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1. Lie algebras and Lie groups

1.1. Definition and examples. Let A be an associative algebra over a field k. Define the
commutator

[−,−] : A×A→ A, [x, y] = xy − yx.
This map is bilinear and satisfies

(1) [x, x] = 0 for all x ∈ A (anti-commutativity).
(2) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ A (Jacobi identity).

1.1. Verify the Jacobi identity.

Sometimes we have an operation on a vector space as above that is not induced by an associative
structure. This gives rise to the notion of a Lie algebra.

Definition 1.1. A Lie algebra over a field k is a k-vector space L with a bilinear map

[−,−] : L× L→ L

called a Lie bracket, such that

(1) [x, x] = 0 for all x ∈ L (anti-commutativity).
(2) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L (Jacobi identity).

Remark 1.2. Anti-commutativity implies [x, y] = −[y, x] as

0 = [x+ y, x+ y] = [x, x] + [x, y] + [y, x] + [y, y] = [x, y] + [y, x].

Conversely, if [x, y] = −[y, x] for all x, y ∈ L, then [x, x] = −[x, x] and therefore 2[x, x] = 0. This
implies [x, x] = 0 if chark 6= 2. ♦

Definition 1.3. Let L be a Lie algebra. A Lie subalgebra of L is a subspace M ⊂ L such that
[x, y] ∈ M for all x, y ∈ M . Note that M equipped with an induced bracket operation is itself a
Lie algebra.

Example 1.4. Let A be an associative k-algebra. Then A, equipped with a commutator operation

[x, y] = xy − yx, x, y ∈ A,

is a Lie algebra, denoted by L(A) (note that A and L(A) coincide as vector spaces, but have
different binary operations).

In particular, if V is a vector space, then the set of endomorphisms End(V ) is an associative
algebra. The corresponding Lie algebra is called the general linear Lie algebra and is denoted
by gl(V ). The algebra End(kn) is isomorphic to the algebra Mn(k) of n×n matrices over k. The
corresponding Lie algebra is called again a general linear Lie algebra and is denoted by gln(k) or
gl(n,k). ♦

Example 1.5. Define a subspace

sln(k) = sl(n,k) = {A ∈ gln(k) | trA = 0} ⊂ gln(k).

For any A,B ∈ gln(k), we have

tr[A,B] = tr(AB −BA) = tr(AB)− tr(BA) = 0

and therefore [A,B] ∈ sln(k). This implies that sln(k) ⊂ gln(k) is a Lie subalgebra. It is called
the special linear Lie algebra.

Consider the algebra

sl2(k) =
{(

a b
c d

)
∈ gl2(k)

∣∣ a+ d = 0
}
.

It is a 3-dimensional algebra with a basis

x = ( 0 1
0 0 ) , y = ( 0 0

1 0 ) , h =
(

1 0
0 −1

)
.

The multiplication rules are

[x, y] = h, [h, x] = 2x, [h, y] = −2y.
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Note that the matrix product of x, y ∈M2(k) is

xy = ( 0 1
0 0 ) ( 0 0

1 0 ) = ( 1 0
0 0 ) /∈ sl2(k).

This means that sl2(k) ⊂ M2(k) is not closed under the matrix multiplication, although it is
closed under the commutator. This is an example of a Lie algebra that is not induced by an
associative structure. ♦

Example 1.6. Define the algebra of upper-triangular matrices

bn(k) = { (aij) ∈ gln(k) | aij = 0 for i > j} ,
the algebra of strictly upper-triangular matrices

nn(k) = { (aij) ∈ gln(k) | aij = 0 for i ≥ j} ,
the algebra of diagonal matrices

tn(k) = { (aij) ∈ gln(k) | aij = 0 for i 6= j} .
All of them are Lie subalgebras of gln(k). ♦

Example 1.7. Let V be a k-vector space of dimension n and σ : V × V → k be a bilinear form.
Define

o(V, σ) = {A ∈ gl(V ) |σ(Av,w) = −σ(v,Aw) ∀v, w ∈ V } .
It is a Lie subalgebra of gl(V ). Indeed, if A,B ∈ o(V, σ), then

σ([A,B]v, w) = σ(ABv,w)− σ(BAv,w) = −σ(Bv,Aw) + σ(Av,Bw)

= σ(v,BAw)− σ(v,ABw) = −σ(v, [A,B]w)

and therefore [A,B] ∈ o(V, σ). If V = k
n and σ is given by the matrix S, then

o(V, σ) =
{
A ∈ gln(k) | (Av)tSw = −vtSAw

}
=
{
A ∈ gln(k) |AtS = −SA

}
.

Let us consider some examples.

(1) If σ is symmetric non-degenerate and k = C (or any algebraically closed field with chark 6=
2), then one can choose a basis of V such that σ is given by the identity matrix. The
algebra

so(n,k) := o(V, σ) =
{
A ∈ gln(k) |At = −A

}
consists of skew-symmetric matrices and is called the (special) orthogonal Lie algebra.

(2) If σ is symmetric non-degenerate and k = R then one can choose a basis of V such that

σ is given by the diagonal matrix S =
(
Ip 0
0 −Iq

)
for some p + q = n. The corresponding

algebra o(V, σ) is denoted by so(p, q).
(3) Let σ be skew-symmetric non-degenerate. One can show that n = 2l is even and there

exists a basis of V such that σ is given by the matrix S =
(

0 Il
−Il 0

)
. The algebra

sp(2l,k) = o(V, f) =
{
A ∈ gln(k) |AtS = −SA

}
is called the symplectic Lie algebra.

♦
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1.2. Derivations.

Definition 1.8. The algebras in this definition are not necessarily associative or Lie algebras.

(1) A k-algebra (or an algebra over a field k) is a k-vector space A equipped with a bilinear
map

A×A→ A, (a, b) 7→ a · b.
(2) A k-linear map f : A→ B between two k-algebras is called a k-algebra homomorphism if

f(a · b) = f(a) · f(b) for all a, b ∈ A. It is called a k-algebra isomorphism if f is bijective.
(3) Let A be a k-algebra. A linear map δ : A → A is called a derivation if it satisfies the

Leibniz rule
δ(x · y) = δ(x) · y + x · δ(y) ∀a, b ∈ A.

The set of all derivations of A is denoted by DerA.

Remark 1.9. Note that

(1) An algebra homomorphism between Lie algebras is also called a Lie (algebra) homomor-
phism.

(2) In the case of unital associative algebras a subalgebra B ⊂ A is additionally required to
contain 1A.

♦

Lemma 1.10. Let A be a k-algebra. For any δ, δ′ ∈ DerA, the commutator

[δ, δ′] = δ ◦ δ′ − δ′ ◦ δ
is again a derivation. In particular, DerA is a Lie subalgebra of gl(A).

Proof. Let δ, δ′ ∈ DerA. It is left as an exercise to show that, for any x, y ∈ A, we have

[δ, δ′](xy) = [δ, δ′](x) · y + x · [δ, δ′](y).

This implies that [δ, δ′] ∈ DerA. One can also show that if δ, δ′ ∈ DerA and c ∈ k then

δ + δ′ ∈ DerA, cδ ∈ DerA.

This implies that DerA ⊂ gl(A) is a subspace closed under the bracket operation. �

Lemma 1.11. Let L be a Lie algebra. Then, for any x ∈ L, the map

adx = adx : L→ L, y 7→ [x, y]

is a derivation, called an inner derivation. The map

ad : L→ DerL ⊂ gl(L), x 7→ adx

is a homomorphism of Lie algebras, called the adjoint representation of L.

Proof. The Leibniz rule for adx can be written as

adx([y, z]) = [adx(y), z] + [y, adx(z)] ∀y, z ∈ L
or

[x, [y, z]] = [[x, y], z] + [y, [x, z]].

Using anti-commutativity we can rewrite this in the form

[x, [y, z]] = −[z, [x, y]]− [y, [z, x]]

which is equivalent to the Jacobi identity. This implies that adx ∈ DerL.
For any δ ∈ DerL, we have

[δ, ady](z) = δ(ady(z))− ady(δ(z)) = δ([y, z])− [y, δ(z)] = [δ(y), z] = adδ(y)(z)

and therefore
[δ, ady] = adδ(y) .

In particular, for δ = adx, we obtain

[adx, ady] = ad[x,y]

and this means that ad : L→ DerL is a Lie algebra homomorphism. �
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1.3. Vector fields. This section assumes some familiarity with manifolds. Given a smooth (=
C∞) manifold M of dimension d and a point p ∈ M , one can define the tangent space TpM of
M at the point p. This is the set of equivalence classes of (smooth) curves γ : (−ε, ε)→ M with
γ(0) = p, where

γ ∼ ν ⇔ lim
t→0

γ(t)− ν(t)

t
= 0.

It is a d-dimensional vector space with a basis

∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xd

∣∣∣∣
p

,

where (x1, . . . , xd) is a local coordinate system around p. A curve γ with local coordinates
(γ1, . . . , γd) corresponds to the vector

γ̇(0) :=

d∑
i=1

dγi
dt

∣∣∣∣
t=0

∂

∂xi

∣∣∣∣
p

.

Any tangent vector [γ] ∈ TpM induces a derivation

Dγ : C∞(M)→ R, f 7→ (f ◦ γ)′(0) =

d∑
i=1

dγi
dt

∣∣∣∣
t=0

∂f

∂xi

∣∣∣∣
p

that satisfies
Dγ(fg) = Dγ(f) · g(p) + f(p) ·Dγ(g).

There is a bijection between TpM and derivations. We will identify the objects [γ], γ̇(0) and Dγ .
The union TM =

⋃
p∈M TpM has a structure of a smooth manifold of dimension 2d. It is called

the tangent bundle of M . There is smooth map π : TM → M , sending TpM to p and called
the natural projection. A smooth section

X : M → TM, p 7→ Xp ∈ TpM
of π is called a vector field on M . It induces a Lie derivative

LX : C∞(M)→ C∞(M), (LXf)(p) = Xp(f), f ∈ C∞(M), p ∈M,

satisfying the Leibniz rule. Therefore LX ∈ DerC∞(M) and one can show that this induces a
bijection between the set of all vector fields and the Lie algebra of derivations DerC∞(M). In
particular, for any vector fields X,Y the commutator [LX , LY ] is again a Lie derivative L[X,Y ] for
some vector field [X,Y ]. This bracket equips the space of vector fields with a structure of a Lie
algebra. This was historically one of the first examples of a Lie algebra.

Remark 1.12. In local coordinates we can write

X =

d∑
i=1

Xi∂i, Y =

d∑
i=1

Yi∂i,

where ∂i = ∂
∂xi

and Xi, Yi ∈ C∞(U) for some open neighborhood U of p. Then

[LX , LY ]f =
∑
i,j

(Xi∂i(Yj∂j(f))− Yj∂j(Xi∂i(f))) =
∑
i,j

(Xi∂i(Yj)∂j(f)− Yj∂j(Xi)∂i(f))

=

d∑
i=1

 d∑
j=1

(Xj∂j(Yi)− Yj∂j(Xi))

 ∂i(f),

[X,Y ] =

d∑
i=1

 d∑
j=1

(Xj∂j(Yi)− Yj∂j(Xi))

 ∂i.

♦
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1.4. Lie groups. This section will be rather informal and should serve just as a motivation.

Definition 1.13. A Lie group G is a smooth manifold endowed with a group structure such
that the map

G×G→ G, (x, y) 7→ xy−1

is smooth.

Theorem 1.14. Let G be a Lie group, e ∈ G be the unit and L(G) = TeG be the tangent space.
For any x ∈ L(G) there exists a unique smooth group homomorphism γx : R → G (called a 1-
parameter subgroup) such that γ̇x(0) = x. This correspondence induces a bijection between L(G)
and 1-parameter subgroups of G.

Example 1.15. LetG = GLn(R), called the general linear group. Then L(G) = TeG = gln(R).
For any A ∈ gln(R) the map

γA : R→ GLn(R), t 7→ exp(tA) =
∑
k≥0

tkAk

k!

is a group homomorphism and satisfies

γ̇A(0) =
d

dt
exp(tA)

∣∣∣∣
t=0

= A.

Note that γA(1) = exp(A) and

d

dt
exp(tA)B exp(−tA)

∣∣∣∣
t=0

=
d

dt
(1 + tA)B(1− tA)

∣∣∣∣
t=0

= AB −BA = [A,B].

♦

Generally, motivated by this example, for any Lie group G, we define the map

exp : L(G)→ G, exp(x) = γx(1)

and define

[x, y] =
d

dt
exp(tx)y exp(−tx)

∣∣∣∣
t=0

∀x, y ∈ L(G).

This bracket equips L(G) with a Lie algebra structure. The map exp : L(G)→ G is a diffeomor-
phism in a neighborhood of 0 ∈ L(G).

Given a smooth map f : M → N between manifolds and p ∈ M , there is a linear map
df : TpM → Tf(p)N between tangent spaces. In particular, given a smooth group homomorphism
(we call it a Lie group homomorphism) ϕ : G→ H, there is a linear map

dϕ : L(G) = TeG→ TeH = L(H).

Theorem 1.16. Given a Lie group homomorphism ϕ : G→ H, the map dϕ : L(G)→ L(H) is a
Lie algebra homomorphism and the diagram

L(G) L(H)

G H

dϕ

exp exp

ϕ

commutes.

Theorem 1.17. Let G be a Lie group. There is a bijection between connected Lie subgroups
H ⊂ G and Lie subalgebras L ⊂ L(G). It is given by sending H to its Lie algebra

L = {x ∈ L(G) | exp(tx) ∈ H ∀t ∈ R} .
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Example 1.18. Consider the group

SLn(R) = {A ∈ GLn(R) |detA = 1} ,
called the special linear group. Its Lie algebra consists of matrices A ∈ gln(R) such that

exp(tA) ∈ SLn(R), ∀t ∈ R.
If A has eigenvalues (λi), then etA has eigenvalues (etλi) and

det etA =
∏
i

etλi = et
∑
λi = et trA.

Therefore if etA ∈ SLn(R), then et trA = det etA = 1 and trA = 0. We conclude that the Lie
algebra of SLn(R) is

sln(R) = {A ∈ gln(R) | trA = 0} ,
the special linear Lie algebra defined in Example 1.5. ♦

Example 1.19. Let V be an R-vector space of dimension n and σ be a bilinear form on V . Define
a Lie group

O(V, σ) = {A ∈ GL(V ) |σ(Av,Aw) = σ(v, w) ∀v, w ∈ V } ⊂ GL(V ).

If σ is given by the matrix S then

(1) O(V, σ) =
{
A ∈ gln(R) |AtSA = S

}
.

The corresponding Lie algebra L ⊂ gl(V ) consists of A ∈ gl(V ) such that exp(tA) ∈ O(V, σ), that
is,

σ(etAv, etAw) = σ(v, w) ∀t ∈ R.
Taking the derivative at t = 0 we obtain

d

dt
σ((1 + tA)v, (1 + tA)w)|t=0 = σ(Av,w) + σ(v,Aw) = 0.

Therefore the Lie algebra of O(V, σ) is

L = {A ∈ gl(V ) |σ(Av,w) = −σ(v,Aw) ∀v, w ∈ V } = o(V, σ)

defined in Example 1.7. In matrix form

(2) L = o(V, σ) =
{
A ∈ gln(R) |AtS + SA = 0

}
.

Let us consider some examples.

(1) If σ is given by the identity matrix, we obtain the orthogonal group

O(n) =
{
A ∈ GLn(R) |AtA = 1

}
with the Lie algebra

so(n) =
{
A ∈ gln(R) |At +A = 0

}
defined in Example 1.7. The group O(n) has a connected component

SO(n) = {A ∈ O(n) |detA = 1} .
with the same Lie algebra so(n).

(2) If σ is given by the matrix S =
(
Ip 0
0 −Iq

)
with n = p+ q, the corresponding Lie group (1)

is denoted by O(p, q). Its Lie algebra is so(p, q) defined in Example 1.7.

(3) If σ is given by the skew-symmetric matrix S =
(

0 Il
−Il 0

)
with n = 2l, we obtain the

symplectic group

Sp(n,R) =
{
A ∈ GLn(R) |AtSA = S

}
with the Lie algebra

sp(n,R) =
{
A ∈ gln(R) |AtS + SA = 0

}
.

defined in Example 1.7.

♦
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Example 1.20. The (real) Lie group

U(n) = {A ∈ GLn(C) |AA∗ = 1} , A∗ = A
t
,

is called the unitary group. Its Lie algebra

u(n) = {A ∈ gln(C) |A+A∗ = 0}
is a Lie algebra over R (but not over C), called the unitary Lie algebra. For example, if n = 1,
then

U(1) = {z ∈ C∗ | |z| = 1} , u(1) = {z ∈ C | z + z = 0} = iR ' R.
The exponential map exp : u(1)→ U(1) is given by

R→ U(1), ϕ 7→ eiϕ.

♦

Example 1.21. The (real) Lie group

SU(n) = {A ∈ GLn(C) |AA∗ = 1,detA = 1}
is called the special unitary group. Its Lie algebra

su(n) = {A ∈ gln(C) |A+A∗ = 0, trA = 0}
is a Lie algebra over R (but not over C), called the special unitary Lie algebra. ♦

Remark 1.22. Let G be a Lie group and L = L(G) be its Lie algebra. For any g ∈ G, the
internal automorphism

Intg : G→ G, h 7→ ghg−1

induces a Lie algebra automorphism

Ad g = Adg : L→ L.

For example, for G = GLn(R), we have Adg(A) = gAg−1 for all g ∈ GLn(R) and A ∈ gln(R).
The group homomorphism

Ad : G→ GL(L), g 7→ Adg

is called the adjoint representation of G. Its differential dAd : L → gl(L) coincides with the
adjoint representation ad : L → gl(L) of L introduced in Lemma 1.11. Using Theorem 1.16, we
obtain a commutative diagram

L gl(L)

G GL(L)

ad

exp exp

Ad

♦

Not every Lie algebra homomorphism L(G)→ L(H) can be lifted to a Lie group homomorphism
G→ H. However, the following is true

Theorem 1.23. Let G be a connected and simply connected Lie group. Then the map ϕ 7→ dϕ
between Lie group homomorphisms G → H and Lie algebra homomorphisms L(G) → L(H) is a
bijection.

Theorem 1.24. There is a bijection between isomorphism classes of connected simply connected
Lie groups and (finite-dimensional) Lie algebras.
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2. Nilpotent and solvable algebras

In this section we will assume that chark = 0 and that all our Lie algebras and vector spaces
are finite-dimensional.

2.1. Ideals. Given a Lie algebra L and subspaces A,B ⊂ L, define [A,B] ⊂ L to be a subspace
consisting of all linear combinations of commutators [x, y] for x ∈ A, y ∈ B.

Definition 2.1. Let L be a Lie algebra.

(1) A subspace I ⊂ L is called an ideal of L if for any x ∈ L and y ∈ I, we have [x, y] ∈ I.
Equivalently, [L, I] ⊂ I.

(2) The center of L is Z(L) = {x ∈ L | [x, y] = 0 ∀y ∈ L} = {x ∈ L | [x, L] = 0}.
(3) The derived algebra of L is [L,L].
(4) L is called abelian (or commutative) if [x, y] = 0 for all x, y ∈ L. Equivalently [L,L] = 0.

Remark 2.2. Note that

(1) Every ideal I ⊂ L is also a Lie subalgebra.
(2) [L, I] ⊂ I implies also [I, L] ⊂ I.
(3) The center Z(L) is an ideal of L.
(4) The derived algebra [L,L] is an ideal of L.

♦

Example 2.3. If f : L→ L′ is a Lie algebra homomorphism, then ker f is an ideal of f . Indeed,
given x ∈ L and y ∈ ker f , we have

f([x, y]) = [f(x), f(y)] = [f(x), 0] = 0

and therefore [x, y] ∈ ker f . ♦

Example 2.4. If L is abelian then any subspace I ⊂ L is an ideal of L. ♦

Example 2.5. Consider the algebra L = sl2(k). We know that it has a basis x, y, h with multi-
plication

[h, x] = 2x, [h, y] = 2y, [x, y] = h.

This implies that L′ = [L,L] = L. Let us show that the only ideals of L are zero and L. Let
I ⊂ L be a non-zero ideal and ax + by + ch ∈ I be a non-zero element. If a 6= 0, we apply ad y
twice and obtain a[y, [y, x]] = 2ay ∈ I. If a = 0 and b 6= 0, we apply adh and obtain −2by ∈ I. If
a = b = 0 and c 6= 0, we apply ad y and obtain 2y ∈ I. Finally, y ∈ I generates the whole L (as
an ideal). ♦

Example 2.6. Let L = gln(k). Every element of the form λIn (for λ ∈ k) is central as [λIn, x] =
λ[In, x] = 0. One can show that Z(L) = kIn. ♦

Given an ideal I ⊂ L, the quotient space L/I can be equipped with a Lie algebra structure.
The Lie bracket on L/I is defined by

[x+ I, y + I] = [x, y] + I, x, y ∈ L.
This Lie algebra is called a quotient algebra. The map

π : L→ L/I, x 7→ x+ I

is a Lie algebra homomorphism.

Remark 2.7. The above multiplication is well-defined. If x+ I = x′ + I and y + I = y′ + I then
a = x′ − x ∈ I, b = y′ − y ∈ I and

[x′, y′] + I = [x+ a, y + b] + I = [x, y] + ([x, b] + [a, y] + [a, b]) + I = [x, y] + I.

♦

Example 2.8. Let L = bn(k) =
{(

a b
0 d

) ∣∣ a, b, d ∈ k} be the Lie algebra of upper-triangular
matrices and I = { ( 0 b

0 0 ) | b ∈ k}. Then I is an ideal of L and L/I is isomorphic to the abelian
algebra k2 (of diagonal matrices). ♦
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2.2. Representations.

Definition 2.9. Let L be a Lie algebra.

(1) An L-representation (or representation of L) is a Lie algebra homomorphism ρ : L →
gl(V ), where V is a vector space called the space of the representation.

(2) An L-module (or module over L) is a vector space V with a bilinear map

L× V → V, (x, v) 7→ xv

such that
[x, y]v = xyv − yxv, ∀x, y ∈ L, v ∈ V.

Remark 2.10. There is a 1−1 correspondence between L-representations and L-modules. Given
a representation ρ : L→ gl(V ), we equip V with an L-module structure by

(x, v) 7→ xv := ρ(x)v, x ∈ L, v ∈ V.
This map satisfies the axiom of an L-module

[x, y]v = ρ([x, y])v = [ρ(x), ρ(y)]v = (ρ(x)ρ(y)− ρ(y)ρ(x))v = xyv − yxv.
We will usually identify L-representations and L-modules and we will use notation ρ(x)v and xv
interchangeably. We will say that L acts on V . ♦

Example 2.11.

(1) Any vector space V (in particular k) can be equipped with a trivial action of L by
setting xv = 0 for all x ∈ L and v ∈ V .

(2) If V is a vector space then gl(V ) acts on V in an obvious way. This representation is called
the standard representation of gl(V ).

(3) We have seen that the map

ad : L→ gl(L), x 7→ adx

is a Lie algebra homomorphism. We call it the adjoint representation of L. Note that

ker(ad) = {x ∈ L | adx = 0} = {x ∈ L | [x, L] = 0} = Z(L)

is the center of L.

♦

Example 2.12. Given k-vector spaces V,W , we define their tensor product V ⊗W = V ⊗k W
as follows. It is a vector space generated by elements of the form v⊗w for v ∈ V , w ∈W subject
to the relations

(1) (v + v′)⊗ w = v ⊗ w + v′ ⊗ w for v, v′ ∈ V and w ∈W .
(2) v ⊗ (w + w′) = v ⊗ w + v ⊗ w′ for v ∈ V and w,w′ ∈W .
(3) a(v ⊗ w) = (av)⊗ w = v ⊗ (aw) for a ∈ k, v ∈ V and w ∈W .

If V has a basis (e1, . . . , em) and W has a basis (f1, . . . , fn) then V ⊗W has a basis

(ei ⊗ fj | 1 ≤ i ≤ m, 1 ≤ j ≤ n).

If V, W are L-representations, then V ⊗W can be equipped with an L-representation structure
by the rule

x(v ⊗ w) = (xv)⊗ w + v ⊗ (xw), x ∈ L, v ∈ V, w ∈W.
♦

Definition 2.13. Let L be a Lie algebra.

(1) A linear map f : V → W between L-representations is called a homomorphism of
representations if

f(xv) = x(f(v)) ∀x ∈ L, v ∈ V.
It is called an isomorphism of representations if it is an isomorphism of vector spaces.

(2) Given an L-representation V , a subspace W ⊂ V is called a subrepresentation of V if
xv ∈W for all x ∈ L, v ∈W .
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(3) Given an L-representation V , an element v ∈ V is called L-invariant if xv = 0 for all
x ∈ L. The vector space of all L-invariant elements in V is denoted by V L.

Remark 2.14. To motivate the last definition, consider a matrix A ∈ gln(R) and a vector v ∈ Rn
that is invariant under the action of exp(tA) for all t ∈ R. Then exp(tA)v = v and taking the
derivative at t = 0, we obtain

d

dt
exp(tA)v|t=0 = A exp(tA)v|t=0 = Av = 0.

Therefore on the Lie algebra level we require Av = 0. ♦

Example 2.15. If V is an L-representation and W ⊂ V is a subrepresentation, then the quotient
space V/W can be equipped with a structure of an L-representation

x(v +W ) = xv +W, x ∈ L, v ∈ V.
♦

Example 2.16. If V, W are L-representations, then the vector space Hom(V,W ) = Homk(V,W )
of all linear maps V →W can be equipped with an L-representation structure by the rule

(xf)(v) = x(f(v))− f(xv), x ∈ L, f ∈ Hom(V,W ), v ∈ V.
One can verify that this action indeed satisfies the axiom of an L-representation. On the other
hand the axiom would not be satisfied without the minus sign above.

In particular, the dual space V ∗ = Hom(V,k) (where k is considered as a trivial representation)
is equipped with an L-representation structure

(xf)(v) = −f(xv), x ∈ L, f ∈ V ∗, v ∈ V.
Note that an element f ∈ Hom(V,W ) is L-invariant (that is, xf = 0 for all x ∈ L) if and only

if
f(xv) = x(f(v)) ∀x ∈ L, v ∈ V.

This means that f is a homomorphism of representations. ♦
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2.3. Nilpotent Lie algebras.

Definition 2.17. Let L be a finite-dimensional Lie algebra.

(1) Define the central series of ideals in L by

L0 = L, Ln = [L,Ln−1], n ≥ 1.

(2) L is called nilpotent if Ln = 0 for some n ≥ 1.

Remark 2.18. For n ≥ 1, the following conditions are equivalent

(1) Ln = 0.
(2) [x1, [x2, . . . , [xn, xn+1]]] = 0 ∀x1, . . . , xn+1 ∈ L.
(3) adx1

◦ · · · ◦ adxn = 0 ∀x1, . . . , xn ∈ L.

In particular, if L is nilpotent then adx is nilpotent for all x ∈ L. ♦

Example 2.19.

(1) Any abelian Lie algebra is nilpotent.
(2) Let

L = { (aij) ∈ gln(k) | aij = 0 for i ≥ j} ⊂ gln(k)

be the Lie algebra of strictly upper-triangular matrices. Let us show that L is nilpotent.
L0 = L is spanned by matrices Eij with j − i ≥ 1 (where Eij has 1 on the intersection of
i-th row and j-th column and zero otherwise). L1 = [L,L] is generated by

[Eij , Ekl] = δjkEil,

where i < j, k < l and we assumed that j ≤ l. Note that l−i ≥ 2. Continuing this process
we obtain that Lk is spanned by Eij with j − i ≥ k + 1. This implies that Ln−1 = 0 and
L is nilpotent.

♦

Theorem 2.20 (Engel). Let L be a Lie algebra and (V, ρ) be a non-zero finite-dimensional rep-
resentation of L such that ρ(x) ∈ End(V ) is nilpotent for all x ∈ L. Then

(1) There exists 0 6= v ∈ V such that ρ(x)v = 0 for each x ∈ L (an L-invariant element).
(2) Then there exists a basis of V such that all ρ(x) are strictly upper-triangular with respect

to this basis.
(3) There exists a filtration by subrepresentations

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vn = V

such that LVk ⊂ Vk−1 (equivalently, L acts trivially on Vk/Vk−1) for 1 ≤ k ≤ n.

Proof. We postpone the proof of (1) and show first that it implies (2) and (3).
1⇒ 2. We choose v1 = v from (1). Then Lv1 = 0 and therefore kv1 ⊂ V is a subrepresentation.

Applying induction by dimension of V to the representation V ′ = V/kv1, we obtain a basis
v′2, . . . , v

′
n of V ′ such that ρV ′(x) are strictly upper-triangular with respect to this basis. We can

lift these basis vectors to vectors v2, . . . , vn in V . Then v1, v2, . . . , vn form a basis of V such that
all ρ(x) are strictly-upper triangular with respect to this basis.

2 ⇒ 3. We define Vk = 〈v1, . . . , vk〉 for 1 ≤ k ≤ n. As the matrix of ρ(x) is strictly upper-
triangular, it maps vk to a linear combination of v1, . . . , vk−1. This implies that xvk ∈ Vk−1 and
generally xVk ⊂ Vk−1. �

Remark 2.21. Given a nilpotent operator A ∈ EndV , one can find a basis of V making A
a strictly upper-triangular matrix (consider the Jordan normal form of A). However, it is not
true that given nilpotent operators A,B ∈ EndV , one can find a basis of V making A and B
simultaneously strictly upper-triangular. We can not apply the previous theorem as it may happen
that the Lie algebra generated by A,B contains non-nilpotent elements. For example consider the
standard representation V = k

2 of sl2(k). The elements x, y ∈ sl2(k) induce nilpotent operators
on V . But one can not make them simultaneously strictly upper-triangular. ♦
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Theorem 2.22 (Engel). A Lie algebra L is nilpotent if and only if adx ∈ gl(L) is nilpotent for
all x ∈ L.

Proof. If Ln = 0 then (adx)n = 0 for all x ∈ L.
Conversely, assume that adx is nilpotent for every x ∈ L. Applying the above result to the

adjoint representation ad : L→ gl(L), we can find a filtration by subspaces

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vn = L

such that (adx)Vk ⊂ Vk−1 for all x ∈ L and k ≥ 1. Then [L, Vk] ⊂ Vk−1 and therefore [L, [L, . . . ]] =
0 (n products). �

Proof of Theorem 2.20 (1). We will prove the theorem by induction on dimL. Taking ρ(L) ⊂
End(V ) instead of L, we can assume that L ⊂ End(V ).

We will need later the fact that if L ⊂ End(V ) consists of nilpotent operators then L acts
nilpotently on itself (via the adjoint representation). To see this, note that

adx(y) = xy − yx = Lx(y)−Rx(y), Lx(y) = xy, Rx(y) = yx.

As x acts nilpotently on V , there exists n ≥ 1 such that xn = 0. Therefore Lnx = Rnx = 0. As
operators Lx, Rx commute with each other, we conclude

(3) ad2n
x = (Lx −Rx)2n = 0.

If dimL = 1 and 0 6= x ∈ L then x is nilpotent and kills some 0 6= v ∈ V . Therefore Lv = 0.
Now assume that dimL ≥ 2 and let 0 6= I ⊂ L be a maximal proper subalgebra (it is non-trivial
as L contains 1-dimensional subalgebras).

(1) Let us show that I is an ideal. Let

N = {x ∈ L | [x, I] ⊂ I}
be the normalizer of I (it is a Lie subalgebra of L). We have I ⊂ N ⊂ L and we claim that
N = L. The Lie algebra I acts on L/I nilpotently (by 3) and we conclude by induction
(as dim I < dimL) that there exists a nonzero element

x+ I ∈ L/I, x /∈ I
such that [I, x + I] ⊂ I. This implies that [x, I] ⊂ I and x ∈ N . Therefore I ( N and
N = L (by maximality of I). This implies that [L, I] ⊂ I and I ⊂ L is an ideal.

(2) The vector space
W = V I = {v ∈ V | Iv = 0}

is nonzero by induction (as dim I < dimL) and is stable under L:

mxv = xmv − [x,m]v = 0, m ∈ I, x ∈ L, v ∈W
and therefore I(xv) = 0 and xv ∈ W . This means that W is a representation of L such
that IW = 0.

(3) By the previous statements the Lie algebra L/I acts on W . This implies that L/I acts on
W and by induction (as dimL/I < dimL) there exists 0 6= v ∈ W such that (L/I)v = 0.
Then also Lv = 0.

�

In the course of the proof of Engel’s theorem we proved

Lemma 2.23. If x ∈ gl(V ) is a nilpotent operator on V , then adx is a nilpotent operator on
gl(V ).
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2.4. Solvable Lie algebras.

Definition 2.24. Let L be a finite-dimensional Lie algebra.

(1) Define the derived series of ideals in L by

L(0) = L, L(n) = [L(n−1), L(n−1)], n ≥ 1.

(2) L is called solvable if L(n) = 0 for some n ≥ 1.

Remark 2.25. If I, J ⊂ L are ideals then, using the Jacobi identity, we obtain

[x, [a, b]] = [[x, a], b] + [a, [x, b]] ∈ [I, J ] + [I, J ] = [I, J ] ∀x ∈ L, a ∈ I, b ∈ J.
This implies that [I, J ] ⊂ L is also an ideal. In particular, the above spaces L(n) are ideals. ♦

Example 2.26. Any abelian or nilpotent Lie algebra is solvable. To see this we note that L(0) =
L = L0 and generally L(i) ⊂ Li by induction

L(i+1) = [L(i), L(i)] ⊂ [L,Li] = Li+1.

Therefore if L is nilpotent then L(n) ⊂ Ln = 0 for some n. Thus L is solvable. ♦

Example 2.27. The algebra of upper-triangular matrices

L = { (aij) ∈ gln(k) | aij = 0 for i ≤ j}
is solvable. Indeed, L′ = [L,L] consists of strictly upper-triangular matrices and we have seen
that this algebra is nilpotent and therefore solvable. Therefore L(n) = (L′)(n−1) = 0 and L is also
solvable. ♦

Lemma 2.28. Let L be a Lie algebra.

(1) If I ⊂ L is an ideal and L is solvable then I, L/I are solvable.
(2) If I ⊂ L is an ideal and I, L/I are solvable then L is solvable.
(3) If I, J ⊂ L are solvable ideals then I + J is solvable.

Proof. (1) Let L(n) = 0. Then I(n) ⊂ L(n) = 0 and I is solvable. Let π : L → L/I be the
projection. Then we prove by induction that π(L(k)) = (L/I)(k)

π(L(k+1)) = π([L(k), L(k)]) = [π(L(k)), π(L(k))] = [(L/I)(k), (L/I)(k)] = (L/I)(k+1).

In particular (L/I)(n) = π(L(n)) = 0 and L/I is solvable.
(2) Assume that I(m) = 0 and (L/I)(n) = 0. Then π(L(n)) = (L/I)(n) = 0 in L/I and

therefore (L)(n) ⊂ I. This implies that (L)(m+n) ⊂ I(m) = 0 and L is solvable.
(3) There is a natural isomorphism (I + J)/I ' J/(I ∩ J). If J is solvable then also the

quotient J/(I ∩ J) is solvable by (1). Therefore (I + J)/I is solvable and if I is solvable
then I + J is solvable by (2).

�

Remark 2.29. The quotient algebra L/[L,L] is abelian. This implies that if L is solvable then
there is a filtration by ideals

L = L(0) ⊃ L(1) ⊃ . . . ⊃ L(n) = 0

such that each factor L(k)/L(k+1) is abelian. Conversely, if there exists a filtration by ideals

L = I0 ⊃ I1 ⊃ . . . ⊃ In = 0

such that each factor Ik/Ik+1 is abelian, then L is solvable. Indeed, assume that we proved that
Ik is solvable. As Ik−1/Ik is abelian, it is solvable. By the previous result we conclude that Ik−1

is solvable. Continuing this process we obtain that I0 = L is solvable. ♦
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Theorem 2.30 (Lie). Let L be a solvable Lie algebra over an algebraically closed field k of
characteristic 0. Let (V, ρ) be a non-zero representation of L. Then

(1) There exists a common eigenvector 0 6= v ∈ V of L, that is, an eigenvector of ρ(x) for all
x ∈ L. Equivalently, kv ⊂ V is a subrepresentation.

(2) There exists a basis of V such that ρ(x) is upper-triangular in this basis for all x ∈ L.
(3) There exists a chain of subrepresentations

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vn = V

such that dimVk/Vk−1 = 1 for 1 ≤ k ≤ n.

Proof. 1⇒ 2. Let v1 = v ∈ V from (1). Then kv1 ⊂ V is a subrepresentation. Applying induction
to the quotient representation V ′ = V/kv1 we find a basis (v′2, . . . , v

′
n) of V ′ such that ρV ′(x) are

upper-triangular in this basis. We lift this basis to some vectors v2, . . . , vn in V . Then v1, . . . , vn
form a basis of V . And ρ(x) are upper-triangular in this basis.

1 ⇒ 3. Choose a basis as above and define Vk = 〈v1, . . . , vk〉. These vector spaces satisfy the
required conditions.

Now we will prove (1). As L is solvable, [L,L] 6= L. Indeed, if L(1) = [L,L] = L, then
L(2) = [L(1), L(1)] = [L,L] = L and generally L(k) = L, contradicting to solvability of L. The
quotient L/[L,L] is a nonzero abelian Lie algebra. Therefore we can choose a codimension 1
subspace [L,L] ⊂ I ⊂ L which is automatically an ideal. By induction there exists 0 6= v ∈ V and
λ : I → k such that yv = λ(y)v for all y ∈ I (λ is automatically linear). The space

W = {v ∈ V | yv = λ(y)v ∀y ∈ I}

is nonzero and is an L-subrepresentation by the next lemma. Given x ∈ L\I, the map x : W →W
has an eigenvector 0 6= v ∈ W (as k is algebraically closed). Then v is a common eigenvector of
kx+ I = L. �

Lemma 2.31. Let L be a Lie algebra, I ⊂ L be an ideal, V be an L-representation. For any
linear map λ : I → k, the space

W = {v ∈ V |xv = λ(x)v ∀x ∈ I}

is an L-subrepresentation of V .

Proof. We can assume that W 6= 0. Let us show first that [L, I]W = 0. For any x ∈ L, we have to
show that λ([x, I]) = 0. Let 0 6= v ∈ W and let vk = xk−1v for k ≥ 1. Let us show by induction
that, for any y ∈ I,

(4) yvk = λ(y)vk +

k−1∑
i=1

aivi, ai = ai(y) ∈ k.

For k = 1, we have yv = λ(y)v. Further, we have

yvk+1 = yxkv = (xy − [x, y])xk−1v = x

(
λ(y)vk +

k−1∑
i=1

aivi

)
−

k∑
i=1

a′ivi = λ(y)vk+1 +

k∑
i=1

bivi.

Let n ≥ 1 be maximal such that v1, . . . , vn are linearly independent and let U ⊂ V be the
vector space generated by these vectors. Then xvk = vk+1 ∈ U for 1 ≤ k ≤ n. Therefore xU ⊂ U .
Equation (4) implies that every y ∈ I induces an endomorphism of U given by an upper-triangular
matrix with entries λ(y) on the diagonal (with respect to the basis v1, . . . , vn). This implies

TrU (y) = nλ(y) ∀y ∈ I

and in particular

0 = TrU ([x, y]) = nλ([x, y]).

Therefore λ([x, y]) = 0. This proves [L, I]W = 0.
Finally, for all x ∈ L and v ∈W

yxv = xyv − [x, y]v = xyv = λ(y)xv, ∀y ∈ I,
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where [x, y]v = 0 was proved above. This implies that xv ∈W . HenceW is an L-subrepresentation.
�

Corollary 2.32. If L is a solvable Lie algebra over a field of characteristic zero then [L,L] is
nilpotent.

Proof. Consider the adjoint representation ad : L→ gl(L). By Lie theorem we can find a basis of
L (over an algebraic closure of k) such that all adx are upper-triangular. Then each ad[x, y] =
[adx, ad y] is strictly upper-triangular. This implies that for all x ∈ [L,L] the matrix of adx
is strictly upper-triangular and therefore nilpotent. By Engel theorem [L,L] is a nilpotent Lie
algebra. �
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3. Semisimple Lie algebras

In this chapter we will assume that over field k is algebraically closed of characteristic zero.

3.1. Jordan-Chevalley decomposition. The Jordan normal form of a linear operator x ∈ gl(V )
is a sum of Jordan blocks

Jn,λ =


λ 1 0 . . . . . . 0
0 λ 1 . . . . . . 0
0 0 λ . . . . . . 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . λ 1
0 0 0 . . . 0 λ


Each Jordan block Jn,λ can be written as a sum of a diagonal matrix λIn and a nilpotent matrix
which commute. This implies that x also can be written as a sum of a diagonal and a nilpotent
matrix which commute.

Definition 3.1. Let V be a vector space over a field k. An endomorphism x ∈ gl(V ) is called
semisimple if it is diagonalizable.

Remark 3.2. Given x ∈ gl(V ), we can consider a one-dimensional Lie algebra L = kx ⊂ gl(V )
and consider V as a representation of L. Then x is semisimple if and only if V is a direct sum of
1-dimensional (therefore simple) modules over L. This is the reason for the name semisimple. ♦

Lemma 3.3. Let V be a vector space and x ∈ EndV be an endomorphism.

(1) x is semisimple if and only if the minimal polynomial of x does not have multiple roots.
(2) If W ⊂ V is an x-invariant subspace then the resctriction x|W is a semisimple endomor-

phism of W .

Proof. 1. The minimal polynomial of the Jordan block Jn,λ is (t−λ)n. If x has distinct eigenvalues
λ1, . . . , λk and its Jordan normal form has corresponding maximal Jordan blocks of sizes n1, . . . , nk,

then the minimal polynomial of x is
∏k
i=1(t − λi)ni . In particular, if x is semisimple, then the

minimal polynomial of x is
∏k
i=1(t − λi) and has no multiple roots. Conversely, if x is not

semisimple, then ni ≥ 2 for some 1 ≤ i ≤ k and the minimal polynomial of x has root λi of
multiplicity ≥ 2.
2. If p(t) is the minimal polynomial of x and q(t) is the minimal polynomial of x|W , then p(x|W ) =
0 and therefore q | p. As x is semisimple, p does not have multiple roots. This implies that q
also does not have multiple roots and x|W is semisimple. For an alternative approach see Remark
3.24, where semisimple modules are considered.

�

Theorem 3.4 (Jordan-Chevalley decomposition). Let V be a vector space over a field k and
x ∈ EndV . Then

(1) There exists a unique decomposition x = s+ n, where s is semisimple, n is nilpotent and
sn = ns.

(2) There exist polynomials p, q ∈ k[t] without constant term, such that s = p(x) and n = q(x).

Proof. Let (λ1, . . . , λk) be distinct eigenvalues of x with multiplicities (m1, . . . ,mk). The charac-
teristic polynomial of x is det(t Id−x) =

∏
(t− λi)mi ∈ k[t]. The vetor spaces

Vi = ker(x− λi)mi

are x-stable and V =
⊕k

i=1 Vi.
Let us prove uniqueness of the decomposition. As s commutes with n, it also commutes with

x = s + n and with (x − λi)mi . Therefore sVi ⊂ Vi. As s, x commute and x − s is nilpotent,
the eigenvalues of x and s on Vi coincide (we can decompose Vi into the eigenspaces of s, put
x to Jordan normal form on each summand and then compare the eigenvalues). But x has the
only eigenvalue λi on Vi. As s is semisimple, it acts on Vi by multiplication with λi. This proves
uniqueness of s.
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Taking the above description of s as a definition and putting n = x − s, we obtain a required
decomposition.

Applying Chinese remainder theorem we can find a polynomial p ∈ k[t] such that

p(t) ≡ λi (mod (t− λi)mi), p(t) ≡ 0 (mod t) 1 ≤ i ≤ k.
The operator (x − λi)mi is zero on Vi. Therefore p(x) acts on Vi by multiplication with λi and
p(x) = s. Setting q(t) = t− p(t), we obtain q(x) = x− p(x) = n. �

Lemma 3.5. Let x ∈ gl(V ) have the Jordan decomposition x = s + n. If W ⊂ V is x-invariant
(that is, xW ⊂W ), then W is also s- and n-invariant.

Proof. The statement follows from the presentation s = p(x), n = q(x), where p, q are polynomials
without constant term. �

Lemma 3.6. Let x ∈ L = gl(V ) have the Jordan decomposition x = s+ n. Then adx ∈ gl(L) has
the Jordan decomposition adx = ads + adn.

Proof. We just have to show that ads is semisimple and adn is nilpotent. We have seen before,
that if n is nilpotent then adn is nilpotent. Let us choose a basis (v1, . . . , vn) such that s is
diagonal with respect to it and has eigenvalues λ1, . . . , λn. Define elementary matrices Eij by the
rule Eijvk = δjkvi. Then s =

∑
i λiEii and

ads(Eij) =
∑
k

λk[Ekk, Eij ] = (λi − λj)Eij .

This implies that ads ∈ gl(L) is diagonal in the basis consisting of elementary matrices. �
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3.2. Cartan’s criterion.

Lemma 3.7. Let A ⊂ B ⊂ gl(V ) be subspaces and let

M = {x ∈ gl(V ) | [x,B] ⊂ A} .

If x ∈M satisfies tr(xy) = 0 for all y ∈M , then x is nilpotent.

Proof. Let x = s + n be the Jordan decomposition. Then adx = ads + adn is the Jordan decom-
position of adx. As adx(B) = [x,B] ⊂ A, we have also ads(B) ⊂ A (ads is a polynomial of adx
with the zero constant term). Let (v1, . . . , vn) be a basis for the Jordan normal form of x. Let
λ1, . . . , λn be the corresponding eigenvalues. Define E ⊂ k to be a Q-vector space generated by
the elements λ1, . . . , λn ∈ k. We want to show that x is nilpotent, that is, λ1 = · · · = λn = 0 or
equivalently, E = 0. Let f : E → Q be a linear map. Define y ∈ EndV such that yvi = f(λi)vi.
Let Eij ∈ EndV be defined by Eij(vk) = δjkvi (elementary matrix). Then

ady(Eij) =

[∑
k

f(λk)Ekk, Eij

]
= f(λi − λj)Eij .

Similarly ads(Eij) = (λi − λj)Eij . This means that ady and ads are diagonalizable in the same
basis of EndV . Let λij = λi−λj . Applying Chinese remainder theorem, we can find a polynomial
p ∈ k[t] such that

p(t) ≡ f(λij) (mod t− λij) ∀i, j, p(t) ≡ 0 (mod t).

This polynomial does not have a constant term and satisfies p(λij) = f(λij). Therefore p(ads) =
ady. We obtain from ads(B) ⊂ A ⊂ B that ady(B) ⊂ A. This implies that y ∈M . By assumption

0 = tr(xy) =
∑
i

f(λi)λi.

Applying f to this equation, we obtain
∑
i f(λi)

2 = 0. As f(λi) ∈ Q, we obtain f(λi) = 0 for all
i. This implies that every linear map f : E → Q is zero. Therefore E = 0 as required. �

Theorem 3.8 (Cartan). Let L ⊂ gl(V ) be a Lie algebra. Then L is solvable if and only if

tr(xy) = 0 ∀x ∈ [L,L], y ∈ L.

Proof. ⇒. If L is solvable then there exists a basis of V such that all elements of L are upper-
triangular in this basis. Then any x ∈ [L,L] is strictly upper triangular. Therefore, for any y ∈ L,
the matrix xy is also strictly upper-triangular and tr(xy) = 0.
⇐. We will show that every x ∈ [L,L] is nilpotent. This implies that adx is nilpotent and then
by Engel’s theorem the algebra [L,L] is nilpotent. Therefore L is solvable.

Let

A = [L,L], B = L ⊂ gl(V ), M = {y ∈ gl(V ) | [y, L] ⊂ [L,L]} .
If x =

∑
i[xi, x

′
i] ∈ [L,L] ⊂M and y ∈M , then

tr(xy) =
∑

tr([xi, x
′
i]y) =

∑
tr(xi[x

′
i, y]).

Here x′i ∈ L and y ∈M imply [x′i, y] ∈ [L,L] (by the definition of M). Therefore tr(xi[x
′
i, y]) = 0

by assumption. We conclude that tr(xy) = 0 for all y ∈ M . By the previous lemma this implies
that x is nilpotent and this is what we wanted to show.

�

3.2.1. Killing form.

Definition 3.9. Let σ : L× L→ k be a bilinear form. Then

(1) σ is called symmetric if σ(x, y) = σ(y, x) for all x, y ∈ L.
(2) σ is called L-invariant if σ([x, y], z) = σ(x, [y, z]) for all x, y, z ∈ L.
(3) σ is called non-degenerate if σ(x, L) = 0 for x ∈ L implies x = 0.
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Given a representation ρ : L→ gl(V ), we define a symmetric bilinear form

σV : L× L→ k, σV (x, y) = tr(ρ(x)ρ(y)) ∀x, y ∈ L.
In particular, consider the adjoint representation ad : L → gl(L) and the corresponding sym-

metric L-invariant bilinear form

κ(x, y) = κL(x, y) = tr(adx ady) x, y ∈ L.

Corollary 3.10 (Cartan). A Lie algebra L is solvable if and only if κ([L,L], L) = 0.

Proof. Assume that κ([L,L], L) = 0. Consider the adjoint map ad : L → gl(L) and its image
L = ad(L) ⊂ gl(L) which is a Lie algebra. For any x, y, z ∈ L, we have

tr([adx, ady] adz) = tr(ad[x,y], adz) = κ([x, y], z) = 0.

This implies that the conditions of Theorem 3.8 are satisfied for the algebra L ⊂ gl(L). Therefore
L is solvable. The kernel of ad : L→ L is equal

{x ∈ L | adx(y) = 0 ∀y ∈ L} = {x ∈ L | [x, y] = 0 ∀y ∈ L} = Z(L)

which is an abelian ideal and therefore solvable. As L/Z(L) = L is also solvable, we obtain that
L is solvable.

Conversely, if L is solvable, then L is solvable. Then applying Theorem 3.8 we obtain that
κ([x, y], z) = 0 for all x, y, z ∈ L. �

Later we will need the following result about Killing forms.

Lemma 3.11. Let I ⊂ L be an ideal of a Lie algebra. Then the Killing form κI of I coincides
with the restriction of the Killing form κL to I.

Proof. If A ∈ End(L) satisfies A(L) ⊂ I, then tr(A) = tr(A|I) (write A in a basis of L that
contains a basis of I). In particular, for any x, y ∈ I the operators adx, ady map L to I. Applying
the first observation to A = adx ady, we obtain

κL(x, y) = tr(adx ady) = tr(A) = tr(A|I) = κI(x, y).

�
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3.3. Semisimple Lie algebras.

Definition 3.12. Let L be a Lie algebra.

(1) L is called simple if it is not abelian and it does not contain ideals except 0 and L.
(2) L is called semisimple if it does not contain abelian ideals except zero.

Remark 3.13. If L is simple, then it is semisimple. Indeed, the only nonzero ideal of L is L itself
and by assumption it is not abelian. ♦

Example 3.14. We have seen that sl2 does not contain ideals except zero and sl2. This implies
that sl2 is a simple Lie algebra and therefore also semisimple. ♦

We proved earlier that if I, J ⊂ L are solvable ideals then I+J is also a solvable ideal. Therefore
the sum

radL =
∑
I⊂L

solvable

I

is the maximal solvable ideal of L, called the radical of L.

Lemma 3.15. Let L be a Lie algebra. The following conditions are equivalent.

(1) L is semisimple.
(2) L does not contain solvable ideals except zero.
(3) radL = 0.

Proof. 2 ⇔ 3 is trivial.
2 ⇒ 1. If L does not contain solvable ideals (except zero) then in particular it does not contain
abelian ideals (except zero).
1 ⇒ 2. Let 0 6= I ⊂ L be a solvable ideal. Then I(n) = 0 for some n ≥ 1. Let n be the minimal
number with this property. Then I(n−1) 6= 0 and [I(n−1), I(n−1)] = I(n) = 0. This means that
I(n−1) is a non-trivial abelian ideal in L. A contradiction. �

Theorem 3.16. Let L be a Lie algebra. The following conditions are equivalent.

(1) L is semisimple.
(2) The Killing form kL is non-degenerate.
(3) L is a direct sum I1 ⊕ · · · ⊕ In of simple ideals (simple as Lie algebras).
(4) L is a direct sum L1 ⊕ · · · ⊕ Ln of simple Lie algebras.

Proof. 1 ⇒ 2. Let L be a semisimple Lie algebra. Define

I = {x ∈ L |κ(x, L) = 0} = L⊥.

This is an ideal in L by Exercise 3.3. By Lemma 3.11 κI = κ|I = 0. Therefore by the Cartan
criterion I is solvable. As L is semisimple, we obtain that I = 0. This means that κ is non-
degenerate.
2 ⇒ 1. If L is not semisimple, then there exists an abelian ideal 0 6= I ⊂ L. For any x, z ∈ L and
y ∈ I, we have

(adx ady)2z = [x, [y, [x, [y, z]]]] ∈ [x, [I, I]] = 0

as y ∈ I and [x, [y, z]] ∈ I. This implies that (adx ady)2 = 0 and adx ady is a nilpotent operator.
Therefore its trace is zero and

κ(x, y) = tr(adx ady) = 0∀x ∈ L, y ∈ I.
This implies that κ is degenerate, a contradiction.

1 ⇒ 3. If L is simple then we are done. Assume that I ⊂ L is a non-trivial ideal. Then

I⊥ = {x ∈ L |κ(x, I) = 0}
is an ideal by Exercise 3.3. The Killing form is zero on the ideal I ∩ I⊥. Therefore this is a
solvable ideal. By semisimplicity of L, we obtain I ∩ I⊥ = 0. This implies that L = I ⊕ I⊥

(compare dimensions). Moreover [I, I⊥] ⊂ I ∩ I⊥ = 0. Ideals of I, I⊥ are automatically ideals of
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L. This implies that there are no solvable ideals in I, I⊥ and these algebras are semisimple. Then
by induction we can decompose I, I⊥ into a direct sum of simple ideals.

3 ⇒ 4. Trivial.
4 ⇒ 1. Let L = L1 ⊕ · · · ⊕ Ln be a direct sum of simple Lie algebras. Let I ⊂ L be an abelian

ideal. Then the image of I under the projection πk : L → Lk is an abelian ideal, but the only
abelian ideal of Lk is zero. This implies that πk(I) = 0 for all 1 ≤ k ≤ n. Therefore I = 0. This
implies that L is semisimple. �

Remark 3.17. If L is a semisimple Lie algebra with a decomposition L = I1⊕· · ·⊕In into a sum
of simple ideals as above, then any simple ideal I ⊂ L is equal to one of Ik (not just isomorphic).
Indeed, [I, L] ⊂ I is non-zero as I is non-abelian. Therefore I = [I, L] = [I, I1]⊕· · ·⊕ [I, In]. Only
one of this summands can be nonzero and then we have I = [I, Ik] = Ik. ♦

Theorem 3.18. Let L be a semisimple Lie algebra. Then the adjoint map ad : L→ DerL is an
isomorphism.

Proof. We know that ker ad = Z(L). This is an abelian ideal. Therefore ker ad = 0 and ad is a
monomorphism. Let D = DerL and M = ad(L) ⊂ D. For any derivation δ ∈ D and for any
x ∈ L, we have

[δ, adx] = adδx ∈M.

Therefore M ⊂ D is an ideal. The subspace

I = M⊥ = {x ∈ D | kD(x,M) = 0}
is also an ideal. As M ' L is semisimple, we obtain that κD|M = κM is non-degenerate and
therefore I ∩M = 0. This implies D = I ⊕M . For any δ ∈ I and x ∈ L, we have

adδx = [δ, adx] ∈ [I,M ] ⊂ I ∩M = 0.

But ad is a monomorphism, hence δx = 0 for all x ∈ L. Therefore δ = 0 and I = 0. We conclude
that ad(L) = M = D. �
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3.4. Complete reducibility.

Definition 3.19. Let L be a Lie algebra and V be an L-module.

(1) V is called simple (or irreducible) if it does not contain submodules except 0 and V .
(2) V is called semisimple (or completely reducible) if it is a direct sum of simple modules.

Remark 3.20. Any ideal of a Lie algebra L can be considered as a subrepresentation of an
adjoint representation on L. This implies that (non-abelian) L is a simple algebra if and only if
the adjoint representation is simple. We have seen that every semisimple algebra is a direct sum
of simple ideals. This implies that the adjoint representation is a sum of simple representations
and is therefore semisimple. Conversely, if L is a Lie algebra such that its adjoint representation
is semisimple (without summand with trivial module structure), then L is a direct sum of simple
ideals. This implies that L is a semisimple Lie algebra. ♦

Lemma 3.21. Let L be a Lie algebra and V be an L-module. The following conditions are
equivalent

(1) V is semisimple.
(2) V is a sum of simple L-modules.
(3) Any submodule W ⊂ V has a complement (a submodule W ′ ⊂ V such that V = W ⊕W ′).

Proof. 1⇒ 2 is trivial.
2⇒ 1. Let V =

∑n
i=1 Si with simple Si and with minimal possible n. By induction on n,

V ′ = S1⊕· · ·⊕Sn−1 is a direct sum. If Sn∩V ′ 6= 0, then Sn∩V ′ = Sn and Sn ⊂ V ′. This implies
that V = V ′ = S1 ⊕ · · · ⊕ Sn−1. If Sn ∩ V ′ = 0, then V = V ′ ⊕ Sn = S1 ⊕ · · · ⊕ Sn.
1⇒ 3. Let W ⊂ V = S1 ⊕ · · · ⊕ Sn. Consider a projection π : V → S1 ⊕ · · · ⊕ Sn−1 = V ′. By
induction V ′ = π(W )⊕W ′ for some submodule W ′ ⊂ V ′. If W ∩ Sn = 0, then W → π(W ) is an
isomorphism and V = W ⊕ (W ′ ⊕ Sn). If W ∩ Sn 6= 0, then W ∩ Sn = Sn and Sn ⊂ W . This
implies V = W ⊕W ′.
3⇒ 1. Choose a simple submodule S1 ⊕ V . By assumption, it has a complement V1 ⊂ V . Choose
a simple submodule S2 ⊂ V1. By assumption, the module S1 ⊕ S2 has a complement V2 ⊂ V .
Continuing this procedure, we obtain V = S1 ⊕ · · · ⊕ Sn. �

Example 3.22. Consider a one dimensional Lie algebra L = kx and a 2-dimensional L-module
V = kv1 ⊕ kv2 with an action of x given by the matrix ( 1 1

0 1 ). Then the subspace W = kv1 ⊂ V
is an L-submodule. But is does not have a complement. This means that V is not-semisimple.

On the other hand, if L = kx ⊂ gl(V ) and x is a semisimple endomorphism, then V is a direct
sum of 1-dimensional L-submodules. This implies that V is a semisimple L-module. ♦

Example 3.23. The standard representation kn of L = gln(k) is simple. Indeed, for any non-zero
v, w ∈ gln(k) there exists an endomorphism x ∈ gln(k) such that xv = w. This implies that any
submodule W ⊂ V that contains v should be equal to the whole space V . ♦

Remark 3.24. Any submodule and any quotient module of a semisimple module is again semisim-
ple. If π : V → W is an epimorphism and V =

∑
i Si is a sum of simple modules, then

W =
∑
i π(Si) is a sum of simple (and zero) modules and therefore W is semisimple. If W ⊂ V

is a submodule of a semisimple module, then there exists a complement V = W ⊕W ′. Therefore
there exists a surjective homomorphism V →W and W is semisimple. ♦

Lemma 3.25 (Schur lemma). Let L be a Lie algebra and V be a simple L-module. Then
EndL(V ) = k IdV .

Proof. Let f : V → V be a homomorphism of modules. Let λ ∈ k be an eigenvalue of f and let

Vλ = {v ∈ V | f(v) = λv} ⊂ V
be the corresponding eigenspace. It is a submodule of V : if x ∈ L and v ∈ Vλ then

f(xv) = xf(v) = xλv = λxv

and therefore xv ∈ Vλ. As V is simple, we obtain Vλ = V . This implies f = λ IdV . Therefore
EndL(V ) = k IdV . �
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3.4.1. Casimir operator. Let σ : L×L→ k be a symmetric non-degenerate L-invariant form. Let
(x1, . . . , xn) be a basis of L and (y1, . . . , yn) be the dual basis of L with respect to σ

σ(xi, yj) = δij , 1 ≤ i, j ≤ n.

For any L-repsentation V , define a linear operator

Cσ = CVσ : V → V, Cσ(v) =

n∑
i=1

xiyiv ∀v ∈ V,

called the Casimir operator.

Lemma 3.26.

(1) The Casimir operator Cσ is independent of the choice of a basis in L.
(2) Cσ : V → V is a homomorphism of L-representations.

Proof. 1. Let (x′i) be a different basis of L and let (y′i) be the dual basis of L with respect to σ.
Let

x′k =
∑
i

akixi, y′l =
∑
j

bjlyj .

Then

δkl = σ(x′k, y
′
l) =

∑
i,j

akibjlσ(xi, yj) =
∑
i,j

akibjlδij =
∑
i

akibil = (AB)kl

and AB = In. Therefore∑
k

x′ky
′
k =

∑
i,j

(∑
k

akibjk

)
xiyj =

∑
i,j

(BA)jixiyj =
∑
i

xiyi.

2. For any x ∈ L, let

[xk, x] =
∑
i

akixi, [x, yl] =
∑
j

bjlyj .

Then

akl = σ([xk, x], yl) = σ(xk, [x, yl]) = bkl.

Therefore

Cσ(xv)− xCσ(v) =
∑
k

(xkykx− xxkyk)v =
∑
k

(xk[yk, x] + [xk, x]yk)

=

−∑
k,i

bikxkyi +
∑
k,i

akixiyk

 v = 0.

�

Lemma 3.27. Let L be a semisimple Lie algebra and ρ : L → gl(V ) be a faithful representation
(injective map). Then

(1) The bilinear form

σ : L× L→ k, σ(x, y) = tr(ρ(x)ρ(y))

is non-degenerate.
(2) The Casimir operator on V satisfies trCVσ = dimL.

Proof. 1. We can assume that L ⊂ gl(V ). The radical I = {x ∈ L |σ(x, L) = 0} is an ideal in L.
We have I ⊂ gl(V ) and

tr(xy) = σ(x, y) = 0 ∀x, y ∈ I.
By the Cartan criterion this implies that I is solvable. As L is semisimple, we obtain I = 0 and
therefore σ is non-degenerate.
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2. The dual bases (xi) and (yi) of L satisfy tr(xiyj) = σ(xi, yj) = δij . Therefore the Casimir
operator CVσ =

∑
i xiyi satisfies

tr(CVσ ) =
∑
i

tr(xiyi) =
∑
i

δii = dimL.

�

3.4.2. Weyl theorem.

Theorem 3.28 (Weyl). Let L be a semisimple Lie algebra. Then any representation of L is
semisimple.

We will need some preparations before proving this theorem. Given an L-representation V , we
can construct its subrepresentations

V L = {v ∈ V |Lv = 0} , LV = 〈xv | x ∈ L, v ∈ V 〉 ,

where the angular brackets denote the subspace generated by given vectors.

Lemma 3.29. Let L be a semisimple Lie algebra. Then

(1) For any L-representation V , we have V = V L ⊕ LV .
(2) For any surjective homomorphism V → W of L-representations, the induced map V L →

WL is surjective.

Proof. If V L = V , then LV = 0 and the statement is obvious. Assume that V L 6= V . This implies
that the corresponding representation map ρ : L → gl(V ) is nonzero. The image M = ρ(L) ⊂
gl(V ) is again a semisimple algebra (L is a sum of simple ideals and therefore M is also a sum of
simple ideals). By Lemma 3.27, the corresponding bilinear form σ on M is non-degenerate. Let
C = CVσ be the corresponding Casimir operator on V . Let λ1, . . . , λk be distinct eigenvalues of C
having multiplicities m1, . . . ,mk. Generalized eigenspaces

Vi = ker(C − λi)mi ⊂ V

are subrepresentations of V (as Cxv = xCv for all x ∈ L, v ∈ V ) and V =
⊕k

i=1 Vi. If k > 1,
then by induction Vi = V Li ⊕ LVi and the statement of the theorem follows. If k = 1, then
trC = λ1 dimV = dimM by Lemma 3.27. Therefore λ1 6= 0 and C is invertible. Injectivity of
C implies that V L = 0 (C acts as zero on V L). Surjectivity of C implies LV = V . Therefore
V = V L ⊕ LV .

For the second statement we note that a homomorphism V →W maps V L to WL and maps LV
to LW . Because of the proved decomposition, we obtain that the map V L →WL is surjective. �

Proof of the Weyl theorem. Let W ⊂ V be a subrepresentation. It induces a surjective linear map

ϕ : Hom(V,W )→ Hom(W,W ), f 7→ f |W .

These Hom-spaces have a natural structure of L-representations and ϕ is a homomorphism between
them. By the previous result it induces a surjective map

Hom(V,W )L → Hom(W,W )L.

The space Hom(V,W )L consists of linear maps f : V → W that are L-invariant, that is,
f(xv) = xf(v) for all x ∈ L and v ∈ V . This means that f : V → W is a homomorphism
of L-representations. By the surjectivity of the above map, we can find f ∈ Hom(V,W )L such
that f |W = IdW . Then V = W ⊕ ker f , which means that W has a complement. This implies
that V is semisimple. �
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3.5. Reductive algebras.

Definition 3.30. A Lie algebra is called reductive if Z(L) = radL.

Example 3.31. We always have Z(L) ⊂ radL. If L is semisimple, then radL = 0 and therefore
Z(L) = radL = 0, hence L is reductive. If L is abelian, then Z(L) = L and therefore Z(L) =
radL = L, hence L is reductive. ♦

Theorem 3.32. Let L be a Lie algebra. The following conditions are equivalent

(1) L is reductive.
(2) Adjoint representation of L is a direct sum of simple representations.
(3) L is a direct sum of Z(L) and a semisimple Lie algebra.

Proof. 1 ⇒ 2. Consider the adjoint representation ad : L → gl(L). Its kernel is ker ad = Z(L).
We can consider L as a representation over M = L/Z(L). We have M = L/Z(L) = L/ radL,
hence M is semisimple. By the Weyl Theorem L can be decomposed as a direct sum of simple
M -modules (which are also simple L-modules).

2 ⇒ 3. Let L = I1 ⊕ . . . In be a decomposition into a sum of simple modules. Then each Ik
(considered as an algebra) does not contain non-trivial ideals. Hence Ik is either simple or abelian.
If Ik is abelian, then [L, Ik] = [Ik, Ik] = 0 and Ik ⊂ Z(L). This implies that we can decompose
L = I⊕J , where I ⊂ Z(L) and J is a semisimple Lie algebra. The algebra L/I ' J is semisimple,
hence I is the maximal solvable ideal. This implies that I = Z(L) = radL and we obtain the
required decomposition L = Z(L)⊕ J .

3 ⇒ 1. Our assumption implies that L/Z(L) is a semisimple Lie algebra. Therefore Z(L) is
the maximal solvable ideal and Z(L) = radL. �

Theorem 3.33. If L has a faithful simple representation ρ : L→ gl(V ) (faithful means that ρ is
injective), then L is reductive and dimZ(L) ≤ 1. If moreover ρ(L) ⊂ sl(V ), then L is semisimple.

Proof. Let I = radL be the maximal solvable ideal. By Lie’s Theorem there exists 0 6= v0 ∈ V
such that Iv ⊂ kv. Let λ : I → k be defined by xv0 = λ(x)v0, x ∈ I (it is linear). We proved
earlier (see the proof of Lie theorem) that the subspace

Vλ = {v ∈ V |xv = λ(x)v ∀x ∈ I}
is an L-submodule of V . As V is simple, we obtain Vλ = V . This implies that every x ∈ I acts on
V as λ(x) IdV . Therefore I ⊂ k IdV and I ⊂ Z(L) and dim I ≤ 1. This implies I = radL = Z(L)
and dimZ(L)|le1.

If ρ(L) ⊂ sl(V ), then ρ(I) ⊂ sl(V ), but λ IdV ∈ sl(V ) only if λ = 0. This implies that
I = radL = 0 and L is semisimple. �

Example 3.34. Consider the standard representation V of the Lie algebra gl(V ). Then V is a
simple representation and by the previous theorem L = gl(V ) is reductive and dimZ(L) ≤ 1. It is
clear that k Id ⊂ Z(L). Comparing dimensions, we obtain Z(L) = k Id. In a similar we can show
that sl(V ) is semisimple (if dimV ≥ 2). ♦
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Exercises.

3.1. Show that the form σV is symmetric and L-invariant.

3.2. Let V be the standard representation of L = gl(V ). Show that σV is non-degenerate.

3.3. Show that if σ : L× L→ k is a bilinear L-invariant form and I ⊂ L is an ideal, then

I⊥ = {x ∈ L |σ(x, I) = 0}
is also an ideal of L. Moreover, dim I⊥ + dim I ≥ dimL.

3.4. Let σ : L× L→ k be a symmetric non-degenerate L-invariant form.

(1) Show that the induced map

σ′ : L→ L∗, σ′(x)(y) = σ(x, y) ∀x, y ∈ L
is an isomorphism of L-modules. In particular, it induces an isomorphism L⊗L→ L∗⊗L.

(2) Show that the natural map

ϕ : L∗ ⊗ L→ Hom(L,L), ϕ(f ⊗ x)(y) = f(y)x ∀f ∈ L∗, x, y ∈ L
is an isomorphism of L-modules.

(3) Consider the composition

L⊗ L→ L∗ ⊗ L→ Hom(L,L)

of the above isomorphisms and let Ω ∈ L⊗L be the preimage of IdL. Show that Ω can be
written in the form Ω =

∑n
i=1 xi ⊗ yi, where (x1, . . . , xn) is a basis of L and (y1, . . . , yn)

is a dual basis of L with respect to σ.
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4. Classification of semisimple Lie algebras

4.1. Representations of sl2. We consider the algebra sl2 = sl2(k) of an algebraically closed field
k of characteristic zero. We know that sl2 is simple, hence semisimple. By the Weyl’s Theorem
every representation of sl2 is a direct sum of simple representations. Therefore we need to classify
just simple representations of sl2.

Theorem 4.1. Let x, y, h be the standard generators of sl2 with

(5) [x, y] = h, [h, x] = 2x, [h, y] = −2y.

For any n ≥ 0, there exists exactly one simple representation V (n) of sl2 of dimension n+ 1 (up
to isomorphism). Representation V = V (n) is a direct sum of 1-dimensional h-eigenspaces

V = V−n ⊕ V−n+2 ⊕ · · · ⊕ Vn−2 ⊕ Vn,

where Vk is the subspace of h-eigenvectors with eigenvalue k, and x, y induce isomorphisms

x : Vk → Vk+2, y : Vk+2 → Vk

whenever Vk, Vk+2 6= 0.

Proof. Let V be a simple representation. For any λ ∈ k define the eigenspace

Vλ = {v ∈ V |hv = λv} .

Then

xVλ ⊂ Vλ+2, yVλ ⊂ Vλ−2.

Indeed, if v ∈ Vλ, then

hxv = ([h, x] + xh)v = (2x+ xh)v = 2xv + λxv = (λ+ 2)xv.

Therefore xv ∈ Vλ+2. Similarly yv ∈ Vλ2 . There exists λ ∈ k such that Vλ 6= and Vλ+2 = 0. Let
0 6= v ∈ Vλ. Then xv ∈ Vλ+2 = 0 and we obtain

hv = λv, xv = 0.

We will prove by induction that

hyiv = (λ− 2i)yiv, xyiv = i(λ− i+ 1)yi−1v.

The statement for i = 0 was just proved. As v ∈ Vλ, we obtain yv ∈ Vλ−2 and generally
yiv ∈ Vλ−2i. Therefore hyiv = (λ − 2i)yiv. Assume that the second formula is proved for i ≥ 0.
Then

xyi+1v = xy(yiv) = ([x, y] + yx)yiv = (h+ yx)yiv = (λ− 2i)yiv + i(λ− i+ 1)yiv

= (λ(i+ 1)− i2 − i)yiv = (i+ 1)(λ− i)yiv.

This proves the induction step. Let n ≥ 0 be the maximal integer such that ynv 6= 0. Then the
vector space

〈v, yv, . . . , ynv〉 ⊂ V
is a submodule of V (it is closed under the action of x, y, h). As V is simple, the above subspace
should be the whole space V . The above vectors are linearly independent as yiv ∈ Vλ−2i are
contained in different eigenspaces. This implies that dimV = n+ 1. As yn+1v = 0, we obtain

0 = xyn+1v = (n+ 1)(λ− n)ynv,

hence λ− n and λ = n. The above formulas uniquely determine representation V .
To show existence, we use the above formulas as a motivation for our construction. Let V be a

vector space with a basis (v0, . . . , vn) (vi corresponds to yiv in the above discussion). Define the
linear operators x, y, h on V by the rule

(6) xvi = i(n− i+ 1)vi−1, yvi = vi+1, hvi = (n− 2i)vi, 0 ≤ i ≤ n,
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where v−1 = vn+1 = 0. In order to show that this rule defines a representation of sl2, we need to
verify the commutator relations (5). Let us check just the first one

[x, y]vi = (xy − yx)vi = xvi+1 − yxvi = (i+ 1)(n− i)vi − i(n− i+ 1)vi = (n− 2i)vi = hvi.

This implies that V is indeed a representation of sl2. We have to check V is a simple representation.
Let W ⊂ V be a non-zero subrepresentation and 0 6= v ∈ W . Assume that v =

∑
i aivi and

0 ≤ i ≤ n is minimal with the property ai 6= 0. Then yn−iv = aivn ∈W , hence vn ∈W . Applying
the operator x, we obtain that vn−1, . . . , v1, v0 are also contained in W . Therefore W = V and V
is a simple module. �

Remark 4.2. Note that

(1) The 1-dimensional representation V (0) is the trivial representation k.
(2) The 2-dimensional representation V (1) is the standard representation k

2 of sl2(k).
(3) The 3-dimensional representation V (2) is the adjoint representation of sl2.

♦

Corollary 4.3. Let V be a finite-dimensional representation of sl2. Then

(1) V =
⊕

k∈Z Vk, where Vk = {v ∈ V |hv = kv} is the h-eigenspace (also called a weight
space) with eigenvalue k (also called a weight).

(2) x maps Vk to Vk+2 and y maps Vk to Vk−2.
(3) xk : V−k → Vk and yk : Vk → V−k are isomorphisms, for any k ≥ 1.

Proof. 1. Every finite-dimensional representation V of sl2 is a direct sum of simple representations
V (n) classified in the previous theorem. By this theorem, if V = V (n), then V =

⊕
k∈Z Vk, the

direct sum of h-eigenspaces. This implies the first statement of the corollary for simple modules,
hence also for direct sums of simple modules.
2. We have seen that it is true for simple modules. Therefore it is also true for arbitrary modules.
3. It is enough to prove the statement for a simple module V = V (n). We know that

V = V−n ⊕ V−n+2 ⊕ · · · ⊕ Vn−2 ⊕ Vn.
If k and n have different parities, then Vk = V−k = 0 and the statement is automatically true. If
k > n, then again Vk = V−k = 0 and the statement is true. Assume that k and n have the same
parity and k ≤ n. By the previous theorem, there is a sequence of isomorphisms

V−n
x−→ V−n+2

x−→ . . .
x−→ Vn−2

x−→ Vn.

In particular, xk : V−k → Vk is an isomorphism. The proof for yk is the same. �

Remark 4.4. Let V be a representation of sl2. Then we can decompose V as a direct sum of simple
modules V =

⊕
n≥0 V (n)mn . We can determine multiplicities mn as follows. Let V =

⊕
k∈Z Vk

be the weight space decomposition. A weight k ≥ 0 appears in V (n) (with multiplicity one) if and
only if n and k have the same parity and n ≥ k. This implies

dimVk = mk +mk+2 + . . .

Therefore
mk = dimVk − dimVk+2.

♦

4.1.1. Action of sl2 on the ring of polynomials. We will describe now an alternative construction
of simple representations of sl2 = sl2(k). Consider the standard representation

k
2 = ku⊕ kv

of sl2. Explicitly, x, y, h act on k
2 as

(7) xu = 0, xv = u, yu = v, yv = 0, hu = u, hv = −v.
This action of sl2 on k

2 can be extended to the action of sl2 by derivations on the ring of polyno-
mials k[u, v]

ρ : sl2 → Derk[u, v].
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Note that any derivation δ : k[u, v]→ k[u, v] satisfies the Leibniz rule

δ(fg) = δ(f) · g + f · δ(g), ∀f, g ∈ k[u, v].

This requirement implies that δ is determined already by its values δ(u) and δ(v). More precisely,
we can write δ as a vector field

δ = p∂u + q∂v, ∂u =
∂

∂u
, ∂v =

∂

∂v
, p, q ∈ k[u, v]

that acts as

δ(f) = p
∂f

∂u
+ q

∂f

∂v
, ∀f ∈ k[u, v].

In particular,
δ(u) = p, δ(v) = q

and they determine δ uniquely. Applying these formulas to (7), we obtain the following represen-
tation ρ : sl2 → Derk[u, v]

ρ(x) = u∂v, ρ(y) = v∂u, ρ(h) = u∂u − v∂v.
To verify that ρ is indeed a representation, that is, a Lie algebra homomorphism, we need just to
verify that ρ([a, b]) and [ρ(a), ρ(b)] (for a, b ∈ sl2) act identically on u and v. For example

ρ([x, y])u = ρ(h)u = u, [ρ(x), ρ(y)]u = ρ(x)v − ρ(y)0 = u.

ρ([x, y])v = ρ(h)v = −v, [ρ(x), ρ(y)]v = ρ(x)0− ρ(y)u = −v.

Remark 4.5. Alternatively, we can exponentiate the action of SL2(R) on R[u, v] to the action of
sl2(R). The Lie group SL2(R) acts on R2 in the obvious way and induces an action on C∞(R2)
(as well as on R[u, v])

(gf)(p) = f(gT p), g ∈ SL2(R), f ∈ C∞(R2), p ∈ R2.

This action induces the action of sl2(R) on C∞(R) determined by the rule

(Af)(p) =
d

dt
f(exp(tA)T p)|t=0 = (∂uf, ∂vf) ◦AT ( uv )

= (u, v)A
(
∂u
∂v

)
f, A ∈ sl2(R), f ∈ C∞(R2), p = (u, v) ∈ R2,

where ∂u = ∂
∂u , ∂v = ∂

∂v are considered as differential operators on C∞(R2). The rule

A 7→ (u, v)A
(
∂u
∂v

)
defines a representation of sl2(R) on C∞(R) or R[u, v]. In particular, x, y, h act as operators

x = ( 0 1
0 0 ) 7→ (u, v) ( 0 1

0 0 )
(
∂u
∂v

)
= u∂v,

y = ( 0 0
1 0 ) 7→ (u, v) ( 0 0

1 0 )
(
∂u
∂v

)
= v∂u,

h =
(

1 0
0 −1

)
7→ (u, v)

(
1 0
0 −1

) (
∂u
∂v

)
= u∂u − v∂v.

♦

Representation k[u, v] is infinite dimensional and can be decomposed as a direct sum of finite-
dimensional spaces

k[u, v]n =
〈
u0vn, u1vn−1, . . . , unv0

〉
which are spaces of homogeneous polynomials of total degree n. It is clear that operators x, y, h
don’t change the total degree, hence k[u, v]n are subrepresentations. Let us show that there is an
isomorphism between representations k[u, v]n and V (n) constructed in the previous theorem. We
consider an isomorphism of vector spaces

ϕ : V (n)→ k[u, v]n, vi 7→
1

(n− i)!
un−ivi.

Note that

hϕ(vi) =
1

(n− i)!
(u∂u − v∂v)(un−ivi) =

n− i− i
(n− i)!

un−ivi = (n− 2i)ϕ(vi).
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xϕ(vi) =
1

(n− i)!
u∂v(u

n−ivi) =
i(n− i+ 1)

(n− i+ 1)
un−i+1vi−1 = i(n− i+ 1)ϕ(vi−1).

yϕ(vi) =
1

(n− i)!
v∂u(un−ivi) =

1

(n− i− 1)!
un−i−1vi+1 = ϕ(vi+1).

This implies that ϕ is an isomorphism of sl2-representations.
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4.2. Jordan decomposition in semisimple Lie algebras.

Remark 4.6. When we classified representations of sl2, we noticed an interesting phenomenon.
The action of h on every simple sl2-representation (hence all representations) was diagonal. It
turns out that this is a general rule for semisimple Lie algebras. Namely, if L ⊂ gl(V ) is a
semisimple algebra and h ∈ L is a semisimple element (our example is h =

(
1 0
0 −1

)
∈ sl2) then, for

any L-representation, the action of h on it is semisimple. ♦

Lemma 4.7. Let L ⊂ gl(V ) be a semisimple subalgebra. If x ∈ L and x = s + n is the Jordan
decomposition in gl(V ), then s, n ∈ L.

Proof. Let
N = {y ∈ gl(V ) | [y, L] ⊂ L}

be the normalizer of L. Then N is a Lie algebra and L ⊂ N is an ideal. For any L-submodule
W ⊂ V , define the Lie algebra

LW = {y ∈ gl(V ) | yW ⊂W, tr(y|W ) = 0} .
As L = [L,L] (for semisimple L), we obtain tr(y|W ) = 0 ∀y ∈ L. Therefore L ⊂ LW . Let M be
the intersection of N and all LW (for all L-submodules W ⊂ V ). Then M is a Lie algebra and
L ⊂M is an ideal.

We claim that s, n ∈ M . There is the Jordan decomposition adx = ad s + adn in gl(L). As
adx(L) = [x, L] ⊂ L, we obtain that ad s(L) ⊂ L and adn(L) ⊂ L and therefore s, n ∈ N . For
every L-submodule W ⊂ V , we have xW ⊂ W and tr(x|W ) = 0 as x ∈ L = [L,L]. Therefore the
same is true for s and n, hence s, n ∈ LW . This implies s, n ∈M .

We claim that M = L (hence s, n ∈ L). We can write M = L ⊕ L′ for some L-submodule
L′ ⊂M . Then [L,L′] ⊂ L ∩ L′ = 0, therefore every y ∈ L′ acts on a simple L-submodule W ⊂ V
as an L-endomorphism, hence as a scalar (by Schur’s lemma). As tr(y|W ) = 0, we obtain y|W = 0.
But V is a direct sum of simple L-submodules, hence y = 0. This implies L′ = 0 and M = L. �

Definition 4.8. Let L be a semisimple Lie algebra. Then

(1) x ∈ L is called semisimple if adx ∈ gl(L) is semisimple.
(2) x ∈ L is called nilpotent if adx ∈ gl(L) is nilpotent.

Theorem 4.9. Let L be a semisimple Lie algebra.

(1) For any x ∈ L, there exists a unique decomposition x = s + n in L (called the abstract
Jordan decomposition) such that [s, n] = 0, ad s is semisimple and adn is nilpotent.

(2) If f : L→M is a homomorphism of semisimple Lie algebras and x = s+n is an abstract
Jordan decomposition in L, then f(x) = f(s) + f(n) is an abstract Jordan decomposition
in M .

(3) If ρ : L→ gl(V ) is a representation and x = s+ n is an abstract Jordan decomposition in
L, then ρ(x) = ρ(s) + ρ(n) is a usual Jordan decomposition in gl(V ).

Proof. 1. The adjoint map ad : L → gl(L) is injective as its kernel is equal to Z(L) = 0 (as L
is semisimple). Applying the previous lemma to L ' ad(L) ⊂ gl(L), we obtain a decomposition
x = s+ n in L such that adx = ad s+ adn is the Jordan decomposition.

2. Consider M as an L-module via f and let V = L⊕M be the direct sum of L-modules. The
representation map ρ : L → gl(V ) is injective as already ad : L → gl(L) is injective. Applying
the previous lemma to L ' ρ(L) ⊂ gl(V ), we obtain a decomposition x = s + n in L such that
[s, n] = 0 and

(1) ρ(s) ∈ gl(V ) is semisimple, hence ad s, ad f(s) are semisimple.
(2) ρ(n) ∈ gl(V ) is nilpotent, hence adn, ad f(n) are nilpotent.

This implies that adx = ad s+ adn is the Jordan decomposition in gl(L) (hence x = s+ n is the
abstract Jordan decomposition in L) and ad f(x) = ad f(s) + ad f(n) is the Jordan decomposition
in gl(M) (hence f(x) = f(s) + f(n) is the abstract Jordan decomposition in M).

3. As L is semisimple, we have L = [L,L]. This implies that ρ(L) ⊂ sl(V ). We proved that the
Lie algebra homomorphism ρ : L → sl(V ) preserves abstract Jordan decompositions. Therefore
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we can assume that L = sl(V ) ⊂ gl(V ) = M . Let x ∈ L and x = s + n be the usual Jordan
decomposition in M = gl(V ). We will show that it is also the abstract Jordan decomposition
of x in L. By the previous lemma s, n ∈ L. By Lemma 3.6, we have a Jordan decomposition
adx = ad s + adn in gl(M). It is also a Jordan decomposition in gl(L), hence x = s + n is an
abstract Jordan decomposition in L as required. �

Remark 4.10. Let L be a semisimple Lie algebra and ρ : L → gl(V ) be a representation.
The previous theorem implies that if x ∈ L is semisimple (nilpotent), then ρ(x) is semisimple
(nilpotent). ♦

4.2.1. Weight spaces. Let x ∈ gl(V ) be a semisimple endomorphism. For any λ ∈ k, define the
eigenspace

Vλ = {v ∈ V |xv = λv} .
Then V =

⊕
λ Vλ. We will say that x acts on Vλ with weight λ. On the other hand, if x, y ∈ gl(V )

are semisimple and commute, then y preserves each summand Vλ:

x(yv) = yxv = λ(yv) ∀v ∈ Vλ.
This implies that we can consider y as a semisimple endomorphism of Vλ and decompose Vλ
according to the eigenvalues of y. In this way V decomposes into a direct sum V =

⊕
λ,µ Vλ,µ of

simultaneous eigenspaces
Vλ,µ = {v ∈ V |xv = λv, yv = µv} .

Generally, we obtain the following result.

Lemma 4.11. Let H ⊂ gl(V ) be an abelian subalgebra consisting of semisimple elements. Then
V has a simultaneous eigenspace (or weight space) decomposition

V =
⊕
λ∈H∗

Vλ,

where the weight spaces Vλ are defined by

Vλ = {v ∈ V |hv = λ(h)v ∀h ∈ H} , λ ∈ H∗.

Proof. Let H = kx ⊕ J , where 0 6= x ∈ H. By induction we can decompose V into a direct
sum of simultaneous eigenspaces of J . Then x acts on each of these eigespaces as a semisimple
endomorphism and we can decompose them further into a direct sum of x-eigenspaces. These
smaller summands will be simultaneous eigespaces of H. �

Remark 4.12. Let L be a semisimple Lie algebra, and H ⊂ L be an abelian subalgebra con-
sisting of semisimple elements. For any representation ρ : L→ gl(V ), the image ρ(H) consists of
semisimple endomorphisms by Theorem 4.9. Then we also obtain a weight space decomposition

V =
⊕
λ∈H∗

Vλ, Vλ = {v ∈ V | ρ(h)v = λ(h)v ∀h ∈ H} .

The spaces Vλ are called weight spaces of V and the elements λ ∈ H∗ with Vλ 6= 0 are called
weights of V . ♦
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4.3. Root space decomposition.

Definition 4.13. Let L be a semisimple Lie algebra. A subalgebra H ⊂ L is called a Cartan
subalgebra if

(1) H is abelian and consists of semisimple elements.
(2) H is maximal among all subalgebras satisfying (a).

Example 4.14. Let L = sln and let H ⊂ L consist of all diagonal matrices. Then H is abelian
and all of its elements are semisimple. We will see later that H is a Cartan subalgebra. ♦

Definition 4.15. Let L be a semisimple Lie algebra and H ⊂ L be a Cartan subalgebra. We
have a decomposition corresponding to ad : H → gl(L)

L =
⊕
α∈H∗

Lα, Lα = {x ∈ L | [h, x] = α(h) · x ∀h ∈ H} .

The finite set

R = {α ∈ H∗\{0} |Lα 6= 0} ⊂ H∗

is called the root system of L relative to H. The elements of R are called roots, the spaces Lα are
called root spaces. Decomposition

L = L0 ⊕
⊕
α∈R

Lα

is called the root space (or Cartan) decomposition.

Example 4.16. Let L = sln and H ⊂ L consist of the diagonal matrices. Let εi ∈ H∗, for
1 ≤ i ≤ n, be defined by

εi(h) = ai h =

n∑
i=1

aiEii ∈ H.

These vectors in H∗ are not linearly independent as dimH = n − 1. Given an element h =∑
i aiEii ∈ H, we have

adh(Eij) = [h,Eij ] = (ai − aj)Eij = (εi − εj)(h) · Eij .

This means that there are root spaces Lαij = kEij for the roots

αij = εi − εj ∈ H∗ ∀i 6= j.

The case i = j corresponds to the zero weight 0 ∈ H∗. Therefore L0 consists of all diagonal
matrices in L, hence L0 = H. We obtain the following root space decomposition

L = H ⊕
⊕
i 6=j

kEij .

Note that L0 = H and all root spaces Lαij = kEij are one-dimensional. We will see later that
this is true in general. ♦

Lemma 4.17. We have

(1) [Lα, Lβ ] ⊂ Lα+β.
(2) If κ is the Killing form on L, then κ(Lα, Lβ) = 0 whenever α+ β 6= 0.
(3) The Killing form κ induces a non-degenerate pairing Lα × L−α → k. In particular, the

restriction of κ to L0 is non-degenerate.

Proof. 1. If x ∈ Lα, y ∈ Lβ and h ∈ H, then

[h, [x, y]] = [[h, x], y] + [x, [h, y]] = α(h)[x, y] + β(h)[x, y] = (α+ β)(h) · [x, y].

This implies that [x, y] ∈ Lα+β .
2. If, additionally, z ∈ Lγ , then

adx ady(z) = [x, [y, z]] ∈ Lα+β+γ .
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This implies that adx ady maps Lγ to Lα+β+γ . Therefore, if α+ β 6= 0, then adx ady is nilpotent.
In particular, it has trace zero and

κ(x, y) = tr(adx ady) = 0.

3. If x ∈ Lα and κ(x, L−α) = 0, then κ(x, L) = 0 by (2). As κ is non-degenerate on L, we
obtain x = 0. Similarly, if x ∈ L−α and κ(Lα, x) = 0, then x = 0. This implies that the restriction
of κ to Lα × L−α is non-degenerate. �

Remark 4.18. For any α ∈ R, the root space Lα consists of nilpotent elements. Indeed, for every
x ∈ Lα, we proved that adx maps Lβ to Lα+β . As L is finite dimensional, we can find some n ≥ 1
such that Lnα = 0 and Lnα+β = 0 for all β ∈ R, hence adnx = 0. ♦

Lemma 4.19. Let CL(H) = {x ∈ L | [x,H] = 0} be the centralizer of H in L. Then

L0 = CL(H) = H.

Proof. The first equation follows from the definitions, namely,

L0 = {x ∈ L | adh(x) = 0 ∀h ∈ H} = {x ∈ L | [H,x] = 0} .

For the second equation, we note first that H ⊂ L0 as H is abelian. Let x ∈ L0 and x = s+ n be
its Jordan decomposition in L. Then adx = ad s+ adn is the Jordan decomposition in gl(L). As

adx(H) = [x,H] = 0,

we conclude that also [s,H] = ad s(H) = 0. This implies that H + ks is abelian and consists of
semisimple elements. By the maximality of H, we obtain s ∈ H. Note also that s, n ∈ L0. To
show that L0 = H, we need to show that the only nilpotent element of L0 is zero as this would
imply n = 0 and therefore x = s ∈ H.

We claim that L0 is nilpotent. Given x ∈ L0 with a Jordan decomposition x = s+n, we proved
that s ∈ H, hence ad s|L0

= 0. This implies that adx|L0
= adn|L0

is nilpotent on L0. By Engel
theorem L0 is nilpotent. Therefore L0 is solvable and by Lie theorem we can find a basis of L
such that adx is upper-triangular for all x ∈ L0. If x ∈ L0 is nilpotent, then adx is nilpotent and
is strictly upper-triangular. Therefore for any y ∈ L0, adx ady is strictly upper-triangular and has
zero trace. Therefore

κ(x, y) = tr(adx ady) = 0 ∀y ∈ L0.

By the previous lemma, κ is non-degenerate on L0, hence x = 0. This implies that the only
nilpotent element of L0 is trivial, as required. �

From now on we will denote the Killing form on L by (−,−). Its restriction to H = L0 is
non-degenerate, hence induces an isomorphism

H ' H∗, h 7→ (h,−).

We will denote the induced bilinear form on H∗ also by (−,−). For any α ∈ H∗, let h′α denote
the corresponding element in H. For any α ∈ H∗ and h ∈ H, define

〈α, h〉 = 〈h, α〉 := α(h).

We have h′α 7→ α = (h′α,−) under the above isomorphism, hence

〈α, h〉 = α(h) = (h′α, h).

In particular,

(α, β) = (h′α, h
′
β) =

〈
α, h′β

〉
∀α, β ∈ H∗.

Lemma 4.20. Let α ∈ R. Then

(1) If x ∈ Lα and y ∈ L−α, then

[x, y] = (x, y)h′α.

(2) (α, α) 6= 0.
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(3) If xα ∈ Lα and yα ∈ L−α are such that (xα, yα) = 2
(α,α) (they are unique up to a scalar)

and hα =
2h′α

(α,α) , then 〈α, hα〉 = 2 and the elements xα, yα, hα satisfy the relations of sl2.

We will denote this algebra by (sl2)α.

Proof. 1. For any h ∈ H, we have

([x, y], h) = (x, [y, h]) = −(x, [h, y]) = 〈α, h〉 (x, y) = (h′α, h)(x, y) = ((x, y)h′α, h).

Using the fact that [x, y] ∈ L0 = H, (x, y)h′α ∈ H and the Killing form is non-degenerate on H,
we conclude that [x, y] = (x, y)h′α.

2. Assume that (α, α) = 〈α, h′α〉 = 0. Let 0 6= x ∈ Lα. As the Killing form is non-degenerate
on Lα × L−α, there exists y ∈ L−α such that (x, y) 6= 0. Then

h = [x, y] = (x, y)h′α 6= 0.

Consider the vector space M generated by x, y, h. We have

[h, x] = 〈α, h〉x = 〈α, (x, y)h′α〉x = 0

as 〈α, h′α〉 = 0. Similarly [h, y] = 0. This implies that M is a solvable Lie algebra. By Lie theorem,
there exists a basis of L such that M acts on L by upper-triangular matrices. This implies that
adh = [adx, ady] acts by a strictly upper-triangular matrix, hence is nilpotent. But h ∈ H is also
semisimple, hence h = 0. A contradiction.

3. We have

〈α, hα〉 =
2

(α, α)
〈α, h′α〉 =

2

(α, α)
(α, α) = 2.

Moreover,

[xα, yα] = (xα, yα)h′α =
2h′α

(α, α)
= hα,

[hα, xα] = 〈α, hα〉xα = 2xα.

Similarly [hα, yα] = −2yα. �

Theorem 4.21. We have

(1) R spans H∗.
(2) The vector space

V = khα ⊕k∈Z\{0} Lkα
is an irreducible representation of sl2 = 〈xα, yα, hα〉.

(3) For any root α ∈ R, dimLα = 1.

(4) If α, β ∈ R, then 〈β, hα〉 = 2(α,β)
(α,α) ∈ Z.

(5) For any root α ∈ R, the only multiples of α which are also roots are ±α.
(6) For any α ∈ R, define a reflection

sα : H∗ → H∗, sα(λ) = λ− 〈λ, hα〉α = λ− 2(α, λ)

(α, α)
α,

which leaves the hyperplane α⊥ = {λ ∈ H∗ | (α, λ) = 0} invariant and maps α to −α.
Then sα(R) ⊂ R.

(7) For any roots α and β 6= ±α, the vector space

V =
⊕
k∈Z

Lβ+kα

is an irreducible representation of sl2 = 〈xα, yα, hα〉.
(8) If α, β, α+ β ∈ R then [Lα, Lβ ] = Lα+β.

Proof. 1. Assume that R does not span H∗. Then there exists 0 6= h ∈ H such that 〈R, h〉 = 0.
Then, for any α ∈ R and z ∈ Lα,

[h, z] = 〈α, h〉 z = 0,

hence [h, Lα] = 0. This implies that [h, L] = 0 and h ∈ Z(L). As L is semisimple, its center is
zero, hence h = 0. A contradiction.
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2. The vector space V is a representation of sl2. Indeed, hα preserves each Lkα and [hα, hα] = 0.
The element xα ∈ Lα maps Lkα to L(k+1)α for k 6= 0,−1 and maps hα to Lα. On the other hand,
for any z ∈ L−α, we have [xα, z] = (xα, z)h

′
α ∈ khα. Therefore [xα, L−α] ⊂ khα. This implies

[xα, V ] ⊂ V . Similarly [yα, V ] ⊂ V . For any z ∈ Lkα, we have

[hα, z] = 〈kα, hα〉 z = 2kz,

hence z has weight 2k. On the other hand, the elements of khα have weight zero. Representation
V of sl2 is irreducible as V0 = khα has dimension one (here we use classification of irreducible
representations of sl2).
3. From the previous statement we obtain that the weight space V2 = Lα has dimension one.
4. Let us consider L as a representation of sl2 = 〈xα, yα, hα〉. We know that all weights of this
representation are integers. In particular, for z ∈ Lβ ,

[hα, z] = 〈β, hα〉 z,

hence z has weight 〈β, hα〉 which is an integer.
5. Assume that α, β ∈ R and β = cα for some c ∈ k\{±1}. Then by (4)

2(α, β)

(α, α)
= 2c ∈ Z,

2(α, β)

(β, β)
=

2

c
∈ Z.

Therefore c = ± 1
2 ,±2. If c = ± 1

2 , we can exchange α and β and assume c = ±2. If c = −2, we
can substitute β by −β and assume β = 2α. Consider the irreducible representation

V = khα ⊕k∈Z\{0} Lkα
from (2). By the property of irreducible sl2 representations, the map xα : V2 → V4 is an isomor-
phism if V4 6= 0. But V2 = Lα is one-dimensional, generated by xα, and [xα, xα] = 0. Therefore
xα : V2 → V4 is zero and V4 = 0. We obtain from Lβ = L2α = V4 = 0, that β is not a root.
6. Let β ∈ R and n = 〈β, hα〉. We have to show that sα(β) = β − nα is a root. As before,
we consider V = L as a representation of sl2. We have seen that elements of Lβ have weight
〈β, hα〉 = n. Assume that n ≥ 0. Then ynα : Vn → V−n is an isomorphism. In particular, for any
0 6= z ∈ Lβ ⊂ Vn, the element ynα(z) is non-zero. But

ynα(z) = adnyα(z) ∈ Lβ−nα,

hence β−nα ∈ R as required. The proof for n < 0 is similar (consider m = −n and an isomorphism
xmα : V−m → Vm).
7. The vector space V is a representation of sl2. Indeed, hα preserves each Lβ+kα, xα ∈ Lα maps
Lβ+kα to Lβ+(k+1)α and yα ∈ L−α maps Lβ+kα to Lβ+(k−1)α. For any z ∈ Lβ+kα, we have

[hα, z] = 〈β + kα, hα〉 z = (〈β, hα〉+ 2k)z,

hence elements of Lβ+kα have weight 〈β, hα〉+ 2k. All of these weight spaces are one-dimensional,
hence V is an irreducible representation.
8. We know that [Lα, Lβ ] ⊂ Lα+β and the latter space is one-dimensional. We obtain from (7)
that the map xα : Lβ → Lα+β between nonzero weight spaces is an isomorphism. Therefore
[xα, Lβ ] 6= 0 and [Lα, Lβ ] = Lα+β . �

Lemma 4.22. We have

(1) (h, h′) =
∑
α∈R 〈α, h〉 〈α, h′〉, for any h, h′ ∈ H.

(2) (β, γ) =
∑
α∈R(α, β)(α, γ), for any β, γ ∈ H∗.

(3) (β, γ) ∈ Q for any β, γ ∈ R.
(4) Let E ⊂ H∗ be the vector space over Q generated by R. Then the form (−,−) is positive

definite on E, that is, (γ, γ) > 0 for any 0 6= γ ∈ E.

Proof. 1. Consider the action of adh adh′ on every root space Lα and take the trace.
2. We have

(β, γ) = (h′β , h
′
γ) =

∑
α∈R

〈
α, h′β

〉 〈
α, h′γ

〉
=
∑
α∈R

(α, β)(α, γ).
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3. We have (β, β) =
∑
α∈R(α, β)2, hence 1

(β,β) =
∑
α∈R

(α,β)2

(β,β)2 ∈ Q as 2(α,β)
(β,β) ∈ Z. We obtain from

2(β,γ)
(β,β) ∈ Z that (β, γ) ∈ Q.

4. If 0 6= γ ∈ E ⊂ H∗ then

(γ, γ) =
∑
α∈R

(α, γ)2.

We can write γ =
∑
β∈R cββ for some cβ ∈ Q. Then (α, γ) =

∑
β∈R cβ(α, β) ∈ Q and (α, γ)2 ≥ 0,

for all α ∈ R. There exists α ∈ R such that (α, γ) 6= 0 as R generates H∗. This implies that∑
α∈R(α, γ)2 > 0. �
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4.4. Abstract root systems. Assume that k = C and let E ⊂ H∗ be a real vector space
generated by R. Let us formalize the properties of R ⊂ E.

Definition 4.23. Let E be a real vector space with a positive definite inner product (we call E
a Euclidean vector space). An abstract root system is a finite subset R ⊂ E\{0} such that

(1) R generates E.

(2) For any α, β ∈ R, the number 2(α,β)
(α,α) is an integer.

(3) For any α ∈ R, define a reflection

sα : E → E, λ 7→ λ− 2(α, λ)

(α, α)
α.

Then sα(R) ⊂ R.
(4) For any root α ∈ R, the only multiples of α which are also roots are ±α.

Remark 4.24. Note that sα(α) = −α and sα(λ) = λ if λ is orthogonal to α (i.e. (α, λ) = 0).
Therefore sα should be interpreted as a reflection with respect to the hyperplane

Hα = α⊥ = {λ ∈ E | (α, λ) = 0} .
Note that s2

α = Id. ♦

For any root α ∈ E, define the corresponding coroot α∨ ∈ E∗ (it was denoted by hα previously)
by

〈λ, α∨〉 =
2(α, λ)

(α, α)
.

Then
〈α, α∨〉 = 2, sα(λ) = λ− 〈λ, α∨〉α.

Definition 4.25. The Weyl group W of the root system R ⊂ E is the subgroup of GL(E)
generated by reflections sα for α ∈ R.

Lemma 4.26. The Weyl group is a finite subgroup of O(E) which preserves R ⊂ E.

Proof. Every sα is orthogonal as

(sαλ, sαµ) =

(
λ− 2(α, λ)

(α, α)
α, µ− 2(α, µ)

(α, α)
α

)
= (λ, µ)− 4(α, λ)(α, µ)

(α, α)
+

4(α, λ)(α, µ)

(α, α)2
(α, α) = (λ, µ).

This implies that W ⊂ O(E). We know that sα(R) = R. This implies that W preserves R. If
some w ∈ W acts trivially on R, then w acts trivially on E as R generates E. Therefore W is a
subgroup of the group AutR of all permutations of R. As R is a finite set, AutR and W are also
finite. �

Example 4.27. Let R ⊂ E be the root system of sln. We identify E with {x ∈ Rn |
∑
xi = 0}

and let
R = {αij = ei − ej | i 6= j} .

For any root α = αij , the corresponding reflection sα acts as

sα(x1, . . . , xi, . . . , xj , . . . , xn) = (x1, . . . , xj , . . . , xi, . . . , xn),

that is, permutes coordinates i and j. We can identify sα with a transposition (ij) considered as an
element of the symmetric group Sn. Then the Weyl group W , generated by all such transpositions,
coincides with the symmetric group Sn. ♦

Lemma 4.28. For any w ∈W and α ∈ R, we have swα = wsαw
−1.

Proof. If λ ∈ Hα, then (wα,wλ) = (α, λ) = 0 hence wλ ∈ Hwα. This implies wHα = Hwα. The
element wsαw

−1 acts as identity on wHα = Hwα and maps wα to wsα(α) = −wα. The same is
true about swα. Therefore they are identical. �
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4.5. Pairs of roots.

Theorem 4.29. Let α, β ∈ R be two roots such that β 6= ±α and ‖β‖ ≤ ‖α‖. Let θ be the angle
between α and β. Then we have only the following possibilities

〈β, α∨〉 〈α, β∨〉 θ
1 0 0 π/2
2 1 1 π/3
3 −1 −1 2π/3
4 1 2 π/4
5 −1 −2 3π/4
6 1 3 π/6
7 −1 −3 5π/6

Proof. We have (α, β) = ‖α‖ ‖β‖ cos θ. Let m = 〈β, α∨〉 = 2(α,β)
(α,α) and n = 〈α, β∨〉 = 2(α,β)

(β,β) and .

Then m,n ∈ Z and

mn = 4
(α, β)2

‖α‖2 · ‖β‖2
= 4 cos2 θ.

As β 6= ±α, we have cos θ 6= ±1. Therefore mn ∈ {0, 1, 2, 3}. We have

m

n
=

(β, β)

(α, α)
≤ 1,

hence |m| ≤ |n|. This implies that we can only have m ∈ {0,±1}. If m = 0 then n = 0. Otherwise
m = ±1 and n = ±1,±2,±3. The angle θ is determined from 4 cos2 θ = mn. �

The root system that appears in (1) is called A1 ×A1, the root system in (2) and (3) is called
A2, the root system in (4) and (5) is called B2 and the root system in (6) and (7) is called G2.

α

βA1 ×A1

α

βA2

α

βB2

α

β

G2

Corollary 4.30. Let α, β ∈ R. Then

(1) If (α, β) > 0, then α− β ∈ R.
(2) If (α, β) < 0, then α+ β ∈ R.

Proof. It is enough to prove (1). Let m = 〈α, β∨〉 > 0, n = 〈β, α∨〉 > 0. Then m = 1 or n = 1. If
m = 1, then

sβ(α) = α− 〈α, β∨〉β = α− β ∈ R.
If n = 1, then

sα(β) = β − 〈β, α∨〉α = β − α ∈ R,
hence α− β 3 R. �
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4.6. Bases of root systems.

Definition 4.31. A subset Π ⊂ R is called a base of R if

(1) Π is a basis of E.
(2) If β =

∑
α∈Π nαα is a root, then all nα are simultaneously in Z≥0 or simultaneously in

Z≤0.

The set

R+ =

{
β =

∑
α∈Π

nαα ∈ R

∣∣∣∣∣nα ≥ 0 ∀α ∈ Π

}
is called the positive root system (or the set of positive roots) and the set R− = −R+ is called
the negative root system (or the set of negative roots). We have a decomposition R = R+ t R−,
called a polarization of the roots system R corresponding to Π.

One can construct bases of R as follows. Let Hα = α⊥ = {λ ∈ E | (α, λ) = 0}, for any root α,
and let

γ ∈ E\
⋃
α∈R

Hα,

called a regular vector. Define

R+(γ) = {α ∈ R | (α, γ) > 0} , R−(γ) = {α ∈ R | (α, γ) < 0} .
Then R−(γ) = −R+(γ) and R = R+(γ) t R−(γ). The sets R+(γ) and R−(γ) are called the sets
of positive and negative roots respectively.

Definition 4.32. We say that an element α ∈ R+(γ) is a simple root if it can not be written as
a sum of two positive roots. Denote the set of all simple roots by Π(γ).

Lemma 4.33. Any positive root can be written as a sum of simple roots.

Proof. If α ∈ R+(γ) is not simple, then α = α′ + α′′ for some α′, α′′ ∈ R+(γ). This implies that
(α′, γ) < (α, γ) and (α′′, γ) < (α, γ). Applying induction on (α, γ) (there is a finite set of values
for α ∈ R+(γ)), we obtain representations of α′ and α′′ as sums of simple roots. Then we can
represent α as a sum of simple roots. �

Theorem 4.34. For any regular γ ∈ E, the set of simple roots Π(γ) is a base of R. Any base of
the root system R has this form.

Proof. 1. We have seen that any positive root is a linear combination of Π = Π(γ). On the other
hand R generates E. This implies that Π generates E.
2. We have (α, β) ≤ 0 for (distinct) α, β ∈ Π. If (α, β) > 0, then we have seen that β′ = α−β ∈ R.
If β ∈ R+(γ), then α = β + β′ is not simple. If β′ ∈ R−(γ), then β = α + (−β′) is not simple.
This is a contradiction.
3. Let us show that elements of Π are linearly independent. Assume that

∑
α∈Π nαα = 0 for some

nα ∈ R. Let S = {α |nα > 0} and T = {α |nα < 0}. Then λ :=
∑
α∈S nαα =

∑
β∈T tββ, where

tβ = −nβ . Therefore

(λ, λ) =
∑

α∈S,β∈T

nαtβ(α, β) ≤ 0

as nα > 0, tβ > 0 and (α, β) ≤ 0. This implies that λ = 0. Therefore

0 = (γ, λ) =
∑
α∈S

nα(γ, α).

But nα > 0 and (γ, α) > 0 as α ∈ R+. We conclude that S = ∅ and similarly T = ∅. This
implies that elements of Π are linearly independent.
4. We have seen that every β ∈ R+(γ) is a sum of simple roots, hence β =

∑
α∈Π nαα with

nα ∈ Z≥0. Similarly, every β ∈ R−(γ) can be written in the form β =
∑
α∈Π nαα with nα ∈ Z≤0.

This implies that Π = Π(γ) is a base of R.
5. Assume that Π ⊂ R is a base of R and let γ ∈ E be such that (γ, α) > 0 for all α ∈ Π. We claim
that Π = Π(γ). We have Π ⊂ R+(γ), hence R+ ⊂ R+(γ). Similarly R− ⊂ R−(γ). This implies
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R+ = R+(γ). Any α ∈ Π is a simple root. Indeed, if α = α′ + α′′, for α′ =
∑
β∈Π n

′
ββ ∈ R+ and

α′′ =
∑
β∈Π n

′′
ββ ∈ R+, then n′β + n′′β = 0 for β 6= 0 and n′α + n′′α = 1. This implies α′ = 0 or

α′′ = 0, a contradiction. Therefore Π ⊂ Π(γ). We conclude that Π = Π(γ) as they are both bases
of E and have the same number of elements. �

Example 4.35. Let R ⊂ E be the root system of sln. We identify E with {x ∈ Rn |
∑
xi = 0}

(corresponds to the traceless diagonal matrices) and define

R = {αij = ei − ej | i 6= j} .
Choose γ = (n, n− 1, . . . , 1) ∈ Rn. Then

(γ, αij) = (γ, ei)− (γ, ej) = (n+ 1− i)− (n+ 1− j) = j − i > 0

if and only if i < j. Therefore
R+ = {ei − ej | i < j} .

For any i < j, we can write

ei − ej = (ei − ei+1) + · · ·+ (ej−1 − ej).
Therefore the simple roots are

αi = ei − ei+1, 1 ≤ i ≤ n− 1

and Π = {α1, . . . , αn−1} is a base of R. Note that Π is a basis of E. ♦
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4.7. Dynkin diagrams and classification. Let r = dimE (called the rank of the root system
R ⊂ E) and let Π = {α1, . . . , αr} be a base of R. For any simple root αi ∈ Π, let si = sαi ∈ W
be the corresponding reflection, called a simple reflection.

Theorem 4.36. We have

(1) Simple reflections generate the Weyl group W .
(2) WΠ = R.

Corollary 4.37. R can be recovered from Π.

Proof. We can recover W as the group generated by simple reflections. Then we recover R as
R = WΠ. �

Definition 4.38. A Cartan matrix A of the base Π ⊂ R is the r × r matrix with entries

aij = 〈α∨i , αj〉 =
2(αi, αj)

(αi, αi)
.

Lemma 4.39. We have

(1) aii = 2.
(2) aij ∈ Z≤0 for i 6= j.
(3) aij = 0 if and only if aji = 0.
(4) aijaji ∈ {0, 1, 2, 3}.

Proof. 1. Is obvious.
2. Was proved earlier.
3. aij = 0 if and only if (αi, αj) = (αj , αi) = 0.
4. We proved more generally that 〈α, β∨〉 〈β, α∨〉 ∈ {0, 1, 2, 3} for any roots α, β with β 6= ±α. �

Example 4.40. Consider the root system R of sln with simple roots

αi = ei − ei+1, 1 ≤ i ≤ n− 1.

Then

(αi, αi) = (ei − ei+1, ei − ei+1) = 2,

(αi, αi+1) = (ei − ei+1, ei+1 − ei+2) = −1

and (αi, αj) = 0 for |i− j| > 1. This implies aii = 2,

ai,i+1 = ai+1,i =
2(αi, αi+1)

(αi, αi)
= −1

and aij = 0 for |i− j| > 1. ♦

The integers aij and aji are both ≤ 0 for i 6= j. The property aijaji ∈ {0, 1, 2, 3} implies that
in order to determine aij and aji it is enough to know aijaji and if

aij
aji

=
2(αi, αj)/(αi, αi)

2(αi, αj)/(αj , αj)
=
‖αj‖2

‖αi‖2
≤ 1

or ≥ 1. The first inequality means that the root αj is shorter than the root αi. Define the Dynkin
diagram of (R,Π) as follows. It has vertices 1, . . . , r and the number of edges between i and j, for
i 6= j, is equal to aijaji. Moreover, if αi and αj have different length, we draw an arrow in the
direction of the shorter root. This diagram uniquely determines the Cartan matrix.

Remark 4.41. The Weyl group W has generators s1, . . . , sr subject to relations

(1) s2
i = 1,

(2) (sisj)
mij = 1, where mij are defined as follows

aijaji 0 1 2 3
mij 2 3 4 6
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Groups of this form (with arbitrary mij) are called Coxeter groups. They are not finite in general.
Note, in particular, that W is determined by the Cartan matrix. ♦

Example 4.42. If R ⊂ E is the root system of sln and the simple roots are

αi = ei − ei+1, 1 ≤ i ≤ n− 1,

then the simple reflections correspond to transpositions si = (i, i + 1). One can show that they
generate W = Sn and subject to the relations

s2
i = 1, (sisi+1)3 = 1, sisj = sjsi |i− j| > 1.

♦

Definition 4.43. A root system R ⊂ E is called reducible if R = R1 t R2 for non-empty subset
R1, R2 such that (R1, R2) = 0. Otherwise R is called irreducible.

Theorem 4.44. The Dynkin diagrams of irreducible root systems are

(1) An : ◦ ◦ ◦ ◦ ◦ ◦

(2) Bn : ◦ ◦ ◦ ◦ ◦ ◦

(3) Cn : ◦ ◦ ◦ ◦ ◦ ◦

(4) Dn :
◦

◦ ◦ ◦ ◦ ◦
◦

(5) E6 :
◦

◦ ◦ ◦ ◦ ◦

(6) E7 :
◦

◦ ◦ ◦ ◦ ◦ ◦

(7) E8 :
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦

(8) F4 : ◦ ◦ ◦ ◦

(9) G2 : ◦ ◦

Theorem 4.45 (Serre relations). Let L be a semisimple Lie algebra, H ⊂ L be a Cartan sub-
algebra, R ⊂ H∗ be the corresponding roots system, Π = {α1, . . . , αr} ⊂ R be a base of R, and
R+ ⊂ R be the corresponding positive root system. For any simple root αi ∈ Π, let xi ∈ Lαi ,
yi ∈ L−αi and hi = hαi ∈ H be such that xi, yi, hi form a standard basis of sl2. Then the elements
xi, yi, hi for i = 1, . . . , r generate the Lie algebra L and subject to the relations

(1) [hi, hj ] = 0,
(2) [hi, xj ] = aijxj and [hi, yj ] = −aijyj,
(3) [xi, yj ] = δijhi,
(4) (adxi)

1−aijxj = 0 and (ad yi)
1−aijyj = 0,

where aij = 〈α∨i , αj〉. Conversely, given a root system R with a base Π ⊂ R as above, the Lie
algebra L(R) with generators xi, yi, hi as above and the above relations is a finite-dimensional
semisimple Lie algebra with a root system R. Irreducible root systems correspond to simple Lie
algebras.
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5. Highest weight representations

5.1. Universal enveloping algebra. Given a vector space V over a field k, let

T 0V = k, T 1V = V, T 2V = V ⊗ V, TnV = V ⊗ . . .⊗ V.
Define an associative product on T (V ) =

⊕
i≥0 T

iV by

(v1 ⊗ . . . vm) · (w1 ⊗ . . .⊗ wn) = v1 ⊗ . . . vm ⊗ w1 ⊗ . . .⊗ wn.
Then T (V ) is an associative graded algebra with a unit 1 ∈ T 0V . This algebra is called the tensor
algebra of V . It has a universal property, that for any associative algebra A and a linear map
f : V → A, there exists a unique algebra homomorphism f : T (V ) → A making the following
diagram commute

V T (V )

A

i

f
f

where i : V = T 1V ↪→ T (V ) is an embedding. f : T (V )→ A is defined on TnV by the rule

f(v1 ⊗ . . .⊗ vn) = f(v1)f(v2) . . . f(vn).

Now let us consider a Lie algebra L and the corresponding tensor algebra T (L). Using an
embedding i : L = T 1L ↪→ T (L), we identify L with a subspace of T (L). Let I ⊂ T (L) be an ideal
generated by elements

x⊗ y − y ⊗ x− [x, y] ∀x, y ∈ L
and let U(L) = T (L)/I be the corresponding quotient algebra, called the universal enveloping
algebra of L.

Theorem 5.1. For any associative algebra A and for any Lie algebra homomorphism f : L→ A
(meaning that f is linear and f([x, y]) = f(x)f(y) − f(y)f(x)), there exists a unique algebra
homomorphism f : U(L)→ A (of associative algebras) such that the following diagram commutes

L U(L)

A

i

f
f

Proof. We can uniquely extend the linear map f : L → A to an algebra homomorphism f ′ :
T (L)→ A. For any x, y ∈ L, we have

f ′(x⊗ y − y ⊗ x− [x, y]) = f(x)⊗ f(y)− f(y)⊗ f(x)− f([x, y]) = 0

as f : L→ A is a homomorphism of Lie algebras. This implies that x⊗y−y⊗x−[x, y] ∈ ker f ′ and
therefore I ⊂ ker f ′. We conclude that f ′ : T (L) → A can be factored through f : T (L)/I → A.
Uniqueness of f follows from the uniqueness of f ′. �

Remark 5.2. Let ρ : L → End(V ) be a representation of a Lie algebra L. By the above result
this map extends to an associative algebra homomorphism ρ : U(L)→ End(V ). This means that
we can consider V as a module over the associative algebra U(L), where multiplication is given by

av := ρ(a)v, a ∈ U(L), v ∈ V.
Conversely, if V is a module over the associative algebra U(L) then it is automatically a module
over the Lie algebra L, by using the embedding i : L ↪→ U(L). ♦

Remark 5.3. Let V be a vector space equipped with an abelian Lie algebra structure. The ideal
I ⊂ T (V ) from the above construction is generated by the elements

x⊗ y − y ⊗ x, x, y ∈ V.
The corresponding algebra U(V ) = T (V )/I is called a symmetric algebra of V and is denoted
by S(V ). If V has a basis (x1, . . . , xn), then S(V ) is isomorphic to the algebra of polynomials
k[x1, . . . , xn]. ♦
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The following important result tells us that one can similarly describe a basis of the universal
enveloping algebra U(L).

Theorem 5.4 (Poincaré–Birkhoff–Witt Theorem). Let (x1, . . . , xn) be a basis of a Lie algebra L.
Then the universal enveloping algebra U(L) has a basis

i(x1)k1 . . . i(xn)kn , k1, . . . , kn ∈ N,
where i : L ↪→ T (L)→ U(L) is a canonical embedding.

Let π : T (L)→ U(L) be the canonical projection. Define a filtration 0 = U−1 ⊂ U0 ⊂ U1 ⊂ . . .
of U(L) by

Um = π(T 0L⊕ · · · ⊕ TmL).

Then UmUn ⊂ Um+n and there is an induced associative algebra structure on

GrU(L) =
⊕
i≥0

Ui/Ui−1.

If x, y ∈ L ⊂ U1 then xy − yx = [x, y]L ∈ U1. More generally, one can show that for any x ∈ Um
and y ∈ Un, we have xy − yx ∈ Um+n−1, hence this element induces zero in Um+n/Um+n−1.
This implies that the algebra GrU(L) is commutative. The natural embedding L = U1/U0 ↪→
GrU(L) can be considered as a homomorphism of abelian Lie algebras. It can be extended to an
(associative) algebra homomorphism S(L) → GrU(L) by the universal property of S(L). Then
the PBW theorem can be reformulated as follows.

Theorem 5.5 (Poincaré–Birkhoff–Witt Theorem). The natural algebra homomorphism S(L) →
GrU(L) is an isomorphism.

Corollary 5.6. Let L be a Lie algebra and L1, L2 ⊂ L be subalgebras such that L = L1 ⊕L2 as a
vector space. Then U(L) ' U(L1)⊗ U(L2) as a vector space.

Let L be a semisimple Lie algebra, H ⊂ L be a Cartan subalgebra and

L = H ⊕
⊕
α∈R

Lα

be its root space decomposition. Let Π = {α1, . . . , αr} ⊂ R be a base of R, and R+ ⊂ R be the
corresponding positive root system. Then we can write

L = L− ⊕H ⊕ L+, L− =
⊕
α∈R−

Lα, L+ =
⊕
α∈R+

Lα.

This implies
U(L) ' U(L−)⊗ U(H)⊗ U(L+).

Note that U(H) = S(H) is isomorphic to k[h1, . . . , hr], where hi = α∨i are simple coroots. The
algebra U(L+) is generated by the elements x1, . . . , xr and the algebra U(L−) is generated by the
elements y1, . . . , yr.
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5.2. Weights. Let L be a semisimple Lie algebra with a choice of a Cartan algebra, root system
and a base. Representations in this section are not necessarily finite-dimensional, unless otherwise
stated.

For any (f.d.) L-representation ρ : L→ gl(V ), the image of H consists of semisimple endomor-
phisms and we have a weight decomposition

V =
⊕
λ∈H∗

Vλ,

where Vλ are weight spaces defined by

Vλ = {v ∈ V |hv = λ(h)v ∀h ∈ H} .
Define the set of weights of V

P (V ) = {λ ∈ H∗ |Vλ 6= 0} .
For any root α ∈ R ⊂ H∗, there is a coroot hα = α∨ ∈ H.

Lemma 5.7. We have LαVλ ⊂ Vλ+α, for any α ∈ R and λ ∈ P (V ).

Proof. Let x ∈ Lλ and v ∈ Vλ. Then, for any h ∈ H, we have

h(xv) = ([h, x] + xh)v = α(h)xv + x(λ(h)v) = (α(h) + λ(h))xv = 〈λ+ α, h〉xv.
Therefore xv ∈ Vλ+α. �

Definition 5.8. Let V be an L-representation. A vector 0 6= v ∈ Vλ (for some λ ∈ H∗) is called
a highest weight (or primitive) vector if xαv = 0 for all α ∈ R+. Representation V is called a
highest weight representation if v generates V . In this case λ is called the highest weight of V .

Lemma 5.9. Every f.d. irreducible L-representation is a highest weight representation.

Proof. The set of weights P (V ) is finite, hence there exists λ ∈ P (V ) such that λ+ α /∈ P (V ) for
all α ∈ R+. Let 0 6= v ∈ Vλ. Then xαv ∈ Vλ+α = 0, hence xαv = 0, for all α ∈ R+. The vector v
generates V as V is irreducible. �

Theorem 5.10. Let V be a highest weight representation with highest weight λ. Then

(1) V has a weight decomposition and weights of V are of the form λ−
∑
kiαi with ki ∈ Z≥0.

(2) dimVλ = 1 and dimVµ <∞ for µ ∈ H∗.
(3) If V is f.d. then V is irreducible.

Proof. 1. Let v ∈ Vλ be a highest weight vector generating V . We have L+v = 0 and Hv ⊂ Vλ.
Therefore U(L+)v = kv, U(H)v = kv and

V = U(L)v = U(L−)v.

The space U(L−)v is generated by

yβ1 . . . yβkv, β1, . . . , βk ∈ R+.

The above element has weight

λ−
∑

βi = λi −
r∑
i=1

miαi

for some mi ∈ Z. This proves (1).
2. If v′ = yβ1

. . . yβkv ∈ Vλ, then λ = λ−
∑
βi, hence β1 = · · · = βk = 0. This implies that v′ = v

and Vλ is generated by v. If Vµ is generated by elements of the form yβ1 . . . yβkv, then they satisfy
µ = λ−

∑
βi. There is a finite number of tuples (βi) in R+ satisfying this condition.

3. If V is not irreducible, then V = V ′ ⊕ V ′′ for non-trivial V ′, V ′′. Then Vµ = V ′µ ⊕ V ′′µ for any
weight µ. In particular, Vλ = V ′λ ⊕ V ′′λ . As dimVλ = 1, we have V ′λ = Vλ or V ′′λ = Vλ. Then
V ′ = V or V ′′ = V as v ∈ Vλ generates V . �

Theorem 5.11. Let V be an irreducible f.d. representation. Then

(1) V contains only one highest weight vector (up to a scalar).



48 SERGEY MOZGOVOY

(2) Two irreducible (f.d.) representations have the same highest weight if and only if they are
isomorphic.

Proof. 1. Assume that v ∈ Vλ and v′ ∈ Vλ′ are two highest weight vectors. Then by the previous
theorem

λ− λ′ =
∑

miαi, λ′ − λ =
∑

m′iαi

for some mi,m
′
i ∈ Z≥0. This implies mi = m′i = 0 and λ = λ′.

2. Let V1 and V2 be irreducible representations having the same highest weight λ and having
highest weight vectors v1, v2. Then the representation W ⊂ V1 ⊕ V2 generated by the vector
v = (v1, v2) ∈ V1⊕V2 is a highest weight representation. By the previous theorem W is irreducible.
The composition W ↪→ V1 ⊕ V2 → V1 is non-trivial, hence is an isomorphism (as W and V1 are
irreducible). Similarly, W ' V2 and we conclude that V1 ' V2. �
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5.3. Construction of highest weight representations. Let V be a highest weight represen-
tation of L with a highest weight λ and a highest weight vector v ∈ Vλ. Then we have

hv = λ(h)v ∀h ∈ H, xv = 0 ∀x ∈ L+.

Let us construct a universal module with these properties. Consider the left ideal J(λ) ⊂ U(L)
generated by L+ and elements h− λ(h) for all h ∈ H. Define the module

M(λ) = U(L)/J(λ)

called Verma module. If V is the highest weight module with highest weight vector v as above,
then there exists a surjective homomorphism of U(L) (or L) modules

M(λ)→ V, 1 7→ v.

One can construct M(λ) also as follows. Let kλ = k1λ be a one-dimensional module over H⊕L+,
where L+ acts trivially and H acts as

h1λ = λ(h)1λ ∀h ∈ H.
Then kλ is also a module over U(H ⊕ L+) and we define

M(λ) = U(L)⊗U(H⊕L+) kλ.

It is isomorphic to U(L−) as a vector space.

Theorem 5.12. We have

(1) M(λ) = U(L−)vλ.
(2) Weights are of the form λ−

∑
miαi for mi ∈ Z≥0.

(3) Each submodule has a weight space decomposition.

Lemma 5.13. For every λ ∈ H∗ there exists an irreducible module V (λ) with highest weight λ.

Proof. If W ⊂ M(λ) is a submodule, then W =
⊕
Wµ has a weight space decomposition. If

W ⊂ M(λ) is proper, then Wλ = 0 as otherwise Wλ = M(λ)λ generates M(λ) and W = M(λ).
Taking the sum over all proper submodules, we obtain the maximal submodule W ⊂ M(λ) (it is
proper, as it satisfies Wλ = 0). Then the quotient V (λ) = M(λ)/W is irreducible. �
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