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2 SERGEY MOZGOVOY
1. LIE ALGEBRAS

1.1. Definition and examples. In what follows, we will consider vector spaces over a fixed
field K. We are mostly interested in the cases K = R and K = C. Let A be an associative
algebra over K. We define the commutator
[—,—]: Ax A= A [z, y] = zy — yz.

This map is bilinear and satisfies

(1) [x,z] =0 for all z € A (anti-commutativity).

(2) [z, [y, 2]] + [y, [z, 2]] + [, [z,y]] = 0 for all x,y,z € A (Jacobi identity).
Exercise 1.1. Verify the Jacobi identity.

Sometimes we have an operation on a vector space as above that is not induced by an
associative algebra structure. This gives rise to the notion of a Lie algebra.

Definition 1.2. A Lie algebra over a field K is a K-vector space L equipped with a bilinear
map
[—,—]: LxL—L
called a Lie bracket, such that
(1) [z,z] = 0 for all x € L (anti-commutativity).
(2) [z, [y, z]] + [y, [z, 2]] + [z, [, y]] = O for all ,y,z € L (Jacobi identity).

Remark 1.3. Anti-commutativity implies [z, y] = —[y, 2] as

0=[z+y,z+yl =[xz +[z.9 + [y, 2] + v,9] = [z,9] + [y, 2.
Conversely, if [x,y] = —[y,z| for all z,y € L, then [x,z] = —[z,z] and therefore 2[z, z] = 0.
This implies [z, z] = 0 if char K # 2.

Definition 1.4. Let L be a Lie algebra. A Lie subalgebra of L is a subspace M C L such that
[z,y] € M for all x,y € M. Note that M, equipped with the induced Lie bracket, is itself a Lie
algebra.

Example 1.5. Let A be an associative K-algebra. Then the vector space A, equipped with the
commutator operation

[z.yl =2y —yz,  wy€A
is a Lie algebra, denoted by L(A) (note that A and L(A) coincide as vector spaces, but have
different binary operations).

Example 1.6. In particular, if V' is a vector space, then the vector space of endomorphisms
End(V)={f: V — V a linear map}

is an associative algebra (with the product given by the composition). The corresponding Lie
algebra is called the general linear Lie algebra and is denoted by gl(V'). Note that the algebra
End(K™) is isomorphic to the algebra M, (K) of n x n matrices over K. The corresponding Lie
algebra is also called the general linear Lie algebra and is denoted by gl,,(K) or gl(n, K).

Example 1.7. Let us define a subspace
sl (K) =sln,K)={Aegl,(K)|trA=0} C gl,(K).
For any A, B € gl,(K), we have
tr[A, B] = tr(AB — BA) = tr(AB) — tr(BA) =0
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and therefore [A, B] € sl,,(K). This implies that sl,(K) C gl,,(K) is a Lie subalgebra. It is
called the special linear Lie algebra.
In particular, let us consider the algebra

shy(K) ={(25) € gly(K) [a+d =0},
It is a 3-dimensional algebra with a basis
The multiplication rules are
[z,y] = h, [h, ] = 2z, [h,y] = —2y.
Note that the matrix product of x,y € My(K) is
vy =(00)(Y6) = (60) & sk(K).
This means that sly(K) C My(K) is not closed under the matrix multiplication, although it is

closed under the commutator. This is an example of a Lie algebra that is not induced by an
assocliative structure.

Example 1.8. Let us define the algebra of upper-triangular matrices

b,(K) = {(ai;) € gl,(K)|a;; =0 for i > j},
the algebra of strictly upper-triangular matrices

n,(K) = {(a;;) € g1, (K)[ay =0 fori > j},
the algebra of diagonal matrices

t(K) = {(a;;) € gl,,(K) | ai; = 0 for i # j}.
All of them are Lie subalgebras of gl,(K).

Example 1.9. Let V be a K-vector space of dimension n and o: V x V — K be a bilinear
form. We define

o(V,o) ={A e gl(V)]o(Av,w) = —c(v, Aw) Yv,w € V'}.
It is a Lie subalgebra of gl(V'), called the orthogonal Lie algebra. Indeed, if A, B € o(V, ), then
o([A, BJv,w) = 0(ABv,w) — o(BAv,w) = —o(Bv, Aw) + 0(Av, Bw)
=o(v, BAw) — o(v, ABw) = —o(v, [A, Blw)

and therefore [A, B] € o(V, 0).
In particular, for V= K", there exists a (unique) matrix S = (s;;) such that

ov,w)=v'Sw  Yv,w €V,

given by s;; = o(e;, e;). The condition o(Av,w) = —o(v, Aw) can be written in the form
(Av)TSw = vTATSw = —vTSAw. As it is satisfied for all v,w € V, we conclude that
ATS = —SA. Therefore

o(V,o) =o0(n,S5) = {Aegl,(K)|ATS = —5A}.

If o is non-degenerate (meaning that S is invertible), then the above condition can be written
as ST'ATS = — A. Therefore

—tr(A) = tr(STTATS) = tr(SSTIAT) = tr(AT) = tr(A),

hence tr(A) = 0 and A € sl,,(K). For this reason the Lie algebra o(V, o) is also denoted by
s0(V,0) = so0(n,S) and is also called the special orthogonal Lie algebra.
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(1) If o is symmetric non-degenerate and K = C (or any algebraically closed field with
char K # 2), then one can choose a basis of V' such that o is given by the identity matrix
S = I,. The algebra

so(n) =so(n,1,) = {A € gl,(K)|AT = —A}

consists of skew-symmetric matrices and is called the (special) orthogonal Lie algebra.

(2) If o is symmetric non-degenerate and K = R then one can choose a basis of V' such that

o is given by the diagonal matrix S =1, , = (IOF _Olq) for some p + g = n. The algebra

50(]?, q) - 50(n’]p,q) - {A S g[n(K) ‘ ATIP,Q = _]p,qA}

is called the indefinite special orthogonal Lie algebra of signature (p, q). The Lie algebra
s0(1,3) is called the Lorentz Lie algebra.

(3) Let o be a skew-symmetric non-degenerate form. One can show that n = 2¢ is even and
there exists a basis of V' such that ¢ is given by the matrix S = (—Ole IOZ) The algebra

sp(20) = so(n,S) = {Aegl,(K)|ATS = —SA}
is called the symplectic Lie algebra.

Example 1.10. For a matrix A € gl,(C), the matrix A* = AT, with components aj; = g, is
called conjugate transpose. The set

u(n) = {A €gl,(C)[A" = -A},

is a vector space over R (but not over C). It is a Lie subalgebra of gl(n,C) (over R), called the
unitary Lie algebra. For example

wl)={x+iwyeClz—iy=—(z+iy)} ={r+iy € C|lz =0} =iR.
We define the special unitary Lie algebra to be
su(n) = u(n) Nsl(n,C).

More generally, consider a matrix S € M, (C) and a sesquilinear form on V' = C™ given by
o(v,w) = 9" Sw (linear in the second argument and conjugate-linear in the first argument).

Define
u(n,S)={Ae€gl,(C)|o(Av,w) = —0o(v, Aw) Yv,w} = {A € gl,(C)| A*S = —SA}

which is a Lie algebra over R (but not over C). Note that if S is invertible, then S™1A*S = — A,
hence — tr(A) = tr(S™'A*S) = tr(A*) = tr(A). This implies that tr(A) € iR.

Example 1.11 (Heisenberg algebra). Let C[t,¢7!] be the algebra of Laurent polynomials and
let H = C[t,t7!] ® CK, where CK is a one dimensional space generated by an element K.
Define the bracket on H

[f,g] = Res(f'g) - K = coeff;1(f'g) - K Vf, g€ Clt,t™!

and [f, K] =0 for all f (K is called a central element in this case).
Note that (¢") = nt"~! has zero coefficient in degree —1 for all n € Z. Therefore Res(f’) =0
for all f € C[t,t7']. We conclude that Res(f’g) + Res(fg¢') = Res((fg)") = 0, hence

Res(f'g) = —Res(f4'),

[f,g] = Res(f'g) K = —Res(g'f) K = —[g, f],
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meaning that the above bracket is anti-symmetric. The vector space H equipped with the above
bracket is a Lie algebra called the Heisenberg algebra. We have

[t™ "] = Res(mt™ " VK = md,, K.

Remark 1.12. More generally, let V' be a vector space and w: V x V' — C be a skew-symmetric
form, meaning that
(A)(ZL’,?J) = —W(y,ﬂ'}), T,y € V.
We define the Heisenberg algebra H =V @& CK with the Lie bracket
[z.y] =w(@y)K,  zyeV,

and central K. The initial example is obtained by considering V' = C[t,t7!] and the skew-
symmetric bilinear form w on V' given by

w(f,9) =Res(f'g) = —Res(fg) = —w(g.f),  f.geCltt].

Exercise 1.13. Consider the vector space V = Cx & Cy with the skew-symmetric form w given
by w(z,y) =1 = —w(y,x). Then the Heisenberg algebra H =V @ CK is 3-dimensional, with
[z,y] = K and central K. Show that
(1) 3 is not isomorphic to the Lie algebra by(C) of upper-triangular 2 x 2 matrices or to
the Lie algebra sly(C).
(2) H is isomorphic to the Lie algebra ng(C) of strictly upper-triangular 3 x 3 matrices.
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1.2. Derivations and homomorphisms.

Definition 1.14. The algebras in this definition are not necessarily associative or Lie algebras.

(1) A K-algebra (or an algebra over a field K) is a K-vector space A equipped with a bilinear
map

AxA— A, (a,b) — a-b.

(2) A K-linear map f: A — B between two K-algebras is called an algebra homomorphism
if f(a-b) = f(a)- f(b) for all a,b € A. It is called an algebra isomorphism if f is bijective.

(3) Let A be a K-algebra. A linear map §: A — A is called a derivation if it satisfies the
Leibniz rule

d(a-b)=10d(a)-b+a-d(b) Va,b € A.

The set of all derivations of A is a vector space, denoted by Der A.

Remark 1.15. Note that

(1) An algebra homomorphism between Lie algebras is also called a Lie (algebra) homomor-
phism.

(2) In the case of unital associative algebras, a homomorphism f: A — B should also map
1A to 1B'

Lemma 1.16. Let A be a K-algebra. For any 6,0 € Der A, the commutator
0,0 =808 =004
is again a derivation. In particular, Der A is a Lie subalgebra of gl(A).

Proof. Let 0,0 € Der A. It is left as an exercise to show that, for any z,y € A, we have
1,8 )(zy) = 6,5)(2) -y + 2 [5,5](1).
This implies that [4,d’] € Der A. One can also show that if 4,0’ € Der A and ¢ € K then
d+0 €DerA, cd € Der A.

This implies that Der A C gl(A) is a subspace closed under the bracket operation. [l

Example 1.17 (Witt algebra). Consider the algebra of polynomials Clt] (or the algebra of
Laurent polynomials C[¢,¢7!]) and its Lie algebra of derivations Der C|[t], called the Witt algebra.
There is an obvious derivation d = <. Moreover, for any f € C[t], the map

f()9: Clt] = Clt],  g(t) = f(1)g'(t),

is also a derivation. Conversely, given a derivation 0, let f = §(¢) € C[t]. Then

O(t") = 0(tt-... ¢ Zt" L5(t) = nt" L f(t) = f(£)O(t™)

n tlmes
and therefore 0 = f(¢)0. We proved that Der C[t] = C[t]0. One can show that the bracket is
given by
[10,90] = (fg' — 9/")0.
Note that Der C[t] is not closed under the usual composition. Indeed, the map 9* = 90 9 is not
a derivation:

P(t-t)=(t"=2#0%1t)-t+t-0*(t) =0
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Lemma 1.18. Let L be a Lie algebra. Then, for any x € L, the map
ad(z) =ad,: L — L, y =[x,y
18 a derivation, called an inner derivation. The map
ad: L — Der L C gl(L), x — ad(x)

18 a homomorphism of Lie algebras, called the adjoint representation of L.

Proof. The Leibniz rule for ad, can be written as
ad,([y, z]) = [ad.(v), 2] + [y, ad.(2)] Vy,z € L
or
[,y 2] = [[=,9], 2] + [y, [z, 2]].
Using anti-commutativity we can rewrite this in the form
[ZE, [ya Z]] = _[27 [ZL‘, y]] - [y) [271’]]

which is equivalent to the Jacobi identity. This implies that ad, € Der L.
For any derivation 6 € Der L, we have

[0,ad,](2) = d(ady(2)) — ady(6(2)) = 0([y, 2]) — [y, 0(2)] = [0(y), 2] = ads)(2)
and therefore
6, ady] = adsy) -
In particular, for 6 = ad,, we obtain
lad,, ad,] = ad,

and this means that ad: L — Der L is a Lie algebra homomorphism.
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1.3. Vector fields on manifolds.

1.3.1. Manifolds.

Definition 1.19. Let M be a topological space and d > 1. A chart (or coordinate system)
on M is a pair (U, ¢), where U C M is open and ¢: U — R? is a map such that ¢(U) C R? is
open and ¢: U — ¢(U) is a homeomorphism. An atlas (or differentiable structure) on M is a
collection of charts (U;, ¢;)ier such that

(1) M = Uy, Us
(2) The composition ¢;(U; NU;) o, U, NU; @, ¢;(U; NU;) is C*-differentiable (smooth).

A Hausdorff topological space M equipped with an atlas as above (up to some equivalence) is
called a (smooth differentiable) manifold of dimension d.

1.3.2. Tangent vectors for embedded manifolds. Assume that M is a manifold of dimension d
embedded into R™. Given a point p € M, we say that a vector v € R" is tangent to M at p if
there exists a (smooth) curve v: (—e,e) — M with v(0) = p and

v o Y@ = 9(0)
Y(0) = Jim = a

All such vectors form a d-dimensional subspace T,M C R", called the tangent space of M at
the point p.

1.3.3. Intrinsic definition of tangent vectors. We can also give an intrinsic definition of tangent
vectors at p € M, independent of an embedding M C R™. We consider an equivalence relation
on the set of (smooth) curves v: (—¢,¢) — M with v(0) = p, where

V(1) — v(t)
t

Y~ = lim =0

t—0

and the limit is taken in some coordinate system (U, ¢) on M around p, meaning that we
substitute v and v by v = ¢y: (—¢,¢) — R? and v = ¢v: (—¢,e) — R The equivalence class
of v is denoted by W(O)_ and is called a tangent vector at p € M. We define the tangent space
T, M to be the set of all such equivalence classes. We can approximate v(t) = ¢(p) +t¥(0) + o(?),
for |[t| < 1 and 4(0) € R?. Then the equivalence class §(0) € T,M is uniquely determined by
the vector 4(0) € R? and we can identify T,M with Ty,)R? ~ R%.

Remark 1.20. Tangent vectors can be written in local coordinates as follows. Assume that we
have a coordinate system (U, ¢) on M around p as before. It is customary to denote by

0 0

...,axd

31’1

)
p p

the basis of T,M corresponding to the standard basis of R? under the identification T, M ~ R?
constructed above. A curve v: (—e,e) — M with local coordinates

Yy=¢7=n-,%): (—¢,€) — R?

corresponds to the tangent vector

40)= GO € B, 4(0) = D /(0)

e T,M.

p
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1.3.4. Tangent vectors as directional derivatives. We can also interpret tangent vectors as
directional derivatives. Given v € T,M, we define the directional derivative of a function
f € C®(M) as (we locally identify M with RY using a chart)
t —
Du(f) = lim fp+ vt) fp)

t—0

e R.

If v corresponds to a curve v: (—e,¢) — M with ’y(()) = p, then D, is equal to

o0 6’f
Dy CX(M) =R, frr ()0 =) 55 Z% ax (£).
i=1 tlp
This explains our notation % for the basis vectors of T,M. The map D, is R-linear and
satisfies an analogue of the Leibniz rule
D,(fg) = D;y(f) - 9(p) + f(p) - Dy(9). (1)

There is a bijection between T, M and such derivations. In what follows, we will identify tangent
vectors §(0) € T, M and derivations D,.

1.3.5. Tangent space and vector fields. The union TM = UpeM T,M has a structure of a
smooth manifold of dimension 2d. It is called the tangent bundle of M. There is smooth map
m: TM — M, sending T,M to p and called the natural projection. A smooth section
X: M —TM, p— X, € T,M
of m is called a wvector field on M. Given a vector field X, we define a map
o CFM) 5 O¥(M), (Lxf)p) = Xp(F), € C¥(M), pe M,

called a Lie derivative. It is linear and satisfies the Leibniz rule because of (1). Therefore
Lx € Der C*(M). One can show that this induces a bijection between the set of all vector
fields on M and the set of derivations Der C*°(M). For any vector fields X, Y the commutator
[Lx, Ly] is again a Lie derivative, hence it has a form Lx y] for some vector field [X,Y]. This
bracket equips the space of vector fields with a structure of a Lie algebra, which was historically
one of the first examples of Lie algebras.

Remark 1.21. Let us describe the bracket [X, Y] in local coordinates. Given a chart (U, ¢)
around p € M, we can write

d
i=1 '
where 0; = % and X;,Y; € C>®°(U). Then

[Lx,Lylf = Z(xiai%aj(f)) — Yi0,(X;0;(f))) = Z(Xiamaj(f) — Y;0,(X;)0;(f))
2¥) h]d
B>

j=1

XY => (Z(Xiai(Yj) - Y;&-(Xj))) 9;.-

j=1 \li=1

(Z(X@(Yj) - Yiaz‘(Xj))> 9;([f)-

Therefore

In particular, in dimension 1 we can write X = f0, Y = g0, where 0 = a%. Then [X,Y] =
(fg' —gf")0.
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2. LIE GROUPS

Definition 2.1. A Lie group G is a group equipped with a smooth manifold structure such
that the following maps are smooth (C*°-differentiable)

GxG—G, (x,y)—zy, G—-G, z—al.

Remark 2.2. Alternatively, one can require just that the following map is smooth
GxG— G, (z,y) — zy~ "

Example 2.3.
(1) (R,+) is a Lie group, where the group operation is given by addition. More generally
(R", +) and (C", +) ~ (R?*,+) are Lie groups.
(2) Consider the group of invertible n x n matrices over R

GL.(R) = GL(n,R) = {A € M,(R)|det A # 0},

where the group operation is given by the product of matrices. It is an open subset of
M,(R) ~ R™, hence it is a manifold and a Lie group, called the general linear group.
(3) Similarly, the group

GL,(C) = GL(n,C) = {A € M,(C) |det A # 0}

2

is an open subset of M, (C) ~ C" ~ R2”27 hence is a manifold and a Lie group.

(4) The group
Ul)={z€Clzz=1} ={z€C||z| =1} CC" = GL,(C)
is a Lie group. Note that it can be identified with the unit circle S*.
2.1. Linear groups. An important family of Lie groups is the family of linear groups.

Definition 2.4. A linear group is a closed subgroup of GL,(R) (meaning a subgroup that is a
closed subset with respect to the usual topology on GL,(R) C M, (R) ~ R™).

We will see later that every linear group is a Lie group and in particular it has a structure of
a smooth manifold.

Example 2.5.
(1) The group GL,(R) is a linear group, called the general linear group.
(2) The group
SL,(R) ={A4 € GL,(R) | det A =1}
is called the special linear group.
(3) The group
O(n) = {A € GL,(R) | ATA = 1}
is called the orthogonal group. More generally, consider a non-degenerate matrix S €
M, (R) and the corresponding bilinear form ¢ on V' = R"

o(v,w) = v Sw, v,w e V.

A linear map A: V' — V (or the corresponding matrix A € M, (R)) is called o-orthogonal
if

o(Av, Aw) = o(v,w) Vo, weV
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We define the orthogonal group
O(V,0) =0(n,S) ={A € M,(R)|o(Av, Aw) = o(v,w)}
={A € M,(R)|ATSA = S}.
Note that det S = det(ATSA) = det(A4)? det S, hence det(A) = +1 and A is invertible.
Therefore O(n, S) € GL,(R) is a linear group (one needs to check that it is indeed a

subgroup and a closed subset). Given a non-degenerate symmetric bilinear form ¢ on a
vector space V' over R, one can find a basis of V' such that the corresponding matrix is

S=1,,= (15’ _OIq) for some p + ¢ = n. We define

O(p,q) =O(n, I,,) = {A € GL,(R) | ATIp7qA = p,q}.

The group O(1, 3) is called the Lorentz group.
Define the special orthogonal group

SO(n) = O(n) NSL,(R) = {A € GL,(R) | ATA =1,det A = 1}.
More generally, define
SO(n,S) = O(n, S) N SL,(R), SO(p, q) = O(p, q) N SL,+4(R).
Let GL,(C) € M,(C) be the group of invertible complex matrices. Every matrix

A € GL,(C) induces a bijective C-linear map A: C" — C", hence a bijective R-linear
map R(A): R*™ — R?". In this way we obtain an injective group homomorphism

R: GL,(C) = GLyn(R).

We can describe the image of this map as follows. Consider V = C" = R?" and the linear
map J: V — V given by multiplication by ¢. For n = 1, we have x + iy — —y + iz,
hence J = (VY '). An R-linear map A: V — V is C-linear if and only if Ai = iA, or
equivalently if AJ = JA. We obtain

GL,(C) ~Im R = {A € GLy,(R) | AJ = JA} C GLy,(R).

Therefore GL,(C) is a closed subgroup of GLs,(R), hence a linear group. Note that
GL,(R) € GL,(C) is a closed subgroup, hence every closed subgroup of GL,(R) is
automatically a closed subgroup of GL,,(C). For this reason we could define linear groups
also as closed subgroups of GL,,(C).
Define the unitary group

—T

U(n) = {A € GL,(C)|A*A =1}, A*=14

?

and the special unitary group
SU(n) ={A € GL,(C)|A*"A=1,det A = 1}.
For example
Ul)={zcC*|zz=1}={z € C"||z| =1} = S!

and SU(1) = {1}.
The additive group (R, +) can be interpreted as a linear group using an injective group
homomorphism

(R, 4+) — Ms(R), z— (§7).
Alternatively, we can consider a group isomorphism exp: (R, 4+) — (R.q, %) and note
that (R, *) is a closed subgroup of GL;(R).
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2.2. Exponential map. The goal of this section is to study properties of the exponential map

An A?
exp: gl,(R) = GL,(R), A exp(A) :ZF —T+A+—+.. ..

2
n>0

To prove that the above series is convergent, we need to recall first operator norms. Let us
equip R" with some norm ||—||. For example,

1/2
[z, = (ch > el =Dl el = max |z;] .

Any two norms on R™ are equivalent, meaning that there exist C, C5 > 0 such that
Cllzl < o] < Cellzll  Vz €R™

Any matrix A € M, (R) can be interpreted as a linear map (also called a linear operator)
A: R"™ — R" This map is automatically bounded as

(A wies)| < Xl el < maxjdes] - ol = C ey, @ =" wies,

and every norm is equivalent to the norm ||—||;. We define the operator norm (which depends
on the fixed norm ||—|| on R") by

IIAfCH

Il = :
o llel

It is a norm on the vector space M, (R):

(1) |4 =0 < A=0.
(2) [[AA[ = [A] - [[A]l, A € R.
(3) 1A+ B[ < |Al + 1Bl

It also satisfies the property
4) [AB| < [IA]l - IB]l-

Remark 2.6. Alternatively, we can define a particular norm on M, (R)

i (T :

0]
and prove directly that ||[AB|| < ||A]| - || B|| for all A, B € M, (R).

For any matrix A € M, (R) = gl,(R), we define

Ar A?
A _ _ —
e —exp(A)—E n!_[+A+ +...

2
n>0
This series is absolutely convergent (hence convergent) as

S AP

n>0 n>0

Lemma 2.7. We have

(1) If AB = BA, then eeP = A8 = eBeA.
(2) ete 4 = 1. In particular, e* € GL,(R).
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Proof. (1) Using AB = BA, we obtain

wip A+ B)" i A B g
D S DD nl _Z:ﬂE:j!_ee'
n n 2 J
(2) We have ede 4 = eA*(=4) = ¢0 = . This implies that e is invertible. O

Lemma 2.8. Assume that A € gl,,(R) has norm < 1. Then
(1) I+ A is invertible and (I + A)~" =37 - (=A)" is (absolutely) convergent.

(2) The series log(I + A) =" -, —(71):%”
(3) elog(IJrA) =]+ A. -

(4) If || A]| <log2, then ||e* —I|| <1 andloge® = A.

is (absolutely) convergent.

Proof. (4) For B = e — I, we have

A'I’L
>

n>1

1Bl =

IAI" 4y
ngze —1<2-1=1.
>1

This implies that the series log e? = log(I + B) is well-defined. We obtain the required equality
by analyzing the summands of the series. 0

Theorem 2.9. The map exp: gl, — GL,, is a local homeomorphism at 0 € gl,,. This means
that there exists an open set 0 € U C gl such that V = exp(U) C GL,, is open and exp: U =V
1s a homeomorphism.

Proof. Let us choose 0 < ¢ < log2 and define open subsets
U={Aecgl,||Al <e} Cgl,, W={CeGL,|||C-1I| <1} CGL,.
By the previous lemma, we have continuous maps
exp: gl, = GL,, log: W — gl,

such that exp(U) C W, loge? = A for A € U, and €8¢ = C for C € W.

Let V =exp(U) CW. If C € V, then C = e*, for some A € U, and logC = loge? = A€ U.
Therefore the map log sends V' to U and we conclude that the maps exp: U — V and
log: V' — U are inverse to each other. They are both continuous maps, hence exp: U — V is
a homeomorphism. To see that V is open, we note that V = exp(U) = log™*(U): if C = e,
A € U, then log C = loge® = A, hence C € log ' (U); if C € log™'(U) C W, then log(C) € U
and C' = €8¢ ¢ exp(U). As log is continuous, we conclude that log™'(U) is open. O

We have eAtB = e4eP if A and B commute, but not in general. Nevertheless, we have the
following result.

Theorem 2.10. We have eA*8 = lim,,_,o. (e/"eB/™)" for arbitrary A, B € M,(R).

Proof. We have eV/"eB/™ = [ + (A + B)/n+ O(1/n?). If n>> 0, then e*/"eP/™ is close to I and
we can take the logarithm and obtain log(e4/"e?/") = (A + B)/n + O(1/n?). Multiplying by n
and taking the exponential, we obtain

exp(nlog(e?meP/m)) = (e?meP/")" = exp(A + B + O(1/n)) — exp(A + B), n—oo. O
Lemma 2.11. For any A € gl,,(R) and g € GL,(R), we have

egAg_1 — A _—1

Proof. We have e9A9 ™ — ano (gAg— )" _ ano gA"g~ _ getgt. U

n!
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Lemma 2.12. For any A € gl,(R), we have det et = ™ 4.

Proof. Any matrix A € M, (R) can be made upper triangular by conjugation in M, (C) (we
can consider the Jordan normal form). Let B = gAg~! be upper triangular and \; € C be its
eigenvalues. Then e® is an upper triangular matrix with eigenvalues e* and the determinant

dete” = He)‘i — 2N =B
We have
det e? = det 949" = det(ge?g™") = det e, tr B = tr(gAg') = tr A.

Therefore det e = et*4, 0



LIE ALGEBRAS AND LIE GROUPS 15

2.3. Lie algebra of a Lie group.

Definition 2.13. Given a linear group G C GL,(R), we define
L(G)={Aegl,(R) | € GVteR} Cgl,(R).
We will see later that it is a Lie subalgebra of gl,, (R).

Example 2.14.

(1) Let G = GL,(R). Then ¢4 € G for all A € gl,,(R) and ¢t € R, hence A € L(G). We
conclude that L(G) = gl,(R).

(2) Let G = SL,(R). If A € L(G), then ¢! € SL,(R), hence dete!t = '™ =1 for all ¢.
This implies tr A = 0, hence A € sl,(R). Conversely, if A € s[,(R), then tr A = 0, hence
detetd = et = 0 = 1 and e € G for all t. We conclude that A € L(G). This implies
that L(G) = sl,,(R).

Example 2.15. Let G = O(n) = {A € GL,(R) | ATA=1}. If A € L(G), then I = (e*4)Te®"
for all s. Taking the derivative, we obtain

d d
0= d—S(GSA)T68A|S:0 = E(I + SA)T(I + SA)Is:O = AT + A.
Conversely, if AT + A =0 then A and AT commute with each other and
(GSA)TGSA — BSATGSA — es(AT—f—A) —I.

This implies e** € G, hence A € L(G). We conclude that
L(G)={Aegl,(R)|AT+ A= 0} = o(n),
the orthogonal Lie algebra defined earlier.
We proved earlier that o(n) = o(n) Nsl,(R) = so(n): if A€ o(n), then AT + A = 0, hence
2trA=0and A € sl,(R). If G =SO(n) = O(n) NSL,(R), then L(G) = o(n) Nsl,(R) = so(n).
We conclude that O(n) and SO(n) have the same Lie algebra. Note that these groups are

different, for example

O(1) ={z eR*

r® =1} = {£1}, SO(1) = {1}.

Example 2.16. Similarly, consider a (non-degenerate) bilinear form o: V' x V' — R and the
corresponding orthogonal group

G=0V,0)={A € GL(V)|0(Av, Aw) = o(v,w) Yv,w € V} C GL(V).

If A€ L(G), then e € G, hence

tA

o(ev, ew) = o (v, w) vVt e R.

Taking the derivative at t = 0 we obtain
d
Ea((l +tA)v, (1 4+ tA)w)|i= = o(Av,w) + o(v, Aw) = 0.

This implies that A € o(V, o), the orthogonal Lie algebra defined earlier.

Conversely, let us show that every A € o(V, o) satisfies /! € G for all t € R. Let S be the
matrix of the bilinear form o, meaning that o(v,w) = v Sw, for v,w € V = R™. Then we have
ATS + SA =0, or equivalently SAS™ = —AT. We have to show that (e/1)TSe!4 = S for all
t € R, or equivalently Set4S~1 = ¢4, But

Setdg—1 — 61tSAS—1 _ e—tAT.

We conclude that
L(G) =o(V,0) = {A € gl,(R) | ATS + SA = 0}. (2)
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Example 2.17. Consider the (real) Lie group (the unitary group)

U(n) = {A € GL,(C) |AA* =1}, A" =4

Its Lie algebra
u(n) ={Aegl,(C)|A+ A" =0}
is a Lie algebra over R (but not over C) (the unitary Lie algebra). For example, if n = 1, then
U(l)={z€C"||z| =1}, ul)={z€Clz+z=0} =iR~R.
The exponential map exp: u(1l) — U(1) is given by
R — U(1), ¢+ €.
Example 2.18. Consider the (real) Lie group (the special unitary group)
SU(n) ={A € GL,(C)| AA* =1,det A = 1}.

Its Lie algebra
su(n) ={Aegl,(C)|A+ A" =0,tr A =0}

is a Lie algebra over R (but not over C) (the special unitary Lie algebra).
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2.4. Properties of L(G). Our goal is to show that for any linear group G C GL,(R), the
subset L(G) C gl,(R) is a Lie subalgebra.

Lemma 2.19. Let (Xy)i be a sequence of (nonzero) matrices such that Xy, — 0, Xi/ || Xkl = X
and eXx € G. Then X € L(G).

Proof. For any t € R, we will show that ¢ € G. We have || X;|| — 0, hence we can
choose integers my such that my || Xi|| — ¢ Then mp Xy = my || Xy ﬁ — tX, hence

G > (M%) = emXe — X and e'* € G as G is closed. O

Lemma 2.20. Let A: (0,¢) — G be a continuous map such that A(t) = I +tX + o(t) for some
X € M,(R). Then X € L(G).

Proof. Define

Xy =log A(1/k) =log(I + X/k + o(1/k)) = X/k + o(1/k)
(we can do this for sufficiently large k). Then e** = A(1/k) € G. We have kX, — X, hence
Xr — 0 and X/ || Xk|| — X/ || X|| (assuming X # 0). By the previous result X/ || X|| € L(G),
hence X € L(G). O

Remark 2.21 (Alternative proof). It is enough to show that e!* € G for t € (0,¢). Then
"X = ()" € G, hence X € G for s € (0,ne) and any n > 1. This implies that X € G for
s > 0, hence also e=** = (e*¥)~1 € G. This implies X € L(G).

We know that limn_m(l + %)n = e*. Similarly, one can show that if z, — =z, then
(1+%)n — e*. Indeed, Ve > 0 AN > 0: |z, —z| < € ¥n > N. Then (1+%")n <
(1 + IT*E)H < e + ¢ for n > 0. Similarly, (1 + ”;—")n > ¥ — ¢ for n > 0 and we con-
clude that (1 + ‘%")n — €. In the same way one can show for the matrices that if X,, — X,
then (1 + %2)" — eX. We can write A(t/n) = I + (X + X,,) for some matrices X,, — 0.

Therefore X4 X\ "
lim A(t/n)" = lim (I+ m) et~
n—oo

n—00 n

We have A(t/n) € G, hence A(t/n)" € G and the limit e = lim,,_,,, A(t/n)" € G.

Theorem 2.22. The subset L(G) C gl,,(R) is a Lie subalgebra.

Proof. (1) Let A € L(G) and s € R. For any t € R, we have e/*4) = e(®4 ¢ @, hence
sA € L(G).
(2) Let A,B€ L(G). Then e =T +tA+o(t) € G, P =TI +tB+o(t) € G and

G2 e = (I+tA+ o) +tB+o(t) =1+tA+ B)+o(t)

By the previous result A+ B € L(G). This proves that L(G) C gl,(R) is a vector space.
(3) Using the previous notation we have

G 5 6tAetBe—tAe—tB

2 A2 t*B? 2 A2 t*B?
:<[+tA+ 5 )([+tB+ 5 )(I—tA+ )(I—tB+ )+0(z€2)

2 2
= [ +t*(AB — BA) + o(t*) = I + s[A, B] + o(s),
where s = t?. By the previous result [A, B] € L(G). O
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Theorem 2.23. The map exp: L(G) — G is a local homeomorphism at 0 € L(G).

Proof. Let L = L(G). We know from theorem 2.9 that for 0 < ¢ < 1 the sets
U€ = {A € g[n | ||A|| < 8} g g[nv VE = eXp(UE) g GLn

are open and there is a homeomorphism exp: U. — V. with the inverse map log. This map
restricts to exp: U.NL — V.NG and to prove the theorem, we need to show that log(V.NG) C L
for some 0 < ¢ < 1. If this is not the case, then we can find a sequence g, € V;,, NG such that
log g, ¢ L. Consider a vector space decomposition gl, = L & M. Then the map L & M — GL,,
(A, B) — e“eP is a local homeomorphism at 0. Therefore we can represent g, = e“rePr.
If B, = 0, then logg, = A, € L, a contradiction. Therefore B, # 0 and we can choose
a subsequence such that B,/ | B,| converges to some B € M having norm 1. We have
eBr = e=4ng, € G, hence by Lemma 2.19 we have B € L. This implies B € L N M = 0, hence
B =0, a contradiction. O

Remark 2.24. Let us choose an open set 0 € U C L = L(G) such that V = exp(U) C G
is open and exp: U — V is a homeomorphism. Then I € V and log: V — U C L is a
homeomorphism. Note that L C gl,(R) is a vector space, hence L ~ R? for some d. This
means that (V,log) is a chart on G around /. We can also construct a chart around any g € G.
Consider gV = {gx |z € V} and a homeomorphism L,: V' — gV, x — gz (left multiplication).
Then we have a map log OL;1: gV — V — L and a chart (gV,log OL;1) around g. Collection
of all such charts defines a manifold structure on GG (although one has to prove that the gluing
maps are smooth). In this way we equip G' with a Lie group structure. The map exp: L — G
is smooth and is a local diffeomorphism at 0 € L. Note that the map exp: U — V induces
an isomorphism of tangent spaces ToL = ToU — T;V = T;G. As L is a vector space, we can
identify Ty L with L. We conclude that T7G ~ L. For an arbitrary Lie group G, one defines
L(G) to be the tangent space T7G and equips it with a Lie algebra structure.
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2.5. Lie group homomorphisms.

Definition 2.25. Given Lie groups G and H, we define a Lie group homomorphism between
them to be a smooth group homomorphism f: G — H. We define a 1-parameter subgroup of G
to be a Lie group homomorphism v: R — G.

Our goal is to show that a Lie group homomorphism f: G — H induces a Lie algebra
homomorphism f: L(G) — L(H).

Remark 2.26. Note that a smooth map f: G — H induces a linear map between tangent
spaces df : TiG — Ty H (given by the Jacobian matrix of f at I € (). Using our interpretation
L(G) = T;G, we automatically obtain a linear map f = df: L(G) — L(H). However, we will
use a different approach for linear groups.

Theorem 2.27. Let G be a linear group and L = L(G) be its Lie algebra. Then there is a 1-1
correspondence between elements of L and 1-parameter subgroups of G. More precisely,

(1) For any A € L, there exists a unique I1-parameter subgroup va: R — G such that

. d
J4(0) = EVA(t)\tzo = A.

(2) Any 1-parameter subgroup v: R — G is of the form ~(t) = €' for some A € L.

Proof. (1) To prove existence, we consider the group homomorphism v,4: R — G, t + 4. Tt
satisfies

) d
'YA(O) = EetAh:O = (€tA . A)|t:0 = A

To prove uniqueness of the 1-parameter subgroup v: R — G satisfying 4(0) = A, we note that
V(s +1) = 7(s)7(¢), hence

3(5) = T3(5 + Dlico = 76) 2y (B)eco = 1(5)A.

We obtain a differential equation with the initial condition «(0) = I. It has a unique solution.
(2) Given a l-parameter group 7: R — G, define A = 4(0) € gl,,. Then (t) = I +tA+ o(t)
and 7(t) € G for all . By Lemma 2.20 this implies A € L. The 1-parameter group v4: t + e4

also satisfies 44(0) = A, hence we conclude that v = 4 by uniqueness. 0
Remark 2.28. Given A, B € gl,(R), we can identify the bracket [A, B] with

d d

%etABe_tA — %U +tA)B(I —tA)| = AB— BA=[A,B].

t=0 t=0

This formula will be used in the following theorem.

Theorem 2.29. For a Lie group homomorphism f: G — H, there exists a unique linear map
f=df: L(G) — L(H) (the differential of f) such that the following diagram commutes

LG) —— L(H)

expl lexp

G%H

meaning that e! = f(e?) for all A€ L(G). The map f satisfies
(1) f: L(G) — L(H) is a Lie algebra homomorphism.
(2) F(A) = £ 1) o
(3) flgAg™) = f(g)f(A)f(g9)~" for A€ L(G) and g € G.
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Proof. (1) Let us prove uniqueness of a linear map f: L(G) — L(H) such that the above
diagram commutes. We have e*/(4) = f(e!4). Taking the derivative at ¢ = 0, we obtain

d

— I

_ d .z
A) = —tf(A)
fA) = el =g

dt
This proves uniqueness of f as well as (2).
(2) For every A € L(G), let us show that B = f(A) == 4 f(e'4)|,—y is contained in L(H). The
maps t — e'® and t — f(e) are two 1-parameter groups having the same derivative at t = 0.
Therefore they are equal and B = f(e!1) € H. This implies that I +tB + o(t) € H, hence
B € L(H). We obtain the map f: L(G) — L(H) such that /(Y = f(e4), hence the above
diagram is commutative.

(3) By the chain rule, we have

t=0

d d

F(A) = 2 f(@ Dm0 = Jp - Mo = Ty - A,

where J; = J;(I) is the Jacobian matrix of f at I = ¢"# € G. Therefore f is linear.
(4) To prove (3), note that €949 = get4g~! € G, hence gAg—" € L(G). We have

AT = f(e9297) = f(ge ™) = F() ] (e f(g7) = F(9)e D flg™)

Taking the derivative at t = 0, we get f(gAg™") = f(g9)f(A)f(g)~'. This proves (3).
(5) For A, B € L(G), we have [A, B] = (e Be™"*)|,_y. Therefore, using linearity of f and (3),

_ _ d ~
F(IA B)) = = f(e Be imo = — (F() F(B) (™)) li=o
= (TN F(B)e D)oy = [F(A), F(B)]
This implies that f: L(G) — L(H) is a Lie algebra homomorphism. O

Let G C GL,(R) be a linear group and L = L(G) C gl,(R) be its Lie algebra.
Lemma 2.30. For g € G and A € L, we have Ad,(A) = gAg~' € L and Ad, € GL(L). The

map

Ad: G — GL(L), g — Ad,,

1s a Lie group homomorphism, called th adjoint representation of the group G.

Proof. We have e949™" = get4g~1 € G for all t € R, hence gAg~! € L. The map Ad,: L — L,
A — gAg?, is linear and invertible, hence Ad, € GL(L). For g,h € G, we have Ady,(A) =
ghAh™tg~t = Ad, Ad,(A). Therefore Ad,, = Ad,Ad;, and Ad: G — GL(L) is a group
homomorphism. It is also smooth. [l

Lemma 2.31. The differential of Ad: G — GL(L) is equal to ad: L — gl(L). For all A€ L,
we have Ad,a = €4 in GL(L) (Campbell identity). This means that

1 1
e'Be = e*4(B) =Y —ad}(B) = B+[A, B+ SAABI+...  VBelL
n.

n>0

Proof. For f = Ad: G — GL(L), the map f: L — gl(L) is given by f(A) = ZLAd(e")];—,

hence

FA)(B) = e Be o = (4, B] = ada(B).

Therefore f = ad. By Theorem 2.29, we have f(e?) = e’ for A € L, hence Adya = €24, [

Remark 2.32. One can write ee? = ¢ with Z = A+ B + 3[A, B] + ... (Baker-Campbell-
Hausdorff formula). We will show this in the case where [A, B] commutes with A and B.
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Lemma 2.33. If [A, B] commutes with A and B, then ¢*eB = eAtB+alABl

Proof. Using C' = [A, B], we have e Be~*A = ¢!2d4(B) = B +tC. Then f(t) = e'e'? satisfies
f(0) = I and f'(t) = AeetB + 4BetP = (A + e Be ™) f(t) = (A+ B +tC)f(t). This
differential equation has a unique solution f(t) = e/A+B)TC/2 hence etdelB = HA+B)+°C/2 ]

Theorem 2.34. Let G be a Lie group. There is a bijection between connected Lie subgroups
H C G and Lie subalgebras L C L(G). It is given by sending H to its Lie algebra

L ={zx € L(G) |exp(tz) € H Vt € R}.

Theorem 2.35. There is a bijection between isomorphism classes of connected, simply connected
Lie groups and (finite-dimensional) Lie algebras.

Example 2.36. Let us consider Lie groups G = (R,+) and H = U(1) = {z € C*||z| = 1} and
the group homomorphism f: R — U(1), t — €*™. We have L(G) = R and L(H) = R (with
the zero Lie bracket). The group homomorphism f: G — H induces the isomorphism of Lie
algebras f: L(G) — L(H). Note that G = R is simply connected, while H = U(1) is not.

Theorem 2.37. Let G be a connected linear group and L = L(G) be its Lie algebra. Then
exp(L) C G generates G, meaning that every element of G can be written in the form

e e, A; e L.

Proof. As G is connected, for any g € G, we can find a path X: [0,1] — G such that X (0) = I
and X (1) = g. This map is continuous, hence uniformly continuous, meaning that Ve > 0
30 > O such that |s —t| <d = || X(s) — X(¢)|| < €. There exists € > 0, such that exp(L) C G
contains all ¢’ € G with ||¢’ — I]| < . We have

[X ()X ()7 = I[| < [IX(s) = X O] - [|X (O] < [IX(s) = X (D] - C,
where C' = supye(o ) [| X (t) || We can find 6 > 0 such that |s — [ < ¢ implies || X (s) — X (t)] <
e/C, hence || X(s)X(t)~! — I]| < e. Let us divide the interval [0,1] into 0 =ty < --- < t, =1
such that t;11 —t; < §, hence || X (t;11)X (t;)~" — I]| < e. Then we can write X (t;41)X (¢;)"! =
e/ttt for some A;1; € L. This implies g = X (t,,) = e X (t,_1) = -+ = en .. e, O

Remark 2.38. Even if G is connected, the map exp: L(G) — G is not surjective in general.
For example, consider g = (' ') € SLy(C) and assume that g = e* for some A € sl,(C). If A
has distinct eigenvalues, then it is diagonalizable, hence e is diagonalizable, a contradiction. If
A has a multiple eigenvalue A, then e = det(e?) = 1, hence 2\ = tr A = 0. But then g = e*
has a multiple eigenvalue e* = 1, a contradiction.

Remark 2.39. The above results imply that many questions about Lie groups can be reduced
to questions about the corresponding Lie algebras. In particular, this applies to representations.
Let G be a Lie group and L = L(G) be its Lie algebra. A Lie group representation is a Lie group
homomorphism p: G — GL(V) = GL,(R) for V = R"™ and a Lie algebra representation is a Lie
algebra homomorphism ¢: L — gl(V') = gl (R). Applying previous results, we see that a Lie
group representation p: G — GL(V') induces a Lie algebra representation p = dp: L — gl(V)
such that p(A) = Lp(e')|;_g and p(e?) = e”). This implies that if we know p: L — gl(V),
then we can determine p(e?) for all A € L. Therefore we can also determine the value of p on
the group generated by exp(L) C G. If G is connected, then this is the whole group G, hence
p: G — GL(V) is uniquely determined by the Lie algebra representation p: L — gl(V'). Note,
however, that there can be more Lie algebra representations than Lie group representations.
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3. NILPOTENT AND SOLVABLE LIE ALGEBRAS

In this section we fix a field K of characteristic zero and we assume that all our Lie algebras
and vector spaces are finite-dimensional.

3.1. Ideals. Given a Lie algebra L and subspaces A, B C L, we define [A, B] C L to be the
subspace generated by elements [z,y| for all z € A, y € B. It consists of all finite linear
combinations of elements [z,y|. Note that [A, B] = [B, A] by anti-symmetry. For z € L and a
subspace B C L, we define [z, B] = {[z,y| |y € B} which is a subspace of L.

Definition 3.1. Let L be a Lie algebra.
(1) A subspace I C L is called an ideal of L if [z,y] € I for all x € L, y € I. Equivalently,
[L,I]C 1.
(2) The center of Lis Z(L) ={x € L|[z,y)=0Vy € L} ={x € L||[z,L] =0}.
(3) The derived algebra of L is L' = [L, L].
(4) L is called abelian (or commutative) if [x,y] = 0 for all z,y € L. Equivalently, [L, L] = 0.

Remark 3.2. Note that

(1) Every ideal I C L is also a Lie subalgebra.

(2) For a subspace I C L, we have [L,I] C I if and only if [I, L] C I.

(3) The center Z(L) is an ideal of L.

(4) If A, B C L are ideals, then [A, B] is an ideal (exercise). In particular, the derived
algebra L' = [L, L] is an ideal of L.

Example 3.3. If f: L — M is a Lie algebra homomorphism, then Ker f is an ideal of f. Indeed,
given x € L and y € Ker f, we have

f(lz,y]) = [f (@), f(y)] = [f(2),0] = 0
and therefore [z, y] € Ker f.

Example 3.4. If L is abelian then any subspace I C L is an ideal of L.

Example 3.5. Consider the algebra L = sly(K). We know that it has a basis x, y, h with the
bracket
[h> ‘7:] = 2z, [h7y] = —2y, [.’I, y] = h.

This implies that L' = [L, L] = L. Let us show that the only ideals of L are zero and L. Let
I C L be a non-zero ideal and ax + by 4+ ch € I be a non-zero element.

(1) If @ # 0, we can apply ad, twice and obtain [y, [y, ax]] = —2ay € I, hence y € I.

(2) If a =0 and b # 0, we can apply ad, and obtain [h,by] = —2by € I, hence y € I.

(3) If a =b=0 and ¢ # 0, we can apply ad, and obtain [y, ch] = 2cy € I, hence y € 1.

Therefore y € I, hence h = [z,y| € I and 2z = [h,x] € I. We obtain I = L.

Example 3.6. Let L = gl,(K). Every element of the form A\, (for A € K) is central as
AL, x] = A[I,, 2] = 0. One can show that Z(L) = KI,,. One can also show that the only ideals
of L =gl,(K) are 0, Z(L) and L.

Given an ideal I C L, consider the quotient space L/I. Recall that L/ consists of equivalence
classes with respect to the equivalence on L given by

T~y &< y—x €L,
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Every equivalence class has the form = + I = {x +a|a € I} for some x € L. We equip L/I
with the Lie algebra structure having the Lie bracket

e+ Ly+I]=[zy+I,  =zyeL
This Lie algebra is called the quotient algebra. The map
m: L — L/, r—=ax+1

is a Lie algebra homomorphism.

Remark 3.7. One needs to show that the above bracket is well-defined. If z ~ 2’ and y ~ ¢/,
thena=2"—x€l, b=y —y € I and

[ Y]+ =l +a,y+b+1=I[zy+ (.0 +[a,y] + [a,0]) + [ = [z,9y] + .
Example 3.8. Let L = by(K) = {(254)]a,b,d € K} be the Lie algebra of upper-triangular

matrices and [ = {(38)|b € K}. Then I is an ideal of L and L/I is isomorphic to the abelian
Lie algebra K? (of diagonal matrices).
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3.2. Representations.

Definition 3.9. Let L be a Lie algebra.

(1) An L-representation (or representation of L) is a pair (V,p) = (V, py), where V is a
vector space and p: L — gl(V) is a Lie algebra homomorphism. We call V' the space of
the representation.

(2) An L-module (or module over L) is a vector space V equipped with a bilinear map

LxV =YV, (x,v) — zv
such that
[z, ylv = x(yv) — y(av), Ve,ye L,veV.

Remark 3.10. There is a 1 — 1 correspondence between L-representations and L-modules.
Given a representation (V) p), we equip V' with an L-module structure by

(z,v) — zv = p(x)v, €L veV.
This map satisfies the axiom of an L-module

[z, ylv = p([z, y))v = [p(z), p(y)]v = (p(x)p(y) — p(y)p(x))v = 2(yv) — Y(2V).

We will usually identify L-representations and L-modules and we will use notation p(x)v and
xv interchangeably. We will say that L acts on V.

Example 3.11.

(1) Any vector space V' (in particular K') can be equipped with the trivial action of L by
setting zv =0 for allz € L and v € V.

(2) If V is a vector space, then the Lie algebra L = gl(V') acts on V' in an obvious way. The
representation V' is called the standard representation of gl(V').

(3) We have seen that the map

ad: L — gl(L), zr+— ad(x) = ad,

is a Lie algebra homomorphism, hence it defines a representation of L on the vector
space L. We call it the adjoint representation of L. Note that

Ker(ad) = {z € L|ad(z) =0} ={z € L|[z,L] =0} = Z(L)
is the center of L.

Example 3.12. Let V' be an L-representation. A subspace U C V is called a subrepresentation
of Vif zu € U for all z € L, uw € U. In this case the quotient space V/U can be equipped with
an L-representation structure

z(v+U)=av+U, xeL veV.

Example 3.13. Given vector spaces V, W, we define their tensor product Vo W =V @x W
as follows. It is the vector space generated by elements of the form v @ w forv e V, w € W
subject to the relations

(1) (v+V)QuW=vRw+v @uw for v, € Vand w € W.
2)v@(w+w)=v@w+vuw forveV and w,w € W.
(3) a(v@w) =(av) @w =v® (aw) fora € K, v € V and w € W.
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If V has a basis (eq, ..., e,) and W has a basis (f1,..., fn), then V ® W has a basis

If V, W are L-representations, then V' ® W can be equipped with an L-representation structure
by the rule
r(v@w) = (zv) ®w+ v (zw), reliveV,weW.

Example 3.14. Given vector spaces V, W, we have the vector space Hom(V, W) = Homg (V, W)
of all linear maps f: V — W. If V, W are L-representations, then Hom(V, W) can be equipped
with an L-representation structure by the rule

(xf)(v) =z(f(v)) — f(av), r €L, feHom(V,W),veV

One can verify that this action indeed satisfies the axiom of an L-representation. Note that the
axiom would not be satisfied without the above minus sign.

In particular, the dual space V* = Hom(V, K') (where K is equipped with the trivial repre-
sentation structure) has an L-representation structure given by

(xf)(v) =—f(av), €L, feV, veV.
Definition 3.15. Let L be a Lie algebra.

(1) A linear map f: V — W between two L-representations is called a homomorphism of
L-representations if

f(zv) = z(f(v)) VeeLiveV.

It is called an isomorphism of representations if it is an isomorphism of vector spaces.
(2) Given an L-representation V', an element v € V is called L-invariant if xv = 0 for all
x € L. The vector space of all L-invariant elements in V is denoted by V.

Remark 3.16. To give a motivation for the last definition, let G be a Lie group and L = L(G)
be its Lie algebra. One defines a representation of G to be a pair (V, p), where V is a vector
space and p: G — GL(V) is a Lie group homomorphism. The map p induces a Lie algebra
homomorphism p: L — gl(V'), hence (V,p) is an L-representation. A vector v € V is called
G-invariant if gv = v for all ¢ € G. Then for all A € L and t € R, we have e!* € G, hence

e!4v = v. Taking the derivative at t = 0, we obtain

Lelimg = e Av)ymg = Av = 0.

This implies that Av =0 for all A € L, hence v € V is L-invariant.

Remark 3.17. Let V, W be L-representations and Hom(V, W) be equipped with an L-
representation structure as before. Then f € Hom(V, W) is L-invariant <= (zf)(v) = 0 for all
reLveV < f(aw)=2(f(v)) forallz € LyveV <= f:V — W is a homomorphism
of L-representations.
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3.3. Nilpotent Lie algebras.

Definition 3.18. Let L be a finite-dimensional Lie algebra.
(1) Define the central series of ideals in L by

LY=L, L'"=[LL"", n>2

Y

(2) L is called nilpotent if L™ = 0 for some n > 1.

Remark 3.19. For n > 1, the following conditions are equivalent
(1) L™ =0.
(2) [z1,[z2y .. [Tne1, 20]]] =0 Vaq,...,2, € L.
(3) ady, 0---o0ad,, , =0 V2i,...,2n-1 € L.
Recall that a linear operator f: V' — V is called nilpotent if f* = 0 for some n > 1. The above

conditions imply that if L is a nilpotent Lie algebra, then ad,: L — L is nilpotent for all x € L.
We will see later that the converse is also true (Engel theorem).

Example 3.20.

(1) Any abelian Lie algebra is nilpotent.
(2) Let
L = {(ai;) € gl,(K) [ay; = 0 for i > j} C gl,,(K)

be the Lie algebra of strictly upper-triangular matrices. Let us show that L is nilpotent.
Let £;; denote the elementary matrix having entry 1 on the intersection of the i-th row
and the j-th column and zero otherwise. The vector space L' = L is spanned by the
matrices E;; with ¢ < j, hence j —4 > 1. The vector space L? = [L, L] is spanned by

[Eija Ekl] = jkEil7

where i < j, k < [ and we assumed that j <. Note that if i < j =k <[, then [ —7 > 2.
Continuing this process we obtain that L™ is spanned by F;; with j —¢ > m. This
implies that L™ = 0 and L is nilpotent.

Theorem 3.21 (Engel). Let L be a Lie algebra and (V,p) be a non-zero finite-dimensional
representation of L such that p(x) € End(V') is nilpotent for all x € L. Then

(1) There exists 0 # v € V such that p(x)v =0 for all x € L Equivalently, VL # 0.
(2) There exists a basis of V' such that all p(x) are strictly upper-triangular in this basis.
(8) There ezists a filtration by subrepresentations

o=Wchc..cV,=V
such that LV}, C Vi1 (equivalently, L acts trivially on Vi, /Vi_1) for 1 < k < mn.

Proof. We postpone the proof of (1) and show first that it implies (2) and (3).

1 = 2. We choose vy = v from (1). Then Lv; = 0 and therefore Kv; C V is a
subrepresentation. Applying induction by dimension of V' to the representation V' = V/Kuvy,
we obtain a basis v5, ..., v/, of V' such that py/(z) are strictly upper-triangular with respect to
this basis. We can lift these basis vectors to vectors vg, ..., v, in V. Then vy, vs,...,v, form a
basis of V' such that all p(z) are strictly-upper triangular with respect to this basis.

2 = 3. We define V, = (vq,...,v,) for 1 < k < n. As the matrix of p(x) is strictly
upper-triangular, it maps v to a linear combination of vy, ..., vx_q. This implies that zv, € Vj_;
and generally 2V}, C V,_4. ]
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Remark 3.22. Given a nilpotent operator A € End V', one can find a basis of V making A a
strictly upper-triangular matrix (consider the Jordan normal form of A). However, it is not
true that given nilpotent operators A, B € End V', one can find a basis of V making A and B
simultaneously strictly upper-triangular. We can not apply the previous theorem as it may
happen that the Lie algebra generated by A, B contains non-nilpotent elements. For example
consider the standard representation V = K? of sly(K). The elements z,y € sly(K) induce
nilpotent operators on V. But one can not make them simultaneously strictly upper-triangular.

Theorem 3.23 (Engel). A Lie algebra L is nilpotent if and only if ad, € gl(L) is nilpotent for
all x € L.

Proof. If L™ = 0, then ad;f_l =0 for all x € L. Conversely, assume that ad, is nilpotent for all
x € L. Applying the above result to the adjoint representation ad: L — gl(L), we can find a
filtration by subspaces

0=Wchc..cC
such that ad,(Vy) C Vi for all z € L and k > 1. Then [L,V,] C V,_; and therefore
[L,[L,...]] =0 (n products). O

Lemma 3.24. If x € L = gl(V) is a nilpotent operator on a vector space V', then ad,: L — L
18 a nilpotent operator on L.

Proof. We have

There exists n > 1 such that 2™ = 0. Therefore L7 = R} = 0. The operators L, and R,
commute, hence ad>" = (L, — R,)*" = D iti—om (*"(=1)JLLRi = 0. O

7

Proof of Theorem 3.21 (1). We will prove the statement by induction on dim L. Taking p(L) C
End(V) instead of L, we can assume that L C End(V). If dimL =1 and 0 # x € L, then z is
nilpotent, hence zv = 0 for some 0 # v € V. Therefore Lv = 0. Now assume that dim L > 2
and let I C L be a maximal proper subalgebra (it is nonzero as L contains 1-dimensional
subalgebras).

(1) Let us show that I is an ideal. Let N = {z € L |z, ] C I} be the normalizer of I (it is a
Lie subalgebra of L). We have I C N C L and we claim that N = L. The Lie algebra I acts
on L/I nilpotently by Lemma 3.24 and the assumption that L C End(V') consists of nilpotent
operators. We conclude by induction (as dim I < dim L) that there exists a nonzero element
x+1 € L/I (with x ¢ I) such that [[,z + I] C I. This implies that [x,/] C [ and z € N.
Therefore I C N and N = L (by maximality of I). Hence [L,I] C I and I C L is an ideal.

(2) The vector space V! = {v € V| Iv = 0} is nonzero by induction (as dim I < dim L) and is
an L-subrepresentation of V:

zxv = xzv — [z, zJv = 0, relveVl 2el,

hence I(zv) =0 and zv € V1.
(3) We have IV! = 0, hence the Lie algebra L/ acts on V. By induction (as dim L/T < dim L)
there exists 0 # v € V7 such that (L/I)v = 0. Then also Lv = 0. O
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3.4. Solvable Lie algebras.
Definition 3.25. Let L be a finite-dimensional Lie algebra.

(1) We define the derived series of ideals in L by

LO=pr  LW=[0Y L] pn>1

(2) L is called solvable if L™ = 0 for some n > 1.

Remark 3.26. If I, J C L are ideals then, using the Jacobi identity, we obtain
[z, [a,b]] = [[x,a],b] + [a, [z, 0] € [I,J]+ [I,J]] = [, ]] VeeL,acl, beJ.
This implies that [I,.J] C L is also an ideal. In particular, the above spaces L™ are ideals.
Remark 3.27. We have L(®© = [ = L! and generally L™ C L™*! by induction
LY — (L™ W] C [L, L") = L2,

If L is nilpotent, then L™ C L™ = 0 for some n > 1, hence L is solvable. Moreover, if
L' = [L, L] is nilpotent, then L is solvable. Indeed, if L’ is nilpotent, then it is solvable. Therefore,
L) = (L) = 0, for some n > 1, hence L is solvable. We will see later that the converse is
true if char K = 0.

Example 3.28. The algebra of upper-triangular matrices
L= {((Zz'j) & g[n(K) | Qjj = 0 for ¢ > ]}

is solvable. Indeed, L' = [L, L] consists of strictly upper-triangular matrices and we have seen
that this algebra is nilpotent. We conclude that L is solvable by the previous remark.

Lemma 3.29. Let L be a Lie algebra.

(1) If I C L is an ideal and L is solvable then I, L/I are solvable.
(2) If I C L is an ideal and I, L/I are solvable then L is solvable.
(3) If I, J C L are solvable ideals then I + J is solvable.

Proof. (1) Let L™ = 0. Then I™ C L™ = 0 and I is solvable. Let 7: L — L/I be the
projection. Then we prove by induction that 7(L*)) = (L/I)®

R(LOD) = (L9, LO]) = [r(L9), 7(L9)] = (/D (L) = (L/D*.

In particular (L/I)™ = 7(L™) =0 and L/I is solvable.

(2) Assume that 1™ = 0 and (L/I)™ = 0. Then 7(L™) = (L/I)"™ = 0in L/I, hence L™ C I.
Therefore Lt C M) = () and L is solvable.

(3) There is a natural isomorphism (I + J)/I ~ J/(I N J). If J is solvable then the quotient
J/(I N J) is also solvable by (1). Therefore (I 4+ J)/I is solvable and if I is solvable then I + J
is solvable by (2). O

Remark 3.30. Applying the above result, we obtain that the subspace

rad L = Z ICL

ICL
solvable

is the maximal solvable ideal of L. It is called the radical of L.
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Remark 3.31. The quotient algebra L/[L, L] is abelian. This implies that if L is solvable then
there is a filtration by ideals

L=1O>LW > . o5LM=0
such that each factor L) /L*+1) is abelian. Conversely, if there exists a filtration by ideals
L=1)>L>...0[,=0

such that each factor Iy /), is abelian, then L is solvable. Indeed, assume that we proved that
Ii4q is solvable. As Ij /Iy, is abelian, it is solvable. By the previous result we conclude that Iy
is solvable. Continuing this process we obtain that I, = L is solvable.

Theorem 3.32 (Lie). Let L be a solvable Lie algebra over an algebraically closed field K of
characteristic 0. Let (V, p) be a non-zero representation of L. Then

(1) There exists a common eigenvector 0 # v € V of L, that is, an eigenvector of p(x) for
all x € L. Fquivalently, Kv CV 1is a subrepresentation.

(2) There ezists a basis of V' such that all p(z) are upper-triangular in this basis.

(8) There ezists a chain of subrepresentations

0=Wchc..cV,=V
such that dim Vi /V_y =1 for 1 <k <n.

Proof. (1) = (2). Let vy =v € V from (1). Then Kv; C V is a subrepresentation. Applying
induction to the quotient representation V' = V/Kwv, we find a basis (v5,...,v,) of V'’ such
that py/(x) are upper-triangular in this basis. We lift this basis to some vectors v, ..., v, in V.
Then vy, ...,v, form a basis of V. And p(x) are upper-triangular in this basis.

(1) = (3). Choose a basis as above and define Vi, = (vq,...,v). These vector spaces satisfy
the required conditions.

(1) As L is solvable, [L, L] # L. Indeed, if L) = [L, L] = L, then L® = [LW, LW] = [L, L] = L
and generally L(*) = L, contradicting to solvability of L. The quotient L/[L, L] is a nonzero
abelian Lie algebra. Therefore we can choose a codimension 1 subspace [L, L] C I C L which is
automatically an ideal. By induction there exists 0 # v € V and A: I — K such that yv = A(y)v
for all y € I (X is automatically linear). The space

W={veV|yv= Ay Vyel}

is nonzero and is an L-subrepresentation by the next lemma. Given = € L\, the map
x: W — W has an eigenvector 0 # v € W (as K is algebraically closed). Then v is a common
eigenvector of Kx + I = L. O

Lemma 3.33. Let L be a Lie algebra over a field K of characteristic zero, I C L be an ideal,
V' be an L-representation. For any linear map \: [ — K, the space

W=V,={veV]zv=X\Nx)vVrel}
is an L-subrepresentation of V.

Proof. We can assume that W # 0. Let us show first that [L, I|W = 0. For any =z € L, we
have to show that A([z,1]) = 0. Let 0 # v € W and let v, = 2" 'v for k > 1. Let us show by
induction that, for any y € I,

k-1
yur = AMy)vp + Z a;v;, a; = a;(y) € K. (3)
i=1
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For k = 1, we have yv = A(y)v. Further, we have

k-1 k k
YUrr1 = yrtv = (zy — [z, y])e" v =z ()\(y)vk + Z aivi) — Z a,v; = MNy)vke1 + Z b;v;.
i—1 i—1 i—1

Let n > 1 be maximal such that vy,...,v, are linearly independent and let U C V be the
vector space generated by these vectors. Then xv, = vpyq € U for 1 < k < n. Therefore
xU C U. Equation (3) implies that every y € I induces an endomorphism of U given by an
upper-triangular matrix with entries A(y) on the diagonal (with respect to the basis vy, ..., v,).
This implies

Try(y) =nA(y) Vyel
and in particular

0 = Try([z,y]) = nA([z,y]).
Therefore A([x,y]) = 0. This proves [L, I|W = 0.

Finally, for any 2 € L,y € I, v € W, we have [z, y]v = 0, hence

yxv = zyv — [z, ylv = zyv = \(y)zv,
and zv € W. This means that W is an L-subrepresentation. O

Corollary 3.34. Let L be a Lie algebra over a field of characteristic zero. Then L is solvable if
and only if L, L] is nilpotent.

Proof. Assume that L is solvable. Consider the adjoint representation ad: L — gl(L). By Lie’s
theorem we can find a basis of L (over an algebraic closure of K) such that all operators ad,
are upper-triangular. Then each adj,, = [ad,, ad,] is strictly upper-triangular. This implies
that for all = € [L, L] the matrix of ad, is strictly upper-triangular and therefore nilpotent. By
Engel’s theorem [L, L] is a nilpotent Lie algebra. Conversely, if L' = [L, L] is nilpotent, then it
is solvable. Therefore L") = (L)) = 0 for some n > 1, hence L is solvable. U
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4. SEMISIMPLE AND REDUCTIVE LIE ALGEBRAS

In this section we will consider only finite-dimension Lie algebras over a field of characteristic
Zero.

4.1. Semisimple and reductive Lie algebras. Recall that rad L C L denotes the maximal
solvable ideal of L. In particular, the center Z(L) is abelian, hence solvable and Z (L) C rad L.

Definition 4.1. Let L be a Lie algebra.

(1) L is called simple if it is not abelian and it does not contain ideals except 0 and L.
(2) L is called semisimple if it does not contain abelian ideals except zero.
(3) L is called reductive if Z(L) = rad L.

Lemma 4.2. Let L be a Lie algebra. The following conditions are equivalent.
(1) L is semisimple.
(2) L does not contain solvable ideals except zero.
(3) rad L = 0.

Proof. (1) = (2). Let 0 # I C L be a solvable ideal. Then there exists n > 1 such that
I™ =0 and I~ # 0. We have [[("~1) [(=1] = (") = 0, hence I~V is a non-trivial abelian
ideal in L. A contradiction.

(2) = (1). If L does not contain solvable ideals (except zero) then in particular it does not
contain abelian ideals (except zero).

(2) < (3) is trivial. O

Lemma 4.3. We have: simple = semusimple = reductive.

Proof. (1) If L is simple, then the only nonzero ideal of L is L and by assumption it is not
abelian. Therefore L is semisimple.
(2) If L is semisimple, then rad L = 0. Then Z(L) C rad L implies Z(L) =rad L = 0. O

Example 4.4. (1) We have seen that sly does not contain ideals except zero and sly. This
implies that sl is a simple and semisimple Lie algebra.

(2) Consider the algebra L = L @ Ly = sly @ sly. The only ideals of L are 0,5l & 0, 0 @ sy
and L. This implies that L is not simple. All nonzero ideals of L are non-abelian, hence L is
semisimple.

(3) Consider the algebra L = gl,. We know that Z(L) = kI. As Z(L) C rad L, we conclude
that rad L # 0, hence L is not semisimple. We have gl, = kI & sly (both summands are
ideals), hence rad gl, = rad(kl) & rad(sly) = kI & 0. Alternatively, kI is solvable, hence
(rad gly)/kI ~ rad(gl,/kl) = rad sl = 0. Therefore rad gl, = kI. We obtain rad gl, = Z(gl,),

hence gl, is reductive.

Exercise 4.5. Let Ly,..., L, be Lie algebras and
L=Li® - @®L,={x=(21,...,2,) |x; € L; V1 < i <n}
be their direct sum. Show that it has a Lie bracket [z,y] = Y"1 [z, y;] for z,y € L.

Exercise 4.6. Show that

(1) If f: L — M is a surjective Lie algebra homomorphism, then f(rad L) C rad M.
(2) If I C L is a solvable ideal, then rad(L/I) ~ (rad L)/I. In particular, L/rad L is
semisimple.

(3) rad(L1 D LQ) = rad(Ll) D rad(Lg).
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Proof. (1) f(rad L) is a quotient of rad L, hence it is solvable. Therefore f(rad L) C rad M.
(2) Let p: L — L/I be the projection and J = p~*(rad(L/I)). Then J/I ~rad(L/I) is solvable,
hence J is solvable. Therefore J C rad L. We have p(rad L) C rad(L/I) by (1), hence rad L C J.
Therefore rad L = J and (rad L)/I = J/I ~rad(L/I).

(3) Let L = Ly ® Ly and p;: L — L; be projections. Then p;(rad L) C rad L; by (1), hence
rad(L) C rad(L;) @ rad(Ls). The ideal rad(L;) @ rad(Ly) C L is solvable, hence rad(L;) &
rad(Ls) C L. O

Remark 4.7.

(1) If L is reductive, then to prove that it is semisimple we need to show that Z(L) = 0.

(2) If L is abelian, then Z(L) = L and therefore Z(L) = rad L = L, hence L is reductive.

(3) We will see later that every reductive Lie algebra is a direct sum of a semisimple Lie
algebra and an abelian Lie algebra.
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4.2. Reductivity criterion.

Definition 4.8. Let 0: L x L. = K be a bilinear form. Then

(1) o is called symmetric if o(z,y) = o(y,x) for all z,y € L.
(2) o is called L-invariant if o([z,y], z) = o(x, [y, 2]) for all z,y, 2 € L.
(3) o is called non-degenerate if o(z, L) = 0 for x € L implies z = 0.

Remark 4.9. One can show that a bilinear map o: L x L. — K is L-invariant if and only if
the corresponding linear map o: L ® L — K is a homomorphism of L-representations, where
L is equipped with the adjoint representation structure and K is equipped with the trivial
representation structure.

Lemma 4.10. Let o: L x L — K be a bilinear L-invariant form. Then for every ideal I C L,
the subspace
I*={zcLlo(z,y)=0VyclI}

15 also an ideal.

Lemma 4.11. Let (V, p) be an L-representation. Then the bilinear form
ov: LxL—=K,  oy(zy) =tr(p(x)ply) Vo,yel
15 symmetric and L-invariant.

Theorem 4.12. Let L be a Lie algebra over a field K of characteristic zero and (V, p) be an
L-representation such that oy : L X L — K s non-degenerate. Then L is reductive.

Proof. We claim that for any representation V', we have oy ([I, L], L) = 0, where I = rad L. Under
our assumptions this will imply [/, L] = 0 (as oy is non-degenerate) = radL =1 C Z(L)
= rad L = Z(L) (as Z(L) C rad L automatically) = L is reductive.

If U C V is a subrepresentation, then oy = oy + oy .y (compare the traces). Therefore
by induction on dimension it is enough to show that oy ([/,L],L) = 0 for an irreducible
representation V' (the one that does not contain subrepresentations except 0 and V). By
Lie’s Theorem applied to the algebra I = rad L (over the algebraic closure of K), there exists
0 # vy € V such that vy C Kvg. Let A: I — K be defined by vy = A\(x)vg, x € I (it is linear).
Then the subspace

Vi={veV]zv=ANz)vVrel}
is nonzero (it contains vy # 0) and is an L-subrepresentation of V' (see the proof of Lie’s
theorem). As V is irreducible, we conclude that V, = V. Therefore, forany x € I,y € L,v € V
we have
[z, yJv = zyv — yav = Az)yv — y(A(z)v) =0
and therefore
ov([z,yl, 2) = tr(p([z,y])p(z)) =0 Vzel, y,z€L
O

Remark 4.13. Note that in the above lemma the map p: L — gl(V') is injective (we say that
the representation V' is faithful). Indeed, if x € Ker p, then oy (x,y) = tr(p(x)p(y)) = 0 for all
y € L, hence x = 0. Conversely, we will see in Lemma 4.32 that if L is semisimple and V' is a
faithful representation, then oy is non-degenerate.

Theorem 4.14. Let L have a faithful irreducible representation (V,p) (faithful means that
p: L — gl(V') is injective, irreducible means that 0,V are the only subrepresentations of V).
Then L is reductive and dim Z(L) < 1. If moreover p(L) C sl(V'), then L is semisimple.
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Proof. We can assume that L C gl(V'). Using the same argument as in the previous theorem,
we find a linear map \: [ = rad L — K such that

W={veV]zv=ANz)vVeel}=V.

This implies that every x € I acts on V' as A(z)idy. Therefore I C K idy, hence I C Z(L) and

dim / < 1. This implies that I = rad L = Z(L) and L is reductive. Moreover, dim Z(L) < 1.
Assume that L Csl(V). If I = Kidy, then idy € I C L C sl(V), a contradiction. Therefore

I =rad L =0 and L is semisimple. O

Theorem 4.15. Lie algebras gl,,(K),u(n) are reductive. Lie algebras
5[n(K),50n(K),5p2n(K),5u(n)
are semisimple.

Proof. Consider the standard representation V' = K" of gl,, = gl,,(K). Then oy is non-degenerate

as
Uv(AB) = Z aijbji-
Y]

By the previous results we conclude that gl, is reductive, hence rad gl,, = Z(gl,,). One can easily
show that Z(gl,,) = K, and there is an orthogonal decomposition gl,, = sl, & KI,,. This implies
that sl,, ~ gl,,/K 1, = gl,,/rad(gl,) is semisimple. The proof for other algebras is similar. [
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4.3. Cartan’s criterion.

Theorem 4.16 (Cartan). Let L C gl(V') be a Lie algebra. Then L is solvable if and only if
tr(zy) =0 Ve e[L,L],y€ L.

Remark 4.17. Alternatively, let (V,p) be a faithful representation (with injective p) and
ov(z,y) = tr(p(z)p(y)) be the corresponding bilinear form. Then L is solvable if and only if
ov([L,L],L) =0.

Proof. = If L is solvable then there exists a basis of V such that all elements of L are
upper-triangular in this basis. Then any x € [L, L] is strictly upper triangular. Therefore, for
any y € L, the matrix xy is also strictly upper-triangular and tr(zy) = 0.
<= We will show that every x € [L, L] C gl(V) is nilpotent. This will imply that ad, is also
nilpotent, hence by Engel’s theorem the algebra [L, L] is nilpotent. Therefore L is solvable.

Let

A=[L,L]C B=1LCglV), M={yegl(V)|ly, L] C[L,L]}.

Ifx=>.[2;,2] € [L,L] C M and y € M, then

tr(ey) = Y tr(fes,ally) = Y tr(wlad, y)).
Here 2} € L and y € M imply [z}, y] € [L, L] (by the definition of M). Therefore tr(z;[z},y]) =0
by theorem assumption. We conclude that tr(zy) = 0 for all y € M. By the next lemma this
implies that z is nilpotent and this is what we wanted to show. U

Lemma 4.18. Let A C B C gl(V') be subspaces and let
M ={z € gl(V)|[z, B] € A}.
If x € M satisfies tr(xy) = 0 for all y € M, then x is nilpotent.

Proof. Let x = s + n be the Jordan decomposition (see §5.1). Then ad, = ads+ ad,, is the
Jordan decomposition of ad,. As ad,(B) = [z, B] C A, we have also ads(B) C A (ad, is a
polynomial of ad, with the zero constant term). Let (vq,...,v,) be a basis for the Jordan
normal form of x. Let Ay,..., )\, be the corresponding eigenvalues. Define £ C K to be a
Q-vector space generated by the elements Ay, ..., A\, € K. We want to show that z is nilpotent,
that is, Ay = --- = A, = 0 or equivalently, £ = 0. Let f: E — Q be a linear map. Define
y € EndV such that yv; = f(\;)v;. Let E;; € EndV be defined by E;j(v) = d;,v; (elementary
matrix). Then

ad, (E;;) = [Z FOW) Er, Eij | = f(Ai — Aj) Eiy.
K

Similarly ady(E;;) = (A — A;j)E;;. This means that ad, and ad, are diagonalizable in the
same basis of End V. Let A\;; = A\; — A;. Applying Chinese remainder theorem, we can find a
polynomial p € K[t] such that

p(t) = f(Nij) (mod t—\;) i, 7, p(t) =0 (mod t).

This polynomial does not have a constant term and satisfies p(X\;;) = f(\;j). Therefore
p(ads) = ad,. We obtain from ads(B) C A C B that ad,(B) C A. This implies that y € M.
By assumption

0 = tr(zy) = Z FOD A

Applying f to this equation, we obtain Y, f(A\)* = 0. As f(\;) € Q, we obtain f()\;) = 0 for
all . This implies that every linear map f: E — Q is zero. Therefore E = 0 as required. [
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Consider the adjoint representation ad: L — gl(L) and the corresponding symmetric L-
invariant bilinear form, called the Killing form
k(x,y) = kr(z,y) = tr(ad, ady) x,y € L.

Later we will need the following result about Killing forms.

Lemma 4.19. Let I C L be an ideal of a Lie algebra. Then the Killing form kr of I coincides
with the restriction of the Killing form kp to I.

Proof. If A € End(L) satisfies A(L) C I, then tr(A) = tr(A|;) (write A in a basis of L that
starts with a basis of I). In particular, for any x,y € I the operators ad,,ad, map L to I.
Applying the first observation to A = ad, ad,, we obtain

kr(z,y) = tr(ad, ady) = tr(A4) = tr(Al;) = kr(z, y).

Theorem 4.20 (Cartan). A Lie algebra L is solvable if and only if k([L, L], L) = 0.

Proof. = Assume that L is solvable. For any x,y,z € L, we have
tr([ad,, ad,] ad,) = tr(adp ad.) = &([z,y],2) = 0.

The image L = ad(L) C gl(L) is a solvable Lie algebra as L is solvable. Applying Theorem 4.16
to L C gl(L), we obtain tr([ad,,ad,]ad,) = 0 for all x,y, 2 € L. Therefore x([z,y],z) = 0.

< If k([L, L], L) = 0, then tr([ad,, ad,] ad,) = 0 for all z,y, 2 € L. Applying Theorem 4.16
to L C gl(L), we conclude that L is solvable. We know that Ker(ad) = Z(L), hence L ~
L/Ker(ad) = L/Z(L). As L and Z(L) are solvable, we conclude that L is solvable. O

Theorem 4.21. Let L be a Lie algebra. The following conditions are equivalent.
(1) L is semisimple.
(2) The Killing form k is non-degenerate (Cartan’s criterion).
(3) L is a direct sum Iy & --- @ I,, of simple ideals (simple as Lie algebras).
(4) L is a direct sum Ly & --- & L, of simple Lie algebras.

Proof. (1) = (2). Let L be a semisimple Lie algebra. Define
I=L"={z¢eL|k(x L)=0}

which is an ideal in L. By Lemma 4.19 xk; = k|; = 0. Therefore by the Cartan criterion [ is
solvable. As L is semisimple, we obtain that I = 0. This means that  is non-degenerate.
(2) = (1). If k is non-degenerate, then L is reductive by Theorem 4.12, hence rad L = Z(L).
If x € Z(L), then ad, = 0, hence k(z,y) = tr(ad, ad,) = 0 for all y € L. Therefore z =0 as «
is non-degenerate. We conclude that rad L = Z(L) = 0, hence L is semisimple.

Alternatively, if L is not semisimple, then there exists an abelian ideal 0 # I C L. For any
x,z € L and y € I, we have

(ady ady)?*z = [z, [y, [z, [y, 2]]]] € [, [, 1] = 0

as y € I and [z, [y, z]] € I. This implies that (ad, ad,)? = 0 and ad, ad,, is a nilpotent operator.
Therefore its trace is zero and

k(z,y) =tr(adyad,) =0 Vexe L, yel.

This implies that  is degenerate, a contradiction.
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(1) = (3). If L is simple then we are done. Assume that I C L is a non-trivial ideal. Then
I ={z e L|x(x,I)=0}.

is an ideal (exercise).The Killing form is zero on the ideal I N I+, Therefore this is a solvable

ideal. By semisimplicity of L, we obtain I N I+ = 0. This implies that L = I & I+ (compare

dimensions). Moreover [I,I+] C I NI+ = 0. Ideals of I, [+ are automatically ideals of L. This

implies that there are no solvable ideals in I, I+ and these algebras are semisimple. Then by

induction we can decompose I, I+ into a direct sum of simple ideals.

(3) = (4). Trivial.

(4) = (1). Let L=L; ®---® L,, be a direct sum of simple Lie algebras. Let I C L be an

abelian ideal. Then the image of I under the projection 7, : L — Lj is an abelian ideal, but the

only abelian ideal of Ly is zero. This implies that 7 (1) = 0 for all 1 < k < n. Therefore I = 0.

This implies that L is semisimple. [l

Remark 4.22. If L is a semisimple Lie algebra with a decomposition L = I1®- - -® [, into a sum
of simple ideals as above, then every simple ideal I C L is equal to one of I} (not just isomorphic).
Indeed, [I, L] C I is non-zero as I is non-abelian. Therefore I = [I, L] = [I, 1| ® --- ® [I, I,,].
Only one of the summands [/, I;] can be nonzero and then we have I = [I, I;| = I;. Note that
[1;,Ix] € I; NI, = 0 for j # j and [Iy, I;| = I. Therefore

L'=[LL] =) [II]=) I,=L.

k

Theorem 4.23. Let L be a semisimple Lie algebra. Then the adjoint map ad: L — Der L is an
1somorphism.

Proof. We have Ker(ad) = Z(L) which is an abelian ideal. Therefore Ker(ad) = 0 and ad is
injective. Let M = Der L and I = ad(L) C M. For all 6 € M and z € L, we have

[0,ad,] = ads, € 1.
Therefore I C M is an ideal. The subspace
I ={x € M|krp(z,1) =0}

is also an ideal. As I ~ L is semisimple, we obtain that k,s|; = x; is non-degenerate, hence
INI+=0. Forany 6 € I* and = € L, we have

ads, = [§,ad,] € [IT,[] CINI+=0.

But ad is injective, hence éx = 0 for all € L. Therefore § = 0 and I+ = 0. This implies
I = M, hence ad(L) = Der L and ad: L — Der L is an isomorphism. O
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4.4. Irreducible and completely reducible representations.

Definition 4.24. Let L be a Lie algebra and V' be an L-representation. Then

(1) V is called an irreducible representation (or a simple module) if it does not contain
subrepresentations except 0 and V.

(2) V is called a completely reducible representation (or a semisimple module) if it is a direct
sum of irreducible representations.

Remark 4.25. Any ideal of a Lie algebra L can be considered as a subrepresentation of an
adjoint representation on L. This implies that (non-abelian) L is a simple algebra if and only if
the adjoint representation is irreducible. We have seen that every semisimple algebra is a direct
sum of simple ideals. This implies that the adjoint representation is a direct sum of irreducible
representations and is therefore completely reducible (a semisimple module). Conversely, if L is
a Lie algebra such that its adjoint representation is completely reducible (without summands
that are trivial representations), then L is a direct sum of simple ideals. This implies that L is
a semisimple Lie algebra.

Lemma 4.26. Let L be a Lie algebra and V' be an L-module. The following conditions are
equivalent

(1) V is a sum of simple L-modules.
(2) V is a direct sum of simple L-modules (that is, semisimple).
(3) Any submodule W C V' has a complement (a submodule W' C'V such that V. =W & W').

Proof. (1) = (2). Let V. =37 | S; with simple S; and with minimal possible n. By induction
onn, W=5&---&S,_1 is a direct sum. We have W NS, CS, = Wn§S,=0or
wns,=5,. twns,=0 = V=WwWaes,=5¢& &S5, fWns, =5, = S, CW
= V=W=5 & -®S5,1.

(2) = (3). Let WCV =5®---®S,. Consider the projection7: V— S; ®---® S, = V'
with Kerm = S,,. By induction V' = 7(W) & W' for some submodule W’ C V’. We have
wns,CS, = WnS,=0orWnS, =5, fwWns, =0 = W — x(W)is
an isomorphism and V = V'@ S, =W oW @ S,. U Wns, =5, = S5, CW —

V=weW.

(3) = (1). Choose a simple submodule S; C V. By assumption, it has a complement V; C V.
Choose a simple submodule Sy C V;. By assumption, the module S; @ S; has a complement
Vo C V. Continuing this procedure, we obtain V=5, & --- & 5,,. O

Example 4.27. Consider a one dimensional Lie algebra L. = Kx and a 2-dimensional L-module
V = Kv; ® Kv, with an action of 2 given by the matrix (§ 1). Then the subspace W = Kv; C V
is an L-submodule. But is does not have a complement. Therefore V' is not-semisimple.

On the other hand, if L = Kz C gl(V') and z is a semisimple endomorphism (diagonalisable),
then V' is a direct sum of 1-dimensional L-submodules. Therefore V' is a semisimple L-module.

Example 4.28. The standard representation K™ of L = gl (K) is irreducible. Indeed, for
any non-zero v, w € gl, (K) there exists an endomorphism z € gl,(K) such that xv = w. This
implies that any submodule W C V' that contains v should be equal to the whole space V.

Remark 4.29. Any submodule and any quotient module of a semisimple module is again
semisimple. If 7: V' — W is an epimorphism and V' = ). S; is a sum of simple modules, then
W =", m(S;) is a sum of simple (and zero) modules and therefore W is semisimple. If W C V
is a submodule of a semisimple module, then there exists a complement V' = W @ W’. Therefore
there exists a surjective homomorphism V' — W and W is semisimple.
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Lemma 4.30 (Schur lemma). Let V' be a simple module over a Lie algebra L. Then End (V) =
Kidy.

Proof. Let f: V — V be a homomorphism of modules. Let A € K be an eigenvalue of f and let
W={veV|flv)=M}CV

be the corresponding eigenspace. It is a submodule of V: if x € L and v € V) then
flzv) =2 f(v) =z v = \av

and therefore zv € V). As V is simple, we obtain V), = V. This implies f = Aidy. Therefore
EndL(V) = Kldv ]
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4.5. Casimir operator. Let o: L x L — K be a symmetric non-degenerate L-invariant form.
Let (x1,...,2,) be a basis of L and (yi,...,y,) be the dual basis of L with respect to o

o(zs,y;) = 64y, 1<4,7 <n.

For any L-repsentation V', define a linear operator, called the Casimir operator
C,=CY:V =V, CU(U):inyiv Yo e V.

Lemma 4.31.
(1) The Casimir operator C, is independent of the choice of a basis in L.
(2) Cy: V=V is a homomorphism of L-representations.

Proof. (1) Let (x}) be a different basis of L and let (y;) be the dual basis of L with respect to o.
Let o), = . apiz;, v, = Z bjiy;. Then

O = 0(@hv) = Y aribjo(zi,y;) = Y aribubiy = Y _ awiba = (AB),
1,3 i,J i
hence AB = I,,. Therefore
TS (z b) oy = S (B =
A i; \ k irj

(2) For any z € L, let

[2k, @ Z agiTi, [Ty Z by

Then
ap = o([zn, x], 1) = 0@, [2,01]) = bu.
Therefore
Cy(zv) — 2C,(v) = Z(xkykx — TXRYR)V = Z(mk[yk,x] + [Tk, x]yp)v

k k

= (— Z birTry; + Z Clkixiyk) v =0.
O

Lemma 4.32. Let L be a semisimple Lie algebra and (V, p) be its faithful representation. Then

(1) The bilinear form o = oy: L x L — K, o(z,y) = tr(p(z)p(y)) is non-degenerate.
(2) The Casimir operator Cy,: V — V satisfies tr Cy, = dim L.

Proof. (1) Consider the ideal I = L+ = {z € L|o(z,L) = 0}. We have o([I,I],I) C o(I,I) = 0.
By Theorem 4.16 this implies that I is solvable. As L is semisimple, we obtain I = 0 and
therefore o is non-degenerate.

(2) We have C, = ), p(x;)p(yi), hence tr(C,) = >, tr(p(x:)p(yi)) =D, 0(xi,y;) =dim L. O
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4.6. Complete reducibility (Weyl’s theorem).

Theorem 4.33 (Weyl). Every (finite-dimensional) representation of a semisimple Lie algebra
is completely reducible (i.e., semisimple).

We will need some preparations before proving this theorem. Given an L-representation V,
we can construct its subrepresentations

VE={veV|Ilv=0}, LV=(w:xcLveV),
where the angular brackets denote the subspace spanned by given vectors.

Lemma 4.34. Let L be a semisimple Lie algebra. Then

(1) For any L-representation V, we have V. =V* & LV.
(2) For any surjective homomorphism V. — W of L-representations, the induced map
VL — WE s surjective.

Proof. (1) We can substitute L by p(L) C gl(V') which is also a semisimple Lie algebra (L is a sum
of simple ideals, hence p(L) is also a sum of simple ideals). If L = 0, then VX =V and LV =0,
hence V = VL @ LV. Assume that L # 0. The map p: L — gl(V) is injective. By Lemma 4.32,
the corresponding bilinear form ¢ = oy on L is non-degenerate. Let C' = C,: V — V be the
Casimir operator. Let A1, ..., \; be distinct eigenvalues of C' having multiplicities myq, ..., my.
Generalized eigenspaces
Vi=Ker(C—X\;)™ CV

are subrepresentations of V (as Czv = xzCv for all x € Lyv e V) and V = @le Vi. f k> 1,
then by induction on dim V' we have V; = VL' @ LV, and the statement of the theorem follows.
If k=1, then trC = A\; dim V = dim L by Lemma 4.32. Therefore \; # 0 and C' is invertible.
Injectivity of C' implies that V* = 0 (C acts as zero on V). Surjectivity of C implies LV = V.
Therefore V =Vt @ LV,

(2) The homomorphism V — W maps V¥ to W% and maps LV to LW. We obtain from the
above decomposition that if V' — W is surjective, then VI — W is surjective. O

Proof of the Weyl theorem. We will show that any subrepresentation W C V' has a complement.
Consider the surjective linear map

¢: Hom(V, W) — Hom(W, W), f— flw.

The Hom-spaces are equipped with L-representation structure and ¢ is a homomorphism between
them. By the previous result it induces a surjective map Hom(V, W)¥ — Hom (W, W)~.

The space Hom(V, W)% consists of linear maps f: V — W that are L-invariant, that is,
f(zv) = xf(v) for all z € L and v € V. This means that f: V — W is a homomorphism of
L-representations. By the surjectivity of the above map, we can find f € Hom(V, W)’ such that
flw =idw. Then V=W @ Ker f: if v € V, then f(v) € W and f(v— f(v)) = f(v) — f(v) =0,
hence v — f(v) € Ker f; if v € W N Ker f, then v = f(v) = 0, hence W N Ker f = 0. This
implies that W has a complement. 0J

Corollary 4.35. Let L be a Lie algebra. The following conditions are equivalent

(1) L is reductive.
(2) Adjoint representation of L is a direct sum of irreducible representations.
(3) L is a direct sum of Z(L) and a semisimple Lie algebra.

Proof. (1) = (2). Consider the adjoint representation ad: L — gl(L). Its kernel is Ker(ad) =
Z(L) =rad(L). We can consider L as a representation of M = L/ Ker(ad) = L/rad(L) which
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is semisimple. By the Weyl Theorem L can be decomposed as a direct sum of irreducible
M-representations (which are also irreducible L-representations).

(2) = (3). Let L =1, ®---® I, be a decomposition into a direct sum of irreducible
representations (which are automatically ideals). We have [L, I;] C I, hence [1;, I;] C I;N1; =0
for j # k. If J C I is an ideal of the algebra I, then [L, J] = [I,J] € J and J C I} is an
L-subrepresentation, hence J = 0 or J = [,. This implies that I is either a simple or an abelian
algebra. If I is abelian, then [L, I;] = [Ii, ;] = 0 and I, C Z(L). This implies that we can
decompose L = I & J, where I C Z(L) and J is a semisimple Lie algebra. The algebra L/I ~ J
is semisimple, hence I is the maximal solvable ideal. This implies that [ = Z(L) = rad L, hence
L=Z(L)®J.

(3) = (1). Our assumption implies that L/Z(L) is a semisimple Lie algebra. Therefore Z (L)
is the maximal solvable ideal and Z(L) = rad L. O
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4.7. Representations of sl,. We consider the algebra sly = sly(K) over an algebraically closed
field K of characteristic zero. We know that sl, is simple, hence semisimple. By the Weyl’s
Theorem every representation of sly is a direct sum of simple representations. Therefore we
need to classify just simple representations of sls.

Theorem 4.36. Let x,y, h be the standard generators of sly with
[z, y]=h,  [ha]=2z,  [hy]=-2y. (4)

For any n > 0, there exists exactly one simple representation V(n) of sly of dimension n+1 (up
to an isomorphism). Representation V =V (n) is a direct sum of 1-dimensional h-eigenspaces

V=V_,,®V 2@ - DV, 2DV,
where Vy, is the subspace of h-eigenvectors with eigenvalue k, and x,y induce isomorphisms
x: Vi = Vigo, Y: Vipa = Vi
whenever Vi, Vo # 0.
Proof. Let V be a simple representation. For any A € K define the eigenspace
Vi={veV]hv= v}
Then
V) C Vo, yVa € Vi,

Indeed, if v € V), then

hzv = ([h,z] + zh)v = (2z 4+ zh)v = 220 + Azv = (A + 2)zw.

Therefore zv € V) ,o. Similarly yv € V) _5. There exists A € K such that V) # 0 and V) 5 = 0.
Let 0 # v € V). Then xv € V)5 = 0 and we obtain

hv = v, xv = 0.
We will prove by induction that
hy'v = (A — 2i)y'v, zy'v =i(A —i+ 1)y . (5)

The statement for ¢ = 0 was just proved. As v € V), we obtain yv € V)_, and generally
y'v € Vy_g;. Therefore hy'v = (X — 2i)y'v. Assume that the second formula is proved for i > 0.
Then

zy o = zy(y'v) = ([z,y] + y2)y'v = (h+y2)y'v = (A — 20)y'v +i(A — i + 1)y'v
— A+ 1) = —i)y'v = (i + 1)\ — D)o,

This proves the induction step. Let n > 0 be the maximal integer such that y"v # 0. Then the
vector space

(v,yv, ..., y"v) CV

is a submodule of V' (it is closed under the action of x,y, h). As V' is simple, the above subspace

should be the whole space V. The above vectors are linearly independent as y'v € V,_o; are

ntly = 0, we obtain

contained in different eigenspaces. This implies that dimV =n+ 1. Asy
0=ay""v=(n+1)(\—n)y",

hence A —n =0 and A = n. The above formulas (5) uniquely determine representation V.
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To show existence, we use the above formulas as a motivation for our construction. Let V' be
a vector space with a basis (vg, ..., v,) (v; corresponds to y'v € V;,_o; in the above discussion).
Define the linear operators x,y, h on V by the rule

zv; =i(n —i+ 1)v_q, YU; = Vig1, hv; = (n — 2i)v;, 0<i<n, (6)

where v_1 = v,11 = 0. In order to show that this rule defines a representation of sl,, we need to
verify the commutator relations (4). Let us check just the first one

[z, ylv; = (vy — yx)v; = 2o —yav; = (0 + 1) (n— v, —i(n — i + v, = (n — 2i)v; = ho;.

This implies that V' is indeed a representation of sl,. We have to check V' is a simple representa-
tion. Let W C V be a non-zero subrepresentation and 0 # v € W. Assume that v = ), a;v;
and 0 < 4 < n is minimal with the property a; # 0. Then y" ‘v = a;v, € W, hence v,, € W.
Applying the operator z, we obtain that v, _1,...,v,v9 are also contained in W. Therefore
W =V and V is a simple module. [l

Remark 4.37. Note that

(1) The 1-dimensional representation V'(0) is the trivial representation K.
(2) The 2-dimensional representation V(1) is the standard representation K? of sly(K).
(3) The 3-dimensional representation V'(2) is the adjoint representation of sl,.

Corollary 4.38. Let V' be a finite-dimensional representation of sly. Then
(1) V = @yeq, Vi, where Vi, = {v € V| hv = kv} is the h-eigenspace (also called a weight
space) with eigenvalue k (also called a weight).
(2) © maps Vi to Viie and y maps Vi to Vi_s.
(3) 2*: Vi — Vi and y*: Vi, — V_y, are isomorphisms, for any k > 1.

Proof. (1) Every finite-dimensional representation V' of sl is a direct sum of simple representa-
tions V' (n) classified in the previous theorem. By this theorem, if V' = V(n), then V' = @, Vi,
the direct sum of h-eigenspaces. This implies the first statement of the corollary for simple
modules, hence also for direct sums of simple modules.

(2) We have seen that it is true for simple modules. Therefore it is also true for arbitrary
modules.

(3) It is enough to prove the statement for a simple module V' = V'(n). We know that

V:V,n@V,nJrQEB"'EBVn,QEBVn.
If &k and n have different parities, then V,, = V_, = 0 and the statement is automatically true. If

k > n, then again V, = V_, = 0 and the statement is true. Assume that k and n have the same
parity and k < n. By the previous theorem, there is a sequence of isomorphisms

Vo =" Voo =% oo =%V, 0 =7 V.
In particular, z¥: V_, — V; is an isomorphism. The proof for y* is the same. U

Remark 4.39. Let V' be a representation of sl,. Then we can decompose V' as a direct sum
of simple modules V' = @, .,V (n)™. We can determine multiplicities m,, as follows. Let
V =@, Vi be the weight space decomposition. A weight k£ > 0 appears (with multiplicity
one) only in representations
V(k), V(k+2), ...

This implies

d1ka ka+mk+2—|—...
Therefore

my = dim Vk — dim Vk+2.
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Example 4.40. Consider representation V = V(1) ® V(2). The weights of V(1) ar (—1,1)
and the weights of V(2) are —2,0,2. Therefore the weights of the tensor product V' (they are
sums of pairs of weights) are (—3, —1 % 2,1 % 2,3), where k * m means that the weight k& has
multiplicity m. Comparing the weights we conclude that V' ~ V' (3) @ V(1).

4.7.1. Action of sly on the ring of polynomials. Define an sly representation on Ku,v| by the
map p: sly — Der K[u,v] C gl(K[u,v])

p(z) = ud,, p(y) = v0,, p(h) = ud, — v0,.
To verify that p is indeed a representation, we note that
[o(x), p(y)] = [udy, v0u] = u(0,v)0u — v(0utt)Dy = udy — vy = p(h),

[o(h), p(x)] = [udy, ud,] = [00y, uD,] = udy — (—udy) = 2p(x),
[o(h), p(x)] = [udy, VO] = [00y, v0u] = =08y — VD, = =2p(y)

Representation Klu,v] is infinite dimensional and can be decomposed as a direct sum of
finite-dimensional spaces
<u o utom L u”vo>

which are spaces of homogeneous polynomlals of total degree n. It is clear that operators x,y, h
don’t change the total degree, hence Klu,v], are subrepresentations.

Remark 4.41. Consider the action of sly on K[u,v]; = Ku @ Kv. We have
p(z)u = ud,u = 0, p(x)v = ud,v = u,

hence p(x) = (34). Similarly, p(y) = (99), p(h) = ({ %) and we obtain the standard
representation of sly on K2.

Let us show that there is an isomorphism between representations K[u,v], and V(n) con-
structed in the previous theorem. We consider an isomorphism of vector spaces

¢: V(n) = Klu,vl,, v; ﬁu"lv’
Note that
1 i i n—1i—1 . ;;
ho(v;) = (n_w(u@u v0y) (u" ") =) u" "t = (n — 2i)p(v;).
rxo(v;) = L w0, (u"" ") = (=it 1) i =l —n—i v;
00) = gl v) = T (0 = i+ Do(i ).
1 n—i i\ 1 Ul — ol
yo(vi) = (n—i) 00 (u"") = —(n i) P (Vit1)-

This implies that ¢ is an isomorphism of sly-representations.

Remark 4.42. Alternatively, we can exponentiate the action of SLy(R) on R[u, v] to the action
of 5l3(R). The Lie group SLy(R) acts on R? in the obvious way and induces an action on C*(R?)
(as well as on Rfu, v])

(9f)p) = f(g"p),  g€SLa(R), f € CP(R?), pe R
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This action induces the action of sly(R) on C*°(R) determined by the rule

(AN)0) = 5 FEp(tA) Plico = (0uf 0uF) 0 AT (1)
= (u,0)A(J") f, A €slh(R), f € C*(R?), p= (u,v) € R?,
where 0, = 2, 0, = % are considered as differential operators on C*°(R?). The rule
A (u,0)A()
defines a representation of sly(R) on C*(R) or Ru,v]. In particular, z,y, h act as operators
(o) =uds,  y=(38) = (wv)(98)(5:) = v0u,
0

1) = (w0)(§ 9)(5:) = udy — vd,.

r=(50) = (w,v)(§g
h= (g
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5. CLASSIFICATION OF SEMISIMPLE LIE ALGEBRAS

5.1. Jordan-Chevalley decomposition. The Jordan normal form of a linear operator x €
gl(V) is a sum of Jordan blocks

A1 0 ool 0
0O X 1 ...... 0
Jox = 00 X ...... 0
00 0 . Al
00 0 . 0 A

Each Jordan block J,, » can be written as a sum of a diagonal matrix A\J,, and a nilpotent matrix
which commute. This implies that = also can be written as a sum of a diagonal and a nilpotent
matrix which commute.

Definition 5.1. Let V' be a vector space over a field K. An endomorphism z € gl(V) is called
semisimple if it is diagonalizable.

Remark 5.2. Given = € gl(V'), we can consider a one-dimensional Lie algebra L = Kz C gl(V)
and consider V' as a representation of L. Then x is semisimple if and only if V' is a direct sum
of 1-dimensional (therefore simple) modules over L. This is the reason for the name semisimple.

Lemma 5.3. Let V' be a vector space and x € End V' be an endomorphism.
(1) x is semisimple if and only if the minimal polynomial of z (i.e., a monic polynomial p of
minimal degree such that p(x) = 0) does not have multiple roots.
(2) If W C V is an z-invariant subspace, then the resctriction x|w is a semisimple endo-
morphism of W.

Proof. 1. The minimal polynomial of the Jordan block .J,, is (¢t — A\)"*. If = has distinct
eigenvalues \1,..., \; and its Jordan normal form has corresponding maximal Jordan blocks
of sizes nq,...,n;, then the minimal polynomial of x is Hle(t — X\)™. In particular, if z
is semisimple, then the minimal polynomial of x is Hle(t — \;) and has no multiple roots.
Conversely, if x is not semisimple, then n; > 2 for some 1 < i < k and the minimal polynomial
of x has root \; of multiplicity > 2.

2. If p(t) is the minimal polynomial of x and ¢(¢) is the minimal polynomial of x|y, then
p(z|lw) = 0 and therefore ¢ | p. As x is semisimple, p does not have multiple roots. This implies
that ¢ also does not have multiple roots and x|y is semisimple. For an alternative approach see
Remark 4.29, where semisimple modules are considered. [l

Theorem 5.4 (Jordan-Chevalley decomposition). Let V' be a vector space and x € End V.
Then

(1) There exists a unique decomposition x = s+ n, where s is semisimple, n is nilpotent and
sn = ns.
(2) There exist polynomials p,q € K|[t| without constant term, such that s = p(x) and
n = q(x).
Proof. (1) Let us prove uniqueness of the decomposition first. Let (\1,..., ;) be distinct

eigenvalues of x with multiplicities (my, ..., my). The characteristic polynomial of x is det(t] —
x) =[](t — \)™ € K|[t]. The vector spaces

Vi = Ker(x — \;)™
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are r-stable and V = @le Vi. As s commutes with n, it also commutes with z = s +n and
with (z — A;)™i. Therefore sV; C V;. As s,z commute and = — s is nilpotent, the eigenvalues of
x and s on V; coincide (we can decompose V; into the eigenspaces of s, put x to Jordan normal
form on each summand and then compare the eigenvalues). But z has the only eigenvalue \;
on V;. As s is semisimple, it acts on V; by multiplication with A;. This proves uniqueness of s,
hence of n.

Taking the above description of s as a definition and putting n = x — s, we obtain the required
decomposition.
(2) Applying Chinese remainder theorem, we can find a polynomial p € K[t] such that

p(t) =N (mod (t— X\;)™), p(t) =0 (mod t) 1<i<k.
The operator (x — X\;)™ is zero on V. Therefore p(z) acts on V; by multiplication with \; and

Lemma 5.5. Let x € gl(V) have the Jordan decomposition x = s+mn. If W CV is z-invariant
(that is, xW C W), then W is also s- and n-invariant.

Proof. The statement follows from the presentation s = p(z), n = g(x), where p, g are polyno-
mials without constant term. 0J

Lemma 5.6. Let x € L = gl(V') have the Jordan decomposition x = s+ n. Then ad, € gl(L)
has the Jordan decomposition ad, = ad, + ad,,.

Proof. As [s,n] = 0, we have
lad,, ad,,] = ad[s,) = 0,
hence ad, and ad,, commute. We have to show that ad, is semisimple and ad,, is nilpotent.
We have seen before (see the proof of Engel’s theorem 3.21), that if n is nilpotent, then ad,
is nilpotent. Let us choose a basis (v1,...,v,) of V such that s is diagonal with respect to it
and has eigenvalues Ay, ..., \,. Define elementary matrices F;; by the rule E;jur, = dzv;. Then
s =y .\E; and
ad(Eij) = > M[Br, Eij] = (N — Aj) Eij.
k

This implies that ad, € gl(L) is diagonal in the basis consisting of elementary matrices. O
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5.2. Jordan decomposition in semisimple Lie algebras.

Remark 5.7. When we classified representations of sly, we noticed an interesting phenomenon.
The action of h on every simple sly-representation (hence all representations) was diagonal. It
turns out that this is a general rule for semisimple Lie algebras. Namely, if L C gl(V) is a
semisimple algebra and h € L is a semisimple element (our example is h = (§ %) € sl,) then,
for any L-representation, the action of h on it is semisimple.

Lemma 5.8. Let L C gl(V') be a semisimple subalgebra. If x € L and x = s + n is the Jordan
decomposition in gl(V'), then s,n € L.

Proof. Let
N=A{yecgl(V)|ly, L] € L}

be the normalizer of L. Then N is a Lie algebra and L C N is an ideal. For any L-submodule
W C V', define the Lie algebra

Ly ={y € gl(V) |[yW C W, tr(ylw) = 0}.

As L = [L, L] (for semisimple L), we obtain tr(y|lw) = 0 Vy € L. Therefore L C Ly,. Let M be
the intersection of N and all Ly (for all L-submodules W C V). Then M is a Lie algebra and
L C M is an ideal.

We claim that s,n € M. There is the Jordan decomposition adz = ad s + adn in gl(gl(V)).
As adz(L) = [z, L] C L, we obtain that ad s(L) C L and adn(L) C L and therefore s,n € N.
For every L-submodule W C V', we have W C W and tr(z|w) =0as x € L = [L, L]. Therefore
the same is true for s and n, hence s,n € Ly,. This implies s,n € M.

We claim that M = L (hence s,n € L). We can write M = L & L' for some L-submodule
L' C M. Then [L,L'] C LN L = 0, therefore every y € L' acts on a simple L-submodule
W C V as an L-endomorphism, hence as a scalar (by Schur’s lemma). As tr(y|w) = 0, we
obtain ylyr = 0. But V is a direct sum of simple L-submodules, hence y = 0. This implies
L'=0and M = L. O

Definition 5.9. Let L be a semisimple Lie algebra. Then
(1) z € L is called semisimple if ad, € gl(L) is semisimple.
(2) = € L is called nilpotent if ad, € gl(L) is nilpotent.

Theorem 5.10. Let L be a semisimple Lie algebra.

(1) For any x € L, there exists a unique decomposition x = s+ n in L (called the abstract
Jordan decomposition) such that [s,n] = 0, ad s is semisimple and ad n is nilpotent.

(2) If f: L — M is a homomorphism of semisimple Lie algebras and x = s+n is an abstract
Jordan decomposition in L, then f(x) = f(s)+ f(n) is an abstract Jordan decomposition
in M.

(3) If p: L — gl(V) is a representation and x = s+ n is an abstract Jordan decomposition
in L, then p(z) = p(s) + p(n) is a usual Jordan decomposition in gl(V').

Proof. (1) The adjoint map ad: L — gl(L) is injective as its kernel is equal to Z(L) =0 (as L
is semisimple). Applying the previous lemma to L ~ ad(L) C gl(L), we obtain a decomposition
x = s+ n in L such that adx = ad s + ad n is the Jordan decomposition.

(2) Consider M as an L-module via f and let V= L @ M be the direct sum of L-modules. The
representation map p: L — gl(V) is injective as already ad: L — gl(L) is injective. Applying
the previous lemma to L ~ p(L) C gl(V'), we obtain a decomposition z = s+ n in L such that
[s,n] =0 and
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(1) p(s) € gl(V) is semisimple, hence ad s, ad f(s) are semisimple.

(2) p(n) € gl(V) is nilpotent, hence ad n, ad f(n) are nilpotent.
This implies that adx = ad s + ad n is the Jordan decomposition in gl(L) (hence x = s +n
is the abstract Jordan decomposition in L) and ad f(z) = ad f(s) + ad f(n) is the Jordan
decomposition in gl(M) (hence f(z) = f(s) + f(n) is the abstract Jordan decomposition in M).
(3) As L is semisimple, we have L = [L, L]. This implies that p(L) C sl(V). We proved that the
Lie algebra homomorphism p: L — sl(V') preserves abstract Jordan decompositions. Therefore
we can assume that L = sl(V) C gl(V) = M. Let x € L and x = s + n be the usual Jordan
decomposition in M = gl(V'). We will show that it is also the abstract Jordan decomposition
of z in L. By the previous lemma s,n € L. By Lemma 5.6, we have a Jordan decomposition
adr =ads+adn in gl(M). It is also a Jordan decomposition in gl(L), hence x = s +n is an
abstract Jordan decomposition in L as required. O

Remark 5.11. Let L be a semisimple Lie algebra and p: L — gl(V') be a representation.
The previous theorem implies that if x € L is semisimple (nilpotent), then p(x) is semisimple
(nilpotent).

5.2.1. Weight spaces. Let z € gl(V') be a semisimple endomorphism. For any A € K, define the
eigenspace

Vi={veV]zv= v}
Then V = @@, Vi. We will say that x acts on V) with weight A. On the other hand, if z,y € gl(V)
are semisimple and commute, then y preserves each summand V):

z(yv) = yzv = A(yv) Vv € V.

This implies that we can consider y as a semisimple endomorphism of V), and decompose V)
according to the eigenvalues of y. In this way V' decomposes into a direct sum V = @, zw of
simultaneous eigenspaces

Vaip={veV]azv= X, yv = pv}.

Generally, we obtain the following result.

Lemma 5.12. Let H C gl(V') be an abelian subalgebra consisting of semisimple elements. Then
V' has a weight space decomposition (or simultaneous eigenspace decomposition)

V=W
AEH*

where the weight spaces Vy are defined by
Vi={veV]|hv=Ah)vVheH}, Ae H”.

Proof. Let H = Kx @ J, where 0 # x € H. By induction we can decompose V into a direct
sum of simultaneous eigenspaces of J. Then x acts on each of these eigespaces as a semisimple
endomorphism and we can decompose them further into a direct sum of z-eigenspaces. These
smaller summands will be simultaneous eigespaces of H. O

Remark 5.13. Let L be a semisimple Lie algebra, and H C L be an abelian subalgebra
consisting of semisimple elements. For any representation p: L — gl(V'), the image p(H)
consists of commuting semisimple endomorphisms by Theorem 5.10. Therefore we also obtain a
weight space decomposition

V=W Vi={veV|ph)v=Ah)vVheH}.

AEH*
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The spaces V), are called weight spaces of the representation V' and the elements A € H* with
Vi # 0 are called weights of V.
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5.3. Root space decomposition.

Definition 5.14. A subalgebra H C L of a semisimple Lie algebra L is called a Cartan
subalgebra if

(1) H is abelian and consists of semisimple elements.
(2) H is maximal among all subalgebras satisfying (1).

Remark 5.15. If the centralizer C(H) = {z € L|[z, H] = 0} is equal to H, then the second
condition above is automatically satisfied. We will see later that conversely, if H is a Cartan
subalgebra, then Cf(H) = H.

Definition 5.16. Let L be a semisimple Lie algebra and H C L be a Cartan subalgebra. We
have a decomposition corresponding to ad: H — gl(L)

L= La, Lo={xeLl|[ha]=ah) = VheH}
acH*
The finite set
R={ae H\{0}[La #0} C H
is called the root system of L relative to H, the elements of R are called roots and the spaces
L, are called root spaces. Decomposition

L:LO@EBLa

is called the root space decomposition (or Cartan decomposition).

Example 5.17. Let L = sl,, and let H C L consist of all diagonal matrices. Then H is abelian
and all of its elements are semisimple. It is not difficult to see that C,(H) = H, hence H is a
Cartan subalgebra. Let ¢; € H*, for 1 <i < n, be defined by

€Z<h) = a, h = ZazEzz € H.
=1

These vectors in H* are not linearly independent as dimH = n — 1. Given an element
h=>.a,E; € H, we have

adp(Ei;) = [h, Eyj] = (a; — a;) By = (e; — ;) (h) - Ejj.
This means that there are root spaces Lo, = K Ej; for the roots
Ofij:&—éjEH* \V/Z%j

The case i = j corresponds to the zero weight 0 € H*. Therefore Ly consists of all diagonal
matrices in L, hence Ly = H. We obtain the following root space decomposition

L=HoPKE;
i#j
Note that Lo = H and all root spaces L,,; = K Ej; are one-dimensional. We will see later that
this is true in general.

Lemma 5.18. We have
(1) [LOH Lﬁ] C Loz-i—ﬁ'
(2) If k is the Killing form on L, then k(Le, Lg) = 0 whenever a + 3 # 0.
(8) The Killing form k induces a non-degenerate pairing Lo X L_, — K. In particular, the
restriction of k to Lgy is non-degenerate.
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Proof. (1) If v € Lo, y € L and h € H, then

[, [, y]] = [hs 2yl + [ [hy y]] = a(R)]z, y] + B(h) |2, y] = (o + B)(h) - [, y].

This implies that [z,y] € Lats.
(2) If, additionally, z € L., then

ad, ady(2) = [z, [y, 2]] € Laspty-

This implies that ad, ad, maps L. to Lyig1,. Therefore, if a4 8 # 0, then ad, ad, is nilpotent.
In particular, it has trace zero and

k(x,y) = tr(ad, ad,) = 0.

(3) Ifz € L, and k(z, L_,) = 0, then x(x, L) = 0 by (2). As k is non-degenerate on L, we obtain
x = 0. Similarly, if z € L_,, and k(Lg, z) = 0, then x = 0. This implies that the restriction of &
to L, x L_, is non-degenerate. [

Remark 5.19. For any a € R, the root space L, consists of nilpotent elements. Indeed, for
every © € L,, we proved that ad, maps Lg to L,13. As L is finite dimensional, we can find
some n > 1 such that L,, = 0 and L,,+p = 0 for all § € R, hence ad] = 0.

Lemma 5.20. Let C(H) ={x € L|[x,H] = 0} be the centralizer of H in L. Then
Ly=C,(H)=H.
Proof. The first equation follows from the definitions, namely,
Ly={r € L|ady(z) =0Vhe H} ={x € L|[H,z| = 0}.

For the second equation, we note first that H C Lg as H is abelian. Let x € Ly and x = s+ n
be its Jordan decomposition in L. Then adz = ad s +ad n is the Jordan decomposition in gl(L).
As
adz(H) = [z, H] = 0,

we conclude that also [s, H| = ad s(H) = 0. This implies that H 4+ Ks is abelian and consists of
semisimple elements. By the maximality of H, we obtain s € H. Note also that s,n € Ly. To
show that Lo = H, we need to show that the only nilpotent element of L is zero as this would
imply n = 0 and therefore x = s € H.

We claim that L is nilpotent. Given z € Ly with a Jordan decomposition x = s 4+ n, we
proved that s € H, hence ad s|;, = 0. This implies that ad x|, = adn|r, is nilpotent on Lj.
By Engel theorem Lg is nilpotent. Therefore L is solvable and by Lie theorem we can find
a basis of L such that adz is upper-triangular for all z € Ly. If x € Ly is nilpotent, then
ad z is nilpotent and is strictly upper-triangular. Therefore for any y € Lo, ad, ad, is strictly
upper-triangular and has zero trace. Therefore

k(z,y) =tr(adyad,) =0  Vy € L.

By the previous lemma, « is non-degenerate on L, hence x = 0. This implies that the only
nilpotent element of L is trivial, as required. 0

Denote the standard pairing between H and H* by
(h,a) = (a, h) = a(h), he H o€ H".

From now on we will denote the Killing form on L by (—,—). Its restriction to H = Ly is
non-degenerate, hence induces an isomorphism

H ~ H*, h— (h,—).
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We will denote the induced symmetric bilinear form on H* also by (—, —). For any o € H*, let
h! denote the corresponding element in H (under the above isomorphism), that is o = (h,, —)
and

{a, hy = a(h) = (R, h) he H.
In particular,
(o, B) = (hiy, hig) = <a, h'5> Vo, € H*.
Lemma 5.21. Let « € R. Then
(1) Ifx € Ly, andy € L_,, then

[z,y] = (z,y)h,
(2) (a, ) # 0.
(3) If v, € Lo and yo € L_, are such that (T4, Ya) = ﬁ (they are unique up to a scalar)
and hy, = %, then {(a, hy) = 2 and the elements Ty, Ya, ha satisfy the relations of sly.

We will denote this algebra by (sls).,.
Proof. (1) For any h € H, we have

([z.9],h) = (2, [y, B]) = —(2, [h, y]) = (@, B) (@, y) = (he, h)(2,y) = (2, ), h).
Using the fact that [z,y] € Ly = H, (z,y)h,, € H and the Killing form is non-degenerate on H,
we conclude that [z, y] = (x,y)h.,.
(2) Assume that (o, ) = (a, k) = 0. Let 0 # = € L,. As the Killing form is non-degenerate
on L, X L_,, there exists y € L_,, such that (z,y) # 0. Then

h=[z,y] = (z,y)hg # 0.
Consider the vector space M generated by x,y, h. We have
[h, 2] = (o, h)z = (o, (z, y)he)x = 0

as (a,h!) = 0. Similarly [h,y] = 0. This implies that M is a solvable Lie algebra. By Lie
theorem, there exists a basis of L such that M acts on L by upper-triangular matrices. This
implies that ad;, = [ad,, ad,] acts by a strictly upper-triangular matrix, hence is nilpotent. But
h € H is also semisimple, hence h = 0. A contradiction.

(3) We have
2 2

he) = Ry = =

Moreover,
2h!
as Ya] — aaah/: = :hom
[Tas Yo = (Zas Ya)ha, (@0)
(e, Ta] = (0, ho)To = 2,4,

Similarly [ha, Ya] = —2Ya- O

Theorem 5.22. We have
(1) R spans H*.
(2) The vector space
V = Khy @rez\ oy Lia
is an irreducible representation of sly = (o, Yo, N ) -
(3) For any root o € R, dim L, = 1.
(4) If a, B € R, then (B, ha) = % €Z.

( b
(5) For any root o € R, the only multiples of o which are also roots are +a.
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(6) For any o € R, define a reflection

2(a, )
(@, q)

So: H* — H, Sa(A) = A= (N ho)a =\ — a,
which leaves the hyperplane o+ = {\ € H* | (a, \) = 0} invariant and maps a to —a.
Then so(R) C R.

(7) For any roots o and  # +a«, the vector space

V=D Lotk

kEZ

is an irreducible representation of sly = (o, Yo, Na) -

(8) If a, B,ac+ B € R then [Ly, Lg] = Lot s-

Proof. (1). Assume that R does not span H*. Then there exists 0 # h € H such that (R, h) = 0.
Then, for any o € R and z € L,

[h, z] = {a,h)z = 0,

hence [h, L,| = 0. This implies that [h, L] =0 and h € Z(L). As L is semisimple, its center is
zero, hence h = 0. A contradiction.

(2). The vector space V is a representation of sly. Indeed, h, preserves each L, and [hy, ha] = 0.
The element z, € Lo maps Liq to Lx11)a for k # 0, —1 and maps hq to L,. On the other hand,
for any z € L_,, we have [z, 2| = (24, 2)h., € Kh,. Therefore [z,, L_,] C Kh,. This implies
[4, V] C V. Similarly [y,, V] C V. For any z € Ly,, we have

[ha, 2] = (ka, hy )z = 2kz,

hence z has weight 2k. On the other hand, the elements of K h,, have weight zero. Representation
V of sly is irreducible as Vj = Kh, has dimension one (here we use classification of irreducible
representations of sly).

(3). From the previous statement we obtain that the weight space V5 = L, has dimension one.
(4). Let us consider L as a representation of sly = (4, Ya, o). We know that all weights of this
representation are integers. In particular, for z € Lg,

[has 2] = (B, ha) 2,

hence z has weight (5, h,) which is an integer.
(5). Assume that o, 8 € R and = ca for some ¢ € K\{£1}. Then by ((4))

2 2 2
(a’ﬁ):2ceZ, (a’ﬁ):—eZ.
(a, ) (8.8) ¢
Therefore ¢ = j:%, +2. If c = i%, we can exchange o and [ and assume ¢ = +2. If c = —2, we

can substitute § by —f and assume 3 = 2«a. Consider the irreducible representation
V = Khq @rez\fo} Lka

from ((2)). By the property of irreducible sl, representations, the map z,: Vo — V, is an
isomorphism if V; # 0. But V5, = L, is one-dimensional, generated by z,, and [z, z,] = 0.
Therefore z,: Vo — Vj is zero and V, = 0. We obtain from Lg = Lo, = V4 = 0, that 3 is not a
root.

(6). Let 8 € R and n = (B, h,). We have to show that s,(f) = 8 — na is a root. As before,
we consider V' = L as a representation of sl,. We have seen that elements of L have weight
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(B, ha) =n. Assume that n > 0. Then y?: V,, — V_,, is an isomorphism. In particular, for any
0+# z € Lg CV,, the element y”(2) is non-zero. But

yn(2) = ad, (2) € Lg_pa,
hence f — na € R as required. The proof for n < 0 is similar (consider m = —n and an
isomorphism z7": V_,, — V,,,).
(7). The vector space V' is a representation of sly. Indeed, h, preserves each Lgika, To € Lq
maps Lgira t0 Lgy(kt1)a and Yo € L_o maps Lgypa 10 Lgy(k—1)a- For any z € Lgirq, we have

Ry 2] = (B + ka, ho)z = ((B, ha) + 2k) 2,

hence elements of Lg, . have weight (5, h,) +2k. All of these weight spaces are one-dimensional,
hence V is an irreducible representation.

(8). We know that [L,, Lg] C L.4+s and the latter space is one-dimensional. We obtain from
((7)) that the map x,: Lg — Lays between nonzero weight spaces is an isomorphism. Therefore
h@,Lg]#()and[LQ,LB]::LQ+5. O

Lemma 5.23. We have
(1) (1) = X cplev ) (e, ), for any h, 1 € H.
(2) (B,7) = X aerle. B)(e,7), for any B,y € H*.

(8) (8,7) € Q for any 3,7 € R.
(4) Let E C H* be the vector space over Q generated by R. Then the form (—,—) is positive

definite on E, that is, (v,7) >0 for any 0 £~ € E.

Proof. (1) Consider the action of ad, ad A’ on every root space L, and take the trace.

(2) We have
(5.0 = W 1) = Y B 1) = Y

aER aGR

(3) We have (3, 8) = >, cr(a, 8)?, hence @A 5) = wck b e Qas 228 ¢ 7. We obtain from

23m) (6,32 (8.8)
55 € Zthat (8,7) € Q.

(4) If 0 #~v € E C H* then

(,7) =) _(@,7)*

aER

We can write v = 3 5, ¢33 for some c5 € Q. Then (a,7) = Y4z cs(a, ) € Qand (a,7)* > 0,
for all & € R. There exists « € R such that (a,7) # 0 as R generates H*. This implies that

ZaeR(a,”y)Z > 0. 0



LIE ALGEBRAS AND LIE GROUPS 57

5.4. Abstract root systems. Assume that K = C and let £ C H* be a real vector space
generated by R. Let us formalize the properties of R C E.

Definition 5.24. Let E be a real vector space with a positive definite inner product (we call £
a Euclidean vector space). An abstract root system is a finite subset R C E\{0} such that

(1) R generates FE.

(2) For any «, 8 € R, the number M is an integer.

(X?a)

(3) For any a € R, define a reflection

2
(0.%)
(a, @)

Sa: E— FE, A=A\ —

Then s,(R) C R.
(4) For any root o € R, the only multiples of o which are also roots are +a.

Remark 5.25. Note that s,(a) = —a and s,(A) = X if A is orthogonal to « (i.e., (a, ) = 0).
Therefore s, should be interpreted as a reflection with respect to the hyperplane

H,=a"={\€ FE|(a,\) =0}.
Note that s2 = id.

For any root o € E, define the corresponding coroot «¥ € E* (it was denoted by h,, previously)
by

<)‘7 av> =

Then
(a, ") =2, sa(A) =X — (N, a¥)a.

Definition 5.26. The Weyl group W of the root system R C FE is the subgroup of GL(F)
generated by reflections s, for a € R.

Lemma 5.27. The Weyl group is a finite subgroup of O(E) which preserves R C E.

Proof. Every s, is orthogonal as

2a.)) 2(a,u)&>

(a, ) B (o, @)

(SaA, sap) = (A -

Ao, Ny r) | 4o N)(ay )

( mu) (a,a) + (Oé,Oé)2 (Oé, Oé) ( 7”)
This implies that W C O(E). We know that s,(R) = R. This implies that W preserves R. If
some w € W acts trivially on R, then w acts trivially on £ as R generates E. Therefore W is a
subgroup of the group Aut R of all permutations of R. As R is a finite set, Aut R and W are
also finite. O

Example 5.28. Let R C E be the root system of sl,,. We identify £ with {z € R"|>  x; = 0}
and let

R={wojj=e—ej|i #j}.
For any root a = a;j, the corresponding reflection s, acts as

STty oy Tiy ooy Ty X)) = (T, Ty oo Ty, T,

that is, permutes coordinates i and j. We can identify s, with a transposition (ij) considered
as an element of the symmetric group 5,. Then the Weyl group W, generated by all such
transpositions, coincides with the symmetric group S,.
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Lemma 5.29. For any w € W and o € R, we have Suo = wsaw™ L.

Proof. It A € H,, then (wa, wA) = (a, A) = 0 hence wA € H,,,. This implies wH, = H,,. The
element ws,w™! acts as identity on wH, = H,, and maps wa to ws,(a) = —wa. The same is
true about s,,. Therefore they are identical. O
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5.5. Pairs of roots.

Theorem 5.30. Let o, B € R be two roots such that B # ta and ||| < ||a||. Let 6 be the angle
between o and 3. Then we have only the following possibilities

(B,a") | (e, %) | 0
1 0 0 | /2
2 1 1 /3
31 -1 | —1 |2n/3
4 1 2 /4
51 -1 | —2 |3n/4
6] 1 3 | /6
71 -1 | -3 |57/6

Proof. We have («, ) = ||a|| |8l cos 6. Let m = (5,a") = Q(Sf)) and n = (o, 8Y) = 228 anq
Then m,n € Z and

(0,8
le* - 1817
As B # t+a, we have cos @ # +1. Therefore mn € {0,1,2,3}. We have

m (8,5

n  (o,«)

4cos? 6.

<1

— )

hence |m| < |n|. This implies that we can only have m € {0,4£1}. If m = 0 then n = 0.
Otherwise m = £1 and n = +1, £2, £3. The angle 0 is determined from 4 cos? § = mn. [l

The root system that appears in (1) is called A; x A, the root system in (2) and (3) is called
Ay, the root system in (4) and (5) is called By and the root system in (6) and (7) is called Gb.

6\/

BQ zs/B G2

Al X Al /\ﬁ A2

A
~
Q

A

PN
~

A
g

~ (8%

Corollary 5.31. Let o, 5 € R. Then
(1) If (a, B) > 0, then a — 5 € R.
(2) If (a, B) <0, then a+ B € R.
Proof. Tt is enough to prove (1). Let m = (o, 8Y) > 0, n = (8,a¥) > 0. Then m =1 orn = 1.
If m =1, then
ss(@) =a—(a, ) =a—PER.
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If n =1, then
sa(B) =B —(B,a")a=p—-acR,
hence o« — 3 3 R.
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5.6. Bases of root systems.

Definition 5.32. A subset II C R is called a base of R if

(1) II is a basis of F.
(2) If B =3, cr Mot is a root, then all n, are simultaneously in Z> or simultaneously in

ZSO‘
The set
R+:{ﬁ:ZnaaeR naz()‘v’aeﬂ}
a€ll
is called the positive root system (or the set of positive roots) and the set R_ = — R, is called

the negative root system (or the set of negative roots). We have a decomposition R = Ry U R_,
called a polarization of the roots system R corresponding to II.
One can construct bases of R as follows. Let H, = a* = {\ € E|(a,\) = 0}, for any root a,
and let
v e B\ Ha,
a€R
called a regular vector. Define

Ri(y)={a€R|(a,y) >0},  R_(y)={a€R|(a,7) <0}.

Then R_(y) = —R.(y) and R = Ry(y) U R_(y). The sets R, () and R_(7) are called the sets
of positive and negative roots respectively.

Definition 5.33. We say that an element o € R, (7) is a simple root if it can not be written as
a sum of two positive roots. Denote the set of all simple roots by II(7).

Lemma 5.34. Any positive root can be written as a sum of simple roots.

Proof. If o € R, () is not simple, then a = o/ + o for some o/, " € Ry (). This implies that
(o/,7) < (a,7) and () < (e, 7). Applying induction on (a, ) (there is a finite set of values
for &« € R, (7)), we obtain representations of o’ and o as sums of simple roots. Then we can
represent « as a sum of simple roots. O

Theorem 5.35. For any reqular v € E, the set of simple roots I1() is a base of R. Any base
of the root system R has this form.

Proof. (1) We have seen that any positive root is a linear combination of IT = II(y). On the
other hand R generates E. This implies that Il generates E.
(2) We claim that («,8) < 0 for (distinct) o, 8 € II. If (o, 8) > 0, then we have seen that
f'=a—-pB€R If e R.(y), then a« = 5+ [ is not simple. If ' € R_(), then § = a+ (—f')
is not simple. This is a contradiction.
(3) Let us show that elements of II are linearly independent. Assume that ) _;nqa =0 for
some n, € R. Let S = {a|n, >0} and T'= {a|n, < 0}. Then A =3 _sn.a =3 5.1ts0,
where tg = —ng. Therefore

AN = D natsla,f) <0

aes,BeT

as ng > 0, tg > 0 and (o, 8) < 0. This implies that A = 0. Therefore

0=(7,A) =) na(y,0).
a€esS

But n, > 0 and (v,a) > 0 as o € R;. We conclude that S = @ and similarly 7= @. This
implies that elements of II are linearly independent.
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(4) We have seen that every 8 € Ry(7v) is a sum of simple roots, hence f = > noa with
No € Z>o. Similarly, every 8 € R_(7y) can be written in the form =" _;noa with n, € Z<.
This implies that IT = II(y) is a base of R.

(5) Assume that IT C R is a base of R and let v € E be such that (y,«) > 0 for all a € II. We
claim that IT = II(y). We have IT C R, (v), hence R, C Ry (). Similarly R_ C R_(vy). This
implies Ry = R (7). Any a € Ilis asimple root. Indeed, if @ = o' +a”, fora' =35 ;npf € Ry
and o = ZBGH ngB € Ry, then njy +njg =0 for 8 # 0 and nj, +n; = 1. This implies o’ = 0 or
o” =0, a contradiction. Therefore II C II(y). We conclude that II = II(v) as they are both
bases of £/ and have the same number of elements. O

Example 5.36. Let R C E be the root system of sl,,. We identify £ with {z € R"| >  x; = 0}
(corresponds to the traceless diagonal matrices) and define

R:{Oéij :€Z—€]|Z7éj}
Choose v = (n,n—1,...,1) € R". Then
(7, 005) = (v, ) = (v, ¢5) =(n+1—i) = (n+1-j)=j—i>0
if and only if ¢ < j. Therefore
R+:{€Z’—€j|i<j}.
For any ¢ < j, we can write
€ —€; = (ei — €i+1) + -+ (ej—l — €j>-
Therefore the simple roots are
;=€ — €11, 1<i<n-1

and IT = {ay,...,a,_1} is a base of R. Note that II is a basis of F.
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5.7. Dynkin diagrams and classification. Let r = dim E (called the rank of the root system
R C E) and let IT = {a, ..., .} be a base of R. For any simple root a; € II, let s; = s,, € W
be the corresponding reflection, called a simple reflection.

Theorem 5.37. We have

(1) Simple reflections generate the Weyl group W.
(2) WII = R.

Corollary 5.38. R can be recovered from II.

Proof. We can recover W as the group generated by simple reflections. Then we recover R as

R =WIL O
Definition 5.39. A Cartan matriz A of the base II C R is the r» x r matrix with entries
2(ay, o)
a; = (o, 05) = W'

Lemma 5.40. We have
(1) a; = 2.
(2) a;; € Z<p for i #j.
(3) a;; =0 if and only if aj; = 0.
(4) aijaj; € {0,1,2,3}.
Proof. 1. Is obvious.
2. Was proved earlier.
3. a;; = 0 if and only if (a4, ;) = (o, ;) = 0.
4. We proved more generally that («, 5Y) (5, ") € {0,1, 2,3} for any roots «, f with 5 # +«a. O

Example 5.41. Consider the root system R of sl,, with simple roots
= €; — €11, 1<:<n—1
Then
(i, i) = (€5 — €iy1, € — €i1) = 2,
(i air1) = (€5 — €ig1, €ip1 — €ig2) = —1
and (o, a;) = 0 for |i — j| > 1. This implies a;; = 2,
2(vi, viy1)

— 1
(&iaai)

Qii+1 = Qi1 =
and a;; = 0 for |i — j| > 1.

Remark 5.42. The integers a;; and a;; are both < 0 for ¢ # j. The property a;;a;; € {0,1,2,3}
implies that in order to determine a;; and a;; it is enough to know a;;a;; and if
2
ay _ 20n0;)/(an00) _ ]
aji 2, a5)/(aj05)  al? T

or > 1. The first inequality means that the root «; is shorter than the root a;.

Definition 5.43. Define the Dynkin diagram of (R,1II) as follows. It has vertices 1,...,r and
the number of edges between 7 and j, for ¢ # j, is equal to a;;a;;. Moreover, if o; and «; have
different length, we draw an arrow in the direction of the shorter root. This diagram uniquely
determines the Cartan matrix.

Remark 5.44. The Weyl group W has generators sy, ..., s, subject to relations
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(1) 322 =1,
2) (s;8;)™4d = 1, where m;; are defined as follows
j J

Q5 Qg 01111213

Groups of this form (with arbitrary m;;) are called Coxeter groups. They are not finite in
general. Note, in particular, that W is determined by the Cartan matrix.

Example 5.45. If R C FE is the root system of sl,, and the simple roots are
o = €; — €41, 1<i<n—1,

then the simple reflections correspond to transpositions s; = (i,7 + 1). One can show that they
generate W = S, and subject to the relations

5@2 =1, <5i5i+1)3 =1, 8iSj = SjSi i —j[> 1.

Definition 5.46. A root system R C E is called reducible if R = Ry U Ry for non-empty subset
Ry, Ry such that (Ry, Ry) = 0. Otherwise R is called irreducible.

Theorem 5.47. The Dynkin diagrams of irreducible root systems are

(1) A,: o—o 0------0 o o
(2) B,: o——o0——o0----—-0——0=—=>0
(8) C,: o——o——o0----- O———0&=—0
o
(4) Dn: 00— 00—+ 0 o<o
o
(5) E6:
o o
o
(6) E72
o o
o
(7) Egi
o o

(8) Fy: o——o—=0—0

(9) Go: o=—=0

Theorem 5.48 (Serre relations). Let L be a semisimple Lie algebra, H C L be a Cartan
subalgebra, R C H* be the corresponding roots system, Il = {ay,...,a.} € R be a base of
R, and Ry C R be the corresponding positive root system. For any simple root o; € I, let
x; € Lo,, yi € L_,, and h; = h,, € H be such that z;,y;, h; form a standard basis of sly. Then
the elements x;,y;, h; for i =1,...,r generate the Lie algebra L and subject to the relations

(1) [hi, h;] =0,

(2) [hi, 5] = aijz; and [hi, y;] = —ai;y;,

(3) i, ys] = dijhi,
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(4) (adz;)'"%iz; =0 and (ady;)'~"iy; = 0,
where a;; = (o), a;). Conversely, given a root system R with a base II C R as above, the Lie

algebra L(R) with generators x;,y;, h; as above and the above relations is a finite-dimensional

semisimple Lie algebra with a root system R. Irreducible root systems correspond to simple Lie
algebras.
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6. HIGHEST WEIGHT REPRESENTATIONS
6.1. Universal enveloping algebra. Given a vector space V over a field K, let
V=K TV=V, T?V=VeV, TW=V®..QV.
TV by
(M. V) (N ® ... QW) =V R ... Uy QWL R ... ® W
Then T'(V) is an associative graded algebra with a unit 1 € T°V, called the tensor algebra of V.

Define an associative product on T'(V) = P,

Lemma 6.1 (Universal property of T'(V')). For any associative algebra A and a linear map
f:V — A, there exists a unique algebra homomorphism f: T(V) — A making the following
diagram commute

where i: V =TV < T(V) is an embedding. The map f: T(V) — A is defined on T"V by the

rule

fo1®...Qv,) = f(v)f(ve) ... f(vy).

Now let us consider a Lie algebra L and the corresponding tensor algebra T'(L). Using an
embedding i: L = T'L — T(L), we identify L with a subspace of T(L). Let I C T(L) be an
ideal generated by elements

rRy—y®z—[r,y Vr,yel

and let U(L) = T(L)/I be the corresponding (associative) quotient algebra, called the universal
enveloping algebra of L.

Theorem 6.2. For any associative algebra A and for any Lie algebra homomorphism f: L — A
(meaning that f is linear and f([z,y]) = f(x)f(y) — f(y)f(x)), there exists a unique algebra
homomorphism f: U(L) — A (of associative algebras) such that the following diagram commutes

Proof. We can uniquely extend the linear map f: L — A to an algebra homomorphism
f':T(L) — A. For any z,y € L, we have

fleeoy—yor—[zy))=f2)® fy) - fly) © f(z) - f(z,y]) =0
as f: L — A is a homomorphism of Lie algebras. This implies that z ® y —y ®@ x — [z,y] €

Ker f" and therefore I C Ker f’. We conclude that f’: T'(L) — A can be factored through
f:T(L)/I — A. Uniqueness of f follows from the uniqueness of f’. O

Remark 6.3. Let p: L — End(V) be a representation of a Lie algebra L. By the above result
this map extends to an associative algebra homomorphism p: U(L) — End(V'). This means
that we can consider V' as a module over the associative algebra U(L), where multiplication is
given by

av = p(a)v, acU(L),veV.
Conversely, if V' is a module over the associative algebra U(L) then it is automatically a module
over the Lie algebra L, by using the embedding i: L — U(L).
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Remark 6.4. Let V be a vector space equipped with an abelian Lie algebra structure. The
ideal I C T'(V) from the above construction is generated by the elements

TRy —yRx, z,y V.

The corresponding algebra U(V) = T'(V)/I is called a symmetric algebra of V' and is denoted
by S(V). If V has a basis (x1,...,2,), then S(V) is isomorphic to the algebra of polynomials
Klzy, ... x,].

The following important result tells us that one can similarly describe a basis of the universal
enveloping algebra U(L).

Theorem 6.5 (Poincaré-Birkhoff-Witt Theorem). Let (x1,...,x,) be a basis of a Lie algebra
L. Then the universal enveloping algebra U(L) has a basis

(xR i(,)P, ki,...,k, €N,
where i: L — T(L) — U(L) is a canonical embedding.

Let : T(L) — U(L) be the canonical projection. Define a filtration 0 = U_1 C U, C U; C ...

of U(L) by
Up=n(T°L&---&T"L).
Then U,,U, C U,,+, and there is an induced associative algebra structure on
GrU(L) = EPU/U;_s.
i>0

If 2,y € L C U, then 2y — yr = [x,y|], € U;. More generally, one can show that for
any v € U,, and y € U,, we have xy — yxr € U, 1,1, hence this element induces zero in
Um-+n/Umsn—1. This implies that the algebra GrU(L) is commutative. The natural embedding
L =U,/Uy — GrU(L) can be considered as a homomorphism of abelian Lie algebras. It can be

extended to an (associative) algebra homomorphism S(L) — GrU(L) by the universal property
of S(L). Then the PBW theorem can be reformulated as follows.

Theorem 6.6 (Poincaré-Birkhoff-Witt Theorem). The natural algebra homomorphism S(L) —
GrU(L) is an isomorphism.

Corollary 6.7. Let L be a Lie algebra and Ly, Ly C L be subalgebras such that L = Ly & Ly as
a vector space. Then U(L) ~ U(Ly) ® U(Ly) as a vector space.

Let L be a semisimple Lie algebra, H C L be a Cartan subalgebra and
L=HoPL.

be its root space decomposition. Let IT = {a1,...,a,} C R be a base of R, and R, C R be the
corresponding positive root system. Then we can write

L=L . ®He&L, L =@ Ls Li=EP La
a€R_ a€Ry
This implies
UL)~U(L-)@U(H)®U(Ly).
Note that U(H) = S(H) is isomorphic to K[hy,...,h,|, where h; = o)/ are simple coroots. The
algebra U(L, ) is generated by the elements z1, ..., z, and the algebra U(L_) is generated by
the elements yq,...,y,.
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6.2. Weights. Let L be a semisimple Lie algebra with a choice of a Cartan algebra, root
system and a base. Representations in this section are not necessarily finite-dimensional, unless
otherwise stated.

For any (f.d.) L-representation p: L — gl(V'), the image of H consists of commuting
semisimple endomorphisms and we have a weight space decomposition

V=P W Vi={veV|hw=2AhvVheH}
AEH*

The space V), are called weight spaces and the set
P(V)={xe H"[Vy# 0}
is called the set of weights of V.
Lemma 6.8. We have L,Vy C Vyiq, for any o € R and X € P(V).

Proof. Let x € L) and v € V). Then, for any h € H, we have
h(zv) = ([h, ] + zh)v = a(h)zv + x(A(h)v) = (a(h) + A(h))zv = (A + a, h)zv.
Therefore xv € V4. O

Definition 6.9. Let V be an L-representation. Then

(1) A vector 0 # v € V) (for some X\ € H*) is called a highest weight vector (or primitive
vector) if z,v = 0 for all @ € R;.

(2) Representation V' is called a highest weight representation if it is generated by its highest
weight vector v € V). In this case ) is called the highest weight of V.

Lemma 6.10. FEvery f.d. irreducible L-representation is a highest weight representation.

Proof. The set of weights P(V') is finite, hence there exists A € P(V') such that A+ a ¢ P(V)
for all a € Ry. Let 0 # v € V). Then z,v € V)., = 0, hence z,v = 0, for all @« € R,. The
vector v generates V' as V is irreducible. O
Theorem 6.11. Let V' be a highest weight representation with highest weight A. Then

(1) V' has a weight decomposition and weights of V' are of the form X —=>_ k;a; with k; € Z>y.
(2) dimVy =1 and dimV,, < oo for p € H*.
(3) If V' is f.d. then V is irreducible.

Proof. 1. Let v € V) be a highest weight vector generating V. We have L, v =0 and Hv C V).
Therefore U(Ly)v = Kv, U(H)v = Kv and

V=U(L)wv=U(L_)v.
The space U(L_)v is generated by
Yy - - YBi U, Bi,..., Bk € Ry

The above element has weight

A_Zﬁi:)\i_imiai
i=1

for some m; € Z. This proves (1).

2. If v =yg, ...ys,v € V), then A = X\ — > f3;, hence 8, = --- = = 0. This implies that
v = v and V) is generated by v. If V, is generated by elements of the form yg, ...yg, v, then
they satisfy u = A —>_ ;. There is a finite number of tuples (5;) in R, satisfying this condition.
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3. If V' is not irreducible, then V' = V'@ V" for non-trivial V', V". Then V,, = V| @& V! for any
weight p. In particular, Vi = V{ @ V. As dimV, = 1, we have V{ = V) or V' = V). Then
Vi=Vor V"=V as v € V) generates V. O

Theorem 6.12. Let V' be an irreducible f.d. representation. Then

(1) V' contains only one highest weight vector (up to a scalar).
(2) Two irreducible (f.d.) representations have the same highest weight if and only if they
are 1somorphic.

Proof. 1. Assume that v € V), and v' € V), are two highest weight vectors. Then by the previous

theorem
)\—X:Zmiai, X—)\:ngai

for some m;, m; € Z>y. This implies m; = m; =0 and A = X.

2. Let V; and V5 be irreducible representations having the same highest weight A and having
highest weight vectors vy, v5. Then the representation W C V) & V5, generated by the vector
v = (v1,v2) € Vi @&V, is a highest weight representation. By the previous theorem W is
irreducible. The composition W < V; & V5 — V; is non-trivial, hence is an isomorphism (as W
and V] are irreducible). Similarly, W ~ V5 and we conclude that V; ~ V5. O
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6.3. Construction of highest weight representations. Let V' be a highest weight rep-
resentation of L with the highest weight A\ and a highest weight vector v € V). Then we
have

hv=MAh)v Vh e H, xw=0 Vrel,.
Let us construct a universal module with these properties. Consider the left ideal J(A) C U(L)
generated by L, and elements h — A\(h) for all h € H. Define the module

M) = U(L)/J(N),
called the Verma module. If V is a highest weight module with a highest weight vector v € V)
as above, then there exists a surjective homomorphism of U(L)-modules (or L-modules)
M) =V, 1 —wo.
One can construct M (A) also as follows. Let Kvy be a one-dimensional module over H & L,
where L, acts trivially and H acts as
hvy = A(h)vy Vh e H.
Then Kw, is also a module over U(H & L) and we define
M) =U(L) Qunar,) Kvx.

It is isomorphic to U(L_) as a vector space.
Theorem 6.13. We have

(1) M(\) = U(L_)v,.

(2) Weights of M(X) are of the form A — > mya; for m; € Zsy.
(3) Each submodule of M(\) has a weight space decomposition.

Lemma 6.14. For every A € H* there exists an irreducible module V (\) with highest weight A.

Proof. If W C M(\) is a submodule, then W = @ W, has a weight space decomposition. If
W C M()) is proper, then W, = 0 as otherwise Wy = M (), generates M (X) and W = M ().
Taking the sum over all proper submodules, we obtain the maximal submodule W C M ()\) (it
is proper, as it satisfies W) = 0). Then the quotient V' (\) = M (\)/W is irreducible. O

Theorem 6.15. For A € H*, the irreducible module V() is finite-dimensional if and only if
(a , \) € Zso for all a; € TT (such A is called a dominant integral weight).
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