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1. LIE ALGEBRAS AND LIE GROUPS

1.1. Definition and examples. Let A be an associative algebra over a field k. Define the
commutator
[, —]:Ax A— A, [z,y] = 2y — yz.
This map is bilinear and satisfies
(1) [z,2] =0 for all x € A (anti-commutativity).
(2) [z, [y, 2]] + ly, [z, z]] + [2, [z, y]] = 0 for all ,y,z € A (Jacobi identity).
1.1. Verify the Jacobi identity.

Sometimes we have an operation on a vector space as above that is not induced by an associative
structure. This gives rise to the notion of a Lie algebra.

Definition 1.1. A Lie algebra over a field k is a k-vector space L with a bilinear map
[~ —]:LxL—>L

called a Lie bracket, such that

(1) [z,z] =0 for all € L (anti-commutativity).

(2) [z, [y, 2] + [y, [z, x]] + |2, [z,y]] = 0 for all z,y,z € L (Jacobi identity).
Remark 1.2. Anti-commutativity implies [z,y] = —[y, x] as

O0=[z+yz+yl=[r2]+[zy + ]+ [yl = [z.9] + [y, 2].

Conversely, if [z,y] = —[y,z] for all x,y € L, then [x,z] = —[z,z] and therefore 2[z,xz] = 0. This
implies [z, z] = 0 if char k # 2. O

Definition 1.3. Let L be a Lie algebra. A Lie subalgebra of L is a subspace M C L such that
[z,y] € M for all x,y € M. Note that M equipped with an induced bracket operation is itself a
Lie algebra.

Example 1.4. Let A be an associative k-algebra. Then A, equipped with a commutator operation
[l’,y]:x’y—yl’, CE7y€*A7

is a Lie algebra, denoted by L(A) (note that A and L(A) coincide as vector spaces, but have
different binary operations).

In particular, if V' is a vector space, then the set of endomorphisms End(V) is an associative
algebra. The corresponding Lie algebra is called the general linear Lie algebra and is denoted
by gl(V'). The algebra End(k™) is isomorphic to the algebra M, (k) of n x n matrices over k. The
corresponding Lie algebra is called again a general linear Lie algebra and is denoted by gl,, (k) or
gl(n, k).

Example 1.5. Define a subspace
sl (k) =sl(n, k) ={A egl, (k) |tr A=0} C gl, (k).
For any A, B € gl,(k), we have
tr[A, B] = tr(AB — BA) = tr(AB) — tr(BA) =0

and therefore [A, B] € sl, (k). This implies that sl, (k) C gl,, (k) is a Lie subalgebra. It is called
the special linear Lie algebra.
Consider the algebra

slh(k) = {(25) € gly(k) [a+d=0}.
It is a 3-dimensional algebra with a basis
r=(3s), y=08). h=("%)-
The multiplication rules are

[z,y] = h, [h, 2] = 2z, [h,y] = —2y.
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Note that the matrix product of z,y € My (k) is
zy=(86)(18) =(50) ¢ sla(k).
This means that sly(k) C My(k) is not closed under the matrix multiplication, although it is

closed under the commutator. This is an example of a Lie algebra that is not induced by an
associative structure. O

Example 1.6. Define the algebra of upper-triangular matrices

b (k) = {(ai;) € gl,,(k) |ai; =0 for i > j},
the algebra of strictly upper-triangular matrices

ﬂn(]k) = {(aij) S g[n(]k) |(lij =0 fori> ]}7
the algebra of diagonal matrices

tn(k) = {(ay;) € gl (k) [ai; = 0 for i # j}.
All of them are Lie subalgebras of gl,, (k). O
Example 1.7. Let V be a k-vector space of dimension n and o : V' x V' — k be a bilinear form.
Define

o(V,o) ={A e gl(V) |o(Av,w) = —o (v, Aw) Yv,w € V'}.

It is a Lie subalgebra of gl(V'). Indeed, if A, B € o(V, o), then

o([A, Blv,w) = 0(ABv,w) — 0(BAv,w) = —o(Bv, Aw) + o(Av, Bw)
= o(v, BAw) — o(v, ABw) = —o (v, [A, Blw)
and therefore [A, B] € 0(V,0). If V = k" and o is given by the matrix S, then
o(V,o) = {Aecgl,(k)|(Av)'Sw=—v'SAw} = { A € g, (k) |[A'S = —SA}.
Let us consider some examples.

(1) If o is symmetric non-degenerate and k = C (or any algebraically closed field with char k #
2), then one can choose a basis of V' such that o is given by the identity matrix. The
algebra

so(n, k) :=o(V,0) = {A€gl,(k) |A"=—-A}
consists of skew-symmetric matrices and is called the (special) orthogonal Lie algebra.
(2) If o is symmetric non-degenerate and k = R then one can choose a basis of V' such that

o is given by the diagonal matrix S = (15’ f}q) for some p + g = n. The corresponding

algebra o(V, o) is denoted by so(p, q).
(3) Let o be skew-symmetric non-degenerate. One can show that n = 2l is even and there
exists a basis of V such that o is given by the matrix S = (_OIl {)l ) The algebra

sp(20.K) = o(V. ) = { A € gl, (k) | A'S = ~5A}
is called the symplectic Lie algebra.
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1.2. Derivations.

Definition 1.8. The algebras in this definition are not necessarily associative or Lie algebras.

(1) A k-algebra (or an algebra over a field k) is a k-vector space A equipped with a bilinear
map
AxA— A, (a,b) = a-b.
(2) A k-linear map f : A — B between two k-algebras is called a k-algebra homomorphism if
fla-b) = f(a)- f(b) for all a,b € A. It is called a k-algebra isomorphism if f is bijective.
(3) Let A be a k-algebra. A linear map § : A — A is called a derivation if it satisfies the
Leibniz rule
0z -y)=0(z) - y+z-i(y) Va,b € A.
The set of all derivations of A is denoted by Der A.

Remark 1.9. Note that
(1) An algebra homomorphism between Lie algebras is also called a Lie (algebra) homomor-

(2) i? ltslrlrelz. case of unital associative algebras a subalgebra B C A is additionally required to
contain 14.
O
Lemma 1.10. Let A be a k-algebra. For any 0,0’ € Der A, the commutator
(6,0 =808 —§ 04
is again a derivation. In particular, Der A is a Lie subalgebra of gl(A).
Proof. Let 8,0’ € Der A. Tt is left as an exercise to show that, for any x,y € A, we have
[0, (zy) = [0, (x) -y + 2 - [6, '] (y)-
This implies that [9, '] € Der A. One can also show that if 4, " € Der A and ¢ € k then
§+ 6" € Der A, cé € Der A.

This implies that Der A C gl(A) is a subspace closed under the bracket operation. O

Lemma 1.11. Let L be a Lie algebra. Then, for any x € L, the map
adz =ad, : L — L, y = [z, 9]
is a deriwation, called an inner derivation. The map
ad : L — Der L C gl(L), r—adx
is a homomorphism of Lie algebras, called the adjoint representation of L.
Proof. The Leibniz rule for ad, can be written as
ad([y, 2]) = [adu(9), 2] + [oada(2)] V2 € L

or

[, [y, 2]] = [lz, yl, 2] + [y, [=, 2]].
Using anti-commutativity we can rewrite this in the form

[z, 1y, 2]] = —[z, [z, y]] = [y, [2,2]]

which is equivalent to the Jacobi identity. This implies that ad, € Der L.
For any ¢ € Der L, we have

[6,ady](2) = 0(ady(2)) — ady(0(2)) = 6([y, 2]) — [y,6(2)] = [6(y), 2] = ads(y)(2)
and therefore
[5, ady] = ad(;(y) .
In particular, for § = ad,, we obtain
[ad,,ad,] = ad[, y

and this means that ad : L — Der L is a Lie algebra homomorphism. O
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1.3. Vector fields. This section assumes some familiarity with manifolds. Given a smooth (=
C*°) manifold M of dimension d and a point p € M, one can define the tangent space T, M of
M at the point p. This is the set of equivalence classes of (smooth) curves v : (—e,e) = M with
~(0) = p, where

t) —v(t
Y~ & lim M =0.
t—0 t
It is a d-dimensional vector space with a basis
e e
0:1:1 P 31'(1 p
where (z1,...,24) is a local coordinate system around p. A curve 7 with local coordinates
(71,--.,74) corresponds to the vector
. d’}/i 0
Y(0) = :
; dt =0 8561 P
Any tangent vector [y] € T, M induces a derivation
dv; of
D, :C®(M)—R, — "0) =
5 C%(M) fe (For)(0) ;dmﬂ%w

that satisfies

D, (fg) = Dy(f) - 9(p) + f(p) - Dy(9)-
There is a bijection between T, M and derivations. We will identify the objects [7], 4(0) and D..

The union TM = ¢, TpM has a structure of a smooth manifold of dimension 2d. It is called
the tangent bundle of M. There is smooth map 7 : TM — M, sending T, M to p and called
the natural projection. A smooth section

X:M—TM, p— X, € TL,M
of 7 is called a vector field on M. It induces a Lie derivative
Lx :C*(M)— C*(M),  (Lxf)(p)=Xp(f), [feCT(M), peM,

satisfying the Leibniz rule. Therefore Lx € Der C*°(M) and one can show that this induces a
bijection between the set of all vector fields and the Lie algebra of derivations Der C*°(M). In
particular, for any vector fields X, Y the commutator [Lx, Ly] is again a Lie derivative Lx y) for
some vector field [X,Y]. This bracket equips the space of vector fields with a structure of a Lie
algebra. This was historically one of the first examples of a Lie algebra.

Remark 1.12. In local coordinates we can write

d d
X:ZXiai, Y:Z}/;ah
i=1 i=1
where 0; = B%i and X;,Y; € C*(U) for some open neighborhood U of p. Then

[Lx,Lylf = Z (Xi0:(Y;0;(f)) — Y;0;(X:0:(f))) = Z (X:0;(Y;)0; (f) — Y;0;(X;)0:(f))

i,j ,J

d d
=3[ Y (X0,(v) - Y;0,(X0)) | 9i(),

i=1 \j=1

d
XY= | D o(X50;(Yi) - Y;0;(X0) | 0.

i=1 \j=1
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1.4. Lie groups. This section will be rather informal and should serve just as a motivation.

Definition 1.13. A Lie group G is a smooth manifold endowed with a group structure such
that the map

G xG— G, (z,y) — zy

is smooth.
Theorem 1.14. Let G be a Lie group, e € G be the unit and L(G) = T.G be the tangent space.
For any x € L(G) there exists a unique smooth group homomorphism v, : R — G (called a 1-

parameter subgroup) such that 4,(0) = x. This correspondence induces a bijection between L(G)
and 1-parameter subgroups of G.

Example 1.15. Let G = GL,,(R), called the general linear group. Then L(G) = T.G = g[,,(R).
For any A € gl,,(R) the map
th Ak

k!

Y4 : R = GL,(R), t — exp(tA) = Z
k>0

is a group homomorphism and satisfies

d
74(0) = = exp(tA) T A
Note that y4(1) = exp(A) and
4 exp(tA)Bexp(—tA) = i(1 +tA)B(1 —tA) = AB — BA = [A, B].
dt o At =0

Generally, motivated by this example, for any Lie group G, we define the map
exp: L(G) — G, exp(z) = v.(1)
and define

[x,y] = 4 exp(tx)y exp(—tx) Vz,y € L(G).
dt t=0

This bracket equips L(G) with a Lie algebra structure. The map exp : L(G) — G is a diffeomor-
phism in a neighborhood of 0 € L(G).

Given a smooth map f : M — N between manifolds and p € M, there is a linear map
df : TyM — Tj,) N between tangent spaces. In particular, given a smooth group homomorphism
(we call it a Lie group homomorphism) ¢ : G — H, there is a linear map

dg : L(G) = T.G — T.H = L(H).

Theorem 1.16. Given a Lie group homomorphism ¢ : G — H, the map dyp : L(G) — L(H) is a
Lie algebra homomorphism and the diagram

L(G) —% L(H)

exp lexp
G—2 H

commutes.

Theorem 1.17. Let G be a Lie group. There is a bijection between connected Lie subgroups
H C G and Lie subalgebras L C L(G). It is given by sending H to its Lie algebra

L={z € L(G) |exp(tx) € H Vt € R}.
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Example 1.18. Consider the group
SL,(R) ={A € GL,(R) |det A =1},
called the special linear group. Its Lie algebra consists of matrices A € gl (R) such that
exp(tA) € SL,(R), vVt e R.
If A has eigenvalues ();), then et4 has eigenvalues (e**') and

detetA — Het)\j — etzAi — ettrA-
%

Therefore if et4 € SL,(R), then e!*"4 = dete!4 = 1 and tr A = 0. We conclude that the Lie
algebra of SL, (R) is
sl,(R)={Aegl,(R)|trA=0},

the special linear Lie algebra defined in Example 1.5. O
Example 1.19. Let V' be an R-vector space of dimension n and ¢ be a bilinear form on V. Define
a Lie group

O(V,0) ={A e GL(V) |o(Av, Aw) = o(v,w) Yv,w € V} C GL(V).
If o is given by the matrix S then
(1) Oo(V,o) = {Aeg[n(R) |AtSA:S}.
The corresponding Lie algebra L C gl(V') consists of A € gl(V') such that exp(tA) € O(V, o), that

is,

tA A

o(e" v, ew) = o(v,w) vVt e R.

Taking the derivative at t = 0 we obtain
d
ﬁa((l +tA)v, (1 4+ tA)w)|i—o = o(Av,w) + o(v, Aw) = 0.

Therefore the Lie algebra of O(V, o) is
L={Aegl(V) |o(Av,w) = —c(v, Aw) Yv,w € V} = 0o(V, 0)
defined in Example 1.7. In matrix form
(2) L=o(V,o0)={A€gl,(R)|A'S+SA=0}.
Let us consider some examples.
(1) If o is given by the identity matrix, we obtain the orthogonal group
O(n) ={Ae€GL,(R) |[A"A=1}
with the Lie algebra
so(n)={Aecgl,(R)|A"+A=0}
defined in Example 1.7. The group O(n) has a connected component
SO(n) ={A € O0(n) |det A=1}.
with the same Lie algebra so(n).
(2) If o is given by the matrix S = (16” _OIq) with n = p + ¢, the corresponding Lie group (1)
is denoted by O(p, ¢). Its Lie algebra is so(p, ¢) defined in Example 1.7.
(3) If o is given by the skew-symmetric matrix S = (7011 {)l) with n = 2, we obtain the
symplectic group

Sp(n,R) = {A € GL,(R) | A'SA = S}
with the Lie algebra
sp(n,R) = {A cgl,(R)|A'S + SA = 0} .
defined in Example 1.7.
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Example 1.20. The (real) Lie group
U(n) = {A€GL,(C) |AA* =1}, A" =4,
is called the unitary group. Its Lie algebra
u(n)={A€gl,(C)|A+ A* =0}

is a Lie algebra over R (but not over C), called the unitary Lie algebra. For example, if n = 1,
then

U(l)={z€C"||z| =1}, ul)={zeC|z+z=0}=iR~R.
The exponential map exp : u(1) — U(1) is given by

R — U(1), © e,

Example 1.21. The (real) Lie group
SU(n) ={A e GL,(C) | AA* =1,det A=1}
is called the special unitary group. Its Lie algebra
su(n) ={Aegl,(C) |A+ A*=0,tr A =0}
is a Lie algebra over R (but not over C), called the special unitary Lie algebra. O

Remark 1.22. Let G be a Lie group and L = L(G) be its Lie algebra. For any g € G, the
internal automorphism

Int, : G = G, h— ghg™!
induces a Lie algebra automorphism

Adg=Ady;: L — L.
For example, for G = GL,(R), we have Ad,(A4) = gAg~" for all g € GL,(R) and A € gl (R).
The group homomorphism
Ad: G — GL(L), g— Adg

is called the adjoint representation of G. Its differential dAd : L — gI(L) coincides with the
adjoint representation ad : L — gl(L) of L introduced in Lemma 1.11. Using Theorem 1.16, we
obtain a commutative diagram

O

Not every Lie algebra homomorphism L(G) — L(H) can be lifted to a Lie group homomorphism
G — H. However, the following is true

Theorem 1.23. Let G be a connected and simply connected Lie group. Then the map ¢ — dy
between Lie group homomorphisms G — H and Lie algebra homomorphisms L(G) — L(H) is a
bijection.

Theorem 1.24. There is a bijection between isomorphism classes of connected simply connected
Lie groups and (finite-dimensional) Lie algebras.
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2. NILPOTENT AND SOLVABLE ALGEBRAS

In this section we will assume that chark = 0 and that all our Lie algebras and vector spaces
are finite-dimensional.

2.1. Ideals. Given a Lie algebra L and subspaces A, B C L, define [4, B] C L to be a subspace
consisting of all linear combinations of commutators [z,y] for x € A, y € B.

Definition 2.1. Let L be a Lie algebra.
(1) A subspace I C L is called an ideal of L if for any € L and y € I, we have [x,y] € I.
Equivalently, [L,I] C I.
(2) The center of Lis Z(L) ={xz € L |[z,y)=0Vye€ L} ={xz € L |[z,L] =0}.
(3) The derived algebra of L is [L, L].
(4) L is called abelian (or commutative) if [x,y] = 0 for all z,y € L. Equivalently [L, L] = 0.

Remark 2.2. Note that
(1) Every ideal I C L is also a Lie subalgebra.
(2) [L,I] C I implies also [I,L] C I.
(3) The center Z(L) is an ideal of L.
(4) The derived algebra [L, L] is an ideal of L.

O

Example 2.3. If f: L — L’ is a Lie algebra homomorphism, then ker f is an ideal of f. Indeed,
given z € L and y € ker f, we have

f(lz,y)) = [f (@), f(y)] = [f(2),0] = 0
and therefore [x,y] € ker f. %
Example 2.4. If L is abelian then any subspace I C L is an ideal of L. O

Example 2.5. Consider the algebra L = sly(k). We know that it has a basis z,y, h with multi-
plication

[h, 2] = 2z, [h,y] = 2y, [z,y] = h.
This implies that L/ = [L,L] = L. Let us show that the only ideals of L are zero and L. Let
I C L be a non-zero ideal and ax + by + ch € I be a non-zero element. If a # 0, we apply ady
twice and obtain aly, [y, z]] = 2ay € I. If a = 0 and b # 0, we apply ad h and obtain —2by € I. If
a=>b=0and ¢ # 0, we apply ady and obtain 2y € I. Finally, y € I generates the whole L (as

an ideal). O
Example 2.6. Let L = gl,, (k). Every element of the form AI, (for A € k) is central as [Al,,,z] =
AMIn,z] = 0. One can show that Z(L) = kI,. O

Given an ideal I C L, the quotient space L/I can be equipped with a Lie algebra structure.
The Lie bracket on L/I is defined by

[+ Ly+1I=[z,y]+1, xz,y € L.
This Lie algebra is called a quotient algebra. The map
w:L— L/, z—=x+1
is a Lie algebra homomorphism.

Remark 2.7. The above multiplication is well-defined. If z + I =2’ + 1T and y + I = ' + I then
a=2 —xel, b=y —yeland
[y 1+ T =[z+ay+ b +1 =[xyl + (0] +[a,y] + [a,0]) + T = [w,y] + L.
O

Example 2.8. Let L = b,(k) = {(‘5 g) |a, b,d e ]k} be the Lie algebra of upper-triangular
matrices and I = {(§§) |b € k}. Then I is an ideal of L and L/I is isomorphic to the abelian
algebra k2 (of diagonal matrices). O
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2.2. Representations.

Definition 2.9. Let L be a Lie algebra.

(1) An L-representation (or representation of L) is a Lie algebra homomorphism p : L —
gl(V), where V is a vector space called the space of the representation.
(2) An L-module (or module over L) is a vector space V with a bilinear map

LxV =V, (z,v) — zv

such that
[, y]lv = zyv — yav, Ve,y € L,ve V.

Remark 2.10. There is a 1 — 1 correspondence between L-representations and L-modules. Given
a representation p : L — gl(V'), we equip V' with an L-module structure by
(z,v) = zv = p(z)v, xeLveV.

This map satisfies the axiom of an L-module

[z,ylv = p([z,y])v = [p(z), p(Y)]v = (p(x)p(y) — p(y)p(x))v = zyv — yav.
We will usually identify L-representations and L-modules and we will use notation p(z)v and zv
interchangeably. We will say that L acts on V. O

Example 2.11.
(1) Any vector space V (in particular k) can be equipped with a trivial action of L by
setting zv =0 forallz € L and v € V.
(2) If V is a vector space then gl(V) acts on V' in an obvious way. This representation is called
the standard representation of gl(V).
(3) We have seen that the map

ad : L — gl(L), x+—adx
is a Lie algebra homomorphism. We call it the adjoint representation of L. Note that
ker(ad) ={x € L |ladz =0} ={z € L |[z,L] =0} = Z(L)
is the center of L.

¢

Example 2.12. Given k-vector spaces V, W, we define their tensor product Vo W =V Qi W
as follows. It is a vector space generated by elements of the form v ® w for v € V, w € W subject
to the relations

1) w+v)Quw=vw+v Qwforv,v’ € Vand we W.

2) v@w+w)=vw+veuw forveV and w,w € W.

(3) avew)=(aw)@w=vQ (aw) for a €k, v € V and w € W.
If V has a basis (eq,...,e,) and W has a basis (f1,..., fn) then V @ W has a basis

(e;®f;[1<i<m,1<j<n).
If V, W are L-representations, then V ® W can be equipped with an L-representation structure
by the rule
(v @w) = (zv) @ w+ v ® (2w), reL,veV,weW.

Definition 2.13. Let L be a Lie algebra.

(1) A linear map f : V — W between L-representations is called a homomorphism of
representations if
flzv) = z(f(v)) Vee L, velV.
It is called an isomorphism of representations if it is an isomorphism of vector spaces.
(2) Given an L-representation V', a subspace W C V is called a subrepresentation of V' if
zveWforallz e Lyve W.
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(3) Given an L-representation V', an element v € V is called L-invariant if zv = 0 for all
x € L. The vector space of all L-invariant elements in V is denoted by V%,

Remark 2.14. To motivate the last definition, consider a matrix A € gl,(R) and a vector v € R"
that is invariant under the action of exp(tA) for all ¢ € R. Then exp(tA)v = v and taking the
derivative at ¢t = 0, we obtain

%exp(tA)vh:O = Aexp(tA)v|t=o = Av =0.

Therefore on the Lie algebra level we require Av = 0. O

Example 2.15. If V is an L-representation and W C V is a subrepresentation, then the quotient
space V/W can be equipped with a structure of an L-representation

z(v+W)=av+W, zeL,veV.
O

Example 2.16. If V, W are L-representations, then the vector space Hom(V, W) = Homy (V, W)
of all linear maps V' — W can be equipped with an L-representation structure by the rule
(zf)(v) = x(f(v)) = flav), z€L, feHom(V,W), veV.

One can verify that this action indeed satisfies the axiom of an L-representation. On the other
hand the axiom would not be satisfied without the minus sign above.

In particular, the dual space V* = Hom(V, k) (where k is considered as a trivial representation)
is equipped with an L-representation structure

(xf)(v) = = f(zv), zxeLl, feViveVW
Note that an element f € Hom(V, W) is L-invariant (that is, 2 f = 0 for all z € L) if and only
if
fzv) = z(f(v)) Ve e L, veV.
This means that f is a homomorphism of representations. O
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2.3. Nilpotent Lie algebras.
Definition 2.17. Let L be a finite-dimensional Lie algebra.

(1) Define the central series of ideals in L by
L' =1L, L"=[L, LY, n>1.
(2) L is called nilpotent if L™ = 0 for some n > 1.

Remark 2.18. For n > 1, the following conditions are equivalent

(1) L™ =0.
(2) [z1, 22y [Ty Zny1]]] =0 Vap,...,Tp41 € L.
(3) ady, o---oad,, =0 Vzy1,...,2, € L.
In particular, if L is nilpotent then ad, is nilpotent for all z € L. O

Example 2.19.

(1) Any abelian Lie algebra is nilpotent.
(2) Let
L = {(ai;) € g1, (k) |as; = 0 for i > j} C gl (k)
be the Lie algebra of strictly upper-triangular matrices. Let us show that L is nilpotent.
L° = L is spanned by matrices E,; with j —¢ > 1 (where E;; has 1 on the intersection of
i-th row and j-th column and zero otherwise). L' = [L, L] is generated by

[Eij, Ewi] = 0k Ea,
where ¢ < j, k < [ and we assumed that j < [. Note that [ —¢ > 2. Continuing this process
we obtain that L* is spanned by E;j with j —i > k + 1. This implies that L™~ = 0 and
L is nilpotent.
%

Theorem 2.20 (Engel). Let L be a Lie algebra and (V,p) be a non-zero finite-dimensional rep-
resentation of L such that p(xz) € End(V') is nilpotent for all x € L. Then

(1) There exists 0 # v € V such that p(x)v =0 for each x € L (an L-invariant element).

(2) Then there exists a basis of V such that all p(x) are strictly upper-triangular with respect
to this basis.

(3) There exists a filtration by subrepresentations

o=V,cWVic...cV,=V
such that LVy, C Vi—1 (equivalently, L acts trivially on Vi, /Vi_1) for 1 <k <n.

Proof. We postpone the proof of (1) and show first that it implies (2) and (3).

1 = 2. We choose v1 = v from (1). Then Lv; = 0 and therefore kv, C V' is a subrepresentation.
Applying induction by dimension of V to the representation V' = V/kv;, we obtain a basis
vh, ..., v of V' such that py/(x) are strictly upper-triangular with respect to this basis. We can
lift these basis vectors to vectors vs,...,v, in V. Then vy, vs,...,v, form a basis of V' such that
all p(x) are strictly-upper triangular with respect to this basis.

2 = 3. We define V, = (v1,...,v) for 1 < k < n. As the matrix of p(x) is strictly upper-
triangular, it maps vg to a linear combination of vy,...,v,_1. This implies that zvg € Vip_1 and
generally 2V, C Vi_1. O

Remark 2.21. Given a nilpotent operator A € EndV, one can find a basis of V' making A
a strictly upper-triangular matrix (consider the Jordan normal form of A). However, it is not
true that given nilpotent operators A, B € EndV, one can find a basis of V making A and B
simultaneously strictly upper-triangular. We can not apply the previous theorem as it may happen
that the Lie algebra generated by A, B contains non-nilpotent elements. For example consider the
standard representation V = k? of sly(k). The elements x,y € sly(k) induce nilpotent operators
on V. But one can not make them simultaneously strictly upper-triangular. O
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Theorem 2.22 (Engel). A Lie algebra L is nilpotent if and only if adx € gl(L) is nilpotent for
all x € L.

Proof. If L™ = 0 then (adx)” =0 for all z € L.
Conversely, assume that ad z is nilpotent for every x € L. Applying the above result to the
adjoint representation ad : L — gl(L), we can find a filtration by subspaces

o=Vy,cWVyc...cV,=1L

such that (ad x)Vy, C V1 forallx € Land k > 1. Then [L, Vi] C Vj_; and therefore [L, [L, . ..]]
0 (n products).

o

Proof of Theorem 2.20 (1). We will prove the theorem by induction on dim L. Taking p(L) C
End(V) instead of L, we can assume that L C End(V).

We will need later the fact that if L C End(V) consists of nilpotent operators then L acts
nilpotently on itself (via the adjoint representation). To see this, note that

ady(y) = vy —yzr = Lo (y) = Re(y),  La(y) =2y, Ru(y) =y
As z acts nilpotently on V/, there exists n > 1 such that ™ = 0. Therefore L7 = R = 0. As
operators L, R, commute with each other, we conclude
(3) ad?" = (L, — R,)*" = 0.

IfdimL =1 and 0 # = € L then « is nilpotent and kills some 0 # v € V. Therefore Lv = 0.
Now assume that dim L > 2 and let 0 # I C L be a maximal proper subalgebra (it is non-trivial
as L contains 1-dimensional subalgebras).

(1) Let us show that I is an ideal. Let
N={xzelL |z I]CI}
be the normalizer of I (it is a Lie subalgebra of L). We have I C N C L and we claim that
N = L. The Lie algebra I acts on L/I nilpotently (by 3) and we conclude by induction
(as dim I < dim L) that there exists a nonzero element
e+Ilel/l, z¢l
such that [I,z + I] C I. This implies that [z,I] C I and © € N. Therefore I C N and
N = L (by maximality of I). This implies that [L,I] C I and I C L is an ideal.
(2) The vector space
W=VI={veV |Iv=0}
is nonzero by induction (as dim I < dim L) and is stable under L:
mxv = xmv — [z, mjv = 0, mel,relveW
and therefore I(zv) = 0 and zv € W. This means that W is a representation of L such
that IW = 0.
(3) By the previous statements the Lie algebra L/I acts on W. This implies that L/I acts on
W and by induction (as dim L/I < dim L) there exists 0 # v € W such that (L/I)v = 0.
Then also Lv = 0.

O
In the course of the proof of Engel’s theorem we proved

Lemma 2.23. If x € gl(V) is a nilpotent operator on V, then ad, is a nilpotent operator on

gl(V).
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2.4. Solvable Lie algebras.

Definition 2.24. Let L be a finite-dimensional Lie algebra.
(1) Define the derived series of ideals in L by

LO =, L™ — [L(nfl)’[/(nfl)]
(2) L is called solvable if L(™) = 0 for some n > 1.

, n>1.
Remark 2.25. If I, J C L are ideals then, using the Jacobi identity, we obtain
[z, [a,b]] = [z, a],b] + [a, [z,b]] € [I,J]+ [I,J] = [I,]] Vee Liael, be J
This implies that [I, J] C L is also an ideal. In particular, the above spaces L™ are ideals. %

Example 2.26. Any abelian or nilpotent Lie algebra is solvable. To see this we note that L(®) =
L = L° and generally L") ¢ L’ by induction

L) — 1O 1) ¢ [L, L] = L'
Therefore if L is nilpotent then L™ < L™ = 0 for some n. Thus L is solvable. O
Example 2.27. The algebra of upper-triangular matrices
L = {(ai;) € gl,, (k) ai;j =0 for i < j}

is solvable. Indeed, L' = [L, L] consists of strictly upper-triangular matrices and we have seen
that this algebra is nilpotent and therefore solvable. Therefore L™ = (L/)("~1) = 0 and L is also
solvable. O

Lemma 2.28. Let L be a Lie algebra.
(1) If I C L is an ideal and L is solvable then I, L/I are solvable.
(2) If I C L is an ideal and I, L/I are solvable then L is solvable.
(3) IfI,J C L are solvable ideals then I + J is solvable.

Proof. (1) Let Lt = 0. Then I™ < L™ = 0 and I is solvable. Let 7 : L — L/I be the

projection. Then we prove by induction that (L)) = (L/T)®*)
a(LEHD) = w([LW, LW]) = [r(LW), w(LW)]) = (L/ D)W, (L/D)®] = (L/1)*+D.
In particular (L/I)™ = 7(L() =0 and L/I is solvable.

(2) Assume that 1™ = 0 and (L/I)™ = 0. Then 7(L™) = (L/T)™ = 0 in L/I and
therefore (L)(™) C I. This implies that (L)™*+™) c I0™ =0 and L is solvable.

(3) There is a natural isomorphism (I + J)/I ~ J/(I N J). If J is solvable then also the
quotient J/(I N J) is solvable by (1). Therefore (I + J)/I is solvable and if T is solvable

then I + J is solvable by (2).
O

Remark 2.29. The quotient algebra L/[L, L] is abelian. This implies that if L is solvable then
there is a filtration by ideals
L=LO>LW > 5L =0
such that each factor L) /L(*+1) is abelian. Conversely, if there exists a filtration by ideals
L=Iy>oL>...0I,=0

such that each factor Ij/Ii41 is abelian, then L is solvable. Indeed, assume that we proved that
I, is solvable. As Ij,_1/I} is abelian, it is solvable. By the previous result we conclude that Iy
is solvable. Continuing this process we obtain that Iy = L is solvable. O
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Theorem 2.30 (Lie). Let L be a solvable Lie algebra over an algebraically closed field k of
characteristic 0. Let (V, p) be a non-zero representation of L. Then

(1) There exists a common eigenvector 0 £ v € V of L, that is, an eigenvector of p(x) for all
x € L. Equivalently, kv C V' is a subrepresentation.

(2) There exists a basis of V' such that p(z) is upper-triangular in this basis for all x € L.

(3) There exists a chain of subrepresentations

o=V,cWVic...cV,=V
such that dimVy,/Vi_1 =1 for 1 <k <n.

Proof. 1= 2. Let v; =v € V from (1). Then kv; C V is a subrepresentation. Applying induction

to the quotient representation V' = V/kv; we find a basis (v5,...,v},) of V' such that py-(x) are
upper-triangular in this basis. We lift this basis to some vectors vs,...,v, in V. Then vy,..., v,
form a basis of V. And p(x) are upper-triangular in this basis.

1 = 3. Choose a basis as above and define V;, = (vq,...,v;). These vector spaces satisfy the

required conditions.

Now we will prove (1). As L is solvable, [L,L] # L. Indeed, if L) = [L,L] = L, then
L?) = [LW, LMW] = [L,L] = L and generally L*) = L, contradicting to solvability of L. The
quotient L/[L,L] is a nonzero abelian Lie algebra. Therefore we can choose a codimension 1
subspace [L, L] C I C L which is automatically an ideal. By induction there exists 0 # v € V and
A I — k such that yv = A(y)v for all y € I (X is automatically linear). The space

W={veV|yv=AyvVyel}

is nonzero and is an L-subrepresentation by the next lemma. Given 2 € L\I, the map x : W — W
has an eigenvector 0 # v € W (as k is algebraically closed). Then v is a common eigenvector of
kx+1=L. O

Lemma 2.31. Let L be a Lie algebra, I C L be an ideal, V be an L-representation. For any
linear map X\ : I — k, the space
W={veV|zv=Ax)vVeel}
is an L-subrepresentation of V.
Proof. We can assume that W # 0. Let us show first that [L, I]IW = 0. For any = € L, we have to

show that A([z,I]) = 0. Let 0 # v € W and let vy = 2*~!v for k > 1. Let us show by induction
that, for any y € I,

k-1
(4) Yok = My)vk + Zaﬂ}i, ai = a;(y) € k.
i=1

For k = 1, we have yv = A(y)v. Further, we have

k—1 k k
yorst = yatv = (ey — [z,y))2" o = o (A(ym +> ) =D @i = My)vesr + ) bivi
i=1 =1 i=1

Let n > 1 be maximal such that vy,...,v, are linearly independent and let U C V be the
vector space generated by these vectors. Then xvy, = viy1 € U for 1 < k < n. Therefore zU C U.
Equation (4) implies that every y € I induces an endomorphism of U given by an upper-triangular
matrix with entries A(y) on the diagonal (with respect to the basis vy, ..., v,). This implies

Try(y) =nA(y)  Vyel
and in particular
0 =Try ([, y]) = nA([z, y]).

Therefore A([z,y]) = 0. This proves [L, I|W = 0.
Finally, for all z € L and v € W

yrv = xyv — [z, ylv = xyv = A(y)zv, Vyel,
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where [z, y]v = 0 was proved above. This implies that xv € W. Hence W is an L-subrepresentation.
O

Corollary 2.32. If L is a solvable Lie algebra over a field of characteristic zero then [L, L] is
nilpotent.

Proof. Consider the adjoint representation ad : L — gl(L). By Lie theorem we can find a basis of
L (over an algebraic closure of k) such that all adz are upper-triangular. Then each ad[z,y] =
[ad x,ad y] is strictly upper-triangular. This implies that for all 2 € [L, L] the matrix of adz
is strictly upper-triangular and therefore nilpotent. By Engel theorem [L, L] is a nilpotent Lie
algebra. O
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3. SEMISIMPLE LIE ALGEBRAS
In this chapter we will assume that over field k is algebraically closed of characteristic zero.

3.1. Jordan-Chevalley decomposition. The Jordan normal form of a linear operator = € gl(V)
is a sum of Jordan blocks

A1 0 ..., 0
0 X 1 ...... 0
Tor = 0 0 X ...... 0
0 0 O Al
0 00 ... 0 A

Each Jordan block J, » can be written as a sum of a diagonal matrix AJ,, and a nilpotent matrix
which commute. This implies that x also can be written as a sum of a diagonal and a nilpotent
matrix which commute.

Definition 3.1. Let V be a vector space over a field k. An endomorphism z € gl(V) is called
semisimple if it is diagonalizable.

Remark 3.2. Given z € gl(V), we can consider a one-dimensional Lie algebra L = ka C gl(V)
and consider V' as a representation of L. Then x is semisimple if and only if V' is a direct sum of
1-dimensional (therefore simple) modules over L. This is the reason for the name semisimple. ¢

Lemma 3.3. Let V' be a vector space and x € EndV be an endomorphism.

(1) x is semisimple if and only if the minimal polynomial of x does not have multiple roots.
(2) If W C V is an z-invariant subspace then the resctriction x|w is a semisimple endomor-
phism of W.

Proof. 1. The minimal polynomial of the Jordan block J,, x is (¢—A)". If z has distinct eigenvalues
A1, ..., A and its Jordan normal form has corresponding maximal Jordan blocks of sizes ny, . .., ng,
then the minimal polynomial of z is Hf:l(t — A\;)™. In particular, if = is semisimple, then the
minimal polynomial of z is Hle(t — ;) and has no multiple roots. Conversely, if z is not
semisimple, then n; > 2 for some 1 < ¢ < k and the minimal polynomial of = has root \; of
multiplicity > 2.

2. If p(t) is the minimal polynomial of x and ¢(¢) is the minimal polynomial of x|y, then p(z|w) =
0 and therefore ¢ | p. As x is semisimple, p does not have multiple roots. This implies that ¢
also does not have multiple roots and x|y is semisimple. For an alternative approach see Remark

3.24, where semisimple modules are considered.
O

Theorem 3.4 (Jordan-Chevalley decomposition). Let V' be a vector space over a field k and
xr € EndV. Then

(1) There exists a unique decomposition x = s + n, where s is semisimple, n is nilpotent and
sn =ns.
(2) There exist polynomials p, q € k[t] without constant term, such that s = p(x) and n = q(x).

Proof. Let (A1,..., ;) be distinct eigenvalues of x with multiplicities (mq,...,mg). The charac-
teristic polynomial of x is det(¢Id —z) = [[(t — X\;)™ € k[t]. The vetor spaces

Vi = ker(z — \;)™

are x-stable and V' = @le Vi.

Let us prove uniqueness of the decomposition. As s commutes with n, it also commutes with
z = s+ n and with (z — \;)™. Therefore sV; C V;. As s,z commute and z — s is nilpotent,
the eigenvalues of  and s on V; coincide (we can decompose V; into the eigenspaces of s, put
2 to Jordan normal form on each summand and then compare the eigenvalues). But x has the
only eigenvalue \; on V;. As s is semisimple, it acts on V; by multiplication with \;. This proves
uniqueness of s.
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Taking the above description of s as a definition and putting n = x — s, we obtain a required
decomposition.

Applying Chinese remainder theorem we can find a polynomial p € k[¢] such that

p(t) = A; (mod (t — X\;)™), p(t) =0 (mod t) 1<i<k.

The operator (z — A;)™ is zero on V;. Therefore p(z) acts on V; by multiplication with A; and
p(z) = s. Setting ¢(t) =t — p(t), we obtain ¢(r) =z — p(x) = n. O
Lemma 3.5. Let x € gl(V) have the Jordan decomposition x = s +n. If W C V is z-invariant
(that is, zW C W), then W is also s- and n-invariant.

Proof. The statement follows from the presentation s = p(x), n = g(x), where p, ¢ are polynomials
without constant term. O

Lemma 3.6. Let x € L = gl(V') have the Jordan decomposition © = s+mn. Then ad, € gl(L) has
the Jordan decomposition ad, = ads + ad,,.

Proof. We just have to show that ad, is semisimple and ad,, is nilpotent. We have seen before,
that if n is nilpotent then ad,, is nilpotent. Let us choose a basis (vi,...,v,) such that s is
diagonal with respect to it and has eigenvalues Ay, ..., A,. Define elementary matrices £;; by the
rule E;jv, = 05v;. Then s =", \;E;; and

adS(Eij) = Z Ak‘[EkkHEij} = (Az — Aj)Eij-
k

This implies that ads € gl(L) is diagonal in the basis consisting of elementary matrices. O
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3.2. Cartan’s criterion.

Lemma 3.7. Let A C B C gl(V) be subspaces and let
M={xegl(V) |[zx,B] C A}.

If © € M satisfies tr(zy) = 0 for all y € M, then x is nilpotent.

Proof. Let x = s + n be the Jordan decomposition. Then ad, = ads + ad,, is the Jordan decom-
position of ad,. As ad,(B) = [z, B] C A, we have also ads(B) C A (ads is a polynomial of ad,
with the zero constant term). Let (vi,...,v,) be a basis for the Jordan normal form of x. Let
A1, ..., An be the corresponding eigenvalues. Define E C k to be a Q-vector space generated by
the elements \1,...,\, € k. We want to show that x is nilpotent, that is, Ay =--- =X, =0 or
equivalently, E = 0. Let f: E — Q be a linear map. Define y € End V such that yv; = f(\;)v;.
Let E;; € EndV be defined by E;;(vi) = d;,v; (elementary matrix). Then

ady(E”) = = f(/\z - )‘])EU

> %) Bk, Eij
B

Similarly ads(Eij) =\ - Aj)E;j. This means that ad, and ad, are diagonalizable in the same
basis of End V. Let A\;; = A; — A;. Applying Chinese remainder theorem, we can find a polynomial
p € k[t] such that

p(t) = f(Nij) (mod t — \;5) i, 7, p(t) =0 (mod t).

This polynomial does not have a constant term and satisfies p(A;;) = f(Aij). Therefore p(ads) =
ad,. We obtain from ads(B) C A C B that ad,(B) C A. This implies that y € M. By assumption

0 =tr(zy) = Zf()\i))\i.

Applying f to this equation, we obtain Y, f(A;)® = 0. As f(X;) € Q, we obtain f();) = 0 for all
i. This implies that every linear map f : E — Q is zero. Therefore E = 0 as required. O

Theorem 3.8 (Cartan). Let L C gl(V) be a Lie algebra. Then L is solvable if and only if
tr(zy) =0 Ve e [L,L],y € L.

Proof. =. If L is solvable then there exists a basis of V such that all elements of L are upper-
triangular in this basis. Then any x € [L, L] is strictly upper triangular. Therefore, for any y € L,
the matrix zy is also strictly upper-triangular and tr(zy) = 0.
<. We will show that every x € [L, L] is nilpotent. This implies that ad, is nilpotent and then
by Engel’s theorem the algebra [L, L] is nilpotent. Therefore L is solvable.
Let
A=[L,L], B=Lca(V), M={yegl(V)|ly,L]C[L L]}

If o =3,[x,2;) € [L,L] C M and y € M, then
tr(zy) = Y _tr(fwg, zjly) = Y tr(as[a), y]).

Here 2} € L and y € M imply [z},y] € [L, L] (by the definition of M). Therefore tr(z;[z;,y]) =0
by assumption. We conclude that tr(zy) = 0 for all y € M. By the previous lemma this implies

that x is nilpotent and this is what we wanted to show.
O

3.2.1. Killing form.

Definition 3.9. Let 0 : L x L — k be a bilinear form. Then

(1) o is called symmetric if o(z,y) = o(y, ) for all z,y € L.
(2) o is called L-invariant if o([z,y], z) = o(x, [y, 2]) for all z,y,z € L.
(3) o is called non-degenerate if o(z, L) = 0 for « € L implies z = 0.
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Given a representation p : L — gl(V'), we define a symmetric bilinear form
ov:LxL—=k  ov(zy) =tr(p(z)ply)  Vz,y€ L

In particular, consider the adjoint representation ad : L — gl(L) and the corresponding sym-
metric L-invariant bilinear form

k(z,y) = kr(x,y) = tr(ad, ady) z,y € L.
Corollary 3.10 (Cartan). A Lie algebra L is solvable if and only if x([L, L], L) = 0.
Proof. Assume that x([L,L],L) = 0. Consider the adjoint map ad : L — gl(L) and its image
L = ad(L) C gl(L) which is a Lie algebra. For any x,y,z € L, we have

tr([ad,,ad,] ad.) = tr(adf; 4, ad.) = x([z,y],2) = 0.
This implies that the conditions of Theorem 3.8 are satisfied for the algebra L C gl(L). Therefore
L is solvable. The kernel of ad : L — L is equal
{zeLlad,(y)=0Vye L} ={zeL|[z,y=0VyeL}=2(L)

which is an abelian ideal and therefore solvable. As L/Z(L) = L is also solvable, we obtain that
L is solvable.

Conversely, if L is solvable, then L is solvable. Then applying Theorem 3.8 we obtain that
k([z,y],z) =0 for all z,y,z € L. O

Later we will need the following result about Killing forms.

Lemma 3.11. Let I C L be an ideal of a Lie algebra. Then the Killing form k; of I coincides
with the restriction of the Killing form kp, to I.

Proof. If A € End(L) satisfies A(L) C I, then tr(A) = tr(A|;) (write A in a basis of L that
contains a basis of I). In particular, for any x,y € I the operators ad,, ad, map L to I. Applying
the first observation to A = ad, ad,,, we obtain

kr(z,y) = tr(ad; ady) = tr(A) = tr(A4|r) = 1z, y).
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3.3. Semisimple Lie algebras.

Definition 3.12. Let L be a Lie algebra.

(1) L is called simple if it is not abelian and it does not contain ideals except 0 and L.
(2) L is called semisimple if it does not contain abelian ideals except zero.

Remark 3.13. If L is simple, then it is semisimple. Indeed, the only nonzero ideal of L is L itself
and by assumption it is not abelian. %

Example 3.14. We have seen that slo does not contain ideals except zero and sly. This implies
that sly is a simple Lie algebra and therefore also semisimple. O

We proved earlier that if I, J C L are solvable ideals then I+.J is also a solvable ideal. Therefore

the sum
radL= > T

ICL
solvable

is the maximal solvable ideal of L, called the radical of L.

Lemma 3.15. Let L be a Lie algebra. The following conditions are equivalent.
(1) L is semisimple.
(2) L does not contain solvable ideals except zero.
(3) rad L = 0.

Proof. 2 < 3 is trivial.
2 = 1. If L does not contain solvable ideals (except zero) then in particular it does not contain
abelian ideals (except zero).
1 = 2. Let 0 # I C L be a solvable ideal. Then I™) = 0 for some n > 1. Let n be the minimal
number with this property. Then I~ £ 0 and [I(»~1), [(®=D] = ™ = 0. This means that
I(=1 is a non-trivial abelian ideal in L. A contradiction. U
Theorem 3.16. Let L be a Lie algebra. The following conditions are equivalent.

(1) L is semisimple.

(2) The Killing form kp, is non-degenerate.

(3) L is a direct sum Iy @ - -+ & I, of simple ideals (simple as Lie algebras).

(4) L is a direct sum Ly @ --- @ L,, of simple Lie algebras.

Proof. 1 = 2. Let L be a semisimple Lie algebra. Define
I={zelL|n(xL)=0}=L"

This is an ideal in L by Exercise 3.3. By Lemma 3.11 x; = k|; = 0. Therefore by the Cartan
criterion [ is solvable. As L is semisimple, we obtain that I = 0. This means that x is non-
degenerate.
2 = 1. If L is not semisimple, then there exists an abelian ideal 0 # I C L. For any x,z € L and
y € I, we have

(adz ady)QZ = [l‘, [yv [l‘, [yv Z]m € [l‘, [Ia I]] =0
as y € I and [z,[y, 2]] € I. This implies that (ad, ad,)? = 0 and ad, ad,, is a nilpotent operator.
Therefore its trace is zero and

k(z,y) =tr(adgady) =0Vz € L,y € I.

This implies that « is degenerate, a contradiction.

1 = 3. If L is simple then we are done. Assume that I C L is a non-trivial ideal. Then
It ={zeL|k(zx,I)=0}

is an ideal by Exercise 3.3. The Killing form is zero on the ideal I N I+. Therefore this is a
solvable ideal. By semisimplicity of L, we obtain I N I+ = 0. This implies that L = I @ I+
(compare dimensions). Moreover [I,I1] C I NI+ = 0. Ideals of I, I* are automatically ideals of
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L. This implies that there are no solvable ideals in I, I and these algebras are semisimple. Then
by induction we can decompose I, I+ into a direct sum of simple ideals.

3 = 4. Trivial.

4=1 Let L=L,® - P L, be a direct sum of simple Lie algebras. Let I C L be an abelian
ideal. Then the image of I under the projection m; : L — Ly is an abelian ideal, but the only
abelian ideal of Ly is zero. This implies that 7, (1) = 0 for all 1 < k < n. Therefore I = 0. This
implies that L is semisimple. O

Remark 3.17. If L is a semisimple Lie algebra with a decomposition L = I1 ®---@® [,, into a sum
of simple ideals as above, then any simple ideal I C L is equal to one of I (not just isomorphic).
Indeed, [I, L] C I is non-zero as I is non-abelian. Therefore I = [I,L] = [I,1]|®---®[[,I,]. Only
one of this summands can be nonzero and then we have I = [I, I}]| = Ij. O

Theorem 3.18. Let L be a semisimple Lie algebra. Then the adjoint map ad : L — Der L is an
isomorphism.

Proof. We know that kerad = Z(L). This is an abelian ideal. Therefore kerad = 0 and ad is a
monomorphism. Let D = Der L and M = ad(L) C D. For any derivation § € D and for any
x € L, we have
[0, ad,] = ads, € M.

Therefore M C D is an ideal. The subspace

I=M*={zecD|kp(z,M)=0}
is also an ideal. As M ~ L is semisimple, we obtain that xp|ps = ks is non-degenerate and
therefore I N M = 0. This implies D =1 @& M. For any § € I and x € L, we have

adg, = [0,ad,] € [[,M]CINM =0.

But ad is a monomorphism, hence dx = 0 for all x € L. Therefore § = 0 and I = 0. We conclude
that ad(L) = M = D. O
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3.4. Complete reducibility.

Definition 3.19. Let L be a Lie algebra and V' be an L-module.

(1) V is called simple (or irreducible) if it does not contain submodules except 0 and V.
(2) V is called semisimple (or completely reducible) if it is a direct sum of simple modules.

Remark 3.20. Any ideal of a Lie algebra L can be considered as a subrepresentation of an
adjoint representation on L. This implies that (non-abelian) L is a simple algebra if and only if
the adjoint representation is simple. We have seen that every semisimple algebra is a direct sum
of simple ideals. This implies that the adjoint representation is a sum of simple representations
and is therefore semisimple. Conversely, if L is a Lie algebra such that its adjoint representation
is semisimple (without summand with trivial module structure), then L is a direct sum of simple
ideals. This implies that L is a semisimple Lie algebra. %

Lemma 3.21. Let L be a Lie algebra and V be an L-module. The following conditions are
equivalent

(1) V is semisimple.

(2) V is a sum of simple L-modules.

(3) Any submodule W C V has a complement (a submodule W C V' such that V=W o W’).

Proof. 1= 2 is trivial.

2= 1. Let V. = > | S; with simple S; and with minimal possible n. By induction on n,
Vi=S1®---®S,_1is adirect sum. If S, NV’ # 0, then S,,NV’' =S, and S,, C V'. This implies
that V=V"=81¢®---®85,_1. S, NV =0, then V=V"®S5,=50---DS,.

1=3. Let WCcV=8&---@85,. Consider a projection 7 :V — S ®---® S,_1 = V’'. By
induction V' = (W) & W' for some submodule W' Cc V/. f WN S, =0, then W — «(W) is an
isomorphism and V=W @ (W' @ S,). f WNS, #0, then WNS, =5, and S,, C W. This
implies V=W & W',

3= 1. Choose a simple submodule S7 & V. By assumption, it has a complement V; C V. Choose
a simple submodule Sy C V. By assumption, the module S7 & S; has a complement V5 C V.
Continuing this procedure, we obtain V=51 @ ---® S,,. O

Example 3.22. Consider a one dimensional Lie algebra L = kz and a 2-dimensional L-module
V = kv; @ koy with an action of = given by the matrix (} ). Then the subspace W = kv, C V
is an L-submodule. But is does not have a complement. This means that V is not-semisimple.
On the other hand, if L = kz C gl(V) and « is a semisimple endomorphism, then V' is a direct
sum of 1-dimensional L-submodules. This implies that V is a semisimple L-module. O

Example 3.23. The standard representation k™ of L = gl (k) is simple. Indeed, for any non-zero
v,w € gl, (k) there exists an endomorphism z € gl,, (k) such that v = w. This implies that any
submodule W C V that contains v should be equal to the whole space V. %

Remark 3.24. Any submodule and any quotient module of a semisimple module is again semisim-
ple. If 7 : V. — W is an epimorphism and V' = . S; is a sum of simple modules, then
W =", m(S;) is a sum of simple (and zero) modules and therefore W is semisimple. If W C V
is a submodule of a semisimple module, then there exists a complement V = W @ W'. Therefore
there exists a surjective homomorphism V' — W and W is semisimple. O

Lemma 3.25 (Schur lemma). Let L be a Lie algebra and V be a simple L-module. Then
EndL(V) = ]kIdV

Proof. Let f:V — V be a homomorphism of modules. Let A € k be an eigenvalue of f and let
W={veV|fw)=M}CV
be the corresponding eigenspace. It is a submodule of V: if z € L and v € V), then
flzv) =z f(v) = zdlv = Azw

and therefore zv € V. As V is simple, we obtain V) = V. This implies f = AIdy. Therefore
Endg (V) =kldy. O
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3.4.1. Casimir operator. Let o : L x L — k be a symmetric non-degenerate L-invariant form. Let
(z1,...,2n) be a basis of L and (y1,...,yn) be the dual basis of L with respect to o

o(xi,y;) = dij, 1<i4,j<n.

For any L-repsentation V', define a linear operator
n
C,=CY:V =V, Cg(v):inyiv Yv eV,

called the Casimir operator.

Lemma 3.26.

(1) The Casimir operator C, 1is independent of the choice of a basis in L.
(2) Cy: V =V is a homomorphism of L-representations.

Proof. 1. Let (z}) be a different basis of L and let (y}) be the dual basis of L with respect to o.

Let
Tho= Y ki, yi=>_ buy;.
i j

Then
Okt = o (2, Y1) Zakz 10 (Ti,y;) = Y aribjidi; = Y ariba = (AB)
i i

and AB = I,,. Therefore

PBEATEDD (Z am‘%‘k) vy = (BA)jiwiy; = szyl
k k

.3 (]

[2k, @ Zamxu [z, yi] ijlyj~

2. For any x € L, let

Then
art = o([vx, z], y1) = o (@, [z, 91]) = brr-
Therefore
Co(av) — 2C, (v) = Y (wrypr — 2zeyn)v = > _(zk[yr, 2] + [2x, 2]yp)

k k

— Y bikzryi + Y ariziye | v =0
ki ki

O

Lemma 3.27. Let L be a semisimple Lie algebra and p : L — gl(V) be a faithful representation
(injective map). Then

(1) The bilinear form
o:LxL—ok  o(ry)=tr(p(x)p(y))

s mon-degenerate.
(2) The Casimir operator on V satisfies tr CY = dim L.

Proof. 1. We can assume that L C gl(V'). The radical I = {z € L |o(x,L) = 0} is an ideal in L.
We have I C gl(V') and

tr(zy) = o(z,y) =0 Vo,y € 1.
By the Cartan criterion this implies that I is solvable. As L is semisimple, we obtain I = 0 and
therefore ¢ is non-degenerate.
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2. The dual bases (z;) and (y;) of L satisfy tr(z;y;) = o(x;,y;) = ;5. Therefore the Casimir
operator CY = Y, z;y; satisfies

tr(CY) = Ztr(:ciyi) = Z(;” = dim L.

3.4.2. Weyl theorem.

Theorem 3.28 (Weyl). Let L be a semisimple Lie algebra. Then any representation of L is
semisimple.

We will need some preparations before proving this theorem. Given an L-representation V', we
can construct its subrepresentations

VE={veV |Lv=0}, LV =(zv |z € LveV),
where the angular brackets denote the subspace generated by given vectors.

Lemma 3.29. Let L be a semisimple Lie algebra. Then

(1) For any L-representation V, we have V =Vt @ LV.
(2) For any surjective homomorphism V. — W of L-representations, the induced map VI —
WL is surjective.

Proof. If VI =V, then LV = 0 and the statement is obvious. Assume that V¥ # V. This implies
that the corresponding representation map p : L — gl(V) is nonzero. The image M = p(L) C
gl(V) is again a semisimple algebra (L is a sum of simple ideals and therefore M is also a sum of
simple ideals). By Lemma 3.27, the corresponding bilinear form o on M is non-degenerate. Let
C = CY be the corresponding Casimir operator on V. Let A1, ..., \x be distinct eigenvalues of C
having multiplicities mq, ..., my. Generalized eigenspaces

Vi=ker(C—X\)™ CV

are subrepresentations of V' (as Cav = xCv for all z € L, v € V) and V = @le V. If k > 1,
then by induction V; = VL' @ LV, and the statement of the theorem follows. If k& = 1, then
trC = A\;dimV = dim M by Lemma 3.27. Therefore \; # 0 and C is invertible. Injectivity of
C implies that V¥ = 0 (C acts as zero on V). Surjectivity of C implies LV = V. Therefore
V=VEiaLV.

For the second statement we note that a homomorphism V' — W maps VL to W’ and maps LV
to LW. Because of the proved decomposition, we obtain that the map V¥ — W is surjective. [

Proof of the Weyl theorem. Let W C V be a subrepresentation. It induces a surjective linear map
v : Hom(V, W) — Hom(W, W), fe=flw.

These Hom-spaces have a natural structure of L-representations and ¢ is a homomorphism between
them. By the previous result it induces a surjective map

Hom(V, W)* — Hom (W, W)~.

The space Hom(V, W)L consists of linear maps f : V — W that are L-invariant, that is,
f(zv) = xf(v) for all x € L and v € V. This means that f : V — W is a homomorphism
of L-representations. By the surjectivity of the above map, we can find f € Hom(V, W)¥ such
that flw = Idw. Then V = W @ ker f, which means that W has a complement. This implies
that V' is semisimple. O
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3.5. Reductive algebras.
Definition 3.30. A Lie algebra is called reductive if Z(L) = rad L.

Example 3.31. We always have Z(L) C rad L. If L is semisimple, then rad L = 0 and therefore
Z(L) = rad L = 0, hence L is reductive. If L is abelian, then Z(L) = L and therefore Z(L) =
rad L = L, hence L is reductive. O

Theorem 3.32. Let L be a Lie algebra. The following conditions are equivalent
(1) L is reductive.
(2) Adjoint representation of L is a direct sum of simple representations.
(3) L is a direct sum of Z(L) and a semisimple Lie algebra.

Proof. 1 = 2. Consider the adjoint representation ad : L — gl(L). Its kernel is kerad = Z(L).
We can consider L as a representation over M = L/Z(L). We have M = L/Z(L) = L/rad L,
hence M is semisimple. By the Weyl Theorem L can be decomposed as a direct sum of simple
M-modules (which are also simple L-modules).

2=3. Let L=1®...1I, be a decomposition into a sum of simple modules. Then each I
(considered as an algebra) does not contain non-trivial ideals. Hence I}, is either simple or abelian.
If I is abelian, then [L,I] = [I),Ix] = 0 and I C Z(L). This implies that we can decompose
L=1@®J,whereI C Z(L) and J is a semisimple Lie algebra. The algebra L/I ~ J is semisimple,
hence I is the maximal solvable ideal. This implies that I = Z(L) = rad L and we obtain the
required decomposition L = Z(L) @ J.

3 = 1. Our assumption implies that L/Z(L) is a semisimple Lie algebra. Therefore Z(L) is
the maximal solvable ideal and Z(L) = rad L. O

Theorem 3.33. If L has a faithful simple representation p : L — gl(V') (faithful means that p is
injective), then L is reductive and dim Z(L) < 1. If moreover p(L) C sl(V'), then L is semisimple.

Proof. Let I = rad L be the maximal solvable ideal. By Lie’s Theorem there exists 0 # vg € V
such that v C kv. Let A : I — k be defined by zvg = A(x)vg, « € I (it is linear). We proved
earlier (see the proof of Lie theorem) that the subspace

Ww={veV]|zv=Az)v Ve el}

is an L-submodule of V. As V is simple, we obtain V), = V. This implies that every = € I acts on
V as A(z)Idy. Therefore I C kldy and I C Z(L) and dim I < 1. This implies I =rad L = Z(L)
and dim Z(L)|lel.

If p(L) C sl(V), then p(I) C sl(V), but AIdy € sl{(V) only if A = 0. This implies that
I =rad L =0 and L is semisimple. O

Example 3.34. Counsider the standard representation V' of the Lie algebra gl(V). Then V is a
simple representation and by the previous theorem L = gl(V') is reductive and dim Z (L) < 1. It is
clear that kId C Z(L). Comparing dimensions, we obtain Z(L) = kId. In a similar we can show
that s[(V') is semisimple (if dim V' > 2). O
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Exercises.

3.1. Show that the form oy is symmetric and L-invariant.

3.2. Let V be the standard representation of L = gl(V'). Show that oy is non-degenerate.

3.3. Show that if o : L x L — k is a bilinear L-invariant form and I C L is an ideal, then

It ={zeL|o(x,])=0}

is also an ideal of L. Moreover, dim It +dim7 > dimL.

3.4. Let 0 : L x L — k be a symmetric non-degenerate L-invariant form.

(1)

(2)

Show that the induced map
oL — L*, o' (z)(y) = o(z,y) Vx,y € L

is an isomorphism of L-modules. In particular, it induces an isomorphism LR L — L*® L.
Show that the natural map

p:L*® L — Hom(L, L), o(f®@x)(y) = fly)x VfelL* z,yclL
is an isomorphism of L-modules.
Consider the composition
L®L— L*"®L— Hom(L,L)

of the above isomorphisms and let {2 € L ® L be the preimage of Id;. Show that {2 can be
written in the form Q = Y"1 | 2; ® y;, where (21,...,2,) is a basis of L and (y1,...,Yn)
is a dual basis of L with respect to o.
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4. CLASSIFICATION OF SEMISIMPLE LIE ALGEBRAS

4.1. Representations of sl;. We consider the algebra sly = slo(k) of an algebraically closed field
k of characteristic zero. We know that sl is simple, hence semisimple. By the Weyl’s Theorem
every representation of sly is a direct sum of simple representations. Therefore we need to classify
just simple representations of sls.

Theorem 4.1. Let x,y, h be the standard generators of sly with
©) eyl =h, el =20, byl =2

For any n > 0, there exists exactly one simple representation V(n) of sl of dimension n+ 1 (up
to isomorphism). Representation V =V (n) is a direct sum of 1-dimensional h-eigenspaces

V=V_,0®V_ i@ - ®V20Vy,,
where Vi, is the subspace of h-eigenvectors with eigenvalue k, and x,y induce isomorphisms
x: Vi = Vi, Y Viro = Vi
whenever Vi, V1o # 0.

Proof. Let V' be a simple representation. For any A € k define the eigenspace
W={veV |h=2>}.
Then
zVx C Vayo, yVa C Vaa.
Indeed, if v € Vj, then
hzv = ([h,z] + zh)v = (22 + zh)v = 2zv + Azv = (A + 2)zv.

Therefore zv € Vyyo. Similarly yv € V),. There exists A € k such that V) # and Vy;o = 0. Let
0 # v € V. Then zv € V)12 = 0 and we obtain

hv = Ao, zv = 0.
We will prove by induction that
hy'v = (X — 2i)y'v, ry'v =i\ —i+ 1)y o,

The statement for i = 0 was just proved. As v € V), we obtain yv € V),_o and generally
y'v € Vy_g;. Therefore hy'v = (X — 2i)y'v. Assume that the second formula is proved for i > 0.
Then

ry' o = zy(y'v) = ([, 9] + yo)y'v = (h +yx)y'v = (A — 2i)y'v +i(\ — i+ 1)y'v
=A\GE+1) =i —i)y'v=(G+1)\—i)y'v.
This proves the induction step. Let n > 0 be the maximal integer such that y™v # 0. Then the
vector space
(v,yv,...,y"v) CV
is a submodule of V' (it is closed under the action of x,y, h). As V is simple, the above subspace

should be the whole space V. The above vectors are linearly independent as y'v € Vy_o; are
contained in different eigenspaces. This implies that dimV =n + 1. As y"*'v = 0, we obtain

0=ay"v= (n+1)(A —n)y"v,

hence A —n and A = n. The above formulas uniquely determine representation V.

To show existence, we use the above formulas as a motivation for our construction. Let V" be a
vector space with a basis (vg,...,v,) (v; corresponds to y‘v in the above discussion). Define the
linear operators z,y, h on V by the rule

(6) xv; =i(n —i+ 1)v;_q, YV; = Vit1, hv; = (n — 20)v;, 0<i<n,
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where v_; = v,4+1 = 0. In order to show that this rule defines a representation of sls, we need to
verify the commutator relations (5). Let us check just the first one

[, y]vi = (vy — yx)v; = 20541 —yav; = i+ 1)(n —)v; —i(n — i + Dv; = (n — 28)v; = ho;.
This implies that V is indeed a representation of sl;. We have to check V' is a simple representation.
Let W C V be a non-zero subrepresentation and 0 # v € W. Assume that v = ), a;v; and
0 < i < n is minimal with the property a; # 0. Then y™ ‘v = a;v,, € W, hence v,, € W. Applying
the operator x, we obtain that v,,_1,...,v1, vy are also contained in W. Therefore W =V and V'
is a simple module. O

Remark 4.2. Note that
(1) The 1-dimensional representation V' (0) is the trivial representation k.
(2) The 2-dimensional representation V(1) is the standard representation k2 of sly (k).
(3) The 3-dimensional representation V'(2) is the adjoint representation of sls.

Corollary 4.3. Let V be a finite-dimensional representation of sla. Then

(1) V = @z Vi, where Vi, = {v €V |hv = kv} is the h-eigenspace (also called a weight

space) with eigenvalue k (also called a weight).

(2) = maps Vi to Viy2 and y maps Vi to Vi_a.

(3) 2% : Vi, — Vi and y* : Vi — V_y are isomorphisms, for any k > 1.
Proof. 1. Every finite-dimensional representation V' of sl is a direct sum of simple representations
V(n) classified in the previous theorem. By this theorem, if V' = V(n), then V' = @, ., Vi, the
direct sum of h-eigenspaces. This implies the first statement of the corollary for simple modules,
hence also for direct sums of simple modules.
2. We have seen that it is true for simple modules. Therefore it is also true for arbitrary modules.
3. It is enough to prove the statement for a simple module V' = V(n). We know that

V=V_,, 0V i@ - ®V20V,.

If £ and n have different parities, then V, = V_; = 0 and the statement is automatically true. If
k > n, then again V; = V_; = 0 and the statement is true. Assume that k and n have the same
parity and k£ < n. By the previous theorem, there is a sequence of isomorphisms
VoSV s. . 5V, 05V,

In particular, z* : V_,, — V} is an isomorphism. The proof for y* is the same. O
Remark 4.4. Let V be a representation of sly. Then we can decompose V' as a direct sum of simple
modules V = @, -,V (n)™". We can determine multiplicities m,, as follows. Let V' = @, ., Vi
be the weight space decomposition. A weight k& > 0 appears in V(n) (with multiplicity one) if and
only if n and k have the same parity and n > k. This implies

dim Vi = myp + mgqo + ...
Therefore

mr = dim Vk — dim Vk+2.

%

4.1.1. Action of sla on the ring of polynomials. We will describe now an alternative construction
of simple representations of sly = sly(k). Consider the standard representation

k? = ku @ kv
of sly. Explicitly, z,y, h act on k? as
(7) zu =0, xv=u, yu=wv, yv=0, hu = u, hv = —v.

This action of sl, on k? can be extended to the action of sly by derivations on the ring of polyno-
mials k[u, v]
p : sly — Der ku, v].
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Note that any derivation § : klu,v] — k[u,v] satisfies the Leibniz rule
5(fg) =o(f)-g+f-0(9),  Vfgekluu]

This requirement implies that ¢ is determined already by its values §(u) and é(v). More precisely,
we can write § as a vector field

6:pa’u«+qav? 8714:%7 av:%a p,qelk[um]
that acts as of of
0(f)=py, +agy  Vf €kl

In particular,

6(u)=p, 6(v)=g¢q
and they determine § uniquely. Applying these formulas to (7), we obtain the following represen-
tation p : sly — Der k[u, v]

p(x) =udy,  p(y) =vdu,  p(h) =udy —v0,.

To verify that p is indeed a representation, that is, a Lie algebra homomorphism, we need just to
verify that p([a,b]) and [p(a), p(b)] (for a,b € sl3) act identically on u and v. For example

o[z, y))u = p(h)u = u, [p(x), p(y)lu = p(z)v — p(y)0 = u.
p([z,y))v = p(h)v = —v, [p(z), p(y)]v = p(2)0 — p(y)u = —v.

Remark 4.5. Alternatively, we can exponentiate the action of SLy(R) on R[u, v] to the action of
sl3(R). The Lie group SLa(R) acts on R? in the obvious way and induces an action on C*°(R?)
(as well as on R[u,v])

(9f)0) = f(g"p), g €SL2(R), f € C*(R?), p € R,
This action induces the action of sla(R) on C*°(R) determined by the rule

(AP)(B) = 5 Fexp(tA) Dlimo = (0uf. 0,5) o AT (1)
= (u,v)A (g:)f, A€ slh(R), f e C®(R?), p = (u,v) € R?,

where 8, = -2, 9, = 2 are considered as differential operators on C'™ (R?). The rule

u? )
A (u,v)A (gf)

defines a representation of slo(R) on C*°(R) or R[u,v]. In particular, x,y, h act as operators
z=(§§) = (wv)(§8) (5:) = udw,
y=(98) = (w0)(98) (5:) = vdu,
h=(5%) = (u,0) (5 %) (5:) = udu — 00,

O

Representation k[u, v] is infinite dimensional and can be decomposed as a direct sum of finite-
dimensional spaces
k[u,v]" = < Opm w1t L ,u”vo>
which are spaces of homogeneous polynomials of total degree n. It is clear that operators z,y, h
don’t change the total degree, hence k[u, v]™ are subrepresentations. Let us show that there is an
isomorphism between representations k[u,v]™ and V'(n) constructed in the previous theorem. We
consider an isomorphism of vector spaces

1 o
¢ : V(n) = klu,v]", v; mu”_l !
Note that
1 N e Sy S ;
ho(v;) = e Z,)!(uau —v0,)(u"" ) = mu v = (n —2i)p(v;).
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N 1 n—i, iy _ in—i+1) i1 i1 _
x(v;) = e Z,)!u&,(u )= noir D) u vl =
1 n—i, i 1 n—i—1,i

ytp(’l)l) = mvau(u v ) B mu 11} +1 _

This implies that ¢ is an isomorphism of sly-representations.

’L(?’l — ’L + 1)90(1)1'—1)-

©(vit1)-

31
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4.2. Jordan decomposition in semisimple Lie algebras.

Remark 4.6. When we classified representations of sls, we noticed an interesting phenomenon.
The action of h on every simple sly-representation (hence all representations) was diagonal. It
turns out that this is a general rule for semisimple Lie algebras. Namely, if L C gl(V) is a
semisimple algebra and h € L is a semisimple element (our example is h = (§ °; ) € sly) then, for

any L-representation, the action of h on it is semisimple. O

Lemma 4.7. Let L C gl(V) be a semisimple subalgebra. If x € L and x = s + n is the Jordan
decomposition in gl(V'), then s,n € L.

Proof. Let

N={yeglV)|[y,L] C L}
be the normalizer of L. Then N is a Lie algebra and L C N is an ideal. For any L-submodule
W C V, define the Lie algebra

Ly ={y e gl(V) [yW C W, tr(ylw) = 0}.

As L = [L, L] (for semisimple L), we obtain tr(y|lw) = 0 Yy € L. Therefore L C Ly. Let M be
the intersection of N and all Ly (for all L-submodules W C V). Then M is a Lie algebra and
L C M is an ideal.

We claim that s,n € M. There is the Jordan decomposition adz = ad s + adn in gl(L). As
adx(L) = [z, L] C L, we obtain that ad s(L) C L and adn(L) C L and therefore s,n € N. For
every L-submodule W C V, we have 2W C W and tr(z|w) = 0 as ¢ € L = [L, L]. Therefore the
same is true for s and n, hence s,n € Ly,. This implies s,n € M.

We claim that M = L (hence s,n € L). We can write M = L @ L' for some L-submodule
L' c M. Then [L,L'] € LN L' =0, therefore every y € L’ acts on a simple L-submodule W C V
as an L-endomorphism, hence as a scalar (by Schur’s lemma). As tr(y|w) = 0, we obtain y|w = 0.
But V is a direct sum of simple L-submodules, hence y = 0. This implies L’ =0 and M = L. O

Definition 4.8. Let L be a semisimple Lie algebra. Then

(1) z € L is called semisimple if adz € gl(L) is semisimple.
(2) x € L is called nilpotent if ad x € gl(L) is nilpotent.

Theorem 4.9. Let L be a semisimple Lie algebra.

(1) For any x € L, there exists a unique decomposition x = s +n in L (called the abstract
Jordan decomposition) such that [s,n] =0, ad s is semisimple and adn is nilpotent.

(2) If f: L — M is a homomorphism of semisimple Lie algebras and x = s+ n is an abstract
Jordan decomposition in L, then f(x) = f(s) + f(n) is an abstract Jordan decomposition
in M.

(3) If p: L — gl(V) is a representation and x = s+ n is an abstract Jordan decomposition in
L, then p(z) = p(s) + p(n) is a usual Jordan decomposition in gl(V).

Proof. 1. The adjoint map ad : L — gl(L) is injective as its kernel is equal to Z(L) = 0 (as L
is semisimple). Applying the previous lemma to L ~ ad(L) C gl(L), we obtain a decomposition
r =S+ n in L such that adx = ad s + ad n is the Jordan decomposition.

2. Consider M as an L-module via f and let V = L & M be the direct sum of L-modules. The
representation map p : L — gl(V) is injective as already ad : L — gl(L) is injective. Applying
the previous lemma to L ~ p(L) C gl(V), we obtain a decomposition z = s + n in L such that
[s,n] =0 and

(1) p(s) € gl(V) is semisimple, hence ad s, ad f(s) are semisimple.

(2) p(n) € gl(V) is nilpotent, hence ad n, ad f(n) are nilpotent.
This implies that ad x = ad s + ad n is the Jordan decomposition in gl(L) (hence x = s + n is the
abstract Jordan decomposition in L) and ad f(z) = ad f(s) +ad f(n) is the Jordan decomposition
in gl(M) (hence f(z) = f(s) + f(n) is the abstract Jordan decomposition in M).

3. As L is semisimple, we have L = [L, L]. This implies that p(L) C sl[(V). We proved that the
Lie algebra homomorphism p : L — sl(V') preserves abstract Jordan decompositions. Therefore
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we can assume that L = sl(V) C gl(V) = M. Let ¢ € L and x = s+ n be the usual Jordan
decomposition in M = gl(V). We will show that it is also the abstract Jordan decomposition
of z in L. By the previous lemma s,n € L. By Lemma 3.6, we have a Jordan decomposition
adz = ads + adn in gl(M). It is also a Jordan decomposition in gl(L), hence x = s + n is an
abstract Jordan decomposition in L as required. O

Remark 4.10. Let L be a semisimple Lie algebra and p : L — gl(V) be a representation.
The previous theorem implies that if € L is semisimple (nilpotent), then p(x) is semisimple
(nilpotent). O

4.2.1. Weight spaces. Let x € gl(V) be a semisimple endomorphism. For any A € k, define the
eigenspace
Ww={veV|zv=2Iv}.
Then V = @, V. We will say that = acts on V) with weight A\. On the other hand, if z,y € gl(V)
are semisimple and commute, then y preserves each summand V) :
z(yv) = yzv = A(yv) Yv € V.

This implies that we can consider y as a semisimple endomorphism of V) and decompose V)
according to the eigenvalues of y. In this way V decomposes into a direct sum V = GBML Vi, of
simultaneous eigenspaces

Vip={veV |azv= A, yv = pv}.
Generally, we obtain the following result.

Lemma 4.11. Let H C gl(V) be an abelian subalgebra consisting of semisimple elements. Then
V has a simultaneous eigenspace (or weight space) decomposition

V=@ W,

ACH*
where the weight spaces Vy are defined by

Ww={veV |hw=Ah)vVheH}, Ae H".

Proof. Let H = ka & J, where 0 # x € H. By induction we can decompose V into a direct
sum of simultaneous eigenspaces of J. Then z acts on each of these eigespaces as a semisimple
endomorphism and we can decompose them further into a direct sum of x-eigenspaces. These
smaller summands will be simultaneous eigespaces of H. O

Remark 4.12. Let L be a semisimple Lie algebra, and H C L be an abelian subalgebra con-
sisting of semisimple elements. For any representation p : L — gl(V'), the image p(H) consists of
semisimple endomorphisms by Theorem 4.9. Then we also obtain a weight space decomposition

V=PV, Va={veV|ph)v=AhwVheH}.
AEH*

The spaces V) are called weight spaces of V' and the elements A € H* with V) # 0 are called
weights of V. O
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4.3. Root space decomposition.
Definition 4.13. Let L be a semisimple Lie algebra. A subalgebra H C L is called a Cartan
subalgebra if

(1) H is abelian and consists of semisimple elements.

(2) H is maximal among all subalgebras satisfying (a).

Example 4.14. Let L = sl,, and let H C L consist of all diagonal matrices. Then H is abelian
and all of its elements are semisimple. We will see later that H is a Cartan subalgebra. %

Definition 4.15. Let L be a semisimple Lie algebra and H C L be a Cartan subalgebra. We
have a decomposition corresponding to ad : H — gl(L)

L:@La, Lo={z€eL|[hz]=a(h) zVhe H}.
acH*
The finite set
R={ae H\{0} | L, #0} C H"

is called the root system of L relative to H. The elements of R are called roots, the spaces L, are
called root spaces. Decomposition

L=Ly® P La
a€R

is called the root space (or Cartan) decomposition.

Example 4.16. Let L = sl, and H C L consist of the diagonal matrices. Let ¢; € H*, for
1 <i < n, be defined by

6¢(h):ai h:ZaiEiiEH-
=1

These vectors in H* are not linearly independent as dimH = n — 1. Given an element h =
> ;a;Ey € H, we have

adp(Eij) = [h, Eij] = (a; — a;)Eij = (g, — €5)(h) - Ejj.
This means that there are root spaces Lq,; = kE;; for the roots
aijZEi—EjGH* VZ#]

The case ¢ = j corresponds to the zero weight 0 € H*. Therefore Ly consists of all diagonal
matrices in L, hence Ly = H. We obtain the following root space decomposition

L=H® @ kE;;.
i#j
Note that Ly = H and all root spaces Ly, = kE;; are one-dimensional. We will see later that
this is true in general. O

Lemma 4.17. We have

(1) [LaaLB] C Lays-

(2) If k is the Killing form on L, then k(Lo, Lg) = 0 whenever o+ 8 # 0.

(3) The Killing form k induces a non-degenerate pairing Lo, X L_, — k. In particular, the
restriction of k to Lg is non-degenerate.

Proof. 1. If x € Lo, y € Lg and h € H, then
[hy [z, yl] = [[h, 2], y] + [, [ y]] = Rz, y] + B(h) [z, y] = (e + B)(h) - [z, y].

This implies that [z,y] € Layg.
2. If, additionally, z € L., then

ady ady(2) = [z, [y, 2]] € Latpty-
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This implies that ad, ady maps L, to Loygyy. Therefore, if a + 8 # 0, then ad, ad, is nilpotent.
In particular, it has trace zero and
k(z,y) = tr(ad, ady) = 0.

3. If x € L, and k(z,L_,) = 0, then x(xz,L) = 0 by (2). As x is non-degenerate on L, we
obtain z = 0. Similarly, if € L_,, and (L, z) = 0, then = 0. This implies that the restriction
of kK to L, X L_, is non-degenerate. O

Remark 4.18. For any a € R, the root space L,, consists of nilpotent elements. Indeed, for every
x € L, we proved that ad, maps Lg to Loyg. As L is finite dimensional, we can find some n > 1
such that Ly, = 0 and Lya+p = 0 for all § € R, hence ad], = 0. O

Lemma 4.19. Let C(H) ={xz € L ||z, H| = 0} be the centralizer of H in L. Then
Ly=CL(H)=H.
Proof. The first equation follows from the definitions, namely,
Ly={xe L |adp(x) =0Yhe H} ={z e L |[H,z]=0}.
For the second equation, we note first that H C Ly as H is abelian. Let « € Lg and x = s+ n be
its Jordan decomposition in L. Then adz = ad s + ad n is the Jordan decomposition in gl(L). As
adz(H) = [z,H] =0,

we conclude that also [s, H] = ad s(H) = 0. This implies that H + ks is abelian and consists of
semisimple elements. By the maximality of H, we obtain s € H. Note also that s,n € Ly. To
show that Ly = H, we need to show that the only nilpotent element of Ly is zero as this would
imply n = 0 and therefore z = s € H.

We claim that Lg is nilpotent. Given x € Lg with a Jordan decomposition x = s+ n, we proved
that s € H, hence ad s|r, = 0. This implies that ad |, = adn|L, is nilpotent on L. By Engel
theorem L is nilpotent. Therefore Lg is solvable and by Lie theorem we can find a basis of L
such that ad x is upper-triangular for all x € Ly. If x € L is nilpotent, then ad z is nilpotent and
is strictly upper-triangular. Therefore for any y € Lo, ad, ad, is strictly upper-triangular and has
zero trace. Therefore

k(z,y) = tr(adgady) =0 Yy € L.

By the previous lemma, s is non-degenerate on Ly, hence x = 0. This implies that the only
nilpotent element of Lg is trivial, as required. O

From now on we will denote the Killing form on L by (—,—). Its restriction to H = Lg is
non-degenerate, hence induces an isomorphism

H~H*  he (h-).

We will denote the induced bilinear form on H* also by (—, —). For any o € H*, let h!, denote
the corresponding element in H. For any o« € H* and h € H, define

(o, h) = (h, o) == a(h).
We have hl, — o = (hl,, —) under the above isomorphism, hence
(a,h) = a(h) = (h/w h).

In particular,
(. B) = (hg, hig) = (e, hjg)  Va,B € H.

Lemma 4.20. Let « € R. Then
(1) Ifx € Ly and y € L_,, then

[z, y] = (z,y)h,,.
(2) (e, @) #0.
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(3) If xo, € Ly and yo, € L_,, are such that (x4, ya) = ﬁ (they are unique up to a scalar)

and h, = (iLE;), then (o, ho) = 2 and the elements To, Yo, ha satisfy the relations of sls.

We will denote this algebra by (sl2)q.

Proof. 1. For any h € H, we have

([z,yl,h) = (2, [y, h]) = — (=, [h,y]) = (. h) (2,y) = (h:w h)(z,y) = ((=, y)h;, h).
Using the fact that [z,y] € Lo = H, (z,y)h,, € H and the Killing form is non-degenerate on H,
we conclude that [z, y] = (z,y)hl,.
2. Assume that (o, ) = (o, b)) = 0. Let 0 # x € L,. As the Killing form is non-degenerate
on L, x L_,, there exists y € L_, such that (z,y) # 0. Then

h=[z,y] = (z,y)hy #0.
Consider the vector space M generated by x,y,h. We have
[h,7] = (s h) & = {a, (&, y) ))& = O
as («a, hl,) = 0. Similarly [k, y] = 0. This implies that M is a solvable Lie algebra. By Lie theorem,
there exists a basis of L such that M acts on L by upper-triangular matrices. This implies that

ady, = [ady,ad,] acts by a strictly upper-triangular matrix, hence is nilpotent. But h € H is also
semisimple, hence h = 0. A contradiction.

3. We have
he) = JhL) = Ja) =2
(@) = oy (001 = (o)
Moreover,
2h!
ayYa] = a»ah/_ a_ha,
[Za, Ya] = (Tas Ya) (@.0)
[has o] = (@, ha) To = 224
Similarly [has Ya] = —2Ya- O

Theorem 4.21. We have
(1) R spans H*.
(2) The vector space
V = khqo ®rez\{0} Lka
is an irreducible representation of sla = (Ta, Yo, Pa) -

(3) For any root a € R, dim L, = 1.
(4) If a, B € R, then (8,ha) = 122 € 2.
(5) For any root o € R, the only multiples of o which are also roots are +a.
(6) For any o € R, define a reflection
5o H* = H'. su(0) = A— (A ha)a = A — 2N
(a, @)

which leaves the hyperplane a+ = {\ € H* |(a,\) = 0} invariant and maps o to —a.
Then so(R) C R.
(7) For any roots « and 8 # *a, the vector space

V=D Lotka
keZ
is an irreducible representation of slo = (To, Yo, Pa)-
(8) If a, 8,0+ B € R then [Ly, Lg]l = Loy p.

Proof. 1. Assume that R does not span H*. Then there exists 0 # h € H such that (R, h) = 0.
Then, for any « € R and z € L,,

[h, 2] = {a,h) z =0,
hence [h, L,] = 0. This implies that [k, L] = 0 and h € Z(L). As L is semisimple, its center is
zero, hence h = 0. A contradiction.
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2. The vector space V is a representation of sly. Indeed, h, preserves each Ly, and [hq, hs| = 0.
The element z, € Ly maps Liq to L(jx41)q for k # 0, —1 and maps hy to Lo. On the other hand,
for any z € L_,, we have [zq, 2] = (zq, 2)h), € kh,. Therefore [z, L_o] C kh,. This implies
[za, V] C V. Similarly [ya, V] C V. For any z € Ly, we have

[has 2] = (ka, ho) 2 = 2kz,

hence z has weight 2k. On the other hand, the elements of kh, have weight zero. Representation
V of sly is irreducible as Vy = kh, has dimension one (here we use classification of irreducible
representations of slz).

3. From the previous statement we obtain that the weight space Vo = L, has dimension one.

4. Let us consider L as a representation of sly = (X4, Yo, ha). We know that all weights of this
representation are integers. In particular, for z € Lg,

[hm Z] = (B, ha) 2,

hence z has weight (5, h,) which is an integer.
5. Assume that «, 5 € R and 8 = ca for some ¢ € k\{x1}. Then by (4)

2(a, B) _2eez 2(a, B) _ 2
(a, ) (B,8) ¢
Therefore ¢ = :I:%, +2. If ¢ = :I:%, we can exchange « and § and assume ¢ = +2. If ¢ = —2, we

can substitute 8 by —f8 and assume 8 = 2a. Consider the irreducible representation
V = khq ®rez\{0} Lka

from (2). By the property of irreducible sly representations, the map z, : Vo — V4 is an isomor-
phism if Vj # 0. But V2 = L, is one-dimensional, generated by z,, and |24, z4] = 0. Therefore
Tt Vo — Vy is zero and V4 = 0. We obtain from Lg = Ly, = V4 = 0, that 3 is not a root.

6. Let 5 € R and n = (B,h,). We have to show that s,(8) = 8 — na is a root. As before,
we consider V = L as a representation of sl;. We have seen that elements of Lz have weight
(B, ho) = n. Assume that n > 0. Then y? : V,, — V_,, is an isomorphism. In particular, for any
0# z € Lg CV,, the element y?(z) is non-zero. But

yZ(Z) = adZa (Z) S Lﬂ—nom

hence f—na € R as required. The proof for n < 0 is similar (consider m = —n and an isomorphism
Vo = V).

7. The vector space V' is a representation of sly. Indeed, h, preserves each Lgya, o € Lo maps
Lgika t0 Lgy(kt1ya and yo € Lo maps Lgiga to Lgy(k—1)- For any z € Lgypa, we have

[ha, 2] = (B + ka, ha) 2 = ((B, ha) + 2k)2,

hence elements of Lg . have weight (5, hq)+2k. All of these weight spaces are one-dimensional,
hence V is an irreducible representation.

8. We know that [Ly, Lg] C Lo4+p and the latter space is one-dimensional. We obtain from (7)
that the map zo : Lg — Lq4+g between nonzero weight spaces is an isomorphism. Therefore
[:L'a, Lﬁ] 7é 0 and [La, Lg} = La_;,_ﬁ. O

Lemma 4.22. We have
(1) (h, 1) =3 0cr (o, h) (a, b)), for any h,h' € H.
(2) (5’7) = ZaeR(O‘a/@)(aar}/): fOT any Bv’Y € H~.
(3) (B,7) € Q for any B,v € R.
(4) Let E C H* be the vector space over Q generated by R. Then the form (—,—) is positive
definite on E, that is, (y,7) > 0 for any 0 # ~ € E.

Proof. 1. Consider the action of ady, ad i’ on every root space L, and take the trace.
2. We have

(ﬁv’Y) = (h%,h;) = Z <O‘7h2¥> <a7hl7> = Z(a7ﬂ)(a,’7)-

a€ER aER



38 SERGEY MOZGOVOY

3. We have (8, ) = Z:O&R(oz,ﬁ)Q7 hence ﬁ =D ucR % €Q as 2B ¢ 7. We obtain from

(8,8) (B.8)
202) € 7 that (8,7) € Q.

4. If0#~ € E C H* then

(1:7) =Y (7)™
acR
We can write v = 3 5. p cgf3 for some cg € Q. Then (a,v) = > 5. p ca(a, B) € Q and (a,v)2 >0,
for all @« € R. There exists & € R such that (a,7) # 0 as R generates H*. This implies that

ZaeR(a,v)Q > 0. O
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4.4. Abstract root systems. Assume that k = C and let £ C H™* be a real vector space
generated by R. Let us formalize the properties of R C E.

Definition 4.23. Let E be a real vector space with a positive definite inner product (we call E
a Euclidean vector space). An abstract root system is a finite subset R C E\{0} such that

(1) R generates E.

(2) For any «, 8 € R, the number 2((55)) is an integer.

(3) For any « € R, define a reflection
2(a, M)

(@, )

So : B — F, A= A —

Then s, (R) C R.
(4) For any root « € R, the only multiples of a which are also roots are ta.

Remark 4.24. Note that s,(«) = —a and so(A\) = A if A is orthogonal to a (i.e. (o, A) = 0).
Therefore s, should be interpreted as a reflection with respect to the hyperplane

H,=a*={\€ E|(a,\) =0}.
Note that s2 = Id. 0

For any root o € E, define the corresponding coroot oV € E* (it was denoted by h,, previously)
by

<>\, av> =

Then
(a,a’) =2, sa(A) =A—(\,aY)a.

Definition 4.25. The Weyl group W of the root system R C FE is the subgroup of GL(FE)
generated by reflections s, for a € R.

Lemma 4.26. The Weyl group is a finite subgroup of O(E) which preserves R C E.

Proof. Every s, is orthogonal as

2(a; ) 2(av, 1) )

() " o)
= () - ) | HEDCI (0 0) = (o).

This implies that W C O(FE). We know that so(R) = R. This implies that W preserves R. If
some w € W acts trivially on R, then w acts trivially on E as R generates E. Therefore W is a

subgroup of the group Aut R of all permutations of R. As R is a finite set, Aut R and W are also
finite. U

Example 4.27. Let R C E be the root system of sl,,. We identify E with {x € R" |} z; =0}
and let

(sahssm) = (A=

R={a;j=¢e—e;|i#j}.
For any root o = a5, the corresponding reflection s, acts as
Sa(T1yee s Tiyee y Tjy ey Tn) = (X1, o, Ty ooy Ty ooy Ty
that is, permutes coordinates ¢ and j. We can identify s, with a transposition (i) considered as an

element of the symmetric group S,,. Then the Weyl group W, generated by all such transpositions,
coincides with the symmetric group 5, . O

Lemma 4.28. For any w € W and a € R, we have Syq = WSaw L.

Proof. It A\ € H,, then (wa, w\) = (o, A) = 0 hence w\ € Hy,,. This implies wH, = Hyq. The
element ws,w ™' acts as identity on wH, = H,, and maps wa to wsy (o) = —wa. The same is
true about s,,,. Therefore they are identical. O
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4.5. Pairs of roots.

Theorem 4.29. Let o, 8 € R be two roots such that B # +a and ||B]| < ||a||. Let 6 be the angle
between o and 8. Then we have only the following possibilities

(B,07) | (a,BY) | 0
1] 0 0 72
2] 1 1 /3
3] -1 —1 | 2n/3
] 1 2 /4
5] —1 —2 | 3n/4
6] 1 3 7/6
7 -1 —3 | 5n/6

Proof. We have (a, 8) = |la|| ||3]| cos§. Let m = (8,a") = 2((55)) and n = (o, BY) = 2((;’;) and .
Then m,n € Z and

2
n= 4% = 4cos? .

[l - 111l
As 8 # +a, we have cosf # +1. Therefore mn € {0, 1,2,3}. We have

m_ 8.8

n  (a,a) ©
hence |m| < |n|. This implies that we can only have m € {0,+1}. If m = 0 then n = 0. Otherwise
m = +1 and n = +1, 42, £3. The angle 6 is determined from 4 cos? § = mn. O

The root system that appears in (1) is called A; x Ay, the root system in (2) and (3) is called
As, the root system in (4) and (5) is called By and the root system in (6) and (7) is called Gs.

A1 X Al 1\6 AQ ,6\/\

y)
)
2

PN
~
Q

Bg /\,6 G

(07

~ (6%

A

Corollary 4.30. Let a, 5 € R. Then
(1) If (a,8) >0, then o« — 8 € R.
(2) If (a,8) <0, then o+ 5 € R.
Proof. Tt is enough to prove (1). Let m = (o, 8Y) > 0, n = (8,a2Y) >0. Then m=1orn=1. If
m =1, then
spla) =a—(a,8Y)f=a - ER.
If n =1, then
sa(B) =B~ (B,a")a=p~a€R,
hence a — 5 3 R. O
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4.6. Bases of root systems.

Definition 4.31. A subset II C R is called a base of R if

(1) I is a basis of E.
— o 1aQ , o 2 3 3 3 2
(2) If B = > crinae is a root, then all n, are simultaneously in Zxq or simultaneously in

Z<o.
The set
R+{52naa€R nazOVaGH}
acll
is called the positive root system (or the set of positive roots) and the set R_ = —R, is called

the negative root system (or the set of negative roots). We have a decomposition R = Ry U R_,
called a polarization of the roots system R corresponding to II.
One can construct bases of R as follows. Let H, = a* = {\ € E | (a, \) = 0}, for any root «,
and let
v € E\ U H,,
acR
called a regular vector. Define

Ri(y)={aeR[(x,7) >0},  R-(7)={acR|[(a,7)<0}.

Then R_(vy) = —R4+(vy) and R = R4 (y) U R_(y). The sets Ry () and R_(v) are called the sets
of positive and negative roots respectively.

Definition 4.32. We say that an element oo € R () is a simple root if it can not be written as
a sum of two positive roots. Denote the set of all simple roots by II(v).

Lemma 4.33. Any positive root can be written as a sum of simple roots.

Proof. If & € Ry (7) is not simple, then a = &' + o for some o/, " € Ry (). This implies that
(o) < (a,7) and (&”,7) < (a,7). Applying induction on («,~) (there is a finite set of values
for & € Ry (7)), we obtain representations of o/ and o as sums of simple roots. Then we can
represent « as a sum of simple roots. O

Theorem 4.34. For any reqular v € E, the set of simple roots I1(vy) is a base of R. Any base of
the root system R has this form.

Proof. 1. We have seen that any positive root is a linear combination of II = II(y). On the other
hand R generates E. This implies that II generates F.
2. We have («, 8) < 0 for (distinct) o, 8 € II. If (e, §) > 0, then we have seen that 8/ = a—f € R.
If 3 € Ri(y), then a = 8+ 8 is not simple. If 3’ € R_(y), then 8 = a + (—4’) is not simple.
This is a contradiction.
3. Let us show that elements of II are linearly independent. Assume that ) . nqco = 0 for some
no € R. Let § = {a |nq >0} and T'= {a |na <0} Then A := 3" gnaa =351 tsf, where
ts = —ng. Therefore

O = 3 nats(,B) <0

a€S,BET

as ng > 0, tg > 0 and (o, f) < 0. This implies that A = 0. Therefore

0=(7,A) = Z na (7, ).
a€sS

But no > 0 and (v,a) > 0 as a € Ry. We conclude that S = @ and similarly 7' = @&. This
implies that elements of IT are linearly independent.

4. We have seen that every 8 € Ry () is a sum of simple roots, hence 5 = )
Ng € Z>o. Similarly, every § € R_(7y) can be written in the form g =3
This implies that IT = II(v) is a base of R.

5. Assume that IT C R is a base of R and let v € E be such that (7, a) > 0 for all & € II. We claim
that IT = II(y). We have II C R4 (), hence Ry C R4 (7). Similarly R_ C R_(y). This implies

aetl Mol with

aet Mol with no € Z<o.
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Ry = Ry (). Any a € Il is a simple root. Indeed, if « = o' 4+ ", for o = Zﬁeﬂ ngB € Ry and
o =3 senngB € Ry, then njg +nj = 0 for 8 # 0 and ng, + ny = 1. This implies o/ = 0 or
o =0, a contradiction. Therefore IT C II(y). We conclude that IT = II(v) as they are both bases
of F and have the same number of elements. O

Example 4.35. Let R C E be the root system of sl,. We identify F with {x € R™ | z; =0}
(corresponds to the traceless diagonal matrices) and define

R={a;j=e —¢€;|i#j}.
Choose v = (n,n—1,...,1) € R". Then
(v, 065) = (v, 60) = (v,e5) =(n+1—-i) —(n+1-j)=j—i>0
if and only if ¢ < j. Therefore
Ry ={ei—e;|i<j}.
For any 7 < j, we can write
ei —ej = (e; —eip1) + -+ (€j—1 — €j).
Therefore the simple roots are
o =€e; — €41, 1<1<n—-1
and IT = {ay,...,ay_1} is a base of R. Note that II is a basis of E. O
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4.7. Dynkin diagrams and classification. Let r = dim E (called the rank of the root system
R C E) and let T = {ay,...,a,} be a base of R. For any simple root ; € II, let s, = s,, € W
be the corresponding reflection, called a simple reflection.

Theorem 4.36. We have

(1) Simple reflections generate the Weyl group W.
(2) WII = R.

Corollary 4.37. R can be recovered from II.

Proof. We can recover W as the group generated by simple reflections. Then we recover R as

R =WIIL O
Definition 4.38. A Cartan matrix A of the base II C R is the r x r matrix with entries
2(a, ay)
o3y = (o) = 22,

Lemma 4.39. We have
(1) Qi = 2.
(2) Qij S ZSO fO’I“i 7é j
(3) a;; =0 if and only if a;; = 0.
(4) Qi € {0, 1,2, 3}
Proof. 1. Is obvious.
2. Was proved earlier.
3. a;; = 0 if and only if (a4, ;) = (ej, ) = 0.
4. We proved more generally that {a, 3Y) (3,a) € {0,1,2,3} for any roots o, 8 with 8 # +a. U

Example 4.40. Consider the root system R of sl,, with simple roots
O; = €; — €41, 1§i§n—1.
Then
(i, 0) = (€5 — €iq1,€i — €iq1) = 2,
(i, 1) = (€5 — €iq1, €41 — €i42) = —1
and (a;,a;) = 0 for |§ — j| > 1. This implies a;; = 2,
2(cvi, g )
(ai, ai)

and a;; = 0 for |i — j| > 1. O

Qi+l = Qit1,4 = =-1

The integers a;; and a;; are both < 0 for ¢ # j. The property a;ja;; € {0,1,2,3} implies that
in order to determine a;; and aj; it is enough to know a;ja;; and if

2
ay _ 20,05/ (an0r) _ oyl
aji  2(ai,05)/(ag,05)  leg))* T
or > 1. The first inequality means that the root «; is shorter than the root c;. Define the Dynkin
diagram of (R,II) as follows. It has vertices 1,...,r and the number of edges between i and j, for

i # j, is equal to a;ja,;. Moreover, if o; and «; have different length, we draw an arrow in the
direction of the shorter root. This diagram uniquely determines the Cartan matrix.

Remark 4.41. The Weyl group W has generators s1, ..., s, subject to relations
(1) 7 =1,
(2) (s48;)™% =1, where m;; are defined as follows

Qi Q5 0111213
mMij 2131416
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Groups of this form (with arbitrary m;;) are called Coxeter groups. They are not finite in general.
Note, in particular, that W is determined by the Cartan matrix. O

Example 4.42. If R C F is the root system of sl,, and the simple roots are
Q; = € — €41, ].SZS’I?,—].,

then the simple reflections correspond to transpositions s; = (4,4 + 1). One can show that they
generate W = S, and subject to the relations

512 =1, (5¢S¢+1)3 =1, SiSj = 5;55i i =l > 1.
O

Definition 4.43. A root system R C FE is called reducible if R = R; U Ry for non-empty subset
R1, Ry such that (Ry, R2) = 0. Otherwise R is called irreducible.

Theorem 4.44. The Dynkin diagrams of irreducible root systems are

(1) A, :0 0------0 o
(2) By, :o 0------0 ——30
(3) Cp:o O-----0 =
(4) D, : o oo o<:
o
(5) EG .
o o
o
(6) E7 :
(e, O
o
(7) Es:
(e, O

(8) Fy:o——o—=0—0

(9) G2 . o=—=0

Theorem 4.45 (Serre relations). Let L be a semisimple Lie algebra, H C L be a Cartan sub-
algebra, R C H* be the corresponding roots system, Il = {a1,...,a.} C R be a base of R, and
Ry C R be the corresponding positive root system. For any simple root o; € 11, let z; € Lq,,
yi € L_n, and h; = ho, € H be such that z;,y;, hi form a standard basis of sla. Then the elements

i, Yi, hi fori=1,...,r generate the Lie algebra L and subject to the relations
(1) [hi, hy] =
(2) [hiz;] = %% and [hi,y;] = —ai;y;,
(3) [, 93] = dijhi,
(4) (adz;)'=%iz; =0 and (ady;)*~iy; =0,

where a;; = (o), ;). Conversely, given a root system R with a base IL C R as above, the Lie
algebra L(R) with generators x;,y;, h; as above and the above relations is a finite-dimensional
semistmple Lie algebra with a root system R. Irreducible root systems correspond to simple Lie
algebras.
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5. HIGHEST WEIGHT REPRESENTATIONS

5.1. Universal enveloping algebra. Given a vector space V over a field k, let
TV=k T'WV=V, T’V=VRV, T"VW=Ve..cW
Define an associative product on T'(V') = @, TV by

(N ®...U0) (W ®...OW,) =11 Q..U QW1 Q... R Wy,.
Then T(V) is an associative graded algebra with a unit 1 € T°V. This algebra is called the tensor
algebra of V. Tt has a universal property, that for any associative algebra A and a linear map
f 'V — A, there exists a unique algebra homomorphism f : T(V) — A making the following
diagram commute

V— 5 T(V)

where i : V =TV — T(V) is an embedding. f:T(V) — A is defined on T"V by the rule

flor®...Quv,) = f(v1)f(va) ... f(vg).

Now let us consider a Lie algebra L and the corresponding tensor algebra T'(L). Using an
embedding i : L = T'L — T(L), we identify L with a subspace of T'(L). Let I C T'(L) be an ideal
generated by elements

TRQY—yRx— [,y Ve,y € L
and let U(L) = T(L)/I be the corresponding quotient algebra, called the universal enveloping
algebra of L.

Theorem 5.1. For any associative algebra A and for any Lie algebra homomorphism f: L — A
(meaning that f is linear and f([z,y]) = f(x)f(y) — f(y)f(z)), there exists a unique algebra
homomorphism f: U(L) — A (of associative algebras) such that the following diagram commutes

L —— 5 U(L)

Proof. We can uniquely extend the linear map f : L — A to an algebra homomorphism f’ :
T(L) — A. For any z,y € L, we have

flaey-—y@z—(z,y]) = fx)© fy) - fy) @ f(z) = f([z,9]) =0
as f : L — Ais a homomorphism of Lie algebras. This implies that 2@y —y®xz— [z, y] € ker f’ and
therefore I C ker f’. We conclude that f’: T(L) — A can be factored through f : T(L)/I — A.
Uniqueness of f follows from the uniqueness of f’. O

Remark 5.2. Let p: L — End(V) be a representation of a Lie algebra L. By the above result

this map extends to an associative algebra homomorphism 5 : U(L) — End(V'). This means that

we can consider V' as a module over the associative algebra U(L), where multiplication is given by
av := p(a)v, acU(L),veV.

Conversely, if V' is a module over the associative algebra U(L) then it is automatically a module

over the Lie algebra L, by using the embedding i : L — U(L). O

Remark 5.3. Let V be a vector space equipped with an abelian Lie algebra structure. The ideal
I C T(V) from the above construction is generated by the elements
TRY—yYQuw, z,y € V.

The corresponding algebra U(V) = T(V)/I is called a symmetric algebra of V' and is denoted
by S(V). If V has a basis (z1,...,z,), then S(V) is isomorphic to the algebra of polynomials
k[z1, ..., 2] O
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The following important result tells us that one can similarly describe a basis of the universal
enveloping algebra U(L).
Theorem 5.4 (Poincaré-Birkhoff-Witt Theorem). Let (x1,...,2,) be a basis of a Lie algebra L.
Then the universal enveloping algebra U(L) has a basis
i(z)k i)k, ki,....kn €N,
where i : L — T(L) — U(L) is a canonical embedding.

Let 7 : T(L) — U(L) be the canonical projection. Define a filtration 0 =U_1 CUy C Uy C ...
of U(L) by
Un=n(T°L®--- & T™L).
Then U,,U,, C Up4+rn and there is an induced associative algebra structure on

GrU(L) = @PUi/Ui1.
i>0
If 2,y € L C U; then xy — yx = [z,y]r € Uy. More generally, one can show that for any « € U,
and y € U, we have 2y — yr € U, qn—1, hence this element induces zero in Upyin/Umgn—1-
This implies that the algebra GrU(L) is commutative. The natural embedding L = U /Uy —
GrU(L) can be considered as a homomorphism of abelian Lie algebras. It can be extended to an
(associative) algebra homomorphism S(L) — GrU(L) by the universal property of S(L). Then
the PBW theorem can be reformulated as follows.

Theorem 5.5 (Poincaré-Birkhoff-Witt Theorem). The natural algebra homomorphism S(L) —
GrU(L) is an isomorphism.

Corollary 5.6. Let L be a Lie algebra and Ly, Lo C L be subalgebras such that L = L1 @® Lo as a
vector space. Then U(L) ~U(Ly) ® U(Ls) as a vector space.

Let L be a semisimple Lie algebra, H C L be a Cartan subalgebra and
L=H®& @ Lo
aER

be its root space decomposition. Let II = {a1,...,a,.} C R be a base of R, and R+ C R be the
corresponding positive root system. Then we can write

L=L.oHoL,, L =@ L, Li=@P La
aER_ aERy
This implies
U(L)~U(L-)QU(H)®U(Ly).
Note that U(H) = S(H) is isomorphic to k[hy, ..., h,], where h; = o are simple coroots. The
algebra U (L) is generated by the elements x1, ..., z, and the algebra U(L_) is generated by the
elements y1, ..., Y.
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5.2. Weights. Let L be a semisimple Lie algebra with a choice of a Cartan algebra, root system
and a base. Representations in this section are not necessarily finite-dimensional, unless otherwise
stated.

For any (f.d.) L-representation p: L — gl(V'), the image of H consists of semisimple endomor-
phisms and we have a weight decomposition

V=D W
AEH*
where V), are weight spaces defined by
W={veV|h=Ah)vVheH}.
Define the set of weights of V'
P(V)y={Xe H" |V, #0}.
For any root @ € R C H*, there is a coroot h, = oV € H.

Lemma 5.7. We have LoV\ C Vayq, for any o € R and X € P(V).

Proof. Let « € Ly and v € V). Then, for any h € H, we have

h(zv) = ([h,z] + zh)v = a(h)zv + z(A(h)v) = (a(h) + A(h))zv = (A + a, h) 2.
Therefore zv € Vy4q. O
Definition 5.8. Let V' be an L-representation. A vector 0 # v € V) (for some A € H*) is called

a highest weight (or primitive) vector if z,v = 0 for all « € R,. Representation V is called a
highest weight representation if v generates V. In this case X is called the highest weight of V.

Lemma 5.9. Every f.d. irreducible L-representation is a highest weight representation.

Proof. The set of weights P(V) is finite, hence there exists A € P(V') such that A+ a ¢ P(V) for
all « € Ry. Let 0 # v € V). Then z,v € Vyyq =0, hence z,v = 0, for all « € Ry. The vector v
generates V' as V is irreducible. O

Theorem 5.10. Let V' be a highest weight representation with highest weight A. Then

(1) V has a weight decomposition and weights of V' are of the form A —>_ ko with k; € Z>q.
(2) dimVy =1 and dimV, < co for p € H*.
(3) If V is f.d. then V is irreducible.

Proof. 1. Let v € V), be a highest weight vector generating V. We have L v = 0 and Hv C V).
Therefore U(Ly)v = kv, U(H)v = kv and

The space U(L_)v is generated by
Ysy - - YBpUs Bi,..., 0k € Ry.

The above element has weight
A= Zﬁz =Ai— Zmiai
i=1

for some m; € Z. This proves (1).

2. Ifv =yg, ...y v € Vy, then A=A —>" 3;, hence ; = --- = f; = 0. This implies that v/ = v
and V) is generated by v. If V), is generated by elements of the form yg, ...y, v, then they satisfy
@w=X=>Y_5;. There is a finite number of tuples (3;) in R satisfying this condition.

3. If V is not irreducible, then V = V' & V" for non-trivial V', V. Then V,, = V; @V for any
weight p. In particular, Vy = Vi @ V). As dimV) = 1, we have V] = V) or V' = V). Then
V=V or V"=V as v € V) generates V. O

Theorem 5.11. Let V be an irreducible f.d. representation. Then

(1) V contains only one highest weight vector (up to a scalar).
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(2) Two irreducible (f.d.) representations have the same highest weight if and only if they are
isomorphic.

Proof. 1. Assume that v € V) and v’ € V) are two highest weight vectors. Then by the previous

theorem
)\—)\’:Zmiai, X—)\:Zm;ozi

for some m;, m; € Z>o. This implies m; =m) =0 and A = X.

2. Let Vi and V; be irreducible representations having the same highest weight A and having
highest weight vectors vi,vs. Then the representation W C Vi @ V5 generated by the vector
v = (v1,v2) € V1® V43 is a highest weight representation. By the previous theorem W is irreducible.
The composition W < V; & Vo — V; is non-trivial, hence is an isomorphism (as W and V; are
irreducible). Similarly, W ~ V5 and we conclude that V; ~ V5. O
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5.3. Construction of highest weight representations. Let V be a highest weight represen-
tation of L with a highest weight A and a highest weight vector v € V). Then we have

hv=Ah)v Vh e H, zv=0 VrelL,.

Let us construct a universal module with these properties. Consider the left ideal J(\) C U(L)
generated by Ly and elements h — A\(h) for all h € H. Define the module

M(X) =U(L)/J(X)
called Verma module. If V is the highest weight module with highest weight vector v as above,
then there exists a surjective homomorphism of U(L) (or L) modules
M) =V, 1.
One can construct M () also as follows. Let ky = k1, be a one-dimensional module over H & L,
where L, acts trivially and H acts as
hl)\:)\(h)l)\ Vh € H.
Then k) is also a module over U(H @ L) and we define
M(\) =U(L) QUHSLY) k.
It is isomorphic to U(L_) as a vector space.
Theorem 5.12. We have
(1) M(\) =U(L-)vax.
(2) Weights are of the form X — 3 m;cy for m; € Z>g.
(3) Fach submodule has a weight space decomposition.

Lemma 5.13. For every A\ € H* there exists an irreducible module V (\) with highest weight \.

Proof. If W C M()) is a submodule, then W = @ W, has a weight space decomposition. If
W C M(\) is proper, then Wy = 0 as otherwise W) = M (\)x generates M () and W = M ().
Taking the sum over all proper submodules, we obtain the maximal submodule W C M (\) (it is
proper, as it satisfies Wy = 0). Then the quotient V/(A) = M (X)/W is irreducible.
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