonzero momentum it is usually more convenient to 
project onto a state of definite momentum at the sink operator. This is 
done by inserting the appropriate phase factor exp(ip • x). 

11.2.2 Baryonic correlators - Wilson fermion formalism 

The interpolating operators in common use for baryons are quark trilinears. 
There are a number of choices, which can be derived from the standard 
quark model wave functions described in Eqs. (2.10) and (2.9). 

Consider, first, the proton. Start by combining the valence up and 
down quarks to form a color antitriplet diquark that is a scalar in spin 
and parity and a singlet in flavor. For a Grassmann Pauli spinor \ w r t n 

component XT anc^ Xl an<^ transpose \T the spin singlet combination is 
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XTc\ = XtXl— XiXl f° r c = *°2- The nonrelativistic diquark wave function 

ea01xf{x,t)cx0
u{x,t). (11.28) 

antisymmetrized over color indices a and /3 has the quantum numbers we 
need. Combining it with a third, up quark, we get the proton wave function 
in nonrelativistic language, corresponding to Eq. (2.10), 

eafrxfMwxfa^xZ (H.29) 

The relativistic generalization is 

p{x,t) = eQ£7[dQ T(a; , t)C75uV,i)]u70M). (H-30) 

where now C = 7072 in the Euclidean Bjorken-Drell convention. With this 
convention, in the nonrelativistic limit the upper components of the spinors 
survive and this expression reduces to the previous expression. 

There is an alternative relativistic expression. We can drop the 75 and 
start with a pseudoscalar diquark, finishing with a 75 multiplying the third 
quark to restore the correct parity: 

p'(x, t) = €a01{daT {x, t)Cu0(x, i)]75u7(z, t). (11.31) 

In this case in the nonrelativistic limit the diquark inner product is small, 
because it combines upper and lower components of the spinor. 

The proton correlator 

C{x,t) = {p(x,t)p(0,0)) (11-32) 

is computed in the same manner as the meson correlators. After integration 
over the Grassmann variables, it becomes the product of three quark prop­
agators with spins and colors combined at the source and sink according to 
the spin-color construction of the interpolating operators. 

The other members of the spin 1/2 baryon octet are similarly con­
structed. For the E° hyperon the operator corresponding to Eq. (11.30) 
is 

E°( i , t ) = eQ / 3 7[uQ T(x,t)C75S / 3(x,t)]^(i,t) 

+ ea01[daT{x,t)Cl5s
0(x,t)}u''(x,t). (11.33) 

The analog of the alternate operator Eq. (11.31) is obvious. The octet A 
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hyperon is similarly 

A(x,t) = 2ea0y[uaT(x,t)Cj5d'3(x,t)}s~f(x,t) 

+ ea01[uaT{x,t)Cl5s
0{x,t)](T{x,t) (11.34) 

-eQ jg7[dQ T(T,i)C75s '3( :c ) i)]^(x,t) . 

To get an interpolating operator for the A + with spin projection + | , 
we start with a spin-1 diquark as a flavor triplet. In nonrelativistic form it 
is 

tocMxf(x, t)ca„xl{x, *) + («<-• d) (11.35) 

where <T_ = o\ — ia2 selects the spin projection + 1 . The second term with 
u and d interchanged is identical to the first because the Grassmann spinors 
anticommute. The relativistic generalization with the third quark included 
and flavor symmetrized is 

A+3/2(x,t) = 2ea01[daT{x,t)Cij-u0{x,t)}ui{x,t) 

+ ea01[uaT(x, t)Cij-U0(x, t)]cT(x, t), (11.36) 

where 7_ = 71 — 172. The alternate relativistic form is 

A'+s/aOM) = 2eaPy[daT{x,t)Ci5i1-u
0(x,t)}l5ui(x,t) 

+ eQ/37[uaT(a;,t)C75i7-«/3(a;,t)]75rf'y(a;,t)]. (11.37) 

For a more complete discussion including a treatment of excited baryons 
and a wider variety of interpolating operators see Basak et al. (2006) and 
Leinweber et al. (2005). 

11.2.3 Mesonic correlators - staggered fermion formalism 

In the staggered fermion formalism each quark flavor comes in a multiplet of 
four tastes. The extra taste quantum number complicates the construction 
of mesonic interpolating operators. Each quark-antiquark meson comes 
with sixteen tastes. Their masses become degenerate in the continuum 
limit. The rigorous treatment of zero momentum meson interpolating op­
erators was developed by Golterman and Smit (1984); see also Kilcup and 
Sharpe (1987). Since the Dirac classification of bilinears is more familiar, 
we prefer to use it, instead, as a heuristic for discovering the combinations 
that produce the desired states (Kluberg-Stern et al., 1983). 
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11.2.3.1 Flavor nonsinglet mesons 

We start by writing the desired bilinear for the interpolating operator in 
the spin-taste basis 

XfrsT = cSTJl0br0
s
ar*T

baTpf'aa (n.38) 

with flavor indices / , / ' and implicit color indices. Here Ts operates on 
the Dirac spin components, represented by Greek letters, and TT, on the 
taste components, represented by the low Roman alphabet. The coordinate 
y labels the 24 staggered hypercube. There are sixteen choices for TT, 
corresponding in the continuum to a degenerate multiplet. Recognizing that 
hermiticity involves both spin and taste, we may use the same procedure as 
for Wilson fermions to construct hermitian interpolating operators. Flavor 
indices can be added as well. 

Let us first consider free field meson propagators. To convert the 
spin-taste bilinear to the staggered-fermion single-component basis, we use 
Eq. (6.52), which gives 

Xff'ST = Yl X2y+r,'9ST{ri', rfxly+r,/16' (11.39) 

vv' 

where 

gsrW, V) = \TT (nj,rsn„rt,). (n.4o) 

The simplest operators are "diagonal" with S = T. For this case 
9ss(v',v) = 9s(v)dr)'r)- We call these the "local" mesonic operators. When 
S y£T the operators connect \ and x a t different points in the hypercube, 
so they are called "non-local". The full taste multiplet for a given meson 
requires nonlocal operators as well as local. When S and T have differ­
ent numbers of 70 factors, the operator straddles two time slices. If we 
want to avoid such "time splitting" we simply replace Ts with joTs- The 
replacement does not change the quantum numbers of the channel. 

For an important example of a diagonal operator, if Ts = TT = 75 then 
9B(V) = ( - ) " , where (-)•» = (-Jio+'h+•»+»». For / = d and / ' = u, this is 
the Goldstone pion operator, 

Xdu55(y) = ^i-Txiy+rtXly+r,- (H-41) 
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The zero momentum meson correlator induced by this operator is 

udbb 

• £ £ Tr [G(2J, + V, rj)G(V, 2y + 7/)(-)"-" ' ] (11.42) 

y vv' 

where y = (y, t), the trace is over color, and Gij(x',x) is the staggered quark 
propagator from a; to a;'. The path reversal symmetry gives G(x,x') = 
G^(x',x)(—)x~x , so the Goldstone boson propagator is then 

C^fi{2t) = - ^ Tr [G(2y + r/, v)G*(2y + //, r/)] . (11.43) 

This result is not entirely satisfactory, however, since the interpolating 
operator occupies two adjacent time slices and the time interval between 
source and sink ranges imprecisely between 2t — 1 and 2t + 1. It is much 
preferable to use single-time-slice operators in a hadronic correlator. For a 
general operator ST we first remove time splitting, if necessary, by changing 
Ts to Ts7o. Then we remove the sum over multiple time slices in Eq. (11.43) 
by replacing the interpolating operator with the combination 

Ts ® T*T ± IVyo75 ® (IY7075)* (11-44) 

in the bilinear. If we use the notation S05T05 to denote the second Dirac 
matrix kernel, we have gsriv) = 9so5,T05(v)(~)'70 where 770 is the time 
coordinate of the hypercube. Adding or subtracting cancels one of the time 
slice contributions inside the hypercube. These are then single-time-slice 
operators. Since the spin and taste content of the meson is determined by 
the Dirac matrix kernel, changing the kernel in this way changes the spin, 
parity, and taste content. Thus the single-time-slice operators generate two 
mesons of opposite parity, one of them with a correlation function decaying 
exponentially in the usual way as exp(—Et) and the other, oscillating as 
(-YeM-E't). 

To illustrate a single-time-slice operator, consider the correlator for a 
flavor-nonsinglet, taste-singlet scalar meson, e.g., the ao- The kernel of the 
local interpolating operator is then Ts <8> r j . = 1 ® 1. The single-time-slice 
operators are, then, 1 ® 1 ± 7075 ® (7o7s)*- The second term generates a 
pseudoscalar meson with the same flavor assignment, in this case a pion. 
The other pion above, the Goldstone state, has a different taste assignment, 
so has a different, lower mass at nonzero lattice spacing. 



Spectroscopy 227 

The single-time-slice operators for the Goldstone pion itself are 75 ® 
75 ± 70 ® 7o • They can be combined into a single correlator at even or odd 
times t as follows 

Gr+,5(t) = - £ T r [ G ( a ; , 0 ) G t (*,<))] . (11.45) 

where now x = (x, t). 
When the quark and antiquark have the same mass, the parity partner 

operator 70 <8> 70 is the density for a conserved charge. The zero momentum 
component is the charge itself, which does not excite states from the vac­
uum. Since it is not a taste singlet, it cannot excite a purely gluonic state 
and so has a zero vacuum expectation value. Therefore the single-time-slice 
operators for the Goldstone pion couple to only the pion itself. 

Carrying the single-time-slice construction to an extreme, we may make 
a local operator that lives only on the origin of the hypercube. Its kernel is 
52 s Ts ® Ts- Such an operator is a favorite broad-spectrum source for the 
local staggered meson states, since it excites all of them at once. Because 
the staggered quantum numbers are conserved, it suffices to let the sink 
operator select the desired spin and parity. 

A further effective strategy splits the source points for quark and anti-
quark in the same manner as described for Wilson fermions. For staggered 
fermions, the spin and taste assignments are preserved under even relative 
displacements of the quark and antiquark. The popular "wall source" for 
zero momentum mesons puts the quark source on all hypercube origins and 
an uncorrelated antiquark on all hypercube origins as well. (The authors 
are unaware of constructions like Eqs. (11.23-11.24) for staggered fermions.) 

The diagonal S = T correlators based on the local single-time-slice 
interpolating operators and the single broad-spectrum wall source have the 
form 

CduSS(t) = J2 n^[G(x;2x',0)GHx;2x",Q)]gs(x), (11.46) 
x,x' ,x" 

where the phases and mesonic content are given in Table 11.2. 
The local mesonic operators are gauge invariant, so they may be used 

unchanged in the interacting case. Nonlocal operators involve products of 
x(2y + rf) and x(2y + rj) at different lattice sites, so must be accompanied 
by an appropriate gauge connection or defined in a smooth gauge, just as 
we did for the point-split Wilson fermion operators above. 

To illustrate nonlocal operators, let us examine the full taste multiplet 
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Table 11.2 Phases for the local staggered meson operators and 
the parity partner contributions for the case of equal quark and 
antiquark masses and nonsinglet flavor. The Dirac-basis taste 
assignment is indicated in parentheses. Here i € {1,2,3} and 
j , k are the other two indices in the set. 

S 9s(x) mesons 

5 1 TT(5) 

i (-)»< p(i)±b1(jk) 

i 5 (_)*,•+** a i ( i )±p ( iO) 

1 (_)x!+x 2+x 3 a 0 ( l )±7r (05) 

for the pion. To assure a non-vanishing result, we assume that the oper­
ators are defined in Coulomb gauge. We use the Dirac bilinear heuristic 
to construct the interpolating operator. Preferably, our point-split oper­
ators don't straddle two time slices. So if the bilinear 75 <g> T^ is split 
in the time direction, we take 7075 (g> T^ instead, which also generates 
the pion. Accordingly, the single-time-slice operators we want are either 
75 ® Ty ± 70 ® (rr7o75)* or 7075 <g> T? ± / ® (IY7075)*, whichever occupies 
a single time slice. The corresponding Dirac kernels <75,r(7?', v)±9o,T05{v' > V) 
or, as the case may be, 3o5,r(?/,?7) ± 9i,T05(v\rl) m t n e staggered single-
component basis connect pairs of sites (77', rj) in a 23 spatial cube. The path 
length of the displacement between the points is constant for a given taste. 
Thus T = 5 and 05 are the local pions we have seen already. The three 
displacement 1 states are T = i5 and jk. The three displacement 2 states 
are T = i and ?0, and finally the single displacement 3 taste-singlet state is 
T = I and 0. The resulting taste multiplet is illustrated in Fig. 6.3. 

The point-split combinations produced by the spin-taste heuristic are 
confined to a hypercube, so have "one-sided" displacements. Golterman 
and Smit (1984) define their operators in terms of symmetric shifts, so, 
for example, for a unit displacement in the i direction, they make the 
replacement 

X(x)x{x + i) -> x(x)Dix(x) = x(x)[Ui(x)x(x + *) + U}(x - i)X{x - 1)]. 

(11.47) 

For multiple displacements the symmetric shift is repeated. This replace­
ment does not alter the spin content of the excited meson. 
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11.2.3.2 Flavor singlet mesons 

The correlators for flavor singlet mesons involve two sets of Wick contrac­
tions as illustrated in Fig. 11.2. To get the correct relative weighting of 
the two contributions requires special care because of the taste degree of 
freedom. We use the replica trick (Aubin and Bernard, 2003). We intro­
duce nr species each of u, d, and s quarks and calculate for integer nr. In 
the answer we then set nr = 1/4 to compensate for four tastes. For the 
taste-singlet a meson channel the interpolating operator is then 

Xol = /» yilXururll + Xdrdrll] (11 .48) 
Vinr r = 1 

where fr denotes the rth repetition of flavor / . The single time-slice cor­
relator is then 

Cai(t) = -^2(-)xTr [G(x,0)GHx,0)] +2nr^2[TrG(x,x)TrG^(0,0)] . 
X X 

(11.49) 
Finally, we put nr = 1/4 to get the correct weighting.1 This correla­
tor has oscillating and non-oscillating contributions, corresponding to the 
taste-singlet u channel and the taste 05 n meson channel. The latter is an 
unphysical state, unmixed by the axial vector anomaly. Thus, it is nearly 
degenerate with the taste 05 pion. 

11.2.4 Baryonic correlators - staggered fermion formalism 

Taste multiplicity complicates the analysis of the staggered baryon spec­
trum considerably. Ideally, we would construct an interpolating operator 
that excites only one taste state for a given baryon. Then we avoid the 
complications of sorting out additional spectral components in the corre­
lators produced by taste splitting. As of this writing, a simple heuristic, 
such as the spin-taste construction that served us so well for mesons, has 
not been developed for baryons. This is a subject that deserves greater 
attention. 

The classic reference for staggered baryons is Golterman and Smit 
(1985). They analyzed the staggered lattice symmetries of zero momen-

1 Another way to get the correct weighting is to introduce a source term for the desired 
meson in the fermionic action, integrate out the fermions, take the fourth root of the 
resulting determinant, and then define the correlator as the functional derivative of the 
sources. 
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turn baryons in terms of the lattice geometric time-slice group (GTS) (the 
group of lattice rotations and shifts that governs lattice selection rules) and 
wrote the interpolating operators for the nucleon and A that have been 
widely used in the literature. 

To appreciate the complexity one need only consider that flavor St/(3) 
becomes flavor-taste SU(12), leading to 572 spin 1/2 states and 364 spin 
3/2 states (Bailey and Bernard, 2005). The decomposition of the mixed 
permutation symmetry 572 of 517(12) into Si/(3) flavor times SI/(4) taste 
is given by 

572 M -* (10s, 20 M ) © ( 8 M , 20 s) 0 ( 8 M , 20M ) ® ( 8 M , 4 A ) © ( 1 A , 2 0 M ) , 
(11.50) 

where the notation for irreducible representations (irreps) is (flavor, taste). 
In the continuum limit with degenerate u and d quarks the first two multi-
plets (10s, 2 0 M ) © ( 8 M , 2 0 S ) contain 120 baryons that are degenerate with 
the nucleon. At nonzero lattice spacing this degeneracy is lifted, leaving 
seven distinct multiplets according to the decomposition of the correspond­
ing spin-taste combinations into the 8 and 16 of the GTS group (Bailey 
and Bernard, 2005). 

( - , 2 0 M ) - • 3 - 8 © 16 

( i , 2 0 s ) - > 8 0 2 - 1 6 (11.51) 

(In the first set each nucleon is replicated four times and in the second set, 
twice for a total of 240 = 2 • 120 states, including isospin and spin.) 

The problem is that states of the same GTS symmetry may very well 
mix. So just constructing a baryon operator on the basis of its GTS sym­
metry does not guarantee it won't excite several likenesses of the baryon we 
want, each of a slightly different mass. Furthermore, the decomposition for 
the spin 3/2 state also contains 8's and 16's, so we need to make a special 
effort to disentangle A's and nucleons. 

With these caveats in mind we turn to the traditional construction. It 
builds the nucleon interpolating operator in the simplest way as an 8 of the 
GTS. Take x = (2y, t) and define 

XN(X) = £ > « 6 C X £ ; & £ , (1L52) 
abc 

where the color indices are shown explicitly and summed to form a color 
singlet. The Grassmann fields \% anticommute. Notice that each quark is 
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created at the origin of a 23 cube. The other members of the 8 are created 
at the other sites of the cube. They are degenerate, so any one will do. 
This operator happens to belong to the ( | , 2 0 M ) -

The corresponding correlator at zero momentum is 

CN(t) = Y, (XN(2y, t)XN(0,0)). (11.53) 
y 

The nucleon wave function is better described by separated quarks, so a 
potentially better correlator starts from a wall source and lets the sink 
operator project the desired state. There are various ways to do this. There 
is the "corner wall" source analogous to our broad-spectrum meson source: 

XcornerW = J2 e<*cXliXl2X%3 (11.54) 

where x, = (2i?;,t). Of course, one must fix the spatial gauge first. This 
operator creates quarks spread uniformly across the time slice. 

Then there are other wall sources (Gupta et al, 1991). An even wall 
source Xeven(̂ ) is constructed in the same way as the corner source, but 
sums over all Xi = (2Si + r]i,t) for 771 + 772 + 773 even. A third choice for 
a baryon source Xeven-odd(^) sums all eight rji. In both cases the sink 
operator is the corner operator XN(t), so we are still projecting onto an 8 
of the GTS. 

As we cautioned above, the state we construct in this way contains both 
nucleons and A's. At large t the lightest state, the nucleon, dominates the 
correlator, but we then must contend with a rapidly degrading signal-to-
noise ratio. 

As we mentioned above, special measures are required to create the A 
without also creating the nucleon. Golterman and Smit (1985) observed 
that, unlike the nucleon, the A contains an 8' of the GTS. So an interpo­
lating operator belonging to this irrep does the job. It is 

XA(X) = eabcDlX
a

xD2X
b

xDsXc
x, (11.55) 

where Dt is the symmetric shift of Eq. (11.47). This operator is traditionally 
used as the sink together with source Xeven-odd(O). 

The most promising staggered baryon method at present builds them 
from multiple sources and extracts states from a multichannel fit. 
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11.3 Glueballs 

Lattice glueball calculations face two challenges, namely, constructing a 
good interpolating operator and overcoming a noisy signal in an interesting 
channel (the scalar glueball). 

Glueball interpolating operators are (usually) linear combinations of se­
lected loops, i.e., traces of link variables around closed paths. The loops are 
combined to produce operators that transform irreducibly under the cubic 
group in representations that are "like" angular momentum eigenstates. 
For example, one might use the plaquette as the basis for an interpolating 
operator. Calling the plaquette oriented in the ij plane Uij, an interpolat­
ing operator for a scalar glueball might be 

0(x,t)= Y, ReTrUij{x). (11.56) 
i,j=x,y,z;i<j 

A tensor glueball operator might be 

02(x) = ReTr [(Uxy{x) + Uyz(x) - 2Uxz(x)}. (11.57) 

A possible pseudoscalar operator could be a lattice analog of F^VF^V: 

0PS(x) = TrU^(x)Uv{x + ii)Ul{x + u)Ui(x)Up(x)Uc(x + p)Ul(x + a)Ui{x) 
(11.58) 

with /x ^ v 7̂  p^ a. 
Glueball signals are noisy. The mass comes (as usual) from the asymp­

totic behavior of 

C(t) = 2 {0{x,t)0\x! ,0)) = J2\(0\O\j)\2exp(-mjt). (11.59) 
x,xf,t n 

The scalar channel has a vacuum disconnected piece, so one must determine 
the mass from a fit to C(t) ~ Co + Ci exp(-mit). In the other channels, the 
correlator corresponding to the noise is the correlator of the square of the 
interpolating field, which has nonzero overlap with the vacuum. Thus even 
though the signal is a sum of falling exponentials, the noise is a constant 
in time. (See Ch. 9 for more details.) 

Two classes of techniques improve the signal. The first is to use an 
operator whose size is "physical." It turns out just using loops with greater 
perimeters is insufficient by itself. It helps also to replace the link variables 
with "fat links" (See Section 10.5). In contrast to their use in actions, where 
the fattening should extend over a distance on the order of the cutoff, here 
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the fattening should extend out to some physical distance, on the order of 
a fermi. Then the operators resemble smoke rings. For a classic early use 
of these ideas, see Michael and Teper (1989). 

The second signal-improvement method involves using an asymmetric 
space-time lattice. The scalar glueball signal is noisy because it dies expo­
nentially compared to the signal. Making the lattice spacing in the temporal 
direction smaller flattens the exponential (since the lattice mass is the prod­
uct of the physical mass and the temporal lattice spacing at), and improves 
the signal to noise ratio - exponentially. Going against this improvement, 
the signal on successive time slices becomes strongly correlated. The best 
glueball masses available as of today were obtained using this trick. See 
Morningstar and Peardon (1999). 

11.4 The s t r ing tension 

Another gluonic observable is the Wilson loop, W(L, T), whose expectation 
value at large T gives the static potential. Like the nonscalar glueballs, the 
noise associated with W(L, T) remains a constant in T, while the signal de­
cays exponentially. Like the glueball case, the key to a good signal involves 
replacing as many of the link variables as possible with smeared links. If 
the chosen smearing extends over one lattice spacing, then it cannot be 
applied to the time-oriented links, since the correspondence of path inte­
gral to transfer matrix is lost, but if the smearing does not extend beyond 
a hypercube, the time links can also be smeared. Also as in the case of 
glueball calculations, an asymmetric space-time lattice produces a better 
signal than a symmetric lattice. 

Smearing is apt to distort the potential at short distances. That can be 
seen from the perturbative analysis of smearing through form factors from 
Sec. 10.5: the "smeared potential" is given by a convolution of the form 
factors with the static gluon propagator, 

Va(r) = fd^d3?? hoo(f1)h00{f2)Goo{f+ n - f2). (11.60) 

If the form factor can be computed, Eq. (11.60) can be used to fit the short 
distance part of the potential. 

One generally sees information about the potential presented after a fit 
to some functional form. A typical parameterization is 

V(r) = --+ar (11.61) 
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or 

V(r) = -cVa(r) + <rr (11.62) 

where <r is the string tension. 
Because of the unfavorable signal to noise ratio at large distances, the 

string tension is difficult to determine. A shorter distance observable that 
replaces it is the "Sommer parameter" ro (Sommer, 1994), which is denned 
through the force, 

2 3 F ( r ) 
-r —7j |r=r0 = k (11.63) 

where C is some constant. The original Sommer radius assumes C = 1.65 
and the physical value of ro (from fits to the heavy quark potential) is 
ro ~ 0.46 fm. Other choices for C are sometimes seen in the literature. 



Chapter 12 

Lattice perturbation theory 

12.1 Motivation 

Since the lattice was introduced to do nonperturbative calculations, why 
would one want to do perturbation theory with a lattice regulator? There 
are two main uses. 

The first use is to test the results of a simulation. If the coupling 
constant is small, and one believes that nonperturbative effects are not im­
portant in some process, then the computer simulation is just reproducing 
results that could be obtained using perturbation theory. One checks a 
numerical result against an analytic one. 

The second use is much more important in practice. A great many 
interesting quantities are not spectral. They may be matrix elements or 
coupling constants, whose values depend on the renormalization scheme or 
regularization scale. Since a continuum scheme, such as modified minimally 
subtracted (MS) dimensional regularization, is a more standard reference 
point, one converts the result in the lattice scheme to the continuum one. 
The conversion typically requires lattice perturbation theory. 

12.2 Technology 

To perform a perturbation theory calculation, one first needs to make a 
perturbative expansion of the action into free field pieces (quadratic terms) 
and interaction vertices (everything else), from which the Feynman rules 
can be constructed. The dynamical variables for QCD, of course, are the 
quark fields ip(x) and 4>(x) and the vector potentials Afl(x). 

235 
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12.2.1 Free fermion and gluon propagators 

To illustrate the straightforward process, take the lattice action 

S = a 4 ^ £ ( ^ , V , t / ) (12.1) 
X 

and replace the link field by an expansion in terms of gauge fields 

U„(x) = expligaA^x)] = 1 + igaA^x) - -g^a^A^x)2 + ... (12.2) 

where A^ix) — X}Q(^a /2)^l § i v e s t n e decomposition into color compo­
nents. The action has an expansion in powers of A, beginning with a 
quadratic term, and V> and ip, again beginning with a bilinear term. Next 
we transform to momentum space. In terms of the integral over the four-
dimensional Brillouin zone, 

/» /»7T/0 

Jq J—Tr/a 

*>a dAq 
(12.3) 

( 2 T T ) 4 ' 

the quark and antiquark fields are written as 

1>{x)= U{qVqX; ${x)= [tMe-** (12.4) 
J q J q 

and the vector potential is 

Ali(x)= [ A^qy^+oW. (12.5) 
Jq 

We have shifted the origin for the Fourier transform of the gauge field to 
beautify intermediate stages of calculations. The action can be written 
S = SQ + S^ + gSi + g2S2 + The zeroth order terms give us free field 
theory. For example, the free fermion action is 

50
F = ^ ^ ) A ( x - y)iP(y), (12.6) 

x,y 

which becomes in momentum space 

Sg= f (2ir)i64(p-p')mp')d(P,m)^(p)}, (12.7) 
Jvv1 

with 

A ( r ) = f eikrd(k,m). (12.8) 
Jk 
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Likewise, the free gauge boson action is 

So° = ~\ i (27r)iS\p + p'){A-(p')D;l(j))A
b
l/(p)}. (12.9) 

The fermion propagator is the inverse of d(p, m). We have seen examples 
of these propagators in Ch. 6. Both the fermion and gauge boson propaga­
tors are always diagonal in color. (For the gauge boson, Dab

v = S^D^.) 
Just as in a continuum theory, the gauge boson action cannot be inverted 
to give the propagator without fixing the gauge. A conventional choice for 
a gauge fixing term is [introducing fcM = 2/a sin(afc^/2)] 

5«f = - 4 E I T*-XkvA1{-k)Aa
v{k). (12.10) 

Then the gauge boson propagator is found by solving the field equation 

£ /C^/Cj, + Ufj,i/\fc) GVT{k) — d^T. 

As an example, consider the Wilson gauge action 

2g2 

(12.11) 

(12.12) 
X ll^-V 

where the plaquette Pflt/(x) has an expansion whose quadratic term is 

Tr[l - P^(x)} = i lY VW*) 

and to lowest order in g, 

*£,(*) = A » + AXX + # - A> + °)~ Ai(x)-
The momentum space version of this expression is 

*£,(*) = k^A^k) - kvAl(k). 

With Tr(AaA6) = 26ab, the action is 

S% = ~ f F^{-k)F«v{k), 
J K 

so the vector potential's inverse propagator before gauge fixing is 

Dfv{k) = 6 ab[5^k 2 - M v ] -

(12.13) 

(12.14) 

(12.15) 

(12.16) 

(12.17) 
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Then the gauge boson propagator is 

(12.18) 

Although general formulas applicable for most commonly used actions can 
be found in an Appendix of Weisz (1983), the authors have to confess that 
when they do a perturbative calculation with a complicated gauge action, 
rather than using them, they just invert Eq. (12.11) numerically "on the 

fly." 

12.2.2 Quark-gluon vertices 

Next we turn to interactions. When we rewrite the link field in terms of the 
vector potential, a typical term in the lattice action with Dirac structure 
T, such as 

Si = J2 $(X)T •••Uli(x + y)...ip(x + z) (12.19) 
X 

will expand into 

Si = Y^ $(X)T •••Afl{x + y)...iP(x + z), (12.20) 
X 

which will have a momentum space expression 

Si= [ ^(p1)T^(p2)Ali(k)(27T)iS\k+p2-Pl)e
ikyei^eik^2. (12.21) 

Collecting all such terms and weighting them as they appear in the action 
(with a factor ±1 for U^ versus U£) gives us the first order gauge boson -
fermion coupling term 

Si=g [ i>{V2)V^(puP2,m(p1)Atl{k){2K)i5i{k + pl - p a ) . (12.22) 
Jp\pik 

We can repeat this analysis in ever higher order. The next term in the 
action is 

S2=92 [ (2TT)4S\k1+k2+Pl-P2) ^(P2)V#>(P1,P2,*1,W(P1) 

xA^kJAM (12.23) 

and so on. 

GZ(k) = i-fll/\ 

1_ 
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As an example of lattice Feynman rules, let us suppose that we are 
working with the usual clover action. It is left as an exercise to verify the 
following formulas. 

Aa 

V^(pi,P2,k) = - V)n cos l —J~- ) + sin ' 

V^bHPl,P2,hM = <wf | ^ , | } [-cos (^ 
+ P2)n,a 

. f{Pi + P2)lia 
+ vi/n sin ' — • 

There is also the clover term 

1A 
2 2 

^(l ,c l ,o) = _ _ c s w l ^ SJ2 l v s i n \~va cos _ | _ _ 

(12.24) 

(12.25) 

k, \i 

y(S*2>k) 

CVaVi 

Fig. 12.1 Three-point and four-point vertices, showing our convention for momentum 
flows. 

12.2.3 Fat links 

The "fat link" refinement is becoming increasingly popular (see Sec. 10.5), 
wherein a single gauge link is replaced by a link derived from a linear com­
bination of more wide-ranging gauge connections between the same two 
points. It is easiest to discuss the case in which the linear combination is 
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projected onto the gauge group, making it unitary. For smooth fields uni­
tary fat links have an expansion W^{x) = 1 + iaB^x) + . . . , whereas the 
original thin links have an expansion U^x) = 1 + iaA^{x) + For com­
putations of 2- and 4-quark operator renormalization/matching constants 
at one loop, which we will soon discuss, only the linear part of the relation 
between fat and thin links is needed, and it can be parameterized as 

M*) = J2Kv(y)M* + y) • (12.26) 

Quadratic terms in (12.26), which could only be relevant for tadpole graphs, 
appear as commutators and therefore do not contribute, since tadpoles are 
symmetric in the two gluons (Patel and Sharpe, 1993; Bernard and De-
Grand, 2000; Lee and Sharpe, 2002). In momentum space, the convolution 
of Eq. (12.26) becomes a multiplicative form factor 

Bfi(q) = J2hfil/(q)A„(q) . (12.27) 

The reader could think of fat-link action Feynman rules as being con­
structed in two levels: First, find the vertices for actions with ordinary 
thin links, and then replace the thin link by a unitary fat link. Each quark-
gluon vertex gets a form factor h^iq), where q is the gluon momentum. If 
all gluon lines start and end on fermion lines, then, effectively, the gluon 
propagator changes into GM„ —» h^xGxaKu-

Again, as an example, consider the so-called "APE-blocked link" 
(Falcioni et al., 1985; Albanese et al., 1987). The link after n+1 smearings 
is related to the link after n smearings by 

W^\x) = ProjS [ / ( 3 ){(l - a)Wf\x) 

+ £ E ^ ^ W ^ O r + 0)Wln\x + £)t 

+ Win)(x - u)^W^\x - v)Wln\x -i> + A)]}. (12.28) 

The fat link WjT+ (x) is projected back onto SU(3) after each step, and 
W^ (n) = Ufj,{n) is the original link variable. The momentum-space smear­
ing factor for one level of smearing is 

KM) = f(l) + % | ^ , (12.29) 
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with f(q) = 1 - ^q2. Because of the simple transverse/longitudinal de­
composition of Eq. (12.29), it is easy to iterate this blocking. After N 
smearings, hfj.v(q) becomes h^v(q), which is just h^ with / replaced by 
fN. 

12.2.4 Quark self energy and tadpole 

Armed with these preliminaries, we turn to a calculation of amplitudes. 
In particular, we consider the one-loop quark self energy and the one-loop 
radiative correction to the quark-gluon vertex. The relevant graphs are 
shown in Fig. 12.2. 

p p+k p p p 

(a) (b) 

(c) 

Fig. 12.2 The three one-loop diagrams (a) "sunset" and (b) "tadpole" fermion self 
energy and (c) vertex renormalization, showing our convention for momentum flows. 

The "sunset" graph, Fig. 12.2a, uses first order vertices, 

£a = 92 /v r
/ i

1 )(p,p + fc,fc)5(p + fc)yi(
1>(p-|-fc1p,-fe)GMI,(/s). (12.30) 

Jk 

The "tadpole" graph, Fig. 12.2b, is not found in most continuum actions. 

o-
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It is 

S b = ~\ / * $ W . * . - * ) G W * ) . (12-31) 

Momenta are labeled as shown in the figure. 
For small fermion momentum p and small mass m, the quark self energy 

is parameterized as 

S(p,m) = So + ^ E i + m S 2 . (12.32) 

The term So is (minus) the additive mass renormalization and S i is the 
wave-function renormalization, needed for all external lines in vertex func­
tions. To extract S i and £2, one must expand the propagators and vertices 
in a power series in p and m, perform the integrals, and keep the leading 
term. 

12.2.5 Vertex graph 

The renormalization of currents involves both the vertex graph Fig. 12.2c 
and (if we only care about zero quark mass) S j . This process is customarily 
evaluated at zero momentum insertion at the vertex. Just to be complete, 
we write its amplitude, 

^ r = /vr(1)(P,p+fe>fc)5(p+fc)r5(p+fc)Vr^(P+fc,pI-*:)GMI/(fc). (12.33) 
Jk 

Because lattice vertices are so much messier than their continuum coun­
terparts, the evaluation of S i , S2 and Vv is much more difficult on the 
lattice than in the continuum. Nevertheless, the generic behavior of a lat­
tice process resembles its continuum analog. The most important feature is 
that typically S i , S2 and Vr are logarithmically infrared divergent. This 
divergence must be identical on the lattice to that of the continuum, be­
cause when pa for some generic momentum p flowing in the graph is much 
less than unity, the lattice Feynman rules reduce to continuum ones. The 
presence of the infrared divergence means that the calculation has to be 
regularized somehow. Possible choices include giving the gluon propagator 
a small mass, or keeping the quark mass, or working at nonzero external 
momenta. 

As an example of this procedure, consider a the correction to the scalar 
current for massless quarks and work in the continuum (we will keep the T 
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for the vertex for the first line). We give the gluon a mass A and find 

~ Jkk
2 + \2 [(P + A)2]2 ^ ^ 

Letting p = 0, T = 1, d4/c ~ k2dk2 and doing the trace, we find 

'W dk2 , 7T2 

~/0 F T ^ ~ i o g ^ ' (i2-35) V 
/o 

which is what we wanted to show. 

12.2.6 Ultraviolet divergences 

The Eo part of Ej, has a rather peculiar behavior. The vertex scales as a, 
meaning that from the point of view of the action, this •4iA2ij) interaction 
is an irrelevant operator. However, in E& the gluon propagator scales as 
1/fc2, and so E& scales as 

/

w/a i 

kdk~-. (12.36) 
a 

Notice how the quadratic divergence combines with the explicit 
a—dependence of the irrelevant operator to give an overall linear diver­
gence. In a lattice calculation with lattice units, we would work with the 
dimensionless combination amq rather than with the quark mass itself. The 
quantity aEt, which is a pure number, would be regarded as a finite additive 
renormalization of the lattice quark mass. These "tadpole contributions" 
play an important role in lattice perturbation theory, and will reappear 
when we describe improved actions in Ch. 10. 

12.2.7 Automation 

The standard method for carrying out a lattice perturbation theory cal­
culation is to construct the integrand analytically as a combination of 
terms multiplying Dirac matrices, and then to project out the desired Dirac 
structure, producing a single scalar expression. This has to be done cau­
tiously when infrared divergences are present. We will describe one way of 
doing this in the next section, which is specific to the situation we will dis­
cuss there (computing matching coefficients between lattice and continuum-
regulated quantities). 
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Often the analytic form of the solution is uninteresting. Then the fi­
nite integral is simply evaluated numerically. A good way to do this is via 
a Monte Carlo routine such as VEGAS (Lepage, 1980). Modern lattice 
actions have become increasingly more complicated, and state-of-the-art 
lattice perturbation theory calculations are often done with considerable 
help from symbolic manipulation codes or scripting languages. For an ex­
ample of such a construction, see Nobes and Trottier (2004) or Hart et al. 
(2005). 

12.3 The scale of the coupling constant 

Suppose we have computed a perturbative prediction for some lattice quan­
tity, 

(Oi) = Oo + j - O i + . . . - (12-37) 

How do we interpret our result? What is g2l This question has two parts. 
First, how do we define a coupling constant? And second, since the coupling 
constant of QCD is a scale-dependent quantity, presumably we want to 
replace the expansion coefficient by something scale dependent, as in as(q*). 
What is the scale? The solution to this problem (unfortunately) involves at 
least a two-loop calculation because a(q) = a(qo)/[i — f3oa(qo) log(g2/9o)]> 
so a(q) — a(qo) is order a2 Absent such a calculation, one could let q* 
vary over some "reasonable" range ( l < g * a < 7 r a t lattice spacing a, for 
example), and see how the answer varies. Alternatively, one could construct 
some physically motivated ansatz for the scale. The best known example of 
such a construction is that of Lepage and Mackenzie (1993), which builds 
on the continuum approach of Brodsky et al. (1983). 

The method begins with our first question. What g2 should we use? 
The obvious answer is to use the bare coupling g{a)2 = 6/fi, at which the 
simulation is performed. However, direct comparisons of lattice data (say, 
for the plaquette) reveal that for standard lattice actions it is necessary to 
go to tiny values of g2 before perturbation theory can account for lattice 
data. 

Of course, the bare coupling is just one choice for an expansion parame­
ter. Recall the textbook calculation of the spectrum of the hydrogen atom. 
One needs a value for the electric charge e. Where did it come from? It 
wasn't a bare parameter. It was determined by comparing an experimen-



Lattice perturbation theory 245 

tal measurement (presumably some very low energy scattering experiment) 
with a theoretical calculation done to some order in perturbation theory, 
just as in Eq. (12.37). We could repeat such a calculation using simulation 
data in place of a real experiment, and define a coupling through the heavy 
quark potential, 

V(q) = -CF^& (12.38) 
Q 

with no higher order corrections. The "V" subscript specifies the "po­
tential" scheme in which the coupling constant is denned and Cp is the 
fundamental Casimir constant [4/3 for SU(3)]. We could relate it, via 
perturbative calculations, to the MS or lattice couplings: the connection 
would be 

on = av(q)[l - av(q)^ln(^) + Q] + . . . (12.39) 
47T a q 

where @o is the lowest order coefficient of the beta function (11 — 2N//3) 
and Ci is some constant term. 

This leaves the choice of scale. To estimate it, imagine that one has 
some process parameterized by a one loop integral, and assume that its 
higher order behavior is dominated by gluonic vacuum polarization. We 
can sum that behavior by pulling the coupling constant inside the integral 
and letting it run. This amounts to the replacement of integrals 

a J I{q)diq -> j a(q)I(q)d4q. (12.40) 

However, we want to represent the process by a running coupling constant 
times the original integral, so 

a(q*) J I{q)d*q « J a(q)I(q)d4q. (12.41) 

When we relate the running coupling constants at the two scales as a(q) = 
a(q*) — /3Q/(An)a(q*)2 log(q2/q*2) +... and compare the various expressions 
for what we assume to be the same quantity, we see that self consistency 
requires that the coefficient of a(q*)2 vanish, or 
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The ratio is like the average of log q weighted by a distribution I(q). The 
ratio is often written as ((log(q))). Thus we interpret Eq. (12.37) as 

(Oi) = Oo + ^ T ^ ° i + ---- (12-43) 
47T 

While this procedure is plausible, it is still only a prescription. However, 
it can be tested. Determine ay (q*) in a simulation from one observable, and 
use it to predict the values of other observables. In practice, the determining 
observable is often taken to be the shortest distance observable, with the 
idea that its nonperturbative part is much smaller than its perturbative 
component. On the lattice one may choose the expectation value of a 
single plaquette. For the Wilson gauge action in a quenched simulation, 
this procedure gives the coupling at its q* scale from the relation 

/ l \ 4ir 
- In (-TvUplaq) = y av(3.41/a)[l - 1.19av] + . . . . (12.44) 

(The leading term is easy to find: In perturbation theory, the plaquette 
expectation value is TrC/piaq = 1 — g2/3. The scale q* = 3.41/a comes 
from evaluating Eq. (12.42).) The observables that are tested could be 
the values of other Wilson loops, or the additive mass renormalization for 
some non-chiral fermion, or a renormalization factor that can be determined 
nonperturbatively. 

It can happen that the denominator of Eq. (12.42) is close to zero, and 
the calculation of q* using Eq. (12.42) produces absurd results. In that 
case, one can substitute the higher order expression of Hornbostel et al. 
(2003), 

with 

and 

log(q*2) = ((log(q2))) ± [-a2]1'2 (12.45) 

a2 = « l o g V ) » - «log(<?2)»2 (12-46) 

<^<«»=^r 
is the weighted average analogous to Eq. (12.42). 
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This prescription is well denned for finite, pure lattice expressions, but 
when the operator has an anomalous dimension, there appears to be no 
general agreement about the prescription at the moment. [For one choice, 
see DeGrand (2003).] 





Chapter 13 

Operators with anomalous dimension 

We are now ready to begin describing a rather technical subject, namely, 
how to relate a matrix element computed on the lattice to its value ex­
pressed in some continuum regularization scheme. The UV divergences are 
common to all schemes, but in subtracting them one also subtracts finite 
parts, which introduces an arbitrariness in the prescription. Two different 
schemes are then related by a finite renormalization. 

Suppose we have a renormalized operator denned in one scheme (per­
haps the continuum MS scheme) with a regularization point \x. It is pro­
portional to the bare operator OQ, 

OI(JJ) = ZI{H)O0. (13.1) 

In a second scheme (perhaps the lattice), with a regularization point 1/a, 
we have a lattice regulated operator, which is also proportional to the bare 
operator 

Oa(l/a) = Z„(l/o)O0 (13-2) 

Consider now matrix elements of the operator in either scheme. Evaluating 
them in terms of the matrix elements of the bare operator, we find 

<a|0(/*)|/?)i = Z(n,a)(a\0(l/a)\p)a. (13.3) 

The (finite) quantity Z(fi,a) = Zi(n)/Za(l/a) is called a "matching fac­
tor." It is needed to convert lattice measurements of matrix elements of 
operators into their values in a continuum regularization. 

249 
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13.1 Perturbative techniques for operator matching 

Usually, part of the calculation of Z involves perturbation theory, so let 
us continue the discussion in that context. Begin a calculation working 
in some continuum regularization scheme, and compute Z\(\i). This is 
done by considering an amputated Green's function. Let us suppose we do 
that calculation using dimensional regularization in the MS scheme. If we 
specialize to the case where O involves n ? fermion legs, then we compute 
(in momentum space, in 4 — 2e dimensions) 

r_GftFW--.PnF,/i,e) _Z0dgS) 

l~ UnFG^(puH,e) ~ zn
Q

F<2 ' [ ' 

Next, compute Zo in perturbation theory from all the one particle irre­
ducible graphs involving the vertex, plus the counterterm for the operator 
that removes its UV divergence. 

For a quark bilinear Zo is given by the graph in Fig. 12.2c, and ZQ 
from Fig. 12.2b. The result of the calculation for ZQ is 

7 1 - 9 °F 
~A[~ + l o S 4 7 r + 7£ j - 7o log -2 + C ^ (13.5) 

where CF is the fundamental Casimir, 4/3 in SU(3), and the other con­
stants depend on the operator O. The term proportional to A is the UV 
divergence. As we recall, the graph has an infrared divergence, which had 
to be regularized. This gives the logarithm. The regulator A2 is a typical 
momentum scale in the problem, e.g., the squared momentum of the exter­
nal legs or a regulating gluon or quark mass. To renormalize, we define the 
counter term to cancel the A term. In the MS scheme the extra factors of 
log 47r + 7 B are absorbed in the regularization. 

The calculation of ZQ is similar. The quark propagator is denned as 
ZQ/(I p' + m), which we can rewrite in terms of the self energy as 

G(2> = — ^ + T - T ^ E ( P ) T - T ^ + . . . . (13.6) 
i p + mo i p + mo i p + mo 

With E(p) = i p'bTji + mobI±2, this series sums to 

G ^ = t j f ( l - 6 £ i ) + mo( l -&E2) ' ( 1 3" 7 ) 

where b = g2CF/l6n2- Continuing, but with massless quarks for simplicity, 
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we have to leading order 

1 
v 1 - 6E1 

and after we calculate S i , we find 

92CF 

I + 6E1 

ZQ-1 = 
16TT2 

1 \ A2 

B [ - + log(47r) + 7 B J - 7 Q log - j + Sjgg 

(13.8) 

(13.9) 

Again, choose the counterterm to eliminate the divergence along with the 
log(47r) + -fs, leaving the logarithm and constant term. Then we combine 
this expression with the one for ZQ to give the MS renormalization factor 

Z1(n) = Z0/ZQ = l + 
92CF 

167T2 
- 7 l o g - J + CMa — S-'MS MS (13.10) 

Next, we repeat the calculation with a lattice regulator. With the same 
choice for the momentum regulator for the infrared divergences, we com­
pute the same graphs. In the lattice calculation UV divergences are au­
tomatically absent, because momentum integrals run over a finite range, 
—n/a < q% < n/a, but, as we saw in the last chapter, we still encounter the 
same IR divergences as in the continuum. They can be controlled by the 
following trick: Rescale the lattice momenta to be dimensionless (denning 
ki = qia) and write the lattice integral as 

Jiatt = 167r: 

J —IT 

d4k 
(2TT)4 

I(k,ap,am,aX). (13.11) 

liljjs has an Alog(n2/X2) term, 7iatt has an Alog[l/(A2a2)] IR divergence, 
too. It can be separated out by writing the integrand as 

/ la 167T 7" 
J —TV 

d4k 

+ 167T 

(27T)4 

dAk [JLI 
J (2* 

I(k, ap, am, aX) 

' 6>(7T2-fc2) 

0(n2-k2) 
k2(k2 + a2X2) 

)4 fc2(A;2+a2A2) 

J + A log 
a2A2 (13.12) 

The first term of Eq. (13.12) is IR finite, and one can set A = 0 in it before 
evaluating it (perhaps by a numerical integration). Repeating this proce­
dure for all necessary graphs, we get the complete lattice renormalization 
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constant 

Za(l/a) = 1 + ^ J [-7log(a2A2) + C U - 5 l a t t] . (13.13) 

The constant terms in lattice regularization are different from those of the 
continuum. Thus the complete lattice to continuum matching factor is 

Z(/i, a) = 1 + fg^ f [7 log ( / iV) + C^ ~ Gatt - % s + 5,a t t]. (13.14) 

Notice that the scale A2 has disappeared. The 7 log pi2a? term represents the 
running of the operator from its value at scale 1/a to scale fi. (In contrast 
to the usual perturbative calculations, which are usually concerned only 
with how operators run, here the difference between the constant terms 
from the two schemes is also important.) 

Notice that the coupling constant in these expressions requires interpre­
tation. We discussed this point in Sec. 12.3. 

We have assumed that a single bare operator is mapped under renor-
malization into a single renormalized operator. This is not always the case. 
If not, there is a mixing matrix in each scheme 

0,(1) = Zy( l )O 0 j 

Oi(2) = Zij(2)O0,j (13.15) 

and the matching formula also involves a matrix 

(a\Oi(l)\0) = Zik(l)Zkj(2)-1(a\Oj(2)\(3). (13.16) 

The quark mass is a coupling constant, not a matrix element, so the 
matching technology is a little different. The propagator Eq. (13.6) has a 
pole at —i i> = rriR = Zmmo, where we saw Zm ~ 1 — b(T<2 — S i ) . In the 
continuum, Zm is UV divergent and, as we see from Eq. (13.9), it must be 
renormalized by subtracting the 1/e + 7 + ln(47r) term. We do that to give 
Zm(fi)m((x) — rriR where rriR is physical (it is the location of the pole in 
the propagator), and Zm(fj,) and m(fi) are now finite (though /i dependent). 
The identical calculation on the lattice would again give mn = Z1^tt(a)m(a) 
where m(a) is the bare mass. One may then determine a quark mass (in 
some regulator scheme) from a lattice simulation in two steps. First, one 
does a simulation at some lattice spacing, determining the bare lattice mass 
m(a) from a fit to spectroscopy for some observable particle. Then the 
ratio of lattice and continuum Z—factors gives the running mass at scale n 
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through 

^la t t 

13.2 Nonperturbative techniques for operator matching 

Notice that the matching procedure had three parts. We had to fix the 
renormalization scheme (describe how to define a coupling constant), spec­
ify the scale at which the coupling is denned, and determine a numerical 
value for the coupling at that scale. The choice of coupling is arbitrary, 
and, at least at first order, the choice of scale is, too. This means that any 
perturbative calculation is intrinsically ambiguous; how well a calculation 
works usually comes down to the practical question, "How big is the ef­
fect you have calculated?" or the question whose answer is probably less 
well known, "How big will the next order be?" The matching technique 
described in the last section would be expected to work well when the Z fac­
tor was close to unity. To achieve this result requires that both the lattice 
and continuum Z factors ought to be close to unity, which is best achieved 
when the matching point's momentum scale is large and the lattice spacing 
is small. 

One may not want to deal with such ambiguity. With lattice methods 
one can replace perturbative calculations of matching factors with results 
from simulations. The uncertainties in the answers may then be dominated 
only by numerical considerations. Here are some strategies. 

13.2.1 Methods for approximations to conserved currents 

Often we are interested in a conserved or partially conserved continuum 
current. The Z factor is then unity. The same is true for the corresponding 
conserved lattice current. But conserved lattice currents tend to be com­
putationally unwieldy, and a simpler, non-conserved current V* may have 
Z ^ l . One can easily determine its Z factor nonperturbatively from a 
ratio of matrix elements involving it and its conserved lattice counterpart 
Vc 

_ (h\V°\h) Zvi - ~wm^ (13,18) 

and then use the simpler current in the rest of the calculation. 
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A variation on this method can be used with overlap fermions (or other 
fermions with a chiral symmetry) to compute ZA- AS in the continuum, the 
product mq^tp has no anomalous dimension, so ZmZs — 1. Because overlap 
fermions are chiral, a Ward identity sets Zp, the pseudoscalar renormal-
ization factor, equal to Zs the scalar current renormalization factor. Then 
one can do two calculations of the pseudoscalar decay constant, one from 
the pseudoscalar density 

mPSfps = 2ZmmqZp{Q\i>lhT}>\PS) (13.19) 

and one from the axial vector current 

mpsfps = ZA(0\4>lol5ip\PS). (13.20) 

(We have inserted the Z factors so that the left hand sides of these ex­
pressions are the continuum values, which are scheme-independent because 
of PCAC.) Since ZpZm = 1, Eq. (13.19) gives fps directly, which can be 
used in Eq. (13.20) to give ZA in terms of the measured axial vector current 
matrix element. 

13.2.2 Regularization-independent scheme 

The most commonly used nonperturbative method for computing matching 
factors is called the "regularization independent" or RI scheme (Martinelli 
et al, 1995). One computes quark and gluon Green's functions in a smooth 
gauge, regulated by giving all external lines a large Euclidean squared mo­
mentum p2 and uses combinations of them to determine the Z's. 

Let us specialize to bilinear fermionic operators and call the operator 

O r = tpTtp, (13.21) 

where T could be a Dirac matrix or something more complicated. The 
matching factor is denned by computing the ratio of the matrix elements 
of the operator between off-shell single particle momentum eigenstates in 
the full and free theories 

Z^(fM)(p\Or\p)^=ll2 = (p\Or\p)o. (13.22) 

or, equivalently but more conveniently, 

Z^i^TriplOrlp^^iplOr^o1 = 1, (13-23) 
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where the factor of 1/12 counts Dirac spins and colors. The free matrix 
element (p|0r|p)o is JUS* ^ after amputation, so the second equation is a 
useful projector. The matrix element of the operator is proportional to an 
amputated Green's function Ar(p) containing the operator 

<p|Or|p) = Zg'Artp) (13.24) 

where as always ZQ1 is the quark field renormalization factor in the 
regularization-independent scheme. Thus we determine Z^I(fx) from 

^ ^ / ( M ) Z | / ( / x ) T r A r ( p ) r | p 2 = / i 2 = 1. (13.25) 

There is no good way to compute the amputated Green's function di­
rectly on the lattice, so it is obtained from the unamputated Green's func­
tion Grip), which contains incoming and outgoing quark propagators Sip), 
via 

A r(p) = S-1(p)G r(p)S-1(p) . (13.26) 

Finally, there are two ways to define ZQ. In the original RI scheme, 

1 - - T r ^ M . (13.27) 
Zg1 12 dp-

It is hard to take derivatives on the lattice, so in practice the RI' scheme 
is generally used instead: it defines ZQ from a projection against the free 
propagator Soip): 

Z%' = ±TrSip)So\p). (13.28) 

In a confining theory, interpreting any gauge-dependent correlator 
in conventional field-theoretic language is risky. Confinement together 
with the necessary gauge fixing spoils the canonical Lehmann-Symanzik-
Zimmermann reduction of the asymptotic in and out states. One hopes 
that in some class of smooth gauges the results are unambiguous. As a 
further precaution, one avoids small p where confinement is certainly im­
portant, and, of course, one avoids large pa where discretization artifacts 
appear. Thus to measure the Z factor with this method, one requires a 
plateau in the observable versus p2, where the coupling is small enough 
that one may at least hope that the lattice result gives a good approxima­
tion to a perturbative expansion to some useful, nontrivial order. 
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How do we implement this procedure in a simulation? We begin by 
gauge fixing the links to Landau gauge (by maximizing Y^, Tr ReUu). Then 
there are at least two ways to get Go- The first way is to compute the 
correlator 

Gr{x,y) = $(x)Or(0)tl,(y)) 

1 N 

=-j^^2Si(x,0)rSi(0,y) (13.29) 
=i 

averaged over TV configurations. Here S(x, 0) is the quark propagator from 
a point source at the origin. Using Si(x,y) = 75<S,(y, 2)^75, we have 

Grip) = Jd4xd4ye-ip(x-y)Gr(x,y) 

N 

= ^ E [dtxSiix^e-'T / 'd4i/76S ,i(i/,0)V i«' 
»=i ^ •* 

1 N 

= ] v E ^ W r ^ ^ ( p ) t 7 5 . (13.30) 
4 = 1 

One also needs the average propagator, which we compute by Fourier trans­
forming S(x, 0) configuration by configuration, 

1 N 

i= l 

This is a matrix at every value of p, which we invert to construct the 
amputated Green's function 

Ar(p) = 5(p)- 1 Gr(p)^- 1 (p) , (13.32) 

which is then traced in Eq. (13.25). 
The method just described produces Gr at all values of p, but the signal 

may not be as clean as one wants. A second method (Gockeler et a/., 1999) 
produces Gr one momentum at a time, but it is claimed to have a much 
better signal-to-noise ratio. One begins with the operator at site z defined 
as Or{z) = i){z)Tip{z) and computes the volume average 

G r ( P ) = 7 E e-ipix-y)S(x, z)TS(z, y), (13.33) 
xyz 
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which after a straightforward passage of steps is 

G r (P) = ^ ^l5G(z;p)^5Tg(y;p), (13.34) 
z 

where 

g{z;p) = Y,S{z,x)eipx. (13.35) 
X 

To find the Fourier-transformed propagators, we recall that S is the inverse 
of the Dirac operator D, Y^z D{y, z)S(z, x) = 6ViX, so we solve with a plane 
wave source 

Y,D{y,z)g{z;p) = exp(ipy). (13.36) 
z 

Either way, an entirely numerical simulation produces Zo [/J-a, g(a)} from 
a simulation at lattice spacing a with a bare coupling g(a). In a typical 
analysis, one would produce a plot of Zol/J^a, g{a)] as a function of p2 = /i2. 
The high momentum part of the plot would presumably be contaminated 
by lattice artifacts. The low momentum part would presumably be sensitive 
to nonperturbative physics. For example, the low-momentum pseudoscalar 
current ( T = 75) couples to the pion, which is not part of the spectrum that 
we expected to see when we matched free field behavior to perturbation 
theory. The pion propagator would produce a 1/q2 contribution, where 
q = 2p from the kinematics of the Green's function. It would have to be 
subtracted. If the calculation were successful, one might hope to see either 
a plateau versus fi2 for the matching factors of operators that do not have 
anomalous dimensions (the vector or axial vector currents), or some smooth 
logarithmic dependence on fi for operators with an anomalous dimension. 

In continuum phenomenology the MS regularization scheme is popular, 
not RI or RI'. What we have done gives us a matrix element in one of 
these schemes from a lattice calculation of the matrix element, 

(a\Or\f3)m' = ZRI' <a|O r ^lattice- (13.37) 

To convert to MS, we need 

ZM^-" = W^k (13-38) 
and we compute this ratio in perturbation theory. Three loop formulas 
are available for the conversion (Franco and Lubicz, 1998; Chetyrkin and 



258 Lattice Methods for Quantum Chromodynamics 

Retey, 2000). 

13.2.3 Schrodinger functional methods 

The partition function in the Feynman path integral, Trexp(—LH) (for in­
verse temperature L), requires a bosonic periodic or fermionic antiperiodic 
boundary condition in Euclidean time to generate the trace (Ch. 3). The 
related "Schrodinger functional" Z((pb,(j)a) = (</>;,|exp(—LH) \4>a) instead 
has fixed boundary conditions at time 0 and L, specified by the states (j>a 

and 4>b- Expectation values of Schrodinger functional observables are deter­
mined in a numerical simulation in the same manner as with the partition 
function. 

The combination of the "Schrodinger functional method" and renormal-
ization group can produce matching factors or determine a running coupling 
constant over a large range of scales. This is accomplished by measuring 
the dependence of Schrodinger functional observables on the box size L. 

We illustrate the method by sketching the determination of the running 
coupling a(q) of QCD (Liischer et al, 1992, 1993, 1994), although it was 
first introduced for the d = 2 sigma model (Liischer et al, 1991). The basic 
idea is to define a coupling through the response of a system in a box of 
size L to its environment 

a(g) = ^ ; q = \ . (13.39) 

In the gauge theory this is done by fixing the value of the spatial link 
variables on the faces of the box at Euclidean time t = 0 and t = L. 
This fixing involves a free parameter rj. Call the resulting Schrodinger 
functional Z(rj). The coupling is then defined through the variation of the 
effective action T, the negative logarithm of the partition function Z{r\): 
T = — lnZ(r]). In lowest order perturbation theory, T is equal to the 
classical action, which can be computed since the link variables simply 
interpolate between their boundary values. At this order the action is 
proportional to the inverse squared bare coupling l/g2. One then defines 
the renormalized coupling g2(L) through 

dr] g2{L) 

where the constant k is adjusted so that g2{L) = gfi in lowest order. Observe 
that | ^ is an expectation value of plaquettes on the boundaries. 
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Now we take take the beta function 

0(9) = - ^ (13-41) 

stretch the length of the compact dimension from LQ to SLQ, and compute 
the change in the coupling 

JL0 L jgHLo) (3(g2)-Ju PW [UAZ) 

where the "step scaling function", a\s,u = g2{L)\ = g2(sL), is the new 
coupling constant. 

The running coupling is found by doing simulations with the same bare 
coupling on systems of size LQ and SLQ, and, by measuring u and a(s,u), 
to see how the new coupling depends on the original one. An example 
(Liischer et al, 1993) of how this works for 5(7(2) pure gauge theory is 
shown in Table 13.1. Each horizontal pair are the coupling and its step 
function (for s = 2). The output coupling on the first line is used as 
the input coupling on the second line (or rather, since these couplings are 
derived, not bare, couplings, one must interpolate calculations done with 
different bare couplings to begin with the old output coupling as the new 
input coupling). When the matching of couplings to set the scales is not 
perfect, perturbation theory is used for the small amount of running that 
is required. After four steps the physical length scale has increased by a 
factor of 24 = 16. 

Now we can unfold the couplings. We measure distances in terms of the 
largest L in the simulation and show the coupling constant in Table 13.2. 

Table 13.1 Data for the running coupling 
constant in pure SU(2) gauge theory. 

o(2,u) 

2.037 2.45(4) 
2.380 2.84(6) 
2.840 3.54(8) 
3.55 4.76 

We can introduce a scale in GeV by measuring something physical (a 
mass, or the string tension) with the bare parameters corresponding to 
one of the L's. An example of a running coupling constant determined 
via this prescription is shown in Fig. 13.1. This is a coupling constant 
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Table 13.2 The Schrodinger functional running 
coupling constant in pure SU(2) gauge theory. 

L/Lmax g2{L) 

1.0 4.765 
0.500(23) 3.55 
0.249(19) 2.840 
0.124(13) 2.380 
0.070(8) 2.037 

15 

10 

m 
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0.5 1 2 5 10 20 

Q, GeV 

Fig. 13.1 The pure gauge SU(3) coupling constant from the Schrodinger functional 
method of Liischer et al. (1994), with superimposed three-loop prediction. 

in a particular prescription; when it is small enough it could be matched 
to any other prescription using perturbation theory. All the simulations 
are done in small lattice volumes. This calculation checks perturbation 
theory; it does not use it overtly (apart from the small amount of running 
we described). 

Schrodinger functional methods can be applied to find operator match­
ing factors. Usually the calculation combines a simultaneous construction 
of an improved operator with a determination of the Z factor. For a recent 
example involving the strange quark mass, see Delia Morte et al. (2005a,c). 

i — i r ^ i i i i i i i r r 

l l I l I 1 • ' I I 1—L_L 



Chapter 14 

Chiral symmetry and lattice 
simulations 

14.1 Minimal introduction to chiral perturbation theory 

We return to a discussion of chiral effective theories for the low energy be­
havior of QCD. This is a vast subject (probably bigger than all of lattice 
gauge theory) and so we cannot begin to do it justice. For an introduction, 
see Scherer (2002). Our goal is more modest: to explore connections be­
tween lattice calculations and the predictions of chiral Lagrangians. These 
connections play a key role in chiral extrapolations, i.e. the extrapolation 
of results from simulations at unphysical values of the up and down quarks 
to yield predictions at their physical values. If one could do simulations at 
physical masses, they could also provide functional forms to fit correlation 
functions involving light quarks. Chiral models are available for several 
variants of lattice QCD, including quenched and partially quenched QCD 
and the staggered fermion formulation with its extra taste degree of free­
dom. 

As far as the chiral Lagrangians are concerned, their parameters are 
just bare parameters. As far as QCD is concerned, the parameters of chiral 
Lagrangians are quantities that can be determined from a suitable simula­
tion. Then the comparison of lattice simulations of QCD with experiment 
can go through an intermediate stage: First, determine the parameters of 
the chiral Lagrangian, and then use it to make predictions. 

The low energy effective theory is constructed with all the symmetries 
and degrees of freedom of QCD. They are organized as an expansion in 
powers of the meson momenta and masses. The parameters of the theory 
include the quark masses, which are matched to QCD quark masses, and a 
set of other low energy constants, starting with the chiral condensate and 
pseudoscalar decay constants. At any particular order in the expansion 
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parameter, it is not altogether clear in advance, what is the range of quark 
masses or momenta over which the predictions of chiral Lagrangian are 
reliable. It is first necessary to know what the predictions are, then to try to 
confront lattice data with them. When the lattice results fit the functional 
form predicted by the chiral Lagrangian, its low energy constants can be 
determined. For this purpose it is not necessary to simulate at the physical 
values of the quark masses. 

A classic example of a chiral prediction is the functional dependence 
of the meson mass on the quark mass. Here we sketch the derivation up 
to next-to-leading order and in the process show how chiral perturbative 
power counting is organized. 

As in Ch. 2, we introduce the Goldstone boson fields nk through the 
Nf x Nf matrix field 

Nj-l 

[/ = e x p i ; V 7rk(x)Tk I , (14.1) >£' 
where the T^ are the generators of the flavor group, and / is the tree-level 
coupling to the axial vector current, A1^ = —fd^ix1 + — The leading-order 
effective Lagrangian is 

£eff = Lrn^UdW*). (14.2) 

Expanding U in powers of the 7r field, we find 

£eff = ^ T ? • 3"7f + ;^72Tr([3M7r,7r][0"7r,7r]) + . . . . (14.3) 

where ir = ff • f. The (global) flavor symmetry transformation is C/ —> 
VLUVR. Quark masses explicitly break this symmetry; if parity is conserved 
and the quark mass matrix M is assumed to be real and diagonal, symmetry 
breaking is encoded in the term 

jCsh = ^-Tr[M(U + U^}, (14.4) 

which can be expressed in terms of the Goldstone boson fields as 

£ s b = fBTrM - f Tr[.M7r2] + . . . . (14.5) 

The first term shifts the vacuum energy, and the second term generates a 
squared mass for the Goldstone boson that is proportional to the quark 
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mass. For Nf = 3, and in the limit mu = m^ = me, 

Ml = 2meB; M2
K = 2B(me + ms); M2 = 2B ( -me + -ms J . 

(14.6) 
In QCD the derivative of the Hamiltonian with respect to a quark mass 

gives the operator qq for that quark. Evaluating this derivative with the 
first term in Eq. (14.5) gives 

(qq) = -f2B, (14.7) 

and when this relation is combined with Eq. (14.6), we arrive (again) at 
the Gell-Mann, Oakes, Renner relation, which for the pion and kaon is 

f2M2 = -(rrn + mj)(qq) + 0(M2). (14.8) 

The sum £eff + Cs\, is only the leading term in an expansion of the 
effective Lagrangian in a double series in powers of derivatives and powers 
of the quark mass from the symmetry breaking term. We can unite the 
two expansions by realizing that the matrix elements we will compute are 
to be found at momenta p2 ~ (rrij + rrij)B. This means that we can count 
quark masses as two powers of the momenta in a derivative expansion. The 
leading terms are then both order p2 contributions. If we denote the power 
of momentum by a superscript, the full effective Lagrangian is the series 
(Gasser and Leutwyler, 1985) 

£eff = £(2) + £(4) + £(6) + .. . (14.9) 

The term C^ contains all terms with four powers of derivatives, or two 
derivatives and a mass term, or terms quadratic in the quark mass. It 
consists of the following invariants: 

Pi = (d^ue^)2 

p2 = (d^udvu^)(dtiudvu^) 
p3 = (dlludllutdvu&'tf) 
p4 = (d„Ud^)(xu^ + Uxf) 
p5 = (duU&uHxui + t/xf)> 
P 6 = <*[/+ + UX

f)2 

P7 = (xU* - UX
1)2 

Ps = (x^xrf + u^Ux^) 
P9 = (x+x) (14.10) 
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Here the notation (W) stands for TiW and \ = 2BM. 
If there are fewer than four flavors, not all of these invariants are inde­

pendent. Experts will note that there is also a Wess-Zumino term, propor­
tional to e^^dfjJJdvUdpUdaU, which we will not consider further. The 
fourth-order Lagrangian is a linear combination of all these terms, 

C^=Y/LiPi- (14.11) 
i 

The leading order Lagrangian is characterized by two low energy constants 
( / and B), but in fourth order we have an additional nine coefficients 
Li,...,Lg, all dimensionless. The higher order £(")'s have increasingly 
more coupling constants. 

So far, we have been discussing only tree graphs. It is not correct to so 
limit our discussion, because keeping only the tree graphs in a scattering 
amplitude violates unitarity. (In fact, we need to keep all the Feynman 
graphs of a local field theory to satisfy unitarity.) However, we are inter­
ested in constructing scattering amplitudes order by order in p2, and for 
each order we do not need an infinite set of graphs to satisfy unitarity. For 
example, graphs containing I loops with vertices coming only from C^ 
scale as p2+2i (in four dimensions), and loop graphs containing terms from 
£'4) and higher scale as higher powers of p. Thus to work to 0(p4), we 
need consider only tree level graphs from C^ and one loop graphs from 
£(2 ' . The one loop graphs are divergent, but their divergent part can be 
absorbed into a renormalization of the coefficients Li in C^. 

Let us illustrate this procedure by sketching a calculation of the pion 
mass to order m2 (or p4). Let us take all the quark masses to be degenerate. 
We will call the lowest order result M 2 = 2mB. In next order, for tree 
graphs, we have to collect all the terms that are quadratic in the pion 
field. This excludes P\ - P3. The contributions P4 and P5 include terms 
proportional to Mfc^ffc^ff. The contributions PQ and P% include terms 
proportional to M47r2. Thus, the relevant part of the effective Lagrangian 
is 

£(2) + £(4) = I^Tf^Tf 

--M2*2 

2 l 

8 1/2 

1 + ^ { N f L 6 + Ls) (14.12) 

Next, we have the one-loop term. The vertex is proportional to 
Tr{{dfXTr,n}{d'1T:,iT]} [as we recall from Eq. (14.3)]. The one-loop graph 
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is the usual single-bubble tadpole, proportional to derivatives of the prop­
agator A(x = 0). To evaluate it, we use dimensional regularization (since 
it preserves the symmetry). Using 

d^A(x) = S(x) - M?A(x) (14.13) 

plus the fact that 6(0) = 0 in dimensional regularization, we combine the 
one-loop graph with the tree-level terms in Eq. (14.12) to find 

M2 = M\ 1 
O I / 2 i 

-£-{NsU + L5- 2NfL6 - 2L8) + 

where the (dimensionally-regularized) propagator is 

A(0) (14.14) 

A(0) 
r duk 

J W v 
D-A 

fe2 + Ml 
Ml 

167T2 

( \ M2\ 
f - - 7 i 5 + l+ln47r + l n ^ - j (14. 

15) 

in D = 4 — 2e dimensions. The divergence and constants can be absorbed 
into a renormalization of the Lj's. The mass is 

M2 = Ml 
QA/f2 

-j±{NfL\ + Lr
5- 2NfLl - 2LD + Ml In 

Ml 
16iT2Nfp n 

(14.16) 
The formula shows that the expansion in powers of the quark mass is not an­
alytic; instead, it contains a "chiral logarithm," proportional to m 2 logm g . 

Chiral logarithms are ubiquitous in quantities computed in chiral per­
turbation theory. Notice that apart from the scale fi the coefficient of the 
chiral logarithm is completely determined by the order p2 parameters of 
the theory (in contrast to the coefficient of Mf, which is a combination of 
the Li's). This fact can be used by the lattice practitioner to test whether 
or not one's simulation is in the chiral regime by whether or not it exhibits 
chiral-logarithm behavior, with a known coefficient. 

14.2 Quenching, partial quenching, and unquenching 

In the quenched approximation the fermion determinant is simply set equal 
to unity in the functional integral, and only valence quark lines are retained 
in correlators. In partial quenching some part of the fermion determinant is 
kept, but retained sea quarks do not match the valence quarks in all respects 
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(number and mass). A convenient form of partial quenching is in fact to 
compute hadronic properties for one set of sea quark masses (because each 
set is expensive) and many values of valence quark masses (because each 
set is cheap). 

It has proven very useful to extend the low energy effective theory ac­
cordingly. The necessary modifications are interesting. For example, recall 
that in full QCD, because of the anomaly, the flavor singlet meson, the eta 
prime, is not a Goldstone boson. In the low energy limit it can be decou­
pled from the interactions of the ordinary Goldstone bosons, because it is 
massive and they are not. In quenched QCD the eta prime is not really 
a particle. The would-be eta prime gives rise to "hairpin insertions" that 
pollute essentially all predictions. 

14.2.1 The eta prime correlator 

o + oo + 

ooo+-
Fig. 14.1 The eta-prime propagator in terms of a set of annihilation graphs summing 
into a geometric series to shift the eta-prime mass away from the masses of the flavor 
non-singlet pseudoscalar mesons. In the quenched approximation, only the first two 
terms in the series survive as the "direct" and "hairpin" graphs. 

Let us consider the eta prime channel in full QCD, partially quenched, 
and quenched QCD in various extreme limits. In ordinary QCD the eta 
prime propagator includes a series of terms in which the flavor singlet qq 
pair alternately annihilates into some quarkless state and reappears. This 
process is shown in Fig. 14.1. Coupling to the quarkless state in the pseu­
doscalar channel is associated with the flavor singlet axial anomaly, which 
has strength proportional to 1/NC in the large Nc limit, as we recall from 
Sec. 2.7. Let us assume we have Nv degenerate valence quarks, Ns sea 
quarks of the same mass, and Nc colors. (The case Nv ^ Ns with N3 ^ 0 
is called "partial quenching", as opposed to the Ns = 0 quenched approxi-
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mation.) Let us sum the geometric series for the eta prime propagator: 

V'(q) = C(q) - H0(q) + H^q) + . . . , (14.17) 

where C{q) = 1/d for d = q2 + M2 is the "connected" meson propagator, 
the same as for any other Goldstone boson. (We normalize the meson 
color and flavor singlet wave function to 1.) The term Hn is the nth order 
hairpin (with n internal fermion loops). Let us explore the flavor and color 
dependence of the hairpin contributions in the large Nc limit (with g2Nc 

fixed). With the same normalization we find the lowest order hairpin is 

where X2/Nc comes from the anomaly. Each extra loop gives another factor 
of —NsX

2/(Ncd). Summing the geometric series, we find 

™-i(l-%)+kTnkm- (I419) 

This formula has a number of interesting cases. First, if Nv = Ns = 
Nf =£ 0, we see that we have generated a massive rj' propagator with m2, = 
ml + \2Nf/Nc. Next, if Nv < Ns, we have both the Goldstone mode 
and the eta prime propagator. This result is also as expected. Suppose 
Ns = 3. In the SU(3) flavor symmetry limit, there is an octet of Goldstone 
bosons. The source uu + dd couples to a mixture of the Goldstone octet TJ 
and the singlet r/. We could take Nc to infinity at fixed Nv and Ns. With 
./Vc-scaling of the vertex, the eta-prime mass falls to zero, and it becomes 
a ninth Goldstone boson as the anomaly disappears and U{1)A is restored. 
At any finite ./Vc, the r( is not a Goldstone boson. 

The quenched limit Ns = 0 is different, however. In this case only the 
first two terms contribute to Eq. (14.17): 

In the eta prime channel there is an ordinary (but flavor singlet) Goldstone 
boson and a new contribution-a double-pole ghost (negative norm) state. 
In the Nc = oo limit, the double pole decouples, but finite-A^c quenched 
QCD remains different from finite-./Vc full QCD. 

The double pole would also appear if the sea quarks and valence quarks 
had different masses. Its residue would be proportional to the difference of 
the sea and valence pseudoscalar squared masses. 
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The quenched double pole has dramatic consequences for chiral pertur­
bation theory. We have seen that radiative corrections involve processes 
with internal Goldstone boson loops, contributing terms like 

| d * k G ( f c , m ) ~ ( £ ) 3 t o g ( = £ ) (14.21) 

(plus cutoff effects). The eta-prime hairpin can appear in these loops, 
replacing G(k,m) —» —G(k,m)X2G(k,m) and altering the chiral logarithm. 
Thus, in a typical observable, with a small mass expansion 

Q(mPS) = A(l + CJ^ log m2
PS) +... (14.22) 

quenched and Nf = 3 QCD can have different coefficients [different C's 
in Eq. (14.22)]. For example, it happens that quenched fn has no chiral 
logarithm, whereas it does in full QCD. By contrast the coefficients of 0+, 
the operator measured for BK, are identical in quenched and full QCD. The 
differences can go farther than mere coefficients. Even worse, one can find a 
different functional form. For example, the relation between pseudoscalar 
mass and quark mass in full QCD is given by Eq. (14.16). In quenched 
QCD, the analogous relation is 

M 2 = M2{1 - 6[\n(M?/fi2) + 1]} + . . . (14.23) 

where S = X2 / (8TT2 Ncf
2) is expected to be about 0.2, if we use the physical 

rf mass to fix A2. Note that the ratio of the squared pseudoscalar mass to 
the quark mass now diverges in the chiral limit. 

14.2.2 Chiral Lagrangian with partial or complete quench­
ing 

Formulating a chiral Lagrangian for quenched or partially-quenched QCD 
presents an interesting problem. There are several solutions in the liter­
ature. It would take us too far from the lattice to describe any of them 
in detail, but one commonly seen one is the "supersymmetric" formulation 
of Morel (1987) and Bernard and Golterman (1992, 1994). If we have n 
fermions, of which k are quenched, the QCD action after integrating out 
the fermions would be 

Z = f[dU] e~s° det(£>+m)"-fe = f[dU] e-s« det(£>+m)n detRD+m) - 1]*. 

(14.24) 
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The same combination of determinants is produced by n quarks and k 
pseudoquarks, i.e., bosonic spinor fields entering the Lagrangian through 
the same Dirac bilinear form. In that case, we could have bound states of 
two quarks, of two pseudoquarks, or of a quark and a pseudoquark. The 
symmetry transformation among these states is "almost" a U(n + k) x 
U(n + k) invariance, except that these rotations mix fermions and bosons, 
so what we have is called a "graded symmetry." The group is called U(n\k) 
and we define our chiral fields 

• - ( ! # ) • ( 1 4 - 2 5 ) 

where 0 is an n x n matrix (of ordinary numbers) representing ordinary 
mesons made of quarks and antiquarks, <f> is a kx k matrix (again of ordinary 
numbers) representing bound states of the pseudoquarks, and x is a k x n 
matrix of anticommuting numbers representing bound states of quarks and 
pseudoquarks. The chiral Lagrangian is constructed in terms of 

E = exp (ij\ . (14.26) 

Because E contains both commuting and anticommuting numbers, the trace 
in the usual chiral Lagrangian is replaced by the "supertrace: If 

then StrU = TrA - TrB. 
The rj' is (again) a complication. The anomaly should break U{n\k) x 

U{n\k) to SU{n\k)L x SU(n\k)R x U(l). The anomalous field is $ 0 = (v' -
fj')/y/2 (the minus sign from the relative minus sign between fermion and 
boson loops). This field is proportional to Str lnE. We can add arbitrary 
functions of $o to our chiral Lagrangian, but the simplest choice is 

C = ^-Str(3ME0"E) - ~StiM(i: + Ef) + ^ $ £ . (14.28) 

The ^£$0 term generates a two-point coupling of the Goldstone bosons, 
the H0 term of Eq. (14.17). Sometimes a f (3^$o)2 term is added. The 
neutral meson propagators resemble the expressions we have derived from 
our bubble-sum example, with TUQ + ap2 playing the role of the parameter 
A2. 
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14.3 Chiral perturbation theory for staggered fermions 

As we have seen in Ch. 6, staggered fermions suffer from residual fermion 
doublers. Each intentional quark flavor comes in a "taste" multiplet of four. 
So each qq meson comes in a multiplet of 16. The fourth-root approximation 
is used to suppress their contributions to the fermion determinant. Without 
taking the fourth root we have a well-defined, local field theory with four 
times the number of desired fermion species. The taste symmetry is broken 
at nonzero lattice spacing, but is restored to SU(4) in the continuum limit. 
The interesting question is whether it is possible to write a low energy 
chiral Lagrangian for such a theory. The question was answered by Lee 
and Sharpe (2003) for a single flavor and by Aubin and Bernard (2003) 
for multiple flavors. This development is especially important, since it 
makes it possible to model small lattice artifacts in a low-energy effective 
theory, thus facilitating the extrapolation of low-energy lattice quantities 
simultaneously to physical quark masses and the continuum limit. The 
modified low energy theory is called staggered chiral perturbation theory 
(SXPT). 

The most interesting question is whether there is a SXPT formulation 
that matches the rooted theory at low energies (Aubin and Bernard, 2003; 
Bernard, 2006). We first present SXPT without the fourth root and then 
comment about extensions to the rooted theory. 

14.3.1 Staggered chiral perturbation theory 

It is beyond our scope to give details of the Lee and Sharpe (2003) and 
Aubin and Bernard (2003) construction of the the SXPT Lagrangian. Es­
sentially, it proceeds in two steps. First they analyzed the lattice sym­
metries of the staggered fermion action. Then, following Symanzik, they 
proceeded to construct an intermediate continuum action involving only 
quarks with additional four-fermi interaction terms representing corrections 
to O{o?) in the lattice spacing. These most general additional terms were 
designed to break the conventional continuum symmetry to that of the 
lattice action. Finally, they made a translation from quark language to 
the language of chiral fields. The resulting chiral Lagrangian models the 
taste-symmetry breaking to 0(a2). 

The chiral field <3> appears as usual in the Lagrangian as £ = exp(i«J>//). 
But because of the additional taste degree of freedom, for TV flavors, it has 
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the expansion 

16 

$ = ^ W > ° (14.29) 
a = l 

where ta are generators of the taste group and <j)°f f, is the chiral field corre­
sponding to the quark flavors / / ' for meson taste a. For the 517(2) flavor 
of the previous sections <\>a = irakTk- The taste multiplet is conveniently 
labeled in the Dirac basis ta £ { £ 5 . ^ - ^ 5 = i^sJ^v = i£n€u,€i = 1} 
or, sometimes labeled more succinctly as P, V, A, T, S. (To compensate for 
this normalization, extra factors of 1/4 appear with traces.) The Euclidean 
Lagrangian is then 

f2 Rf2 m2 

C = ^ T r (0MEt0M£) - -±-Tr[M(p + £)] + ^fa + a
2V(X) (14.30) 

where the taste-symmetry-breaking term 

- V ( £ ) = £ c < O i (14.31) 
is a linear combination of the operators 

Oi = Tr (tBVt6tf) 

02A = \ [Tr(^5S)Tr(i5MS) + h.c] 

03 = - [T r^E i^E) + h.c] (14.32) 

Oi = g [ ^ ( t / i s S ^ E ) + h.c] 

<%v = I [Tr(VE)Tr(iMEt)] 

<%* = I [Tr (V 5 S)Tr(^St ) ] 

Oe = 5Z ^ ( ^ s ^ s t ) • (14-33) 

The mass matrix .A4 is diagonal and contains the quark masses. Note that 
the anomaly term in m2, is a taste singlet as well as a flavor singlet. 

Let us specialize to three flavors (u, d, and s) with mu = m<j = m« 7̂  ms 

and consider the spectrum of pseudoscalar mesons in this theory. 
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At zero lattice spacing the flavor nonsinglet meson masses are the usual 
ones from chiral perturbation theory. 

m£ = 2Bme 

m\ = B(me+ms) (14.34) 

Recall, however, that both of these species appear with taste multiplicity 
of 16. 

The flavor singlet mesons must be treated with special care. Because the 
anomaly is a taste singlet, the flavor-singlet taste multiplets are split, even 
at zero lattice spacing. The taste singlet receives the usual contribution 
from the anomaly and behaves in the usual way. With a large anomaly 
mass 771Q we have 

ml = B(mt + 2m s) /3 (14.35) 

m\ = ml, (14.36) 

but the remaining 15 taste nonsinglet members do not see the anomaly and 
have quite different masses, 

ml = 2Bme (14.37) 

ml, = 2Bma. (14.38) 

(Nonetheless, we choose to call them 77 and 77', since they are the lightest 
two flavor-singlet pseudoscalar mesons.) These additional states appear as 
a consequence of making taste a physical quantum number. 

At a small nonzero lattice spacing the taste multiplets are split further. 
The splitting is independent of the flavor assignment, depending only on 
taste. It is not difficult to calculate the splitting from the taste-breaking 
term a2V. There are two steps in the process. First, there are diagonal 
terms in the mass matrix whose contributions we write down immediately. 
For taste a it is 

Ami = « 2 Aa, (14.39) 
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A^ = - - ( C i + C 3 + 3C4 + 3C6) (14.41) 

2 (Ci + 3C3 + C4 + 3C6) (14.42) 

where 

A P = 0 (14.40) 
16 

/ 
1 6 

A T = ^ (2C3 + 2C4 + 4C6) (14.43) 

A/ = ^ ( 4 C 3 + 4 C 4 ) . (14.44) 

Next, there are axial-taste and vector-taste hairpin diagrams like the 
anomaly-generated singlet-taste hairpin. One mixes the TJA and r]A, and 
the other, the r\y and r]'v. This mixing is parameterized by 

S'A = 16(C2A - C5A)/f2 (14.45) 

S'v = 16(C2V ~ C5V)/f. (14.46) 

Prom simulations these mixings are found to be fairly small. We see that the 
pseudoscalar-taste member is protected from additive mass renormalization 
by the remnant chiral symmetry of the theory. The others are split, but not 
completely. Some degeneracy remains. We see, also, that most of the low-
energy constants of the SXPT Lagrangian can be determined immediately 
from a measurement of the meson mass spectrum. 

14.3.2 Rooted staggered chiral perturbation theory 

To suppress the doublers in the fermion determinant, we take its fourth root. 
What is the appropriate SXPT Lagrangian, then? As far as we know, there 
is no comparably rigorous mapping of rooted lattice QCD to a chiral theory. 
But there is a rule of thumb that seems to work in all cases we know of. 
It is called the "replica" trick (Damgaard and Splittorff, 2000; Aubin and 
Bernard, 2004). Instead of taking a fourth root, we take an arbitrary integer 
power nr of the determinant. This procedure is tantamount to increasing 
the multiplicity of each fermion flavor by a factor of nr. It is trivial to 
generalize the SXPT Lagrangian to this case. The rule then proceeds as 
follows. Calculate any quantity of interest in replicated SXPT, keeping nr 

as a parameter. In the final result set n r = 1/4. In Green's functions some 
restrictions on acceptable external hadrons must also be imposed. 
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As a nontrivial example of how this trick works, consider the ao corre­
lator generated by the flavor nonsinglet combination ud. This is a scalar 
meson (Jp = 0+) . We consider only the taste singlet. The correlator for 
this meson receives contributions from a pair of intermediate pseudoscalar 
mesons. Indeed, the physical oo(980) meson is found predominantly in the 
7777 channel but also seen in KK. In the taste-singlet channel, these inter­
mediate mesons may have any taste, but the tastes are paired. That is, any 
pion taste is allowed, but it must be paired with an eta of the same taste. 
In view of our discussion of the masses of the eta taste multiplets, we see 
a potential disaster. The taste nonsinglet etas are degenerate (or nearly so 
in the case of the vector and axial tastes) with the pion. So it appears that 
there is a series of unphysical, low-lying two-particle intermediate states at 
approximately twice the mass of each member of the pion taste multiplet, 
a possibility first pointed out by Prelovsek (2006). If nr is an integer, as 
we have noted above, we accept them as the expected consequence of an 
enlarged flavor group. But when we set nr = 1/4 in addition to the un­
wanted low-lying two-particle intermediate states, we find a ghost threshold 
with a negative weight, where we had hoped to find only states that appear 
in nature. The disaster is averted, however, when we take the continuum 
limit. A detailed analysis of the two-particle states shows that precisely 
when nr = 1/4 all the unwanted intermediate thresholds cancel, and we 
are left with only the physical taste-singlet rjir and KK channels. Still, at 
nonzero lattice spacing, these unphysical channels appear, and their con­
tributions are apparently seen in simulations (Aubin et al, 2004; Gregory 
et al, 2005). 

In this example we see that contributions to SXPT diagrams from in­
ternal meson loops seem to be as desired. Clearly, to preserve unitarity, we 
do not put states on external lines that do not also appear internally in the 
limit of zero lattice spacing. This exclusion applies to the taste nonsinglet 
etas, for example. 

These considerations have led some practitioners to speculate that tak­
ing the fourth root at a nonzero lattice spacing is no more perilous than par­
tial quenching with a mismatch of valence and sea quark masses (Bernard, 
2006). 
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14.4 Computing topological charge 

We conclude this chapter with a discussion of the measurement of topolog­
ical charge or winding number v on the lattice. Particularly, the related 
topological susceptibility (^2) /V can be predicted from chiral models at 
small quark mass. In that regime it can be shown in leading order chiral 
perturbation theory that the susceptibility obeys 

y t = < ^ > = 5 (1447) 
X t o p V ( l / |m„ | + l / |m d | + l / |m s | ) K • '' 

in terms of the quark masses and chiral condensate (Leutwyler and Smilga, 
1992). That is, as any quark mass vanishes, topological fluctuations are 
suppressed, as we remarked in Sec. 2.6.3. It is important to test this pre­
diction in lattice simulations. 

Topological quantities on a lattice are always ambiguous because the 
lattice is not a manifold. For a given gauge configuration, it is necessary to 
specify an interpolation between neighboring lattice sites, usually coupled 
with a smoothing process, in order to establish a definite result. 

A distinction is usually made between semiclassical gauge field config­
urations that might or might not be instanton-like and ultraviolet fluctua­
tions. Unfortunately, in lattice QCD, as in any field theory, the dominant 
feature of the QCD vacuum is ultraviolet fluctuations, which diverge as a 
large power of the inverse lattice spacing. There is no clear cut separation 
of a "fluctuation" from a "small instanton." Nevertheless, people try. We 
will examine how this is done with the various actions. 

We begin by reviewing the implications of the index theorem that con­
nects topological charge and fermionic zero modes. Recall that in contin­
uum QCD the flavor singlet axial current is not conserved, 

d^5 = -NjQT{x), (14.48) 

where the right hand side is the topological charge density 

QT(X) = ^ea^F^(x)F^(x). (14.49) 

The integral of Eq. (14.48) gives the change in axial charge over the time 
extent of integration: 

AQ5 = f dt<^r = I ^xdf.J"5 = -Nf Jd4xQT(x). (14.50) 
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The integral takes on integer values, the winding number or topological 
charge of the gauge configuration v. It is related to the number of fermionic 
zero modes, which have definite chirality (eigenstates of 75) with eigenvalue 
± 1 , through the Atiyah-Singer "index theorem," v = n_ — n+, where n± 
counts the number of zero modes of positive or negative chirality. The 
presence of zero modes means that gauge configurations with nonzero v are 
suppressed in the functional integral for QCD with rif flavors by a factor 
rriq nf. This is the QCD origin of the suppression predicted by chiral models 
in Eq. (14.47). 

Chiral lattice fermions capture much of this physics at nonzero lattice 
spacing, but not all of it: there are anomalous Ward identities and chiral 
zero modes, but the gauge configuration whose integral gives v only becomes 
the QT(X) of Eq. (14.49) for smooth gauge fields. Actions without a full 
SU(Nf) x SU(Nf) chiral symmetry do not have any of the connections of 
chirality, zero modes, and winding number as exact relations, but generally 
do realize them approximately. 

If we generate artificial gauge field configurations that are lattice dis-
cretized versions of the classical self-dual instanton solution and compute 
the spectrum of Dirac eigenmodes, we discover that a generic non-chiral lat­
tice Dirac operator has a small Dirac eigenvalue, the corresponding eigen-
function of which has an expectation value of 75 ("chirality") approaching 
±1 . Instanton solutions are parameterized by a size, ro, and as r o / a > 1 
the solutions become more and more "chiral" (75 expectation value closer to 
±1) and the Dirac eigenvalue approaches zero. As ro/a falls to be 0(1) the 
would-be zero eigenvalue of a Wilson-type fermion moves away from zero 
(while remaining real) and the chirality of the mode drops. At some value 
of ro/a the real mode typically becomes degenerate with another real mode 
and both disappear from the spectrum, replaced by a complex-conjugate 
pair. The eigenvalues of the Dirac operator for staggered fermions are 
purely imaginary. For large ro/a, four low eigenvalues cluster near zero. As 
ro/a falls, the eigenmodes move away from zero and become less degenerate 
and less chiral. Chiral lattice fermions (such as the overlap) have exact zero 
modes that are chiral for all ro greater than some minimum value, at which 
their spectrum changes discontinuously. 

Different fermionic actions - even different chiral fermionic actions -
can disagree over the topological charge of a gauge configuration because 
they have different cutoff effects. Thinking about our lattice discretized 
instanton configuration, the difference will occur for excitations of the gauge 
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field whose size variation is 5TQ ~ a. It is believed that the disagreement of 
different actions is a cutoff effect, vanishing as a —> 0. 

With chiral actions, it is customary to turn the index theorem around 
and to define the topological charge of a configuration through the differ­
ence of positive and negative chirality zero modes. This choice certainly 
has the correct naive continuum limit. At finite a, it is arbitrary, but it 
does have the advantage that the fermionic functional integral suppresses 
topology proportional to |mg |n^'"' at all a. This will probably not be the 
case for any action without full SU(Nf) x SU(Nf) chiral symmetry. It is 
also unlikely to occur in partially-quenched simulations, when the valence 
and sea quarks are described with different discretizations. Of course, chiral 
lattice predictions require taking the a —> 0 limit, and it becomes a practi­
cal question, whether undesirable behavior at nonzero a contaminates this 
limit. 

One could, alternatively, define topology through a quantity involving 
only the lattice gauge fields. A popular choice is a discrete version of 
the topological charge density Eq. (14.49). The appropriate closed path 
of gauge links runs around two plaquettes connected to the site x. The 
plaquettes are aligned in the disjoint a/3 and [iv planes. With a suitable 
linear combination of orientations of the plaquettes, one obtains an operator 
that reduces to Eq. (14.49) in the continuum limit. Improved operators 
include paths other than plaquettes (DeGrand et at, 1997). 

The winding number can also be determined geometrically starting from 
a smooth interpolation of the gauge field across each hypercube (Phillips 
and Stone, 1986). The interpolation is then used to count the number of 
times and with which orientation, positive or negative, the map crosses a 
selected point in the group manifold. The net crossing over all hypercubes 
is the winding number. 

It is customary with either of these definitions first to smooth out the 
ultraviolet fluctuations. There are two methods in common use. One of 
them involves filtering the gauge fields. One can use fat links as local 
averaging operators, and measure observables made of them. In this case 
the filtering process can be viewed as merely an extension of the definition of 
the topological charge density operator. As an alternative, one can quench 
the gauge fields by re-equilibrating the configuration at a very large /? value. 
(This procedure is called "cooling.") The idea is that UV fluctuations will 
equilibrate quickly, but longer range structures would persist. 

None of these definitions is unique. One expects that all sensible defi­
nitions agree for instantons much larger than the lattice scale [see, for ex-
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ample, Cundy et al. (2002)]. But for smaller structures the result depends 
on the smoothing process. Even the Dirac zero mode method, in effect, 
smooths the gauge field through the overlap Dirac operator. The instan­
tons are the objects that the fermions can "see" as instantons. Depending 
on the construction of the operator, they may not see small structures. The 
other methods count instantons that those operators can see. The princi­
pal advantage of dynamical chiral theories is that "instantons" suppressed 
by the chiral fermionic determinant can be the same instantons that are 
counted. With the other methods the fermions may not see the same in­
stantons that the operator sees. Thus one would expect a better accounting 
for Eq. (14.47) with the zero mode method. 



Chapter 15 

Finite volume effects 

In this chapter we consider the effects of finite simulation volume on correla­
tion functions. In nearly all sections below we will assume that the volume 
is large compared with the Compton wavelength of the particles (ML 3> 1). 
The one exception will be our discussion of the so-called "epsilon regime," 
where mnL is assumed to be very small, while ML ~3> 1 for all other exci­
tations. We will begin by examining this problem in the context of chiral 
perturbation theory, where the discussion is particularly simple, and then 
proceed to a more general treatment of finite volume effects. As we will 
see, finite volume effects, rather than being a problem, can be used as a 
diagnostic to study physics beyond spectroscopy. 

15.1 Finite volume effects in chiral perturbation theory 

Our discussion of finite volume effects is that of Hasenfratz et al. (1991). 
It uses a formula for the propagator that is particularly convenient for 
exposing finite volume effects in the large volume limit. To introduce it, we 
recall the Poisson resummation formula. The function 

oo 

f(x)= Y, ^-mx0) (15.1) 

is periodic with period XQ. Thus it has a Fourier series expansion with equal 
Fourier coefficients: 

f(x) = £ exp ̂  TOj . (15.2) 

279 
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Now in a one-dimensional periodic box of length L, a propagator AL(X) 
has a discrete Fourier transform (km = 27tm/L), which can be rewritten in 
terms of the infinite volume propagator G(k) as follows: 

, CO 

&L(X) = 1 J2 eiXkmG(km) 
m= — oo 

= y r dkG(k)eikx T s(k- ^ ) . (15.3) 
LJ-°° m=-oo V L / 

Substituting Eq. (15.2) for the delta-function gives 

AL(x) = J ^-G{k)Y,Jk(x+nL\ (15-4) 
n 

which in D-dimensions generalizes obviously to 

AL(*)= f •^G(k)^eik^+n^^ = ,£A(x + nliLll). (15.5) 

Thus propagation in a periodic box is equivalent to propagation via A(x) 
in an infinite system with a direct contribution from the source (nM = 0) 
plus a sum of contributions from the infinite set of images of the source. 

For the propagator in an infinite system the literature makes extensive 
use of the "heat kernel" form, 

. . f d*p jv* m2 [°° ( 1 am2x2\ 

To derive this improbable formula, write 

-^—^ = / dy exp[-2/(p2 + m2)] (15.7) 
p +rn j 0 

and, specializing to four dimensions, substitute into the middle expression 
in Eq. (15.6) to get 

A(x) = r dy e-ym2 TT ^Eie-
ypl+ipiXi. (15.8) 

Jo Y 2TT 

Completing the square, integrating over the pi's, and changing variables 
to Q = l/(m2y) gives Eq. (15.6). This formula has a simple saddle point 
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approximation at large mx, 

•,2 

A(x) m 8TT 

(47r)2 \(mx)3 

1/2 

exp(—mx) + .... (15.9) 

which can be used with Eq. (15.5) to investigate large-finite-volume correc­
tions. 

Now the way is clear to describe volume dependence in chiral pertur­
bation theory. At one loop level, we have seen [compare Eq. (14.16)] how 
infinite volume observables show a typical behavior 

Q(L = oo) = O0 I + C O - J J I I M (15.10) 

where Co is a constant, G(k,m) = l/(k2 + m2) is the pion propagator, and 

d4k h{m) = J 
(27T)" 

-G{k,m) = A(0). (15.11) 

The integral must be regularized. For present purposes we introduce a 
simple hard momentum cutoff k < A to give 

T , . A2 m2 , m2 „ fm2 

/ l ( m ) = l6^+16^l0gA2- + ° l A 2 -
(15.12) 

As before, the divergence is absorbed into a redefinition of bare parameters, 
and the logarithm is the famous chiral logarithm. 

Let I\ (m, L) denote the corresponding finite volume tadpole term. The 
difference 

h(m,L) = Ii{m,L) - h{m), (15.13) 

can be expanded in contributions from the images points. So to lowest 
order in chiral perturbation theory, we correct Eq. (15.10) with 

0(L) = 0(L = oo) l + C 0 - ^ / i ( m , L ) 

where 

h{m,L)= J2 A(nML). 

(15.14) 

(15.15) 

From Eq. (15.9), I\(m,L) ~ I/~3/2exp(—mL). Thus, all observables expe­
rience an extra correction due to the finite volume, which is exponentially 
small in the size of the box. 
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As an example, consider the volume-dependent pion mass, which we can 
compute by merely recycling our earlier 0(m2) calculation. In the language 
of this section, it is 

mv(L) — rav(L = oo) 

This formula has two uses to the lattice practitioner. First of all, it shows us 
how large a simulation volume we need to assure that finite volume effects 
are small (in this case in the determination of mn). Second, if the lattice 
volume is small, but the L dependence is given by Eq. (15.14), then given 
a sufficiently accurate measurement of O(L), one could determine / from a 
measurement of O(L). For a very readable discussion of these points, with 
applications, see Sharpe (1992). 

15.2 The e-regime 

With a suitable choice of quark masses the pion can be made so much 
lighter than the other hadrons that there is a range of box sizes for which 
ML » 1 for all hadrons, but mwL <C 1. This is called the epsilon regime 
(Gasser and Leutwyler, 1987a,b). Here the partition function is dominated 
by pions; everything else is massive, and their contribution to the partition 
function is exponentially suppressed. (The finite volume case we discussed 
in the last section is called the "p-regime," m^L » 1.) The epsilon regime 
provides another way to match lattice measurements with chiral predictions 
and permits insightful contact with random matrix theory. 

15.2.1 Banks-Casher formula 

To see how results are altered in the epsilon regime we first examine the 
Banks and Casher (1980) formula, a beautiful relation between the level 
density of the spectrum of the Dirac operator and the chiral condensate S. 

Call the mean number of eigenvalues in an interval dX, per unit volume, 
p(\)d\. Next, write the fermion propagator for a particular background 
gauge configuration as an eigenmode expansion, 

{q{xMy))=E^m. (15.17) 
n 

Apart from zero modes, the eigenvalues come in complex-conjugate pairs. 
The condensate is computed by setting x = y, integrating over volume, and 

1 + 
Njf 

;Ii(m,L) (15.16) 



Finite volume 283 

averaging over all gauge configurations, 

dx(q(x)q(x)) = -f^ £ ^ ^ ^ j . (15.18) 

Taking the infinite volume limit and introducing the spectral density p(X) 
through {1/V) Yln —* / dXp(X), we arrive at 

(0\qq\0) = -2mJC°dX^^, (15.19) 

and taking the limit of zero mass, where m/(X2 +m2) —> (TT/2)6(X), we get 

<0|M|0> = -MO)- (15-20) 

Thus the condensate is determined by the Dirac eigenmode density at X = 0. 

15.2.2 Chiral Lagrangian in the epsilon regime 

In the Banks-Casher formula, the infinite volume limit plays an essential 
role. Indeed, at finite volume the behavior of the quark condensate must 
be different, because symmetries do not break spontaneously if V is finite. 
The spectrum is discrete, and the singularity does not appear. If the limit 
of vanishing m is taken at fixed volume, the condensate disappears, and 
the symmetry is restored. We got a nonzero condensate because we first 
took the limit V —* oo, then took the mass to zero. Clearly, the two limits 
do not commute. 

Nonetheless, the effect of the infinite volume condensate persists at finite 
volume, as do the effects of other parameters of the low energy effective 
Lagrangian, and they can be observed with appropriate simulations. Let us 
see how the observed finite volume- and mass-dependent chiral condensate 
provides this information. 

Because the partition function is dominated by the pions, it is described 
by an effective Lagrangian of the type we have discussed previously. In 
principle, these Lagrangians have an infinite number of terms. However, 
in the limit we have just described, the pion contribution is dominated by 
zero modes, field configurations that are flat across the volume. Then the 
effective Lagrangian is dominated by a single term, 

Z= f dU exp[ySReTr(Mt/ t)], (15.21) 
JSU(Nf) 

V 
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where we introduced the constant E = —f2B. 
The mass or volume-dependent condensate E,(m, V) for quark flavor i 

can be computed from Ej(m, V) = l/VZ~1dZ/dmi. Notice that Z depends 
on the quark masses m,, the parameter E, and the volume through the 
single combination /ij = m^V. Thus Ej(m, V) = E/(/x,). At small /i it 
scales as Ej(m, V) ~ rn£?V. Even though the condensate measured in a 
simulation vanishes in the epsilon regime in the zero quark mass limit, its 
behavior at small quark mass still gives the low energy constant E. 

Leutwyler and Smilga (1992) combined the limit of the epsilon regime 
with fixed topology of the gauge field. Consider QCD with a vacuum angle 
9. Equation (15.21) generalizes to 

Z{6) = f dU exp[VT,ReTr{exp{i9/Nf)MU^)]. (15.22) 
JSU(Nf) 

The partition function Z(9) has an expansion in terms of partition func­
tions in sectors of fixed winding number v, 

Z{6) = Y^eiveZv. (15.23) 
V 

Because of the anomaly the partition function Z{6) does not depend sep­
arately on 9 and on the quark mass matrix M, but on the combination 
exp(iO/Nf)M. Since U enters through the combination U exp(—i9/Nf), 
the projection onto sectors of fixed topological charge converts the SU(Nf) 
integral over the zero mode U into a U(Nf) integral, and 

Zu= f dt/(det?7) , /exp[yEReTr(M[/ t)]. (15.24) 
Ju{Nf) 

The mass or volume-dependent condensate in a sector of fixed topology can 
be computed by differentiation as before. 

15.2.3 Random matrix theory 

Equation (15.24) allows for a direct and rather surprising connection with 
random matrix theory. This was first described by Shuryak and Ver-
baarschot (1993), and has been the subject of a large literature since. We 
cannot do it justice here. The review of Damgaard (2002) provides a rea­
sonably gentle introduction. We briefly summarize the high points. 
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The original idea was to consider the integral over a set oi N x (N + v) 
complex matrices, W, 

Nf 

Y[det(iM + rhi), (15.25) 
i= i 

where 

"={wXy (i5-26» 
The 2N + v dimensional square matrix M has v zero modes and its other 
eigenmodes come in complex conjugate pairs. We denote its eigenvalue 
density with p(X). The m's are just numbers, and V(M2) is unspecified. 

Intuitively, this expression looks like its epsilon-regime chiral analog. 
The W variables play the role of the "flat across the box" sigma model 
fields U, and the determinant will give a factor of rrii for every zero mode 
of each flavor. The careful derivation of the result (which we admit, seems 
very improbable at a first reading) is given by Shuryak and Verbaarschot 
(1993). 

The connection between random matrix theory and QCD in the epsilon 
regime is not directly at the level of the variables in the functional integral. 
Instead, it involves taking the so-called "microscopic limit," where N is 
taken to infinity while pi = 2TrNp(0)mi is held fixed. In that limit, 

Z„({/Xi}) = £„({£<}) (15.27) 

when pi = pi. The limit is universal in that it can be shown to be true for 
any choice of V(M) in large classes of random matrices, characterized by 
"Dyson indices". These classes are associated with the pattern of symme­
try breaking in the original chiral model (Verbaarschot, 1994). If we regard 
Zv{{pi}) as a generating function for the chiral condensate, this result im­
plies that in the infinite volume limit, at fixed rrii'EV, the mass dependence 
of the chiral condensate can be predicted using random matrix theory. 

While the partition functions of the two theories coincide in the mi­
croscopic limit, in general, the eigenvalues of the Dirac operator do not 
coincide with the eigenvalues of M. (After all, at large A, asymptotic free­
dom says that p(\) ~ A3). However, near A = 0 both densities approach 
constants (as the Banks-Casher relation requires for QCD). In that case, 
one can define rescaled variables, £ = XSV for QCD, and £ = X2TTNP(0). 

The "microscopic spectral density" of QCD, ps{0 = p(X)/V can then be 

Zv I dW exp 
N 

TrV(M2) 
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shown to be equivalent to the spectral density in random matrix theory in 
an equivalent limit. Random matrix theory predicts the functional form of 
the probability distribution of individual eigenvalues of the Dirac operator. 
These distributions depend on Nf [notice the Nf in Eq. (15.25)] and v, and 
are functions of the combinations XEV and mqT,V. Fitting the probability 
distribution of individual Dirac eigenvalues to the random matrix theory 
formula then gives a measurement of S. 

15.2.4 Further applications 

The practical consequence of these observations is that it may be possible 
to compute chiral parameters of QCD via simulations in the epsilon regime 
in fixed sectors of topological charge. One would measure a set of "chirally 
interesting" correlators, such as the pseudoscalar or axial vector correlator, 
and compare their asymptotic shapes with formulas derived from epsilon-
regime chiral perturbation theory, fitting parameters such as the condensate 
or the pseudoscalar decay constant. Most of the relevant expressions from 
chiral Lagrangians have been computed in full QCD and in quenched ap­
proximation. At the time this section was written, little had been done 
with simulations of full QCD in the epsilon regime, but pioneering stud­
ies in the quenched approximation are promising enough [for one example, 
see Giusti et al. (2004)] that we feel that the extended introduction to the 
subject we have given is warranted. 

For further reading, see Hansen (1990); Hansen and Leutwyler (1991); 
Damgaard et al. (2002, 2003). 

15.3 Finite volume, more generally 

15.3.1 Single particle states 

In Sec. 15.1 we examined finite-volume mass shifts in lowest order chi­
ral perturbation theory and developed an image source expansion. Here we 
consider a more general treatment that makes contact with the Liiescher for­
mula. We consider a spatial volume of finite extent L and infinite Euclidean 
time extent. The energy of a particle is determined from the zero of its in­
verse propagator as a function the Euclidean energy po at fixed spatial mo­
mentum p, i.e., G{p)~l = G(p0 = iwL(p),p) -1 = 0. As usual we separate 
contributions to the L-dependent mass from the bare mass and L-dependent 
self energy and write Gip)'1 =p% + (p)2 + m2(L) = p2 + ml + E(L,p). 
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For example, </>4 field theory resembles the chiral model; its E(L,p) is 
given by the single bubble and, just as in Eq. (15.11), 

m2(L) - m2(oo) = E(L,p) - S(oo,p) = | 5 Z A(nM- (15-28) 

Rather than proceeding with the heat kernel expression Eq. (15.6), the 
literature customarily continues with a slightly different integral expression 
for the propagator, 

1 r°° 
A(z) = g ^ J dy e x p ( - v y + ™ 2 | * | ) , (15.29) 

where |a;| = Vx2, and we neglect lattice discretization effects. Again, a 
quick derivation: Start from 

/

J4JU pikx 

<5&PW < 1 5 - 3 0 ) 

Pick x along the i axis, let k = (feo, y) and integrate over the directions of 
y to give 

4TT2 J 2n J_00 y2 + k$ + m2 

Perform the contour integral over feo and integrate the result by parts in y. 
Counting only the nearest image points in the six spatial directions, and 
approximating m2(L) — m2(oo) = 2m(oo)[m(L) - TO(OO)], we have 

m(L) - m(oo) = ^ ^ j ' dV ^M~Vv2 + ™2L), (15.32) 

where m = m(oo) on the right hand side. 
Rather than thinking about the mass shift as a self-energy effect, we can 

think of it as a scattering effect. The incoming particle emits a particle that 
travels to an image point on the right, say, where it is absorbed. Because 
they are images, all of them do the same thing to their neighbors, so the 
incoming particle also absorbs a particle from its image on the left. Like 
the direct term, this scattering amplitude is just —g, and the mass shift is 
proportional to it. This idea was generalized by Luscher (1986a) to think 
of the scattering not only in lowest order, but in all orders, and to replace 
g by the scattering amplitude. His formula is 

m ( L ) - m ( o o ) = - — ^ ^ f dy exp(-^y2 + m2L)F(iy) (15.33) 
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where F(iy) is the analytic continuation u —+ iy of the scattering ampli­
tude F(v) = T(s,t,u), evaluated at forward scattering, t = 0, and u is the 
"crossing variable," 4mu = s — u. If we assign the momentum p to the ini­
tial particle and k to the particle it sends to its neighboring image, it must 
absorb an identical particle of momentum k from its opposite neighboring 
image, leaving it with its original momentum and no net momentum trans­
fer, t = (p-p)2 = 0. Then s = (p + k)2 and u = (p - k)2 and s-u = 4pk. 
In the rest frame of the particle, fco = v is the zeroth component of k. The 
variable y in the integral is the continuation of ko to Euclidean space. 

The above treatment generalizes to other field theories and requires only 
a four-point scattering amplitude with two legs that can be connected to 
form a self-energy diagram. In a X4>3 theory, for example, the lowest order 
four-point forward scattering amplitude has poles at s = m2 and u = m2. 
Taking only the singular terms, we have 

lim (v2 - ]-m2) F{v) = \\2, (15.34) 

and we find 

Sm = --^-1X
2exp j - ^ m L ] . (15.35) 

This result is - rather surprisingly - a slower fall off that the term we get 
with no singularity, Eq. (15.33), which typically shows a l /L 3 / 2 exp ( -mL) 
fall off [compare Eq. (15.9)]. 

It is interesting to make the connection between Liischer's formula and 
the current algebra formula for the finite volume mass shift, Eq. (15.16). 
This is easily done if we know F(u) = T(s, 0, u). In this case the scattering 
amplitude is 

T(s, t, u) = A(s, t, u) + 3A(t, s, u) + A(u, s, t) (15.36) 

with A(s,t,u) = (ml/f^is/ml - 1) in lowest order. Thus s + u = Ami 
and F{v) = —ml/f2, just a constant, again. The Liischer formula reduces 
to Eq. (15.16) when we restrict the sum over images in the latter expression 
to the 6 nearest neighbors (images at ±L in each direction). 

15.3.2 Two particle states 

Finite size effects in two-particle states can be exploited to obtain some 
scattering information. 
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15.3.2.1 Scattering lengths from the two-particle ground state 

Suppose we consider two-particle states in a finite box of size L. The energy 
of two free particles is just the sum of their individual energies, but if they 
interact, their energy is different. Liischer (1986b) showed that the energy 
shift of the lowest two-particle state is proportional to — ao/(mL3) where 
ao is the scattering length. 

It is easiest to sketch the derivation by considering not quantum field 
theory, but two identical non-relativistic bosons of mass m, in the box. The 
free particle wave function is 

il>(j>,q) = (xy\pq) = ~^W(px+qv) + e'to+i*)]. (15.37) 

Assume that our state has total momentum P = p + q = 0, or q = —p, and 
relabel \pq) as just \p). These states are eigenstates of the free Hamiltonian 
with Ho\p) = E(p)\p) with E(p) = p2/m and (p'\p) = 6PiP> + 5Pl-p>. In the 
finite box, components of p are quantized in multiples of 2ir/L. 

Next, let's assume that we have a short range potential V(x — y). (It 
should be periodic, J2n V(x — V + n ^ ) ' '- ,ut m leading order, that doesn't 
matter.) Now consider the matrix element 

<p'|V|p> = ^Tfl fdxdyV(x - y)[eip'ix-v) + e-*'(*-»)] [e*(*-v) + e~v^-y)] 

^ 3 f dzV(z)[eip'z + e-ip'z][eipz + e~ipz] 
2L3 

= -^V{p',p) = ^{p'\V\P). 

(15.38) 

We are interested in the energy shift of the lowest p = 0 state, but we'll 
keep the variable p a bit longer. The perturbative expansion is 

E = E{p) + <p\V\p) + Y^{p\V\k)^-~^j-)(k\V\p) + ... 
k 

k 

(15.39) 

Now if the box is large, we can replace j?J2k by / dsk/(2Tr)3, and, 
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adding an it to regulate the denominator, we get 

E E(p) + ±[V(p,p) + I d3k 

(2TT)3 

1 

V(p,k) 

E{p) + T^V + VW)-H0+ie 

E(p) -Ho + ie 

V + ...]\P). 

V(k,p) + 

(15.40) 

The object in brackets is the familiar T matrix of quantum mechanics. 
Now go to very low p. The low-energy limit of the T-matrix is 

T = -
Airao 

m 
where ao is the S-wave scattering length. Thus the energy shift is 

47rao 
AE = -

mL3' 

(15.41) 

(15.42) 

The 1/L3 is easy to understand. The wave functions of the particles are 
flat across the box, and only the parts of the wave functions of the two 
particles that are close together can interact. 

For two relativistic particles, the energy becomes W = 2\/m2 + mAE. 
This would be the relevant formula to use for (say) the energy shift of a KIT 
state. The measurement of W would still give the scattering length. 

This simple formula is valid in large volumes. Liischer has calculated 
correction terms to it, 

AE 
mL3 1 + ci — + c2 m + (15.43) 

where c\ = —2.837... and c^ = 6.375 These terms can be important 
in practice. The coefficients are universal (at least for cubic lattices); the 
scattering lengths are (of course) not. 

15.3.2.2 Decay widths from level repulsion 

As we move up in the spectrum of two-particle states we can encounter 
more interesting behavior. Again, a quantum mechanical model tells the 
story most easily. Imagine that we have two spinless bosons, this time in 
one spatial dimension. If their total momentum is zero, their wave function 
ip(x, y) — f(x — y) is an even function of its argument. The wave function 
is, of course, a solution of the one-dimensional Schrodinger equation, 

•maz1 f(z) = Ef(z). (15.44) 
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If we look for scattering solutions, the energy is positive, and far away from 
the center of the potential f(z) —> cos[fc|^| + S(k)], where the energy is 
E = k2/m and S(k) is the scattering phase shift. So much for L infinite; if 
the range of z is finite {—L/2 < z < L/2) and periodic, the wave function 
and its derivative have to match at the joining point, which means that 

kL + 2S(k) = 0 mod 2n. (15.45) 

Thus, a measurement of the energy of the two particle state can reveal 
scattering information (the phase shift). Physically, what is happening is 
that the potential either pulls in or pushes out the wave function, modifying 
the quantization condition that the finite length of the box imposes. 

The three-dimensional formula has been worked out, again by Luscher 
(1986b, 1991). Its physics is identical to the one dimensional case, but the 
formula for the shift in the wave number is much messier than Eq. (15.45). 
In an infinite volume, the scattering amplitude has its easiest expression in 
the familiar partial wave series, and yet the unperturbed wave functions in 
a box separate in rectangular coordinates. The high part of their spectrum 
becomes dense (though still discrete), and the quantization condition for 
several modes can become entangled. 

The most interesting situation occurs when the two particles can form 
a resonance. Near a continuum resonance, tan 6 = V/(2AE) where AE = 
ER—E. In a periodic box the resonance appears as a distinct eigenstate that 
mixes with the two-particle states. As the energy of the two-particle state 
approaches that eigenstate, kL suffers a big shift, essentially an avoided 
level crossing with the resonance. The shape of the variation of the energy 
with L of either of the would-be crossing states will give information about 
the decay width I\ 

A little model illustrates this more cleanly. Suppose that we have "ordi­
nary" energy levels e* where i = 1,2,... ,N. Also let us have one "special" 
energy level that we denote by eo- The "ordinary" energy levels are also 
assumed to be decoupled from one another, but not from the "special" 
energy level. The Hamiltonian matrix is 

H 

CO ^ 0 1 V02 ^ 0 3 

Vio ei 0 0 

V20 0 e2 0 

V'so 0 0 e3 

(15.46) 
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One can find the energy eigenvalues of this system by solving 

det[H - 6ijE] = 0 (15.47) 

or 

0 = (co - E) Hid -E)-^2 \V0i\
2 n ^ - E). (15.48) 

i i j^i 

There are N + 1 roots to this characteristic equation. 
Let's focus on the case where E fa eo and rewrite the secular equation 

as 

|Vfr 
(E-eiY 

E = « + ZlW=h7Y (15-49) 

When the resonance and the ordinary levels are far apart, there is a slight 
repulsion of the two levels. Replacing E with eo on the RHS gives the 
familiar second order energy shift. If eo and one e* are close, then we 
have two-state mixing. The two nearby levels mix and split: the energy 
eigenvalues come no closer together than 21 Voi | -

In the case of a continuum the sum is promoted to an integral, and 

^—-,V^—e+ind(E-e). (15.50) 

The eigenvalue equation can be broken into real and imaginary parts, with 

Re(£) = e0 + V [ de-^— (15.51) 
J [E - e) 

giving the location of the resonance and 

Im(£) = f de\Vo£\
2irS(E - e) (15.52) 

giving the decay width. Both expressions involve weighted sums over |VCH|2 

just as in the behavior of the avoided level crossing. 
The physical situation we have in mind is that the "ordinary" states are 

the free two-particle states in the box, for example, two-pion states, and 
the special state is a resonance like the rho meson. Since lattice calcula­
tions are done in Euclidean space, we do not actually observe the decay of 
a resonance into its constituents; rather, we hope to observe connected Eu­
clidean correlation functions that include exchanges of the resonance and 
other states, and the coupling of the resonance to the other states. We can 
do this by varying the locations of either kind of state, either by tuning the 
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quark mass, or varying the box size, or both, and it may happen that we 
can bring an ordinary state and the special state close together. Then the 
level repulsion gives us information about the coupling of the resonance to 
its decay products. For applications to spin models, see (Gattringer and 
Lang, 1993; Rummukainen and Gottlieb, 1995). 

15.4 Miscellaneous comments 

Of course, we have not given a complete description of finite volume effects. 
If the size of the box is really very tiny in physical units, then the coupling 
constant is never large and the spectrum of states can be attacked analyt­
ically. Much beautiful work, e.g., by Roller and van Baal (1986) was done 
with this limit in the earlier days of lattice gauge theory. 

An all-too-common occurrence is that the volume of the box is small 
compared with the size of the bound state. Let us think (again) in 
Schrodinger wave function language, and imagine that the quarks are 
trapped in a bag of size R. As R is varied, their energies vary inversely 
with R, and if the size of the simulation region is on the order of the size of 
the bound state, the state is squeezed and its energy rises. The scattering 
length formula in the last section models a version of this effect (the parti­
cle interacts with its images), but it is not the whole story. Your authors 
have encountered this situation in their own research, more often than they 
would care to admit. If the offending spectroscopy's variation with box size 
cannot be fit to one of the functional forms we have already described, then 
the data set is probably hopelessly compromised. 

A simple argument suggests (just as data supports) the idea that volume 
effects are more important in full QCD than in quenched QCD. In full QCD, 
particles can exchange pions, while in quenched QCD, unless we explicitly 
include quark exchange diagrams in the correlators, they can exchange only 
glueballs or quenched eta-primes. 





Chapter 16 

Testing the standard model with 
lattice calculations 

16.1 Overview 

One of the major goals of lattice calculations is to provide hadronic ma­
trix elements that test QCD or other components of the Standard Model. 
A wide variety of hadronic matrix elements can be computed on the lat­
tice and used to extract CKM mixing angles from experimental data. In 
Fig. 16.1 we show the CKM matrix in Wolfenstein parameterization and, 
paired with each entry, a physical process that is sensitive to it. Each pro­
cess involves both strong and electroweak interactions. The strong part 
must be determined nonperturbatively, whereas perturbation theory suf­
fices for the electroweak part. So to determine the CKM parameter from 
experimental data requires knowledge of the hadronic component of the 
interaction. Because of the vast difference in scale between hadronic and 
electroweak interactions, a pure QCD lattice calculation of the hadronic 
matrix element suffices. 

This field is enormous and rapidly evolving, representing a large fraction 
of the contemporary effort devoted to lattice calculations. To do justice to 
the field would require a separate book that would be rapidly outdated. 
Instead, we will be content to provide some theoretical background and 
then give a brief introduction to the lattice methodology. 

16.2 Strong renormalization of weak operators 

16.2.1 Effective Hamiltonian 

The scale of the weak interactions is set by the masses of the W and Z vector 
bosons, i.e., at distances almost two orders of magnitude smaller than the 

295 
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sizes of hadrons containing u, d, s, c, or b quarks. Thus, once again, we 
turn naturally to effective field theories, first, in writing an effective weak 
Hamiltonian and second, in evolving it through strong renormalization to 
the few-GeV scale \i of lattice computations. For this purpose we start 
with the continuum theory and use the well-developed technology of the 
continuum operator product expansion (OPE) and renormalization group. 
The lattice enters only at the last stage. The effective Hamiltonian then 
reduces to a sum of four-fermion interactions. 

For example, single-PF exchange processes are described through the 
OPE by 

rreff tlw -j=^2ci{v)Oi(n), (16.1) 

where the Oj's are the four fermion operators and the Ci's are (known) Wil­
son coefficients. The physics content of Eq. (16.1) is that the c(/i)'s encode 
all physics on momentum scales greater than \x. They include the full ef­
fects of W s , Z's and top quarks, plus any beyond-Standard-Model physics, 
plus short-distance effects of QCD (which give them their /x dependence). 
The scale \i is arbitrary; we have introduced it only to separate short and 
long distance physics. Quantum chromodynamics introduces a set of cor­
rections to the tree-level graphs that scale as a"[ln(Miy//x)]n. They are 
small when fi ~ Mw, but as we push the boundary between short and long 
distance physics down to a scale of p, on the order of a few GeV, these 
contributions grow and must be summed. Until we reach scales where the 
strong interactions become nonperturbative, the OPE and renormalization 
group do the work for us. In this construction, the initial and final states 
are not relevant and can be chosen for convenience. Thus the c(/i)'s are 

Vt td 

ud — J- 2 

TV —> l u 

Vcd = -A 
D^lv 

D ^nlu 
A A 3 ( l - p -
(Bd\Bd) 

vus = \ 
K^lv 

V - 1 - ^ 
vcs — x 2 Ds -> / i / 

D-^Klv 

- iv) Vt, = -A\2 

(B.\B.) 

vub = AX3(P -
B ^nlv 

Vcb = AX2 

B^Dlv 

Vtb = l 

ir))\ 

Fig. 16.1 Matrix elements that can be computed reasonably reliably with lattice meth­
ods, and their impact on the CKM matrix. 
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process-independent. 
Armed with H%y, we then wish to compute a matrix element between 

hadronic states |7) and \F) 

A(I -» F) = ^ 5 > ( M ) m W>- (16-2) 

In this expression, the matrix element (F\Oi((i)\I) must be computed out­
side perturbation theory. There are a variety of approaches: models, 
large-N expansions, and, of course, the lattice. The lattice calculation 
(F\Oi{n)\I) involves replacing the continuum operator Oi by an appropri­
ate lattice discretization, and then computing some Euclidean correlation 
function involving the operator. 

The construction of H%y is a technical problem as difficult as any we 
have discussed so far. Fortunately, there are excellent reviews [our favorite 
is Buras (1998)]. Let us be content with an oversimplified introduction. 

16.2.2 An example: c —• sdu 

Consider the quark transition c —» sdu. With only electroweak interactions 
the tree-level ^-exchange amplitude is 

M = ^V*sVud—-^-r(saca)L(upd0)L 
GF_ Ml 
V2 cs Udk*-M'w 

= ^V;sVud(sc)L(ud)L + 0 ( ^ - ) . (16.3) 

We have explicitly included the quark colors as subscripts in the first line 
and have written (SC)L for «7^(1 — 7s)c. An "R" subscript would indicate 
a 7^(1 + 75) coupling. Because the momentum carried by the W is much 
smaller than its mass, it makes sense to neglect it. The amplitude can also 
be obtained from the tree-level effective Hamiltonian 

H$ = ^Vc*sVud(sc)L(ud)L + ... (16.4) 

where the . . . are higher-dimensional operators that produce the momen­
tum dependence in the original expression. This result is an example of 
an operator product expansion. The original expression is replaced by a 
sum of operators of progressively higher dimension, whose contributions are 
weighted by effective coupling constants. In this simple example, there is 
one c(/x), which we take to be unity. 
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Now we consider QCD radiative corrections. As we have already seen 
many times, the connection between the full and effective field theory in­
volves computing an equivalent process in both the original and effective 
theories and tuning parameters in the effective theory to match the re­
sults. The relevant graphs generating the lowest order QCD corrections are 
shown in Fig. 16.2. We first compute the corrections in the full theory. 
We discover that the weak decay, which involved a matrix element of the 
operator 

02 = (SaCa)L(upd0)L, (16.5) 

picks up a new contribution from the "color-mixed operator" 

Ol = (saC0)L(Ui3da)L- (16.6) 

The low energy effective Hamiltonian must be a linear combination of these 
two operators. We write it as 

H$ = ^ V ^ t d M O ! + C2(/x)02]. (16.7) 

A few pages of algebra give [for color SU(3) and at one-loop order] 

Cl( /X) = ~ 3 4 ^ l n ~ ^ ; C2(M) = 1 + 4^ ln72- ( 6 - 8 ) 

(notice that at fi = Mw we recover the original operator). The operators 
0\ and O2 have mixed under renormalization. (This is a general feature of 
these calculations.) It will prove convenient to eliminate the mixing with a 
change of basis, 

0 ± = 02±Oi. c ± = C 2 ± C i ( 1 6 9 ) 

and then 

C±(M) = l + ( l T 3 ) ? l n ^ f . (16.10) 

Unfortunately, at fi ~ 1 GeV, the radiative correction is as large as 
the zeroth order term. The naive perturbative expansion has broken down 
because of the large logarithms, which come from the large ratio of scales, 
Mw/fJ- We must sum the large logs; the renormalization group does that 
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d u 

V V A A / 

Fig. 16.2 Radiative corrections (a) in the full theory and (b) in the effective field theory. 

for us. That is easy to do, once we realize that we can write c±(fi) = 
Z±(fi)c±' and that the bare c± does not depend on fi: 

dc± (fi) 1 dZ± 

dlnfx Z± dln/j, 
C±(M) =7±(0)c±(/i) (16.11) 

where 7 is the anomalous dimension of the operator 0±, 7± = 7±as/(47r). 
The solution to this equation is 

c±(/x) = c±(Mw)exp 
J Qi g(Mw) P(9') 

where (3(g) is the usual beta function, (3(g) = —p0as/(4ir) + 
to lowest nontrivial order, we can do the integral and find 

C±(M) =C±{MW) 
a3(Mw) 

as((j.) _ 

7°/(2/3o) 

(16.12) 

Working 

(16.13) 

At the scale Mw there are no large logarithms and the coefficient can be 
computed perturbatively; in fact c±(Mw) = 1- For five flavors, the explicit 
result is 

c+M = w) "as(Mi 
. Ola(fJ.) 

C _ ( / i ) (16.14) 
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Already, this expression reveals some interesting physics. At low scales c_ 
has grown to be larger than than c+. If we analyze the isospin content of 
0±, we find that O- contributes only to weak decays in which the isospin 
changes by 1/2, whereas 0+ is a mixture of AI = 3/2 and 1/2 processes. 
The result that c_ > c+ is important, because in nature, the ratio of 
AI = 3/2 to AI = 1 / 2 amplitudes in kaon decays (specifically K —> mr) is 
about 21. Early on, the renormalization group running argument we have 
just sketched was recognized as the beginning of an explanation for this 
"A J = 1/2 rule" (Gaillard and Lee, 1974a; Altarelli and Maiani, 1974), but 
clearly there must be a big contribution from the hadronic matrix elements 
of 0-|- and 0 _ , which is inaccessible to the theory we have so far discussed. 

Other weak process have similar analyses. A particularly important set 
of transitions are ones in which quark flavors change while their charges do 
not. These flavor-changing neutral currents are forbidden at tree level in 
the Standard Model. They may, however, occur as one-loop or higher order 
electroweak radiative processes. The fact that they they appear only as loop 
effects makes them particularly useful for testing the Standard Model or for 
looking for physics beyond the Standard Model. Again, it is the low energy 
effective field theory that is important, not the particular structure of the 
amplitude in terms of W's, Z's and t quarks. At zeroth order in the strong 
interactions, there is an H^f that superficially resembles Eq. (16.1). It is a 
sum over a set of four-fermion operators with a set of coefficient functions 
that now are second order (proportional to G2

F or Q G F ) and that also 
depend parametrically on the masses of the heavy particles through ratios 
Xi = mf/Mw, where i = Z, t, and even c if charm quarks are integrated 
out, too. Light quark contributions can be removed by exploiting the GIM 
mechanism (Donoghue et al., 1992). Of course, as we run down from the 
weak scale, operators are mixed and renormalized. 

16.2.3 Lattice vs continuum renormalization of the effective 
Hamiltonian 

Lattice calculations of matrix elements use essentially every ingredient we 
have discussed in previous chapters. The choice of lattice discretization can 
be crucial to the success or failure of the project. Even if one is considering 
processes with a heavy quark, it is still almost always necessary to perform 
a chiral extrapolation. Moreover, we are working with an effective field 
theory that we have run down from some high momentum scale. In order 
to do the running, we had to pick a renormalization scheme and a scale. 
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The renormalization scheme was almost certainly not the lattice, so we must 
convert the resultant lattice-regularized matrix element into a continuum 
scheme, such as MS. Schematically, the steps are as follows: 

continuum SM ° 4 E C(Mw)Ocont{Mw) 5$ C(/x)Ocont(/x) 

matching J 

C(fi)Z(fia)Olatt(a) 

The combination C(^i)Z(^a) must be independent of ^, at least to the order 
in g one is working. 

One might ask, why not eliminate the matching and simulate the whole 
standard model on the lattice? This is not done for two reasons. The 
first is practical. We want to capture the hadron in our simulation, so 
the box size we are simulating should be bigger than a fermi or so. For 
computational reasons (we do not want to have too many lattice points), 
the inverse lattice spacing should not be bigger than a few GeV. This is a 
much bigger distance than M^ 1 , so the W will "fall through" the lattice. 
The second reason is that the standard model is a theory of chiral fermions, 
which we must discretize. This is a difficult theoretical problem. One could, 
in principle, do the OPE and RG running on the lattice. This would avoid 
the theoretical problem of a lattice chiral fermion, but would still leave the 
great disparity in scales. In addition, we would have to compute the running 
from a lattice calculation. That could be done in principle (use of the 
Schrodinger functional comes to mind), but if we make the easier choice of 
working in perturbation theory, doing the running in the continuum allows 
us to take two loop (or sometimes three loop) OPE and RG calculations 
from the literature. Lattice perturbation theory is very cumbersome, so it 
is easier to use it in only one place, at the matching point. 

16.2.4 Mixing with operators of higher and lower dimen­
sion 

Weak matrix elements present a particularly cruel arena for lattice fermions 
without exact chiral symmetry, making the operator matching delicate. For 
example, suppose that we want to do a lattice calculation of the opera­
tor responsible for the K0 — KQ mass difference, 0+ — 0\ + Oi where 
0\ = (sada)L,(s0dp)L and O2 = (sad0)L(spda)L- When the lattice ac­
tion is chiral, the lattice operators 0+ match to the continuum operators 
0+ without further mixing, 0§_ont = Z±Olatt±. When the lattice action is 
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not chiral, the mixing involves additional terms. We can write the mixing 
expression generically as 

Ocont = z ± 0 i a t t + z'±a±. (16.15) 

As we have previously remarked, the diagonal mixing coefficients contain 
logarithms that exponentiate into the anomalous dimensions of the opera­
tors, plus constant terms: 

Z± = l + J^h{±] Man) + b±} + ... (16.16) 

The Z'± terms can have no logarithms because the 0±'s do not appear in 
the continuum, and anomalous dimensions are scheme independent at one 
loop. 

Now several things can happen, and some of them are bad. First, con­
sider a mismatch in scaling dimensions between 0 ± and 0±. 

If 0± has a dimension higher than 0±, then Z'± must include compen­
sating scale factors proportional to a positive power of the lattice spacing 
a. Then we might do a lattice simulation in which we measure a matrix 
element (O^") and set it equal to (0±nt)/Z±. This procedure, of course, 
ignores the contribution of {0±) and introduces a scaling violation that 
vanishes as the lattice spacing goes to zero. 

If 0± and 0± have the same dimension, the situation is more serious 
but not desperate (at least in principle). Perturbatively, Z'± is proportional 
to g2, and because of asymptotic freedom, g2 vanishes slowly as a becomes 
small. 

Finally, it could happen that 0± has a lower dimension than 0±. Now 
we are in real trouble. In principle Z'± must grow as l/aP for p > 0. 
And yet, something delicate must be happening, because in the continuum 
limit, the operators do not mix. In practice, we try to avoid this problem 
by choosing to measure processes in which matrix elements of the lower 
dimensional operators vanish due to some symmetry. 

Second, suppose the operators 0± and 0 | o n t have a different chiral 
behavior. Then in the chiral limit the need for a cancellation of lattice 
artifacts among terms on the rhs of Eq. (16.15) may degrade the signal-to-
noise ratio in the result. 

Consider how mixing occurs for Wilson-type fermions. Here 0± mixes 
off shell with operators whose chiral structure is not LL. The massless 
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Wilson quark propagator behaves like 

S(P) ~ T ^ = 4 ^ (16-17) 
p — apz pz — azp4 

for small momentum. The ap2 term violates chiral symmetry in loops. 
These extra mixed operators can dominate the contribution of the LL op­
erators at small quark mass. In the example of 0±, chiral symmetry forces 
the pseudoscalar meson matrix element of 0™nt to scale as the square of the 
meson mass. The matrix element of the non-LL 0'+ remains a constant as 
the meson mass vanishes. Then, as Eq. (16.15) shows, there must be a can­
cellation between the matrix elements of 0'+ and 0 + " . Thus, Olf" ~ const 
+0(m2). The constant is a lattice artifact mixing term that overwhelms 
the 0{m2) answer. 

Broadly speaking, there are two solutions to this problem. The con­
ceptually simplest one is to choose a lattice discretization for which the 
unwanted operator mixing does not occur, even at nonzero lattice spac­
ing. This can typically be done by choosing fermions with some amount 
of chiral symmetry: staggered fermions, domain wall fermions, or overlap 
fermions. The other choice is to measure a particular combination of lat­
tice operators that reduces to the continuum operator and has the correct 
chiral limit at nonzero lattice spacing [explicitly, the complete right hand 
side of Eq. (16.15)]. This usually requires a separate calculation of the ratio 
Z±/Z±, which might be done perturbatively or nonperturbatively. 

For now, let us neglect all these issues and consider some new ones, more 
closely related to simulations. We will first look at some lattice symmetries 
that can be usefully applied to enhance signals, and then look at some 
simple examples. 

16.3 Lat t ice discrete symmetr ies 

The lattice has a set of discrete symmetries that are very useful for matrix 
element calculations. We will list them for Wilson-type (four component) 
fermions; there are corresponding ones for staggered fermions. 

The parity transformation connects variables at site x with its parity-
inverted partner xp = (XQ, —X). It reverses the direction of the spatial links 
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and has its usual effect on the fermions: 

P : il>(x) -» j0ip(xp) 

tp(x) -> ip{xp)io 

Uo(x) - £/0(zp) 

Uj(x) -* -£ / - j (z p ) (16.18) 

We use U-^{x) to denote the link leaving point a; in the —/x direction, equal 
to U^(x — (i). Time reversal is 

T : r/)(x) -> 7075^(2;*) 

•4>{x) -> -0(a;t)757o 

^ ( x ) - ^-(a:*) 

£/0(z) -» - t / - o ( z ' ) (16.19) 

where a;* = (—XQ,X) is the time-reversed point. In Euclidean space T is 
a linear transformation, and by Euclidean invariance it must be just like 
inversion about any of the other directions. Charge conjugation is 

C : 1>(x) -> Ci>{x)T 

i>(x) -> -tpixfC-1 

U^x) - U;(x). (16.20) 

The superscript T means "transpose," and C obeys Cf^C = —7* = 7J . An 
explicit realization in the Euclidean Bjorken-Drell convention for gamma 
matrices is C = 7072 • 

Wilson-type Dirac operators obey the property that 75 . D j ^ = Dyx, 
which means that the propagator S(x,y, [U]) = D~* obeys 

l5SHx, y, [U\)lb = S(y, x, [£/]). (16.21) 

For staggered fermions the analogous formula is obtained by replacing 75 
by (—)T°+X1+X2+X3 (remember, staggered fermions have no spin indices). 
We will call this "H-invariance." 
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The discrete symmetries can be implemented on quark propagators: 

P:S(x,y,[U})=lQS(xp,yp,[U}p)lo 

T : S(x,y, [[/]) = To^S^rf, [1^)7670 

C : S{x,y,[U}) = CS{y,x,[U]c)TC-1 

H:S(x,y,[U]) = l5SHy,x,[U]h5 

CH : S(x,y, [£/]) = Cl5S*(x,y, [ ^ b s C " 1 . (16.22) 

By [U]p, [U]c, and [U]* we specify the P, C, or T-transformed links. 
Given S(x,y,[U]), the propagator on a particular configuration, 

Eq. (16.22) tells us the propagator on configurations [U}p, [U}c, and [£/]'. 
We can then imagine that these configurations have also been generated in 
our data set and average (virtually) over all of them. Often this averaging 
can be done analytically. For example, including configurations [U] and 
[U]p picks out the correct parity part of an operator (the VV + A A part of 
a LL operator) in a two-meson matrix element. The symmetry CH implies 
that the real part of all lattice amplitudes is the physical part. [To prove 
this, use Eq. (16.22) plus the identity Cf^^75C"""1 = 7*.] This might seem 
like good news, in that the fluctuating imaginary parts of amplitudes can 
be discarded. However, it is also bad news, in that phases are not directly 
available from a Euclidean lattice calculation. In particular, it is not possi­
ble to compute phase shifts for scattering amplitudes directly on the lattice. 
(It can be done indirectly, as we saw in Ch. 15.) 

Another discrete symmetry, CPS (Bernard et al., 1985), is also valid 
in the continuum. It affects almost all weak operators. The S stands for 
"switch:" it interchanges s and d quarks. For example, consider {suud)^. 
Under CP this is 

57^(1 - 75)mt7M(l - -y5)d -> u-y„(l - 75)sd7M(l - 75)1*, (16.23) 

which, in turn, under S goes to 

-> u-y^l - 75)^57^(1 - 75)1* = S7M(1 - ^uu-y^l - 75)d, (16.24) 

which is our starting operator. The action is not invariant under CPS 
unless ms = rrid- When they are equal, CPS plus other symmetries (Bose 
statistics) can be used to eliminate Feynman graphs and hence simplify 
calculations. When the masses are unequal, CPS is only softly broken, 
meaning that its violations appear multiplied by factors of (ms — mj). It 
may still be a good approximation to neglect CPS-violating graphs. 
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16.4 Some simple examples 

Let us consider (in no particular order) some of the simpler matrix elements 
that are accessible to determination by lattice simulations, and describe the 
strategies for computing them. 

16.4.1 Leptonic decay constants of mesons 

Consider first the weak decay of a pseudoscalar meson, composed of a qiq2 

pair, to a lepton £ plus an anti-neutrino. The interaction Hamiltonian is 

Hi = ^V12 J^ (p)7 M ( l - 76)%), (16-25) 

where V12 is a CKM matrix element and the hadronic current is 

4 = «I7M(1 - 75)92. (16.26) 

The matrix element of the hadronic current between a pseudoscalar meson 
state carrying four momentum fcM and the vacuum is parameterized as 

(0\4\P(k)) = -ikpfpe-*"* (16.27) 

The quantity fp is the decay constant for the meson. For the spinless 
meson, its four momentum fcM is the only four vector available to dot into 
the leptonic current.1 

This matrix element can be computed from the two-point correlator 

Cjo(t) = J^O^fo t)°(°' °)l°)' t16'28) 
x 

where 0(0,0) is an interpolating operator that excites the desired meson 
from the vacuum. Inserting a complete set of correctly normalized momen­
tum eigenstates 

l - » 2 $ 2EA(P) ' ( 1 6 ' 2 9 ) 

using translational invariance, and going to large t gives 

Cjo{t)=e-^m^sm. ( 1 6 . 3 0 ) 
2m A 1 With this definition, f^ ~ 137 MeV. An alternate definition often seen in the current 

algebra literature, and which we used ourselves, introduces an additional factor of v 2 
on the left hand side and then the charged pion decay constant is f-r ~ 93 MeV. 
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A second calculation of 

Coo(t) = 5 > | O ( M ) O ( 0 , 0 ) | 0 > -> e - ^ l ( 0 |
2 ^ l ) | 2 (16.31) 

is needed to extract ( 0 | J | J 4 ) , which is accomplished by fitting the two cor­
relators with three parameters. 

Measurements of decay constants have a long lattice history. They are 
one of the simplest matrix elements to compute. They also play an impor­
tant role in determining Standard Model parameters. For example, the full 
leptonic decay amplitude is proportional to a product of the CKM matrix 
V12 from Eq. (16.25) and fp from Eq. (16.27), so an experimental measure­
ment of a leptonic decay can be combined with a lattice measurement of 
fp to determine the CKM element. 

16.4.2 Leptonic decay constants in the heavy quark limit 

Decay constants of heavy mesons of mass MH scale as fp ~ l/y/Mu-
This can be seen (somewhat formally) by evaluating a two-point function 
of J^ 's in the context of heavy-quark effective theory. In HQET we define 
the current and matrix element so as to remove all explicit quark-mass 
dependence as the quark mass is sent to infinity. (On the lattice, this 
makes sense - we replace the heavy quark propagator by a product of links, 
with no explicit factors of the heavy quark mass ever present.) We can do 
this by replacing the momentum by the velocity, k^/MQ = uM, which is 
independent of the heavy quark mass MQ, and by replacing the current J^ 
by an effective current Jlj, where in Euclidean space 

J fa) = J fa) exp(-MQv„x„). (16.32) 

The factor of 2E(k) in the denominator of Eq. (16.29) becomes 2MHVO, 

where the mass of the hadron MJJ differs from the mass of the heavy quark 
by a constant in leading order in the heavy quark limit. Then 

CjJ(t) = ikMz£e-<
M»-M<>», (16.33) 

2MHVQ 

which now must be finite in the infinite mass limit. The difference MH — MQ 
is finite, but to remove all the heavy quark mass dependence, the prefactor 
fpMa must also be finite in the limit, giving what we wanted to show, fp ~ 
1/y/Mjj. In a nonrelativistic quark model, fp ~ i/)(0)/y/Mjf, where ip(0) is 
just the wave function at the origin. In lattice calculations of heavy meson 
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decay constants, one often sees the data plotted as fp\fMjj vs 1/MH, with 
the idea that this quantity has the smoothest dependence on quark mass. 
In addition to simulations with heavy or nonrelativistic quarks and light 
quarks the lattice calculation could include a determination in the static 
(infinite mass) limit to help "anchor" an interpolation through the physical 
values of the charmed or bottom meson masses. 

16.4.3 Electromagnetic widths of vector mesons 

Matrix elements of vector currents can be used to predict the electromag­
netic widths of vector mesons, for example, the decay width for </> —> e+e~. 
The lattice calculation is a variation on the decay constant calculation we 
just described. There is no standard notation for the matrix element, but 
one commonly used choice parameterizes the matrix element between the 
vacuum and a vector meson of polarization v as 

(0|JM |K) = ^m2
vS^; (16.34) 

Tv 
where JM is some choice for a vector current. Here fv is the decay constant. 

16.4.4 Form factors 

Many processes require the calculation of a three-point function. One ex­
ample is that of the rate for an exclusive semileptonic weak decay such as 
B —> irlv. AS in the actual experimental measurement of such a quan­
tity, the amplitude is parameterized in terms of a set of form factors, each 
multiplied by its own kinematic factor. For example, in B —• TT(,V, 

(7r(p)|^|S(p')) = / + (9 2 ) P' +P-
m2

B-ml 

q2 

2 

(16.35) 
Although the kinematic factors are dictated by symmetry, the particular 
functional form of the form factor is usually only loosely constrained by 
current algebra in special kinematic limits and by unitarity. Often the 
form factor is fit to a model-dependent function with a set of fit parameters, 
which are then compared with experiment. 

Sometimes the model dependence is robust, and can be used to check 
the lattice simulation. One example is in the decay of a meson containing 
a heavy quark into another heavy quark. At the particular kinematic point 
where the velocities of the initial and final heavy quarks are equal, the 
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spectator light quarks and gluons are unaware that the heavy quark's flavor 
has changed, and so their wave function is unaffected by the decay. The 
form factor at that kinematic point would be unity (Isgur and Wise, 1989, 
1990). Of course, away from that point, the form factor would have to be 
parameterized, and away from the heavy quark limit (say for the physical 
b or c quarks) the form factor would have a parameterization in terms of 
functions scaled as inverse powers of the quark mass. 

The actual lattice calculation involves evaluating lattice correlators of 
three-point functions (two mesons and the current). They can be obtained 
from a correlator of the form 

CAB(t,t',p,q,i7) = Y,{0\OA(p,t)J(z,t')e^gOB^,Q)\0) 
Z 

= ^2(0\OA(x, t)e^sJ(z, i/)e**0B{y, 0)e^ |0> 
xyz 

(16.36) 

by stretching the source and sink operators OA and OB far apart on the 
lattice, letting the lattice project out the lightest states, and then measuring 
and dividing out (OjO^I/i) and (0|Os|/i). The relevant Feynman graph is 
given in Fig. 16.3. 

Z 

x y 

Fig. 16.3 Feynman graph for computing a form factor. The open circles are hadronic 
wave functions, while the closed circle is the current operator. 

In the actual calculation one would need many different values of mo­
menta to map the form factor. (Remember, momentum is quantized to be 
a multiple of 2n/L in a box of size L.) The best signals come when the 
momenta of the initial and final hadron are small. Efficiently computing 
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the actual three point function is nontrivial. Let us neglect all Dirac alge­
bra and focus only on the locations of the vertices. We assume that the 
meson on the left hand side of the graph is created at space-time location 
x, the meson the right is annihilated at y, and the current is inserted at z. 
Then the amplitude is M ~ TrS(x, y)S(y, z)S(z, x). Now we see a problem. 
S(z,x) and S(x,y) = ^5S\y,x)^ can be computed with a single source 
(a delta-function at a;), at a cost that is proportional to the volume of the 
lattice. But S(y, z) involves many source points and many sink points. Its 
cost is apparently volume-squared. The trick for handling this problem is 
called the "sequential-source" or "exponentiation" method. One way to im­
plement it is to write M = TiS(x, y)T(t, x) where T(y, x) — S(y, z)S(z, x). 
Then D(w,y)T(y,x) = S(w,x). Use the first propagator as the source for 
the second one. The cost of the matrix element now scales as twice the 
volume, not its square. 

16.4.5 Meson B parameters 

As a last simple case consider matrix elements that determine the K — K or 
B — B mass differences and consequently particle-antiparticle oscillations 
between them. The hadronic matrix element for the first of these processes 
is characterized by 

M = {K\sa^(l - i$)dasbi^l - 7s)db\K). (16.37) 

The subscript is a color index and we sum repeated indices. It has been 
customary to write M in terms of decay constants and a dimensionless B 
parameter: 

M = \{mKfK)2BK. (16.38) 

The motivation for this breakup goes back to pre-lattice days and an 
approximation called "vacuum saturation" (Gaillard and Lee, 1974b). The 
idea was to approximate the amplitude by inserting the lowest contributing 
state, the vacuum, in all possible ways between the bilinear currents that 
make up the four fermion operator. A Fierz identity 

$il»(l ~ 75)V'2V'37M(1 - 75)^4 = i>\lv.{l - 75)^4^27'MC1 - 75)^3 (16.39) 
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lets us write the vacuum-saturated expression as 

M = 2«# |s„7 / , ( l - 7 5 K | 0 ) < 0 | S 6 7 M ( 1 - 75)41*0 

+(K\salfi(l - is)db\0)(K\sb7ll(l - l5)da\0)). (16.40) 

To get this result, note that there are four possible ways to assign the 
quarks in the four-fermion operator to the quarks in the mesons: two for 
the 5 quark (left and right), two for the d quark. When the assignments 
mix quarks from both Dirac inner products in the four-fermion operator, 
we used the Fierz rearrangement to re-write them before saturating with 
the vacuum. 

Now we use 

<0|567M(1 - 75)41*0 = -itKcfe-iqx (16.41) 

and 

<0|5b7M(l - 75)41*0 = -ifuq^e-^Sab/Z (16.42) 

(the kaons are color singlets, carrying momentum q), to get a weighting 
factor for the matrix element 

M l x l + ( l / 3 ) x ( l / 3 ) £ & 
a.b 

{fKmK? = 8/3(fKmK)2. (16.43) 

Thus in the vacuum saturation approximation, BK — 1- This analysis 
is oversimplified, of course. The matrix element M carries an anomalous 
dimension, whereas the vacuum saturation expression has no \i dependence, 
since it is written in terms of (partially) conserved currents. The true BK 
is not unity, but it is a dimensionless number of order unity. 

In a real lattice calculation, one might want to measure 

(K\(sd)LL(sd)LL\K) 
BK = 8 / 3 ( W ) » ( 1 6 ' 4 4 ) 

as a ratio of correlators, because fluctuations between the numerator and 
denominator may be highly correlated, and the ratio would tend to suppress 
them. The denominator would be a product of two-point functions, each 
of which has an axial vector current at the sink. 

The Feynman graph for M is given in Fig. 16.4(a). Imagine that the 
two mesons are produced using interpolating fields at lattice time slices 
t = t\ and t = £2, and the four-point operator is evaluated at t = £4, where 
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OO"® 
(a) 

(b) 

Fig. 16.4 "Eight" (a) and "eye" (b) graphs for four-fermion operators. 

^ 2 ^ * 4 ^ " t\ is required to make sure that the matrix element is evaluated 
between the lowest mass mesons. 

There are obviously many ways to organize the calculation. One way to 
proceed is to use the space-time point of the four-fermion operator as the 
source for all the propagators. Then one would join the propagators to make 
mesons and average the meson propagators over spatial sites to project on 
p = 0 (or any other momentum eigenstate). This choice is nearly always 
used when one is computing BB- It is the cheapest choice (it requires only 
one set of propagators per lattice), but it is probably not the cleanest. The 
operator is measured at one point per configuration. 

Another choice is to use two sources per lattice, one for each meson, 
and to join the propagators at the operator. This procedure averages the 
operator over many lattice locations per configuration, giving better statis­
tics. However, the initial and final states are not momentum eigenstates, 
and the zero-momentum signal (behaving like exp[—m(t2 — *i)]) has a con­
tamination from nonzero momentum states, going like exp[—E(p)(t2 — t\)]. 
On the lattice p is quantized in multiples of 2TT/L, SO this might not be a 
problem for small hadron mass, since E{p)~5> m for all p. Difficulties arise 
when the mass of the meson becomes large, as E{p) ~ m + p2/(2m) + . . . , 
E(p) —m becomes small, and the contamination term does not fall off very 
fast with t. So this would not be a good choice for BB- It works well for 
BK, though. 

The B parameters are one class of lattice graphs for measuring matrix 
elements of four-fermion operators. In the lattice literature they are called 
"figure-eight graphs." Other weak processes can involve graphs in which 
two of the fermion lines at the vertex are tied together. These are called 
"eye graphs." An example is shown in Fig.l6.4(b). They can be computed 
using the sequential source trick. 

In Sec. 16.2.4 we alluded to problems associated with operator mixing. 
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Let us return to that discussion for the specific case of BK- For lattice 
discretizations that preserve chiral symmetry, operator mixing is as in the 
continuum, plus additional mixing with higher dimensional operators. This 
mixing gives rise to scale violations. 

With Wilson fermions the operator OLL = {sd)LL{sd)LL mixes with a 
sum of operators of the form (sTd)(sTd) where T is a Dirac matrix. These 
operators have a different chiral structure from OLL- For Wilson or clover 
fermions, the perturbative mixing coefficient goes as Z' ~ r2g2 where r 
is the coefficient of the Wilson term. This result is understandable, since 
mixing is due to explicit chiral symmetry breaking - the mixing does not 
occur for naive fermions (r — 0). (A good description of the perturbative 
calculation can be found in Bernard et al. (1987).) Our vacuum saturation 
argument tells us that the matrix element M scales quadratically with the 
pseudoscalar mass M ~ m2

PS in the chiral limit. This does not happen 
for the opposite chirality operators. For example, a 75 — 75 term would 
have a matrix element that would go to a nonzero constant in the chiral 
limit (since (0|V>7si/'|-P<S') ~ {m2ps/rnq)fps- Thus the desired part of the 
lattice operator for OLL becomes a vanishingly small part of the lattice 
measurement in the chiral limit. It is possible to compute the coefficient 
of operator mixing nonperturbatively [for one example, see Conti et al. 
(1998)], and subtract it, but our impression (not having tried to do it 
ourselves) is that this is not an easy procedure. 

As for staggered fermions, because of the residual E/(l) chiral symmetry, 
they do not suffer from a chiral symmetry-violating mixing. To construct 
operators with the correct flavor and spin involves combining contributions 
from one-component fields distributed over the sites of the hypercube. They 
must be made gauge-invariant by including products of link fields, or the 
operators must be measured after gauge-fixing. The construction of the 
operators is a bit technical, so we refer the reader to the original literature. 
A good beginning are the papers (Kilcup and Sharpe, 1987; Sharpe et al., 
1987). 

At the time we are writing, BK measurements with chiral lattice 
fermions (staggered, overlap, domain wall) have smaller error bars than 
ones done with Wilson-type fermions. We believe that this is a direct con­
sequence of their better chiral properties. 
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16.4.6 Other purely hadronic weak interactions 

Other than the B parameters, the only purely hadronic weak processes 
with an extensive literature are matrix elements for the decay K —> mr 
that probe either the A7 = 1/2 rule or measure e'/e, the ratio of direct to 
indirect CP violation in K decays. Rather than working directly with the 
two-pion state, practitioners typically first use chiral perturbation theory 
to convert the decay amplitude K —» nn to off-shell matrix elements of the 
axial vector current, K —> n and K —> vacuum. To make matters worse, 
the expression for e'/e happens to be dominated by the difference of two of 
the two operators with the largest matrix elements, the QCD penguin 

Qe = (sd)L [(uu)fl + (dd)R + (SS)R\ , (16.45) 

and the electroweak penguin 

Q& = \{sd)L [{2uu)R - (dd)R - (ss)R] . (16.46) 

There is a lot of cancellation in the actual numerical simulation data. Your 
authors have no experience with these calculations and suggest that you go 
directly to the journal literature if you want to learn about them. 

16.5 Evading a no-go theorem 

So far we have considered initial and final states with zero or one particle 
in them. What about processes like K —> nn? It turns out that a direct 
attack on this problems from the lattice is impossible. This impossibility 
is called the "Maiani-Testa no-go theorem" (Maiani and Testa, 1990). 

There are two parts to the theorem. First, in any calculation performed 
in Euclidean space-time, there are no asymptotic noninteracting states, so 
no distinction between "in" and "out" states and no energy conservation. 
All one can measure are real numbers, which are averages of the two cases, 

(im\Hw\K)E = ±{{nn\Hw\K) + (K\Hw\nn)}. (16.47) 

Any phases in the amplitudes (due to final-state interactions, for example) 
are lost. Second, matrix elements are extracted on the lattice from the long­
time behavior of correlation functions. Maiani and Testa showed that in 
this limit the correlations functions are dominated by off shell amplitudes in 
which all the final state particles are at rest, like {TT(P = 0)ir(p = 0)\H\y\K)-
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At the time we are writing there are solutions to this problem that 
are theoretically sound; however, no large scale tests have been done to 
show whether or not they are feasible. The reader who has just read the 
chapter on finite volume effects can guess the answer. In a finite lattice 
there is no continuum of free particle states. Instead, there is a set of 
discrete modes, "particles in the box." When we introduce a special state 
and tune its energy toward one of these levels, there is an avoided level 
crossing, and the repulsion of the levels gives information about a finite-
volume matrix element. Lellouch and Liischer (2001) showed how to relate 
this matrix element to the infinite-volume matrix element characterizing 
the physical decay. The constant of proportionality involves the function 
that parameterizes the avoided level crossing. 





Chapter 17 

QCD at high temperature and density 

At high temperatures and densities strongly interacting matter becomes 
a quark gluon plasma. Lattice simulations are well suited for the study 
of high temperature equilibrium properties of the plasma. High density 
has proven far more difficult. The study of nonequilibrium processes and 
transport phenomena is an even more challenging problem. 

17.1 Simulating high temperature 

As we have noted in Ch. 3, thermal equilibrium properties are determined 
from the thermal expectation values of operators 

Tr (Qe-g / r ) 

As we saw, the corresponding fields in the Feynman path integral are de­
fined over a Euclidean space-time with time extent Nta = 1/T. Simulations 
are typically carried out at a fixed number of lattice sites in the time di­
rection Nt. The temperature is adjusted by varying the gauge coupling 
g2. Decreasing g2 decreases the lattice spacing and increases the temper­
ature. Of course, at any given temperature, approaching the continuum 
limit requires increasing A^. 

The link variables obey periodic boundary conditions in time. The 
fermions are antiperiodic, as described in Ch. 3. 

317 
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17.2 Introducing a chemical potential 

To simulate at nonzero baryon number density one introduces a chemical 
potential coupled to the conserved baryonic charge B. In the continuum 
the expression is 

= Tr ( Q e - ^ - ^ / T ) 

For naive fermions the coupling of the chemical potential to the conserved 
charge density on the lattice takes the form 

^ [ ^ e ^ / 3 7 o ^ ^ + t " ^ - " ^ t C w M (17-3) 

which reduces in the continuum limit to 

i>xlo{dt - iAxfi + n/3)ipx. (17.4) 

For other actions one simply replaces each forward gauge link by eMa/3£/o,x 

and each backward link by e"'"1 '3C/0j . Thus the baryon chemical potential 
appears as an imaginary vector potential. Unfortunately, as a consequence, 
the corresponding fermion determinant is no longer real and the determi­
nant can no longer be used directly as a probability weight. (An imaginary 
chemical potential, however, produces a positive weight.) This problem is 
equivalent to the the notorious sign problem in condensed matter physics 
that arises in the Monte Carlo simulation of strongly correlated electron 
systems doped away from a half-filled electron band. The solution of one 
problem is the solution of the other. 

17.3 High quark mass limit and chiral limit 

The phase diagram as a function of quark mass, temperature, and density 
is particularly interesting. As a function of the quark masses the phase 
transition from ordinary matter to the quark-gluon plasma has two impor­
tant limits. When all quark masses are infinite we have, in effect, a pure 
Yang-Mills theory, which for the SU(3) gauge group has a first order high 
temperature phase transition from a confined to a deconfined phase. The 
order parameter is the asymptotic value of the Polyakov loop correlator 
introduced in Sec. 5.4.3. That is, for 

exp[-0F(R)] = (P(x)P*(x + R)), (17.5) 
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with ft = 1/T, the order parameter 2FQ = lim^^tx, F(R), can be interpreted 
as (twice) the free energy of a point charge. In the confined phase that free 
energy is infinite. In the deconfined phase it is finite. It is common in 
simulations to replace this definition of the order parameter by the simpler 
expedient (|P(a;)|). 

As we noted in Sec. 5.4.3 the Euclidean action of the pure SU(3) Yang-
Mills theory is unchanged if we multiply all time-like links on a single time 
slice by z € Z(3), the center of the gauge group. Under this transformation 
the Polyakov loop becomes zP{x). It is useful to study the analogy with 
a three-dimensional Z(3) Potts model [a generalization of the Ising model 
with Z(3) spins]. The Polyakov loop plays the role of the spin variable and 
the physical interpretation of temperature is inverted. That is, high tem­
perature QCD corresponds to low temperature Potts. The spin system is 
ferromagnetically coupled, so the QCD deconfined phase corresponds to a 
ferromagnetic phase. The mapping of QCD onto a such three-dimensional, 
three-state Potts model is a reasonable approximation in the high temper­
ature, strong coupling, large quark mass limit (Yaffe and Svetitsky, 1982; 
DeGrand and DeTar, 1983). The Potts Hamiltonian is 

J^2Re(zrZ*+j) + h^2^eZr + ifl> 5Z l r a Z r (17-6) 
r,j r r 

for sites r and directions j on a three-dimensional lattice. The spin variables 
zr are in Z(3) and correspond to the Polyakov loop, reduced to the center 
of 5(7(3). The real coupling h drops to zero with increasing quark mass. 
The imaginary coupling h' vanishes with vanishing chemical potential /U and 
increasing quark mass. The order parameter is now (z) oc exp(—F0/T). As 
long as the quark mass is not infinite, the phase of the order parameter is 
strictly real. 

We see that at nonzero chemical potential in this spin basis h' > 0, the 
Hamiltonian is imaginary so exp(—H/T) cannot be used as a probability 
weight for a Monte Carlo simulation. The Boltzmann factor has a phase 
with fluctuations that grow with the lattice volume. This problem carries 
over to full QCD, making it extremely difficult to carry out simulations at 
nonzero baryon number density. 

As the quark mass is decreased or, equivalently, the magnetic field h is 
increased, the first order phase transition is weakened, and we eventually 
reach a critical point beyond which there is only a crossover. 

In the opposite, chiral limit of vanishing quark masses the high temper­
ature phase transition restores the spontaneously broken chiral symmetry. 
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In this case the order parameter is the chiral condensate {^IJJ). The order 
of the phase transition depends on the number of quark flavors and whether 
the UA{1) symmetry is involved. If it is not, for two flavors the transition 
is second order. For three or more it is first order (Pisarski and Wilczek, 
1984). 

17.4 Locating and characterizing the phase transition 

In the intermediate regime of physical quark masses that are neither zero 
nor infinite it is necessary to carry out a numerical simulation to determine 
whether there is a phase transition at all, to locate its temperature and de­
termine its order. In addition to looking for an inflection point in Polyakov 
loop parameter and chiral condensate as a function of temperature, it is 
often easier to look for peaks in corresponding susceptibilities 

XP = (P2) - <P>2 (17.7) 

or 

Xm = < ( ^ ) 2 > - {<H>? • (17-8) 

A finite size scaling analysis studies the peak height as a function of in­
creasing lattice volume V. If the peak height is asymptotically constant, 
there is no phase transition. If it rises linearly with the volume, the phase 
transition is first order. If it rises less rapidly, it is a critical point. The 
Binder cumulant JB4 is often used to help determine the universality class 
of a critical point (Binder, 1981): 

ft(0)-«. <"*) 

where Sipip = ^ij) — (4>ip)-

17.5 Simulating in a nearby ensemble 

Particularly in the study of high temperature and density QCD, it has 
proven useful to find ways to simulate in one ensemble and infer results 
for a different ensemble. This trick is accomplished through "reweighting". 
For a simple illustration, suppose we wanted to get the expectation value 
of an observable O at an inverse gauge coupling (3 + 6(3 when we have 
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generated an ensemble for inverse gauge coupling /3. Suppose, further that 
the effective action depends on /3 only as Sefi(U) = (3H{U), as it does, for 
example, in an unimproved Yang-Mills theory. We would take a weighted 
average of the observable as follows: 

(e-6f3H(U)} y (17.10) 

where () \p means averaging with respect to the ensemble at (3. More gener­
ally we simply weight the operator by a factor that corrects for the change 
in the exponential of the effective action when the parameter is changed. 
As we see, it is easiest to do this when the action has a simple dependence 
on the parameter. 

This method works if the "overlap" between the simulated ensemble P 
and the unsimulated shifted ensemble (3 + 60 is significant. If we actually 
simulated both ensembles, this difference could be measured by looking at 
the probability distribution of the values of H(U) on each ensemble. For 
either ensemble the distribution is typically peaked with a rapid fall off on 
either side. As we shift /3 the peak typically shifts. If the two distributions 
have a strong overlap, the method succeeds. When they do not overlap 
significantly, the variance of the weighted averages is large and the signal 
to noise ratio is poor. Since the width of the distribution narrows with 
increasing volume, the accessible parameter range shrinks. 

A generalization of the reweighting method to several ensembles was 
developed by Ferrenberg and Swendsen (1988). A typical application selects 
a series of parameter values fa and generates one ensemble for each. One 
then interpolates the expectation values of the operators of interest in /3 
by reweighting. When two ensembles are involved, the reweighting method 
must establish the free energy difference between them. This is possible if 
the two simulated ensembles overlap in the sense described above. As the 
volume is increased the density of fa values must increase. Eventually, it is 
probably more cost effective to resort to a parametric interpolation of the 
unreweighted results. 
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17.6 Dimensional reduction and nonperturbative behavior 

In the high temperature limit the time dimension of the lattice shrinks and 
we have an effective three-dimensional theory. The gluon field satisfies a 
periodic boundary condition. The squared four momentum for a free gluon 
becomes 

p2 = (2TmT)2 + \p\2 (17.11) 

where n is the Matsubara quantum number for the periodic time dimension. 
For n > 0 and high T, the gluon modes are very massive, so we ignore all but 
the n = 0 mode. By contrast the quark fields must satisfy an antiperiodic 
boundary condition, so their squared momentum is 

p2 = [(2n+l)7rT]2 + |p12. (17.12) 

They are massive for any n. The time component of the color vector po­
tential becomes an effective colored scalar field - a "Higgs" field. The 
remaining spatial components of the vector potential are interpreted as 
a three-dimensional Euclidean Yang-Mills field. Thus QCD reduces to a 
three-dimensional Yang-Mills theory coupled to a Higgs field and a massive 
quark field. The gauge coupling carries a dimension. In terms of the usual 
four-dimensional coupling, it is g2T. This is high temperature dimensional 
reduction (Ginsparg, 1980; Appelquist and Pisarski, 1981). 

If we select one of the large spatial dimensions and call it our new Eu­
clidean time dimension, we may discuss the spectrum of the dimensionally 
reduced theory. It is confining with an area law for Wilson loops that are 
spatially oriented in the original four-dimensional world. The quark exci­
tations are charmonium-like with meson masses of order 2nT and baryon 
masses, 3nT. These masses translate to "screening masses" in the original 
four-dimensional world. That is, the asymptotic behavior of correlators of 
operators with space-like separation z, 

C{z) = {O(z)O(0)), (17.13) 

is controlled by the masses of these states. Asymptotic freedom would 
suggest that as the temperature is increased, the momentum scale of inter­
actions increases, the coupling decreases, and the quark-plasma becomes a 
free gas. This is true for quanta in the ensemble with momenta of the order 
T. But from dimensional reduction we see that no matter how high the 
temperature there is always a residual nonperturbative component coming 



QCD thermodynamics 323 

from quanta with momenta of order g2T. For example, in a perturbative 
expansion of a thermodynamic quantity such as the pressure, these nonper-
turbative effects start at 0(g6) [for a recent reference, see (Kajantie et al., 
2003)]. 

This same analysis has been applied to electroweak theory by Kajantie 
et al. (1996). 

17.7 Miscellaneous observables 

Here we mention a few important observables. 

17.7.1 Quark number susceptibilities 

Quark number susceptibilities are of phenomenological interest, since they 
quantify fluctuations in flavor and baryon number in the plasma, quantities 
that may be indirectly related to fluctuations in flavor and baryon produc­
tion in a heavy-ion collision. The quark number susceptibility is defined in 
terms of conserved quark numbers Qa as follows 

XaAT) = ((Qa - (Qa))(Qf> - (Qa))) • (17.14) 

One can either choose the flavor basis a = u,d,s or the somewhat more 
physical isospin, hypercharge, baryon number basis a = I,Y,B. Since 
the charges are bilinears in the quark fields, the expectation values involve 
meson-like correlators with quark-line connected and often quark-line dis­
connected pieces. Typically, one uses a stochastic or random source method 
to evaluate the latter [see Ch. 11, Eq. (11.15)]. 

17.7.2 Quarkonium potential 

The free energy of a pair of static quarks as a function of separation R 
Eq. (17.5) is used in modeling the production of the J/tp particle in heavy 
ion collisions. Thermal effects increase screening of the color charges and 
weaken the binding of the state (Matsui and Satz, 1986). 

17.7.3 Equation of state 

The equation of state, i.e., energy density or pressure vs temperature, is 
especially important for hydrodynamical models of plasma evolution. The 
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standard determination starts from the thermodynamic identities 

d{lt 

p_ _ dlnZ 
T ~ dV 

I = s-3p 

for energy density e, pressure p, "interaction measure" I, lattice spatial 
volume V, temperature T, and lattice spacing a. The quantities of phe-
nomenological importance are the differences Ae, Ap, and A7 between the 
energy density, pressure, and interaction measure of the plasma and the 
corresponding values for the vacuum. So all quantities in Eq. (17.15) must 
be computed on two ensembles that differ only in the time extent aNt, one 
of them at large aNt to simulate the vacuum (zero temperature) ensemble 
and the other at the desired high temperature value of aNt. The paired 
ensembles are typically simulated over a range of temperatures T. 

The interaction measure is easiest to measure, since it is derived 
from from an isotropic variation of the lattice spacing. The derivative 
d In Z/d In a reduces to a linear combination of expectation values of the 
various operators that enter into the definition of the action. From the 
large volume approximation p ~ In Z/V we can convert the expression for 
the interaction measure into an integral relation for the pressure 

Ana 

Apa4 = - / dlna'AIa'4. (17.16) 
./lnao 

from which the energy density follows from Ae = A/+3Ap. The integration 
over lattice spacings a is equivalent to an integration over temperature. The 
lower limit of integration In ao corresponds to a low temperature. It must 
be sufficiently low that the pressure difference there is essentially zero. 

The equation of state is an especially difficult quantity to compute be­
cause it involves the difference between high and low temperature observ-
ables. The energy density is strongly dominated by ultraviolet fluctuations 
in both ensembles, so the difference has a large variance. We require high 
statistics to compensate. The difficulty grows rapidly as the lattice spacing 
is decreased. 

Z_ 
T) 

^ InZ 
V 

TdlnZ 
V dlna 

(17.15) 
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17.8 Nonzero density 

The transition from confined matter to a quark-gluon plasma is expected 
to occur at high baryon number density as well. The phase diagram in 
temperature and chemical potential is expected to have a line of phase 
transitions extending from the well-studied high temperature, zero \i point 
to a possible tricritical point at nonzero /x and T (Halasz et al., 1998). At 
low temperature and high baryon density even more exotic phases have 
been suggested, such as a color superconducting phase (Bailin and Love, 
1984) or a color-flavor locked phase (Alford et al., 1999). It has been a long 
standing challenge for lattice QCD to explore this region. 

As we mentioned above, when we introduce a nonzero baryon chemical 
potential, the fermion determinant becomes complex so it cannot be used as 
a probability weight. With the much simpler Potts model one can evade this 
problem by a change of basis in the functional integral. Condella and DeTar 
(2000) showed that if one works in the analog of a Fock basis for quark 
occupation and color flux quanta one can recast the functional integral into 
one with a positive definite probability weight. For strong-coupling lattice 
QCD the monomer-dimer basis of Karsch and Mutter (1989) is similar in 
spirit, but it is impractical at weaker coupling. 

Another series of approaches use reweighting. Early attempts extracted 
the phase of the determinant and generated an ensemble based on its abso­
lute value (Toussaint, 1990), but the method worked only on uninterestingly 
small volumes. The Glasgow method is based on a Maclaurin series expan­
sion of the fermionic determinant in the fugacity variable z = exp(ix/3T), 
the coefficients of which define contributions of fixed baryon number (canon­
ical ensemble). Simulations with this method attempted reweighting based 
on an ensemble at zero chemical potential. This approach did not prove 
particularly successful (Barbour et al., 1998). 

The most successful of the reweighting methods was developed by Fodor 
and Katz (2002) for the purpose of tracking the transition line from zero \i 
into the (zi, T) plane. Like the Glasgow method, it works with an ensemble 
generated at the /u = 0 transition point but it shifts simultaneously in both 
the inverse gauge coupling (3 and /x, all the while striving to stay on the 
transition line. It is claimed that the method owes its success to the fact 
that the ensembles along the transition line have strong overlap. As of 
this writing it remains to be seen whether the method can be carried out 
successfully at larger volumes and smaller lattice spacing. 

A more modest but solid approach explores only small chemical poten-
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tial, i.e., small baryon number densities. This regime is still of relevance in 
the study of heavy ion collisions. It assumes analyticity in the observable 
of interest at small [i. There are two versions of this method. One uses 
the fact that the fermion determinant is real when the chemical potential 
is imaginary. So one simulates at imaginary chemical potential, fits the 
result to a power series in /z and performs an analytic continuation to real 
values of /x (de Forcrand and Philipsen, 2002). Alternatively, by carrying 
out the necessary derivatives by hand, one can develop the Taylor series ex­
pansion of an observable of interest with the explicit coefficients evaluated 
at zero chemical potential (Allton et al., 2003). In either case the ensemble 
is generated with a positive definite Boltzmann weight. 

17.9 Spectral functions and maximum entropy 

Drell-Yan pair production in the quark gluon plasma is governed by the 
thermal correlator of the electromagnetic current 

£)(r,x) = ( J M ( r , f ) j t (0 ,0 ) ) . (17.17) 

Note that the time variable r £ [0,1/T] is Euclidean and periodic. But 
only real Minkowski time t is experimentally meaningful. It would be, 
of course, very interesting to be able to use lattice simulations to predict 
the rates of lepton pair production. Extending a lattice calculation of the 
correlator to the real Minkowski region involves an analytic continuation 
from a finite set of points t = ir to the infinite real t axis. Even without 
the statistical uncertainties in the measurement of the correlator, this is an 
ill-posed problem requiring additional assumptions to make progress. Still 
some interesting methods have been proposed. 

The analytic continuation to real Minkowski time can be parameterized 
through the integral transform 

D(r,k) = J dw 1 _ e _ ^ / T a(cj,k), (17.18) 

for 0 < r < 1/T, where we have done a spatial Fourier transform to k. The 
spectral function a(w,k) has discrete (delta function) contributions from 
bound states and for a continuum of multiparticle states, it is proportional 
to the density of states. The pair production rate at lepton pair invariant 
mass squared k2 = LJ2 — \k\2 is directly proportional to a(uj, k) (Karsch 
et al, 2002). 
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So the problem of analytic continuation becomes a problem of inverting 
Eq. (17.18) from a finite set of LHS data, which is impossible without 
further constraints. In the absence of other information, it is popular to 
use a maximum entropy method (Jarrell and Gubernatis, 1996). Here we 
follow Asakawa et al. (2001). The method seeks a spectral function that 
fits the lattice data through Eq. (17.18) by minimizing the appropriate y2, 
and maximizing the Shannon-Jaynes entropy 

/>oo 

S= / dtj 
Jo 

where m(w) is a default model, typically two-body phase space. The two 
constraints are combined to maximize the combination 

Q = aS - x2 (17.20) 

for fixed a. The result is, then, parameterized by a. One then finishes by 
averaging over a using the likelihood exp(Q) as a probability weight. 

The maximum entropy method is used here as a sort of Occam's razor. 
It tries to make the spectral function look like the default model in the 
absence of any constraint from the lattice data. One might presume that 
any structure that emerges must surely be dictated by the data. However, 
the method has been known to produce artifact oscillations that require a 
careful error analysis to exclude. 

The maximum entropy method is also being employed in an effort to 
determine transport coefficients of the plasma (Nakamura and Sakai, 2005). 

Clearly the more lattice data, the better, meaning that one should want 
to simulate at large Nt and small lattice spacing (at least in Euclidean 
time). 

a(w) — m(u>) — <J(W) log 
m{uj) 

(17.19) 
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