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1. VECTOR SPACES AND LINEAR MAPS
1.1. Recollection from LA 1.

1.1.1. Vector spaces. We will consider (finite-dimensional) vector spaces over K =R or K =C
(or over any other field K'). Elements of K are called scalars. Recall that a vector space V' is a
set equipped with operations

(1) vector addition V x V — V| (u,v) — u + v,

(2) scalar multiplication K x V- — V', (A, v) — v,
that satisfy certain axioms. A subset 0 € U C V is called a subspace (vector subspace, linear
subspace) if, under the operations of V| it is a vector space. Equivalently, if

(1) u+veUforall u,veU.

(2) MueUforall N\ e K, ueU.

Given a vector space V and a set of vectors S = {vy,...,v,} in V| we define a span (linear

span, vector space generated by S)

span(S) = span(vy,...,v,) = { Z Aiv;

/\Z-GK}CV.

It is the minimal subspace of V' that contains vectors vy, ..., v,. We can similarly define span(.S)
for an arbitrary set S C V.

1.1.2. Linear maps. A map ¢: U — V between two vector spaces is called a linear map if

(1) ¢(u+v) = p(u) + ¢(v) for all u,v € U.
(2) ¢(cu) = cp(u) for any scalar ¢ € K and any vector v € U.
Given linear maps ¢: U — V and ¢: U — V, we define a new linear map

¢+ U=V, (o+9)(w) =ou) +¢(u), uwel.
For any scalar ¢ € K, define a linear map
cp: U=V, (co)(u) = c- Pp(u), ue U

Remark 1.1. A bijective linear map ¢: U — V is called an isomorphism. In this case the
vector spaces U,V are said to be isomorphic and we write U >~ V. A surjective linear map is
called an epimorphism. An injective linear map is called a monomorphism.

1.1.3. Linear map associated with a matriz. Given an m X n matrix

a;r aig ... Q1n

Q21  A22 Q2n,
A= (ay) =

Am1 Q22 Qmn

we define the linear map associated with it
T T Zj Q15T
A=Ly: K" — K™, r=\| 1 |l—=A-|:|= :
T T Zj AmjT;

Let e = (ey,...,e,) be the standard basis of K™ and f = (f1, ..., fm) be the standard basis

of K™. Then
Q15

La(e;) = : = Zaijfi- (1)

Qmyj
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1.2. Matrix associated with a linear map. Let U be a vector space with a basis e =
(e1,...,€n), V be a vector space with a basis f = (f1,..., fin) and ¢: U — V be a linear map.
Using formula (1) as a motivation, we define the m x n matrix associated with ¢

(e = A= (ay), o(e;) = Zaijfz‘-

This means that the j-th column of the matrix A is given by the coordinates of the vector ¢(e;)
with respect to the basis f. Note that the matrix A depends on the choice of the bases e and f.
Given a basis e = (ey,...,e,) of U and a vector u € U, define the coordinate vector of u

[u]e = (z1,...,2,)" € K™, u=umxie;+ -+ Tpe,.
Lemma 1.2. Let ¢: U — V be a linear map, u € U and e, f be bases of U,V respectively. Then
[o(w)]e = [Ples - [t]e-
Proof. Let A = [¢les and = [ule € K. Then

P(u) = ¢ (Z wj%‘) = ij¢(€j) = Z%’ Zaijfi = Z (Z az‘j%’) fi= Z(Ax)lfz

This implies [p(u)]s = Az. O

The following result is the statement that composition of linear maps corresponds to the
multiplication of matrices.

Proposition 1.3 (Composition). Let ¢: U =V and ¢: V — W be linear maps and let e, f, f’
be bases of U, V, W respectively. Then

[V 0 Ples = [V]eg - [Bleg
where Yo ¢: U — W is the composition map, defined by (¢ o ¢)(u) = ¥ (p(u)), foru € U.
Proof. Let A = [@les, B = [¢]gg and C' = [¢ 0 ¢ . Then

Zcijfi/ =Yo(e;) =9 (Z ijfk) = Zakj Zbikf{ = Z <Z bik:ak:j> fi.
P i i\ &

% k

Taking the coefficient of the basis vector f/, we obtain
Cij = Z bikakj = (BA)U
k

Therefore C = BA. O
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1.3. Base change. Let V be a vector space and e, €’ be two bases of V. Define the transition
matrix
Me,e’ - Me—)e’ = (mlj> - [id]&e/?

where id: V' — V| x — z, is the identity map. Explicitly, this means
e; =id(ej) = > mye,
hence the j-th column of M., is given by the coordinates of e; with respect to the basis €'
Lemma 1.4. Given two bases e, €’ of a vector space V' and a vector v € V', we have
Ve = Meoser - [Ve-
Proof. We obtain from Lemma 1.2 [v]e = [id]ee - [V]e = Mese - [V]e- O

Proposition 1.5. We have

(1) Me_ye = I (the identity matriz).

(2) Moo = M7, (the inverse matriz).
Proof. (1) The entries of Me_,e = (m;;) satisfy e; = >, m;je;, hence m;; = §;;.
(2) We have (by applying Proposition 1.3)

Mo e - Meser = [id]e’,e : [id]e,e’ = [ldO id]e,e = [id]e,e = [7
hence the statement. O
Transition matrices allow us to express matrices of linear maps with respect to different bases.
Proposition 1.6. Let ¢: U — V be a linear map and let e, € be two bases of U and £, be
two bases of V. Then
[(b]e’,f’ = Mf%f’ : [¢]e,f . Me’ﬁe-

Proof. Applying Proposition 1.3, we obtain
Mf—>f’ : [Qs]e,f : Me’—>e = [id]f,f’ : [Qb]e,f : ide’,e = [1d O¢ o id]e’,f’ = [¢]e’,f’-

1.3.1. Elementary operations and base change. Let ¢p: U — V be a linear map and

A= (ay) = [@les,  olej) =D ayf;

7

be its matrix with respect to a basis e of U and a basis f of V. Consider a new basis

f/:(fl_)‘fQJf27f37"')7 /\EK;
of V' and the corresponding matrix B = (b;;) = [¢]e . Then

$le;) =D bisfl =bij(f1 = Ma) + bajfa+ - =bijfi+ (b — Moy fa+ ...

This implies that for all j
bij = aij VZ 7é 2, bgj = CLQj + )\alj.

Therefore the matrix B is obtained from A by an elementary row operation, where the first row
is multiplied by A and added to the second row. Similarly, every elementary row operation (as
well as their composition) corresponds to a base change on the vector space V. In the same
way, every elementary column operation corresponds to a base change on the vector space U.

In particular, performing Gauss elimination and reducing the matrix A to a row echelon form
corresponds to a choice of a different basis of V.



1.4. Rank and nullity.

Definition 1.7. Let ¢: U — V be a linear map. Define

(1) The kernel (or the null space) of ¢ to be Ker¢p ={u € U |¢(u) =0} C U.
(2) The image of ¢ to be Im¢ = {¢p(u) [ue U} C V.

Lemma 1.8. Given a linear map ¢: U — V', we have

(1) Ker¢ C U is a subspace of U.
(2) Im¢ C V is a subspace of V.

Proof. (1) If u,v € Ker¢, then ¢(u) = ¢(v) =0 = o(u+v) = ¢(u) + ¢p(v) =0 =
u+ v € Ker¢. For any scalar A € K and u € Ker¢, we have ¢(Au) = Ap(u) = 0, hence
Au € Ker ¢. These properties imply that Ker ¢ C U is a subspace. O

Lemma 1.9. Let ¢: U — V be a linear map. Then ¢ is injective <= Ker ¢ = 0.

Proof. If ¢ is injective and u € Ker ¢, then ¢(u) = ¢(0) = 0, hence v = 0. This implies
that Ker¢ = 0. Conversely, let Ker¢ = 0 and u,v € U be such that ¢(u) = ¢(v). Then
d(u—v) = ¢(u) — ¢(v) =0, hence u —v € Ker ¢ and u — v = 0. This implies that u = v, hence
¢ is injective. 0

Because of the above results we can consider dimensions of vector spaces Ker ¢ and Im ¢.

Definition 1.10. Let ¢: U — V be a linear map. Define

(1) The rank of ¢ to be rk(¢) = dim(Im ¢).
(2) The nullity of ¢ to be null(¢) = dim(Ker ¢).

Remark 1.11.

(1) Given an m x n matrix A, consider the corresponding linear map
A=Ly: K" — K™, r—A-x

and define
rk A =1k Ly, null A =null Ly4.

(2) The kernel Ker L4 is equal to the set of solutions of the system of linear equations

a11T1 + -+ ATy, = 0

Am1T1 + * + CGpTy = 0

corresponding to the matrix A. This set is also called the null space of A. We conclude
that null A is equal to the dimension of the null space of A.

(3) The image Im L4 is equal to the column space of A, generated by the columns of A.
Therefore rk A is equal to the dimension of the column space of A, also called the
column rank of A. It is equal to the maximal number of linearly independent columns
of A. Note that the rank of the linear map L4 is independent of a choice of basis.

(4) Similarly, define the row space of A to be the space generated by the rows of A and
define the row rank of A to be the dimension of this space. It is equal to the maximal
number of linearly independent rows of A. Applying transposition, we can transform
rows into columns. Therefore the row rank of A is equal to the column rank rk AT of
the transposed matrix AT. We will see that the column and the row ranks of a matrix
are equal.
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Example 1.12. Consider the matrix A = ( ) Applying elementary row opera-

tions, we obtain

1 21 1 1\ rp-2ny (1 2 1 1 1Y\ ri—2rp (1 0 5 3 5
25010 01 -2 -1 -2 01 -2 -1 -2/

This means that we have free variables x3, x4, x5 and pivot variables
To = 223 + x4 + 225, r1 = —d5x3 — 314 — DT5.

The null space Ker A consists of the vectors

—51’3 - 3I4 - 5?[)5 -5 -3 -9
2$3 + X4+ 25(75 2 1 2
T3 =x3| 1 | +24| O | +25| O |,
T4 0 1 0
T5 0 0 1

hence Ker A is the span of the above three vectors and null A = dim(Ker A) = 3. On the other
hand, the linear map A: K — K? is surjective, hence Im A = K? and tk A = 2. Note that
rk A + null A = 5, the dimension of the domain of A. We will see that this is true in general.

Theorem 1.13 (Rank-nullity theorem). Let ¢: U — V' be a linear map. Then
rk(¢) + null(¢) = dim U.

Proof. Choosing bases e = (ey,...,¢e,), £ = (f1,..., fm) of U and V respectively, we can
represent ¢ as an m x n matrix A = [¢]es so that rk A = rk ¢ and null A = null 9. We know
that elementary row and column operations on A correspond to base changes in V' and U. These
base changes don’t affect rk ¢ and null ¢, hence new matrices will have the same rank and nullity
as A. We can transform the matrix A to the form

P Ok n—k )
B = ' .
<Om—k:,l~c Om—tn—k

This matrix has k pivots and n — k free variables, hence tk¢ =rk B =k, null¢p =null B=n—k
and tk¢ +nullp =k + (n — k) =n=dimU. O

Lemma 1.14. For any linear map ¢: U — V', we have rk ¢ < min{dim U, dim V'}.

Proof. We have tk¢ < dimV as Im¢ C V. On the other hand rk ¢ + null¢ = dim U, hence
ko < dimU. U

Theorem 1.15. The column and the row ranks of a matriz are equal.

Proof. Let A be an m xn matrix. The column rank of A is equal to rk A and the row rank of A is
equal to rk AT, the rank of the transposed matrix. We have seen in the proof of the rank-nullity
theorem that the rank of A is unchanged under elementary row and column operations. The

. . I Ok.n—
same applies to rk AT. We can transform the matrix A to the form B = < b kin—k ) )
Om—tk Om—kn—k

Then rk A = rk B = k, rk AT = 1k BT = k. Therefore rk A = rk AT. U

Lemma 1.16. Let ¢: U — V be an injective (or surjective) linear map and dimU = dim V.
Then ¢ is an isomorphism.

Proof. 1f ¢ is injective, then Ker ¢ = 0 and null ¢ = 0. Therefore by the rank-nullity theorem
tk¢ = dimU = dim V', hence Im¢ C V has the same dimension as V. This implies that
Im ¢ =V, hence ¢ is surjective. Therefore ¢ is an isomorphism. 0



1.5. Sums and direct sums.

Definition 1.17. Let V' be a vector space and Vi,...,V, be its subspaces. The sum ), V; =
Vi+---+V,CV is defined to be the set of all vectors of the form v; + - -- 4+ v,, where v; € V
for 1 <¢ < r. It is said to be a direct sum if 0 + --- + 0 is the only way to write 0 € V' as a
sum vy + - - - + v, with v; € V;. In this case it is denoted by @, Vi =Vi & --- @ V.

Lemma 1.18. Let Vi,..., V. CV be subspaces. Then Vi +---+ V. CV 1is a subspace.
Example 1.19. Let vy,...,v, € V and let V; = span(v;) = Kv; = {\v; | A € K}. Then
Vit Ve = oo+ A [ A€ K} = span(on, . v,).

Example 1.20. Let V = K™ V; = span(ey,...,en), Vo = span(€mi1,--.,€min). Then
V=Vol.

Remark 1.21. Let Vi, V5 C V be subspaces of a vector space. Then V; + V5 is a direct sum
<— V1NV, =0. Indeed, if V; + V5 is not a direct sum, then we have v; + v = 0 for some
0 # v; € V;. Therefore vy = —wvy is contained in V4 N Vs, hence V) NV, £ 0. The converse is
similar. On the other hand, for r > 3, there exist subspaces V1, ..., V, C V such that V;NV,; =0
for i # j, while V; +--- 4+ V, is not a direct sum. For example, consider V = K2, V; = Ke,,
Vo= Key, V3 = K(e; + e3).

Lemma 1.22. Let Vi,..., V. CV be subspaces. Then the following are equivalent

(1) Vi +--- 4V, is a direct sum.
(2) Every vector in Vi + -+ + V,. can be uniquely written in the form vy + - -+ + v, with
V; € ‘/z

Proof. (1) = (2). Assume that we have two representations v = ) . v; = >, w;, where
v, w; € V;. Then . (v; — w;) = 0, where v; — w; € V;. By our assumption we conclude that
v; — w; = 0, hence v; = w; for all i.

(2) = (1). Is clear. O

Theorem 1.23. Let Vi, Vo C V' be subspaces. Then
dim(V; + V) = dim V; 4+ dim V5 — dim(V; N V5).

Proof. Consider a basis (eq, ..., ex) of V1 N V5 and extend it to a basis (eq, ..., ek, f1,..., fi) of
V1 and a basis (e1,...,ex, f1,..., f1) of V. We claim that

(ela"'aek)fla"'7fl7f{7"'7f7/n)

is a basis of V] 4+ V5. It generates Vi + V5 as it contains a basis of Vi and a basis of V5. Assume
that we have a linear dependence

Zaiei—l—Zbifi—i-Zcif{:O, ai, by, c; € K.

Then v =Y ae; + > b fi = — > ¢; f! is contained in Vi N V5, hence is a linear combination of

e1,...,ex. This linear combination together with expression v = — > ¢; f/ give two representa-
tions of v with respect to the basis (ey,...,ex, f1,..., f.) of Vo. We conclude that ¢; = 0 for

all 4. This implies that > a;e; + > b;f; = 0, hence a; = 0 and b; = 0. We conclude that the
above collection of vectors is indeed a basis of V; + V5. Therefore

dim(Vi+ Vo) =k+1l+m, dimV;=Fk-+I, dim Vs = k +m, dim(ViNVy) =k
and we conclude the statement of the theorem. O

Corollary 1.24. We have dim(V; & V3) = dim Vi 4 dim V5.



8

Remark 1.25. Given vector spaces Vi, ..., V,, we define their (external) direct sum V' =
D, Vi=Vid---@dV, tobe the set {(v1,...,v,) |v; € V;} equipped with a vector space structure
(v, .., 00) + (W, .. w,) = (V1 + Wy, -0 + W), Ao, .. 00) = (Avg, .o, Avp).

Every vector space V; can be considered as a subspace of V', where v; € V; is identified with
0,...,0, 0,0, ... ,0). Then the previous (internal) direct sum €D, V; is equal to V, hence we
can identify both direct sums.

Remark 1.26 (Direct sum of matrices). Let ¢;: V; — V; be linear operators for 1 <i < r and
let V. =@D;_, V;. Then we can define a linear operator

¢:@¢i:V—>V, (U1, 00) = (D101, - oy DLUL).
i=1

Let e be a basis of V; and A; = [@i]oy be the matrix associated with ¢;. Then the matrix of ¢
with respect to the basis e = (e, ... e() of V is equal to

AL 0 ... 0
r 0 A O

Ge=DA=| "~ R ’
=1 O 0 Ar

called the direct sum of the matrices Aq,..., A,.
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1.6. Intersection of subspaces. Let V1, V5, C V = K™ be subspaces and let (eq,...,e;) and

(f1,.-., /1) be their respective bases. Then every vector in the intersection V; N V5 is of the form
arer + - +age, = —(bifr + -+ bifi), ai,bj € K.

Considering e;, f; € K™ as column vectors, the above equation can be interpreted as a system
of linear equations corresponding to an n x (k + ) matrix A (with k + [ variables a;, b;). The
space of solutions has dimension (by the rank-nullity theorem)

nullA=k+1—rkA=dimV; +dim Vs — dim(V; + V5) = dim(V; N V3).

This implies that in order to determine a basis of V3 N V5 we should find a basis of Ker A and, for
each vector (ay,...,ag, b1, ...,b) in this basis, consider the vector aje; + - - - + agey, in V3 N Va.

Example 1.27. Consider V = K? and its subspaces

1 0 1 1 0
V1 = span 11,11],1 0 , Vi = span 11,11
0 1 -1 1 0

Note that the first two vectors of V; form its basis. By the previous discussion we need to find
the null space of

1 010 1 010 S 1 00
A=(1 11 1] 251010 1] 22" 1010 1
01 10 01 10 00 1 —1
We choose a free variable x4, and obtain x3 = x4, x9 = —x4, x1 = —x4. Therefore the kernel is
generated by the vector (1,1,—1,—1)T. The corresponding basis vector of V; N V5 is
1 0 1
1- 11| +1-(1] =12

0 1 1
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1.7. Quotient space. Let V be a vector space and U C V be a subspace. Define a binary
relation on V' (it corresponds to a subset of V' x V)

v~w = v—w e U.

It is an equivalence relation as it satisfies the axioms
(1) v ~ v (reflexivity).
(2) v ~w < w ~ v (symmetry).
(B) u~v,v~w = u~ w (transitivity).

For every v € V| consider its equivalence class (or coset)
v ={weV|iw~v}=v+U={v+u|uecU}.

The set of all equivalence classes is denoted by V/U and is called the quotient space. It is
equipped with a vector space structure with addition and scalar multiplication given by

[u] + [v] = [u+ v], Alv] = [Mv], uveV, Ne K.
There is a surjective linear map
TV = V/U, v = [v],
called the quotient map.

Theorem 1.28. Given a subspace U C V', we have dimV/U = dimV — dim U.

Proof. Consider the quotient map m: V' — V/U. Then Kerm = U and Im 7 = V/U. Therefore
by the rank-nullity theorem

dimV/U +dimU =rk7 4 nullm = dim V'
and the statement follows. O

Remark 1.29. Given subspaces Vi, V5 C V', consider the composition
o Vi = Vi+Vy = (Vi 4 V3)/ Vs

This map is surjective and Ker ¢ = V; N V,. Therefore by the rank-nullity theorem
dim V; = rk ¢+ null ¢ = dim(V; + V5)/Va + dim Vi N'Va = dim(V; + V) — dim Vs + dim V4 N Va.
We obtain dim(V; + V3) = dim V; 4 dim V5 — dim V; NV, which is Theorem 1.23.
Theorem 1.30. Let V =U & W. Then the composition

¢: W=V S V/U, w = [w] =w+U,
18 an isomorphism.

Proof. If w € W and [w] = 0, then w € U, hence w € WNU = 0 and w = 0. This implies that
Ker ¢ = 0 and ¢ is injective. Every vector v € V' can be written in the form v = u + w for some
uwe U and w € W. Then v — w = u € U, hence [v] = [w] = ¢(w) and ¢ is surjective. O

Let us discuss a way to find a basis of V/U. A collection of vectors (eq,...,ex) in V is
called a basis of V relative to U if these vectors, together with a basis of U, give a basis of V.
Equivalently, this means that (ej, ..., ex) are linearly independent and

V = span(ey,...,ex) G U.

Lemma 1.31. Let U C V be a subspace and (eq,...,ex) be a basis of V' relative to U. Then
(le], ..., [ex]) is a basis of V/U.
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First proof. By the previous result, there is an isomorphism W = span(ey,...,ex) ~ V/U.
Under this isomorphism, the basis (ei,...,ex) of W is mapped to the basis ([eq], ..., [ex])
of V/U. O

Second proof. Let (fi,..., fi) be a basis of U so that (ey, ..., ek, fi,..., fi) is a basis of V. For
every v € V, we can write v = >, a;e; + ;b f;. Then u=370;f; € U and [v] = [v —u] =
>, aie;] = Y. aile;], hence these vectors span V/U. If these vectors are linearly dependent,
then we have 0 = 3, a;[e;] = [}, aie;], hence 37, a;e; € U and we can write }, a;e; = >, b; f;
for some b; € K. As all these vectors form a basis of V', we conclude that a; = 0. O

Remark 1.32. Using the above notation, the vector space V/U has a basis ([e1], ..., [ex]),
hence dim V/U = k. On the other hand dim V' = k + dim U, hence dimV/U = dimV — dim U,

giving an alternative proof of Theorem 1.28.

Let V.= K™ and U = span(fi,..., fi) C V (these vectors can be linearly dependent). In
order to find a basis of V' relative to U, we write down a matrix consisting of the column vectors

(fl,...,fl,el,...,en)

where (eq,...,e,) is the standard basis of V' (or any other basis). Then we perform column
operations to bring the first [ columns to the column echelon form and then bring the last n
columns to the column echelon form. The non-zero columns among the last n columns give a
relative basis.

o = O

1 1
Example 1.33. Let V = K3 and let U = span [ 1 2 |. Then U is generated by the first
1 1

two vectors and we can remove the third vector and consider

1 0|1 00 1 000 00 1 000 00 1 0|0 00
1 11010 &%111|-110]—=1[11]0 00]—=111/000
1 0/0 0 1 1 0/-1 0 1 1 0/—-1 01 1 01 00

Therefore there is a relative basis consisting of the vector (O 0 1)T.
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2. LINEAR OPERATORS

2.1. Linear operators. A linear operator (or a linear transformation or an endomorphism)
is a linear map ¢: V' — V. Let e = (eq,...,e,) be a basis of V. Then we define the matrix
associated with ¢ relative to basis e

[Cb]e = [¢]e,e = (az’j), Cb(@j) = Zaijei'

Lemma 2.1. Let ¢: V — V be a linear operator and e, f be two bases of V. Then
[0le = Mo - [6le - Meose,

where Ms_.e 18 the transition matriz.
Proof. We have [¢]s = [¢lrs = Mo st * [Blec  Mise = Mt - [Ble - Mr_so. O

Remark 2.2. Two square matrices A, B are called similar or conjugate if there exists an
invertible matrix M such that B = M~'AM. Note that in this case A = N"!BN, where
N = M~!. The previous result implies that the matrices [¢|¢ and [¢]. are conjugate.

Example 2.3. Consider the vector space V = K2, the standard basis e of V' and the basis

1\ (1
B /11 L (1 -1
M_Mf%_(O 1), M _Meﬁf_(o 1)

Consider a linear map A: V' — V given by the matrix A = <; Z) Then

1 3
Afi= (3) = —=2f1+3/fs, Afy = (7) =—4fi+7fs.
. - i e -2 —4
Therefore the matrix of this linear map with respect to the basis f is B = ( 5 7 ) We can

check that
1 —1 1 2 11 -2 —4
1 _ _ _
v =5 NG DG -(F SR

Z) is invertible, then A~ = 2 ( d _b)‘

det A —c a

Remark 2.4. We used the fact that if A = <(z
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2.2. Invariant subspaces and eigenvectors. Recall that a linear operator is a linear map
o: V=V

Definition 2.5. Let ¢: V — V be a linear operator.

(1) A subspace U C V is called an invariant subspace of ¢ (or ¢-invariant) if ¢(U) C U.
This means that ¢(u) € U, for all u € U.

(2) A nonzero vector v € V is called an eigenvector of ¢ if ¢p(v) = Av for some X € K.
The scalar A is called an eigenvalue of ¢.

Remark 2.6. Given an n X n matrix A, we consider the corresponding linear map A: K" — K"
and similarly define invariant subspaces, eigenvectors and eigenvalues of A.

Example 2.7. Let v € V be an eigenvector of ¢. Then U = span(v) = Kv is an invariant
subspace. Indeed, assume that ¢(v) = Av. Then, for every cv € Kv with ¢ € K, we have
o(cv) = cp(v) = (eN)v € Kwv, hence ¢p(U) C U. Conversely, assume that U C V is a one-
dimensional invariant subspace. Let U = Kwv, for some v € V. Then ¢(v) € U = Kwv, hence
¢(v) = v, for some X € K. This implies that v is an eigenvector of ¢.

Lemma 2.8. Let A, B be commuting square matrices (AB = BA) of sizen. Then Ker B C K"
18 an A-invariant subspace.

Proof. If v € Ker B, then BA(v) = AB(v) = 0, hence A(v) € Ker B. O

Theorem 2.9. Let A be an n x n matriz. Then X\ € K is an eigenvalue of A <= it is a root
of the polynomial

xa(t) =det(tl — A),

called the characteristic polynomzial of the matriz A.

Proof. Assume that Av = Av for some 0 # v € K. Then (A — A)v = 0, hence v € Ker(AI — A).
This implies that Al — A is not invertible (is singular), hence det(Al — A) = 0. Therefore
xa(A) = 0. Conversely, if det(A\] — A) = 0, then A\ — A is singular, hence there exists
0 # v € Ker(Al — A). This implies that Av = Av and X is an eigenvalue of A. O

Example 2.10. Let A = (CCL 2) Then

t—a —b

—c t_d':(t—a)(t—d)—bc:tQ—(a+d)t+(ad—bc)

i) - |

=1? —tr(A)t + det(A).

Example 2.11. Let A = (1 1). Then ya(t) = t* — 2t + 1 = (t — 1)%. This polynomial has a

0 1
unique root A = 1. This is the only eigenvalue of A. If x € K? is the corresponding eigenvector,

then Az = Az, hence (A — A )z = 0.We have

A_)\]:A—]:<8 3) (A—)‘])x:(g (1)) (2):<%2>

. 1 . .
Therefore we require x5 = 0, hence x € K ( 0) . All nonzero vectors of this form are eigenvectors

of A.
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Example 2.12. Given 6 € R, consider the linear map (rotation by angle 6 anti-clockwise)
e?: C - C, 2+ €2 = (cosf +isinf)z.
The matrix of this linear map with respect to the basis (1,7) of C over R is given by
: f —sinf
A= (o0 — (o ‘
"] (sin@ cos 6

Note that det A = cos?6 + sin?# = 1 and the characteristic polynomial is equal to x4(t) =

, 4 —1
t* — 2(cos0)t 4+ 1. In particular, for § = Z, we have ¢ = i, A = [¢?] = ((1) 0 ) and

xa(t) = t* + 1. This polynomial does not have real roots (elements ¢ € R such that x4 () = 0).
Therefore A does not have eigenvalues or eigenvectors over R.

Lemma 2.13. A square matriz (linear operator) over K = C has an eigenvector.

Proof. Every (non-constant) polynomial over C has a root and is a product of linear factors.
In particular, the characteristic polynomial x 4(¢) has a root A € C. By Theorem 2.9, X is an
eigenvalue of A, hence A has an eigenvector. O

Lemma 2.14. If A and B are conjugate matrices, then xa(t) = xp(t).

Proof. Assume that B = M AM~! for an invertible matrix M. Then

det(t — B) = det(t] — MAM ') = det(M(tI — A)M ") = det(M M (tI — A)) = det(tI — A).
Therefore y4(t) = x5(t). O

Corollary 2.15. Let ¢: V. — V be a linear operator, € = (e1,...,e,) be a basis of V and
A = [¢]e be the corresponding matriz of ¢. Then

Xo(t) = xa(t) = det(t] — A)
is independent of the basis e. It is called the characteristic polynomszal of ¢.

Proof. Let f be another basis of V', A = [¢]. and B = [@]¢. Then B = M ¢+ A-M¢ yo = MAM ™,
where M = M, _,¢ is the transition matrix. Now we apply the previous result. U

Remark 2.16. The above results imply that in order to find eigenvectors and eigenvalues of a
matrix A, we should compute the characteristic polynomial x (t), find the roots of x4(t) and,
for each root A, find the kernel Ker(Al — A) = Ker(A — \I).

Remark 2.17. Let ¢: V — V be a linear operator and U C V be an invariant subspace. Let
(e1,...ex) be a basis of U and (f1,..., fi) be its complement to a basis of V. Then the matrix

g),whereAisakxk:

matrix corresponding to ¢ acting on U and C' is an [ x [ matrix corresponding to ¢ acting on
V/U. This implies that x4(t) = det(t/ — A) - det(t — C).

of ¢ with respect to the basis (eq,..., ek, fi1,..., fi) is of the form (gl
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2.3. Diagonalizable operators.

Definition 2.18. A linear operator ¢: V — V is called diagonalizable if one of the following
equivalent conditions is satisfied

(1) V is a direct sum of one-dimensional invariant subspaces.
(2) There exists a basis of V' in which the matrix of ¢ is diagonal.

Proof of equivalence. (1) = (2). Assume that V = @, Vi, where dimV; = 1 and V; are
invariant. If 0 # e; € V;, then ¢(e;) € V; = Ke;, hence ¢(e;) = \je; for some \; € K. This implies
that the matrix of ¢ with respect to the basis (e, ..., e,) is the diagonal matrix diag(A1, ..., \,).
(2) = (1). Let (e1,...,e,) be a basis of V' in which the matrix of ¢ is a diagonal matrix
diag(A1,...,A). Then V = @, Vi, where V; = Ke,. We have ¢(e;) € Ke;, hence ¢(V;) =
¢(Ke;) C Ke; = V;. This means that subspaces V; are invariant. [

Remark 2.19. Note that the second condition means that there exists a basis of V' consisting
of eigenvectors of ¢.

Remark 2.20. We say that an n x n matrix A is diagonalizable if the corresponding linear
operator L: K™ — K" is.

Lemma 2.21. A matriz A is diagonalizable <= 1t is conjugate to a diagonal matriz.

Proof. Assume that L,: K™ — K™ is diagonalizable. Then there exists a basis f = (f1,..., fa)
such that B = [L¢ is diagonal. Note that A = [Lle, where e = (e, ..., e,) is the standard
basis. We have
[Lalf = Moot - [Lale” Me—ye = M\ - [Lale - Mse.
This implies B = M~'AM, where M = M ,o = (f1]...]|f,) is the transition matrix.
Conversely, assume that B = MY AM is diagonal, for some invertible matrix M. Let us define
a basis f = (f1,..., fn) consisting of the columns of the matrix M, that is, M = (fi|...|fn)-

Then M;_ = M, hence
[LA]f = Mil ' [LA]e : Mf%e = MilAM

f—e
is diagonal. This implies that A is diagonalizable. 0
0 -2
Example 2.22. Let A = (1 5 > Then
t 2
xa(t) = det(t — A) = ‘_1 t_3‘ —t(t—3)+2=(t—1)(t—2).

This implies that A has eigenvalues \; = 1, Ay = 2. The corresponding eigenvectors are vectors
in the null spaces of the matrices

-1 =2 -2 =2
(PR (D)
Wecantakef1:<_21)GKer(A—I) andfgz(_ll)EKer(A—QI). Then M = M;¢_,e =

2 -1 4 (11
(_1 1).VVec::mseethatM —<1 2)and

= ()6 (G)=60)

is diagonal.
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0 A
hence A has only one eigenvalue A. The corresponding eigenvectors are contained in Ker(A —

M) = Ker <8 é) =K (é) This implies that there is only one eigenvector (up to a scalar),

hence A is not diagonalizable.

Example 2.23. Consider the matrix A = ()\ 1), for some A € K. Then xa(t) = (t — \)?,

Lemma 2.24. Let Ay, ..., )\, be distinct eigenvalues of A. Then the sum )_._ Ker(A — \I) is
direct.

Proof. Let v; € V; = Ker(A — \;I) be such that ) . v; = 0 and some v; are nonzero (there are at
least two of them). We can assume that the number of non-zero summands is minimal. We
have Av; = \ju; for all 7. If vy # 0, then

(A=XD)D vi=> (N— M =0

has one less non-zero summand as (A — \g)vr, = 0. This is a contradiction. O

Corollary 2.25. Let A be an n X n matriz having n distinct eigenvalues. Then A is diagonal-

1zable.

Proof. Let Aq,...,\, be distinct eigenvalues and vq,...,v, be distinct eigenvectors. Then
Kv; C Ker(A—\I), hence @), Kv; C K™ is a direct sum by the previous result. These spaces
have the same dimension, hence K" = @, Kv; and (vy, ..., v,) is a basis of V. O

Remark 2.26. The previous lemma actually implies that if V' =", Ker(A — A\;I), then A is
diagonalizable.
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2.4. Polynomials of matrices and linear operators.

2.4.1. Polynomials. We define a polynomial over K to be an expression of the form
f) =D fit' = fut"+---+ fit+ fo,  fi€ K.
i=0

Let K[t] denote the set of all polynomials over K. Given two polynomials f,g € K|[t] and
A € K, we can define the sum f + g € K|[t], the product fg € KJt| and the scalar product
Af € KJt] in an obvious way.

We define the degree deg f of a nonzero polynomial f to be the maximal n > 0 such that
fn # 0. For the zero polynomial, we define deg0) = —oo. We say that a polynomial f is monic
if f, =1, where n = deg f.

Theorem 2.27 (Euclidean division). Given nonzero polynomials f,g € K|t|, there exist poly-
nomials ¢ € K[t] (called the quotient) and r € K[t] (called the rematinder) such that

f=q9+r, degr < degg.
The pair (q,r) is uniquely determined.
Remark 2.28. Note that if f = qg, then r = 0, hence degr = —oo < deg g automatically.

Proof. Let d = deg g and assume for simplicity that g; = 1. Let ¢ € K[t] be such that r = f —qg
is of minimal possible degree. If ¢ = degr > d, consider G + r.t*"?. Then

e—1 d—1
F=f—qg=r1r—rt%= Z ritt — reted Zgiti
=0 i=0

has degree < e, contradicting to the choice of r. Therefore degr < d = deg g. Given a different
pair of polynomials (g, 7) with f = gg + 7 and deg 7 < degg. We obtain r — 7 = (¢ — q)g, hence
deg(r — 7) > deg g, a contradiction. O

2.4.2. Ewvaluation of polynomials. Given a polynomial f(t) = Z;;i:o fit" and a linear operator
¢: V — V we define a new linear operator

d
F(@) =D fid' = fad" + -+ fro + foid,
=0

where ¢' = ¢ o --- 0 ¢ denotes the composition of i maps equal ¢. Similarly, for any square
matrix A, we define a new square matrix

d
FA) =" fidl = fa A%+ -+ LA+ fol.
i=0
We say that the polynomial f(t¢) annihilates the linear operator ¢ if f(¢) = 0 (similarly for
matrices).

A B

h
0 C,),We ave

Remark 2.29. Given a block upper-triangular matrix 7" = (

=5 1)

Let M, »(K) denote the set (vector space) of all m x n matrices with entries in K.

Lemma 2.30. We have f(MAM™) = M f(A)M™', for A,M € M,,,(K) with invertible M.
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Proof. For any k > 0, we have
(MAM ) = (MAM™Y) .. . (MAM™") = MA...AM™' = MA*M~
Therefore f(MAM™") =3, fs( MAM =) = M (3, frA¥) M~ = M f(A)M~. O

Theorem 2.31. For any A € M, ,(K), there exists a nonzero polynomial f € K]Jt] that
annihilates A.

Proof. Note that the set of matrices M, ,(K) is a vector space (with the usual addition and
scalar multiplication of matrices) of dimension n?. This implies that the matrices (considered as
vectors in M, ,(K))

I,A A% . AY
are linearly dependent, for N > n?. Therefore there exist fo,..., fy € K, not all of which are
zero, such that SN f;AP = 0. Then f(A) =0, for f(t) = SV, fit'. O

Definition 2.32. Define the minimal polynomial of A € M, ,,(K) to be the monic polynomial
p € K|t] of minimal degree such that p(A) = 0.

Lemma 2.33. Let p € K[t] be the minimal polynomial of A € M, ,(K) and f € K[t] be such
that f(A) = 0. Then p is a factor of f (meaning that f = pg for some g € K]|t]).

Proof. We can divide with a remainder f = gp +r, where degr < degp. Then f(A) = p(A) =0
implies r(A) = 0. By the minimality of degp, we conclude that r = 0. O

Theorem 2.34 (Cayley-Hamilton Theorem). Let ¢: V — V be a linear operator and x4(t) be
its characteristic polynomial. Then xs(¢) = 0.

Remark 2.35. Similarly, if A is an n x n matrix, then x4(A) = 0.

Proof. Let f(t) = x4(t) be the characteristic polynomial of ¢ and let A € K be its root. Let e;

be an eigenvector corresponding to the eigenvalue \. We extend it to a basis (ej,...,e,) of V.
Then the matrix of ¢ relative to this basis is of the form A = (3 é) We have

f(t) = det(tl — A) = (t = N)g(t),  g(t) = det(t] — C) = xc(t).
We can assume by induction that g(C) = x¢(C) = 0. Then

(9N =\ (9(A) x
1= ("0 i) = (0 )
This implies that g(A)(V) C Ke;. Therefore
FA)V) = (A= Ag(A)(V) C (A= A)(Key) =0
as Ae; = Ae;. We conclude that f(A) = 0. O
Remark 2.36. The above theorem implies that the minimal polynomial of a matrix A is a
factor of x4(t). These polynomials can be different. For example, consider a diagonal matrix
A = diag(\, ..., ) of dimension n. Then the minimal polynomial of A is p(t) = ¢t — A, while

the characteristic polynomial of A is xa(t) = (t — A)™. One can show that generally y(t) is a
factor of some power of the minimal polynomial.
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2.5. Jordan matrices.

Definition 2.37. (1) An n X n matrix of the form

A1 0 ... 0
0 A 1 0
Tor=JaN) = | oo
00 ... A 1
00 0 A

is called a Jordan block having dimension n and eigenvalue .
(2) A block diagonal matrix
Jn1 ()‘1) ©---D Jnr<)‘r)
consisting of diagonal blocks J,,.();) is called a Jordan matrix.
(3) Define a Jordan basis for a linear operator ¢: V' — V to be a basis of V' in which the
matrix of ¢ is a Jordan matrix. This matrix is called the Jordan normal form of ¢.

Remark 2.38. Let A be a square n X n matrix and let V= K" be equipped with the standard
basis e. If f is a Jordan basis for L4: V — V, then

J=[Lalg =M - A Mpse

f—e

is a Jordan matrix, conjugate to A. We call it the Jordan normal form of A.

Example 2.39. Let A = J,()\) and let (ey,...,e,) be the standard basis of K™. Then
Ae; = Ne; + ;1 for 2 < i < n. Therefore ¢;_; = (A — \)e; = Be;, where B = A — A\l. This
implies that e; = B" e, and the basis (ey,...,e,) can be written in the form

n—1
B" "e,,...,Be,, e,.

Theorem 2.40 (Jordan normal form). Let V' be a vector space over C and ¢: V — V be a
linear operator. Then there exists a Jordan basis for ¢. Equivalently, for any square matriz A
over C, there exists an invertible matriz M such that J = M~YAM is a Jordan matriz. The
matriz J is unique (up to a permutation of Jordan blocks).

We will prove this theorem in several steps occupying the next two sections.

(1) _01> over R. Then y4(t) = t*+1, hence A does

not have eigenvalues or eigenvectors (over R). This implies that A is not conjugate to a Jordan
matrix (over R) as a Jordan matrix always has eigenvalues.

Remark 2.41. Consider the matrix A = (

Remark 2.42. The minimal polynomial of J = J, () is p(t) = (t — \)". Indeed, p(t) is the
characteristic polynomial of J, hence p(J) = 0. The minimal polynomial should be a factor of
p(t), hence it is of the form (¢t — \)* for some 1 < k < n. One can check that (J — A\)* # 0 for
1 <k < n. Consider an arbitrary Jordan matrix J = @, 51 Jn(A)¥™*n. For every A € K,
the minimal polynomial of @, -, J,,(A\)®"*n is (t — X\)™, where ny, = max {n > 1 |m,, # 0} is
the maximal size of a Jordan block with eigenvalue A appearing in J. The minimal polynomial

of Jis [[ cp(t —A)™.
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2.6. Generalized eigenvectors. Let A: V' — V be a linear operator (or a square matrix if a
basis of V' is chosen). We will often write A — A instead of A — AI.

Definition 2.43. A vector v € V is called a generalized eigenvector of A corresponding
to A € K, if (A — X)fv = 0 for some k > 1. The set V(\) C V consisting of all generalized
eigenvectors of A corresponding to A is called a generalized eigenspace of A.

Remark 2.44. For any A € K, we have a chain of subspaces
Ker(A—)\) CKer(A—)\)?C...CV.

This chain stabilizes, meaning that Ker(A — \)™ = Ker(A — \)™*! = ... for some m > 1. Then
V(A) = Ker(A—\)™.

Lemma 2.45. The generalized eigenspace V(A) CV of A: V. — V is an A-invariant subspace
and V(\) #0 <= X is an eigenvalue of A.

Proof. (1) We have seen that V(\) = Ker(A — A\)™ for some m > 1. This implies that V() is a
subspace. If v € V(\), then (A —X)"(Av) = A(A—\)"v = 0, hence Av € Ker(A—\)"™ = V().
This implies that V() is A-invariant.

(2) If V(A\) # 0, let 0 # v € V(A) and let (A — \)*v = 0 with the minimal & > 1. Then
w=(A—NFf"1y#0and (A — Nw = 0. Therefore ) is an eigenvalue. Conversely, if A € K is
an eigenvalue, then Ker(A — \) # 0, hence V' (\) # 0. O

Lemma 2.46. Assume that f,g € K|t] are coprime (don’t have non-constant common factors).
Then there ezist u,v € K[t] such that uf + vg = 1.

Proof. Let I = {uf +vg |u,v € K[t]} and let p € I be a non-zero polynomial of minimal
degree. Given h € I, we can divide it with a remainder h = gp + r, where degr < degp. As
h,p € I, we have r = h — gqp € I, hence r = 0 by the minimality of degp. This implies h = ¢p.
As f,g € I, we obtain that f = ¢;p and g = gop, for some ¢y, qs € K[t]. Therefore f, g have a
common factor p. By our assumption this is a constant polynomial and we can assume p = 1.
By construction, it is of the form p =1 = uf + vg for some polynomials u, v. O

Theorem 2.47. Let A: V. — V be a linear operator (or a square matriz) annihilated by a
polynomial f(t) = T[;_,(t — X\))™ with distinct roots N;. Then V has a direct sum decomposition

V=Vie--- oV, Vi=Ker(A-\)™.

Proof. 1t is enough to show that if f = gh, where g and h are coprime, then we have a direct
sum decomposition

V=UaW, U = Kerg(A), W = Kerh(A).
Namely, we can consider g = (t —A\;)™, h = [[;_,(t — X;)™ and proceed by induction on dim V.
The subspace W C V is A-invariant: if v € W = Ker h(A), then h(A)(Av) = A(h(A)v) = 0,

hence Av € Kerh(A) = W. The restriction Aly satisfies h(A|lw) = h(A)|w = 0, hence by
induction W = @;_, Ker(A — A\;I)™ and then

V=UoW =HKer(A—\I)™.
i=1
By Lemma 2.46, there exist polynomials p, g € K[t| such that pg + gh = 1. Therefore, for any
vevV,
(¢(A)A(A) + p(A)g(A))(v) = Tv = v.
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Consider the summands u = g(A)h(A)(v) and w = p(A)g(A)(v). We have

9(A)(u) = g(A)qg(A)h(A)(v) = q(A) f(A)(v) = 0,
hence u € Ker g(A) = U and similarly w € Ker h(A) = W. As v = u+w, we obtain V = U+ W.
If v e UNW, then g(A)v = h(A)v =0, hence v = (pg + ¢h)(A)v = 0. This implies U N W = 0,
hence V=Uaq W. O

Remark 2.48. In particular, we can apply the above theorem to the characteristic polynomial
xa(t) of a linear operator (or a square matrix) A.

Corollary 2.49. Let A: V — V be annihilated by a polynomial f(t) = [[;_,(t — X))™ with
distinct roots N;. Then V(X\;) = Ker(A — X\)™ and V(X) =0 for A # ;.

Proof. We will just show that V(\;) = Ker(A — \;)™ (if X # \; for all 7, we can consider \g = A,
mo = 0 and f(t) = [[;_o(t — X)™). We have Ker(A — X;)™ C V();). If v € V()), then
v € Ker(A—\;)™ for some m > m;. Let g(t) = (¢t =)™ [[;;(t —A;)™. Then g(A) = f(4) =0
and by Theorem 2.47 we have

V =Ker(A—\)" & @ Ker(A — \)™ = Ker(A — \)™ & P Ker(A — \;)™
JFi J#i

As m > m;, we have Ker(A — \;)™ C Ker(A — ;)™ and the above equality implies that
Ker(A — \;)™ = Ker(A — \;)™. Therefore v € Ker(A — \;)™ and V(\;) C Ker(A —\;)™. O

Remark 2.50. Because of the decomposition V' = @, Ker(A — \;))™ = @, V(\;), to prove
Theorem 2.40 about the Jordan normal form it is enough to show that the restriction of A to
V() has a Jordan basis. Let us assume that V' = V(\) (hence A is the unique eigenvalue of A).
Then (A — A)™ = 0 for some m > 1. A Jordan basis of A is also a Jordan basis of B = A — \[
which satisfies B™ = 0. Such operator (or matrix) is called nilpotent. Next we will construct
a Jordan basis of a nilpotent operator.

Example 2.51. Consider the matrix
A= (é T %) .
1-11

Its characteristic polynomial is x4(t) = t*(t — 1) and the eigenvalues are A = 0 and A = 1.
Generalized eigenspaces of A are V(0) = Ker A% and V(1) = Ker(A — I). We obtain

(
ar=(3219),  a-1= (822,
2-10 1-10
V(0) = Ker A* = span (( ) ( >> V(1) = Ker(A — I) = span (%) .
Note that Ker A = span (%) For a Jordan basis of Aly (), consider a vector in Ker A%\ Ker A4,

for example v = (0> Then Av = (%) and A*v = 0. The matrix of Ay o) with respect to the
basis (Av,v) is equal to (§§) = J2(0) which is a Jordan block. For a Jordan basis of Aly),

consider a generator of V (1), for example w = G) We found a Jordan basis of A

e tane= (1) (1) (1)

The corresponding Jordan normal form of A is
J=J(0)® Ai(1) = <§é )
Note that J = [A]f = M~'AM, where M = Mg . = (Av|v|w).

[ =)=
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2.7. Nilpotent operators.

Definition 2.52.
(1) A linear operator A: V' — V is called nilpotent if A" = 0 for some r > 1. The minimal
r with this property is called the index of A.
(2) Given a vector 0 # v € V, define its index (relative to A) to be the minimal r > 1 such
that A™v = 0.

If A has index r, then there exists v € V having index 7.

Lemma 2.53. Let v € V have indezx v relative to A. Then the vectors

v, Av, ..., A"
are linearly independent.
Proof. We can assume that V = span (v, Av, ..., A""'v) (this space is A-invariant) so that
A" = 0 on V. Assume that Z:;Ol a;A'v = 0 with some a; # 0 and let 0 < j < r — 1 be the
minimal index with a; # 0. Dividing by —a;, we can assume that a; = —1. Then
Aj’U = Z aj+k+1Aj+k+lv = AjJrl Z aj+k+1Akv = AjJrlw.

k>0 k>0
Therefore A" 1o = A7t AJy = A"77L ATty = A™w = 0. This contradicts to the assumption
that v has index 7. 0

Definition 2.54. Let A: V — V be a linear operator. A vector v € V' is called cyclic relative
to A (or A-cyclic) if the vectors v, Av, A%v, ... generate V. The vector space V is called cyclic
relative to A if there exists a cyclic vector v € V relative to A.

Remark 2.55. Given a vector v € V, consider the subspace U = span (v, Av, A*v,...) C V.
It is an A-invariant, cyclic subspace of V', called the cyclic subspace generated by v. Let r > 1

be the maximal number such that the vectors v, Av, ..., A" lv are linearly independent. Then

. —1 . .
Wi n wri v=> ;A% for some ¢; € K and the above vectors form a basis of U.
e ca te A" i—o Ci i

Remark 2.56. Let v € V' be a cyclic vector of index r. By Lemma 2.53, the vectors
Ay, Av

form a basis of V. The matrix of A with respect to this basis has the form

01 0 0
00 1 0
0 0 . 0 1
0 0 0 0

which is the Jordan block J, .
Theorem 2.57. Let A: V — V be a nilpotent linear operator. Then A has a Jordan basis.

Proof. We need to show that there exists a decomposition V' = @, V;, where V; are A-invariant
and cyclic relative to A. We have seen that Aly, is represented by a Jordan block in an
appropriate basis.

Let W = A(V) C V. By induction, there exists a decomposition W = @;", W;, where W;
are A-invariant and have cyclic vectors w; € W; of index r;. We have w; = Av; for some v; € V.
Then V; = span (v;, Av,, ..., A"v;) are A-invariant cyclic spaces.
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We claim that V' = ).V is a direct sum. Assume that there are polynomials f;(t) of degree
< r; such that ), fi(A)v; = 0. Then ), f;(A)w; = 0 and we conclude that f;(A)w; = 0 for all 7.
We have A"w; = 0, hence f;(t) = ¢;t" for some ¢; € K (otherwise the vectors w;, ... A" tw;
are linearly dependent). Therefore 0 = Y, f;(A)v; = >, ;A" 'w; and we conclude that ¢; = 0.
This implies f;(t) =0, hence V' ="V is a direct sum as required.

Next, we claim that V' 4+ Ker A = V. For any v € V, we have Av € W = AV’ (as W; = AV}),
hence Av = Av’ for some v € V'. Then v —v" € Ker A and our claim follows. This implies that
we can choose vectors uq, ..., u; in Ker A that form a basis of V' relative to V'. Then

m k
V =V'®span (ug,...,uy) :@%@@Kui
i=1 i=1

is the required decomposition. [l

Proof of uniqueness. 1t is enough to prove uniqueness of the Jordan normal form for nilpotent
matrices. If J = J,(0), then nullJ = dimKerJ = 1, nullJ? = 2 and generally null J* =
min {k,n}. If A is conjugate to J = P, Jn(0)*™, then

k-1
null J¥ = Zmnmin{k,n} = ann + kZmn,
=1

n>1 n n>k

null J* — null J*1 = Zmn,

n>k
my, = (null J* — null J¥) — (null J*** — null J*).
Therefore the multiplicities m,, are uniquely determined by null J* = null A* for k& > 0. U

Remark 2.58. To find a Jordan basis of a nilpotent operator A, we construct cyclic vectors of
cyclic summands (defined in the theorem) as follows. Let r be the index of A and let V;, = Ker A*
for £ > 0. We obtain a chain of subspaces

oO=VWwcwvic...cV,=V.
(1) Let W, =0 and let (egr), . ,65,2) be a basis of V =V, relative to V,_; + W, = V,_;.
(2) Assuming that Wy, C Vi1 and (egkﬂ) € Vi11); are already constructed, define
Wk =A (Wk—l—l @ span <€Ek+1) ) Z 1)) C AVk+1 C ‘/k

and let (egk), e eﬁ,’ii) be a basis of Vj, relative to Vi_1 + Wj.
(k)

i

are the required cyclic vectors and the Jordan basis of A consists of vectors

Ak_legk), e ,Ae(»k) e®) 1<k<r1<i<my.

(2 A

Then the vectors e
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2.8. Examples.

2 -1

Example 2.59. Consider the matrix A = ( L0

). Then xa(t) =t —2t+1=(t —1)? and

the only eigenvalue of A is A = 1. The matrix B=A—1 = (1 _1> is nilpotent (B% = 0) and

1 -1
we have
Ker B C Ker B? = K?,

where Ker B = span <1> For a Jordan basis of B (and A) we choose a basis vector of

Ker B? = K? relative to Ker B, for example v = <(1)> Then Bv = G) and the Jordan basis is

f = (Bv,v) = (G)G)))

11

0 1) = Jo(1). We have

The corresponding Jordan normal form of A is J = (

J=[Aly =M 1AM, M = M;_,. = (Bv|v) = G é) :

Example 2.60. Consider the matrix
-3 -2 -1
A=1|5 3 2
1 1 0

We can check directly that A% = 0, hence A is nilpotent. Alternatively, we can verify that
xa(t) = t?, hence A3 = x4(A) = 0. We have
Ker A C Ker A? C Ker A% = K3,

where
-2 -1 -1 1 0
A2=|2 1 1|, Ker A? = span -11,1 1
2 1 1 -1 -1

0
Choose a basis vector of Ker A% = K3 relative to Ker A2, for example, v = [ 0 |. Then
1

-1 -1
Av=| 2 | € Ker A2, A2v=| 1 | eKerd
0 1
The Jordan basis of A is f = (A%v, Av,v) and the corresponding Jordan matrix is
010
J=10 0 1] =J500).
000
We have J = M~YAM, where M = M¢_,, = (A%v|Av|v).
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2.9. Applications. We can write a Jordan block in the form

J = Ju(\) = A + J,,(0).

Therefore
Lk
JE = (A + J,(0) Z CJNT(0)

AP RN (BNRSZ (NS

0 A kAT (DN

0 0 DL N () DU E

0 Ak kAR—L

0 0 AF
where

kN k! Ck(k—=1)...(k—i+1)

i) il(k—d) L----- i
are the binomial coefficients and k! =1---- -k (with 0! = 1). Using the polynomial f(t) = t*,

we can write

, ()
O ey P (PR

1 7!

where f@(t) is the i-th derivative of f(t). We obtain for an arbitrary polynomial f(t)

O I 0N I R Sty S

0 f(N) f’2(!>\) f”z{” ...........
0 0 fO oy SR
FO) = |
0 e 0 fN

A similar formula can be written for an arbitrary Jordan matrix J. Assume now that A is a
square n X n matrix with a Jordan basis v and a Jordan matrix J. Then J = [A], = M~ tAM,
where M = M, _,o. Therefore A = MJM~" and

F(A) = FOMIMY) = MM,
Using the above formula for f(.J), we can compute f(A).

Example 2.61. Consider a sequence x,.o = ¥, + x,+1 with xqg = 0, x; = 1 (called a Fibonacci

. € .
sequence). Setting v,, = (a; " ), we obtain
n+1

B Tpt1 (01 Ty, - (01
Untl = (xn+xn+1) - (1 1) (xn+1> = Av, A= <1 1)

Therefore v, = A"vy. We have ya(t) = t* —t — 1 with roots \j5 = %(1 + \/5) Then

A— NI = (‘Al

1 i) has a null space generated by ( ; ) and A — Ao has a null space
1
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1
generated by (

\ ) We obtain a Jordan basis
2

() ()

A1 0O

and the corresponding (diagonal) Jordan matrix J = ( 0 )
2

>. The transition matrix is

Ao —1

! 1)WithdetM:)\g—)\lz_\/EandM—l_;( 2
A1

M = Mf*)e = ()\1 AQ T V5
A= MJM~" and

1 1 1 A0 -\ 1
/ V5 (/\1 )‘2> <0 /\3> < A _1>
V5 AT gt Ao—1 V5 \* * .

x 0 IOV
v (o) == () =5 (7)

L ey AV (1B
xn—\/g()\l Ay) = T .

) . Then

Therefore

2

Example 2.62. Let A = (1

-1
0 > and let us compute

ATL
GA = ZF

n>0

The Jordan normal form of A is (see Example 2.59)

AR (11 (01
J—(O 1)_M AM, M_<1 0), M _(1 _1>.

Considering the function f(t) = €', we obtain f’(t) = €', hence

(V)= 6 )

1 1 1 e e 0 1 e 2e 0 1 2e —e
A _ MJM _ J -1 _ . _
€= = Me?M _(1 0) (0 e) (1 —1)_(6 e)(l —1>_(e 0)

Example 2.63. Let us compute A% for the above matrix A. If ft) = #190 then £(1) =1 and
f'(1) = 100. Therefore

1 1) /1 100\ /0 1 1 101\ /0 1 101 —100
100 __ 100 a r—1 __ _ —
AT = MITM = (1 0) (o 1 ) (1 —1) B (1 100) (1 —1) B (100 —99)
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3. INNER PRODUCTS

3.1. Dual spaces.

Definition 3.1. Let V be a vector space over K.

(1) Define a linear functional on V' to be a linear map f: V — K.
(2) Define the dual space of V' to be the set of all linear functionals on V', denoted by V*.

The dual space V* has a vector space structure with addition and scalar multiplication defined
pointwise. Namely, for any f,g € V* and ¢ € K, we define

f+rgeVs,  (f+90)=[f0)+g), wveV,
cf e V¥, (cf)(v) =c- f(v), velV.

Define a pairing

(—,—): V"XV > K, (f,v) = f(v), fevivel.
It is bilinear, meaning that

(erfi + eafo,v) =1 (fr,0) + 2 (fo,v),  (f, v+ cova) = o (fiv1) + 2 (f,02)

for v,v1,v9 €V, f, f1, fo € V*, ¢1,c0 € K. Similarly, we define a bilinear pairing

(—,—):VxV*"—> K, (v, ) = f(v), feVviveVl.

Example 3.2. One can identify vectors of V' = K™ with column vectors (or n x 1 matrices)
and vectors of V* with row vectors (or 1 X n matrices). Then, given v € V and f € V*, we can
interpret f(v) € K as a matrix product f-v which is a 1 x 1 matrix. For example, f = (1 2 1)
defines a linear functional

g
f: K3 = K, x~—>f~x:(1 2 1) Ty | = x1 + 229 + 3.
Z3
Lemma 3.3. Let V be a vector space with a basis (eq, ..., e,). For anyy € K", there exists a

unique linear functional f € V* such that f(e;) = vy; for alli.

Proof. Every vector v € V' can be written uniquely in the form v = ). x;e;, where z; € K. For
any f € V*, we have

flv) = Z zif(€i),

hence the values f(e;) = y; determine f uniquely. Conversely, given y € K™, we define f: V — K

by the formula
f(v)zzl’iyi, v=ineieV

Then f is a linear functional and f(e;) = ;. O

Theorem 3.4. Let V' be a vector space with a basis € = (eq,...,e,). For every 1 < j < n,
define e; € V* by the formula

6;(61‘) :51']‘, 1 SZSTL

Then (e}, ..., €.) is a basis of V*, called the dual basis for the basis e.

e n
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Proof. (1) The linear functionals e; € V* are uniquely determined by the previous lemma.
(2) Given f € V*, let y; = (f,¢;) for all i. Then g =3, y;e], satisfies

gaez Zy] <€]>€z Zyj ijg =Y f>€z>-
This implies that for any v = Zl xie;, we have

v) :in@aei) szz‘(f,@i) = (f,v),

hence f =g = Z yje; and V* is generated by e7, ... €.
(3) If 3, yje; =0, then

0= <Z yj€;,€i> = Zyj (€5, ;) = Zyjéij —y;
J i j

for all 2. This implies that e}, ..., e are linearly independent, hence they form a basis of V*. [

Remark 3.5. For any v € V., f € V*, we have
U:Z<€;‘,U>€Z‘, f:Z<f,61>€;k

Example 3.6. Let V = K2 be equipped with a basis e; = (1), ea = ({). The dual basis e, e}

e*
consists of row vectors such that e} -e; = d;;. Let us define matrices A = (e;|ez) and B = —1—
€2

(with rows equal the row vectors €}). Then we obtain B- A = I, hence B = A~'. In our example

we have A = (1 ?), hence B = A7t = (_11 (1)) We conclude that

=(10), e=(-11).
Remark 3.7. The above theorem implies that the vector spaces V and V* have the same

dimension. Therefore they are isomorphic to each other. However, there is no canonical
isomorphism between them (independent of a basis choice).

Lemma 3.8. Let ¢p: U — V be a linear map. Then there exists a unique linear map ¢*: V* — U*
satisfying the condition

(@ (f),u) = (f,0(u), VfeV*', uel.
The map ¢* is called the transpose (or dual) of ¢.

Proof. Uniqueness follows immediately from the above formula. For any f € V* we define
¢*(f): U — K by the formula ¢*(f)(u) = (f, ¢(u)), for u € U. We verify that ¢*(f) is a linear
functional, hence ¢*(f) € U*. Finally, we verify that the map V* — U*, f + ¢*(f) is linear. [

Theorem 3.9. Let ¢: U — V be a linear map, e, f be the bases of U and V' respectively, and
A = [¢leg be the corresponding matriz of ¢p. Then the matriz of ¢*: V* — U* with respect to
the dual bases £*,e* is equal to the transpose matriz AT.

Proof. Let B be the matrix of ¢*: V* — U* with respect to the dual bases. We have ¢(e;) =
> ki fr and qb*( *) Zk briey. Therefore

me e es) = b = (f1 8e)) = D ans (f7 fi) = ay
k

This implies bj; = a;j, hence B = AT, O
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Let V** = (V*)* be the dual space of V* (the double dual of V). We mentioned earlier
that V' and V* are not canonically isomorphic. But it turns out that V' and V** are (if V is
finite-dimensional).

Theorem 3.10. Let V be a (finite-dimensional) vector space. Then there is a (canonical) linear
map
J: V=V, J)(f) = f(v), veV, feVr,

which is an isomorphism. We say that V' is a reflexive space.

Proof. One can verify that J(v): V* — K is linear, hence J(v) € V**. One can also verify
that the map V. — V™ v — J(v) is linear. We know that dim V** = dimV* = dim V.
Therefore to show that J is an isomorphism, it is enough to show .J is injective or that
KerJ = 0. If v =), z;e; € KerJ, then f(v) = J(v)(f) = 0 for all f € V*. Therefore
0= <e;,v> => . <e;f,ei> = x; for all j. This implies that v = 0, hence Ker J = 0. O



30

3.2. Bilinear forms.

Definition 3.11. Let V' be a vector space over K. A bilinear form on V is a map
o:VxV =K
such that, for all vy, vy, w € V, ¢1,c0 € K, we have
(1) o(c1v1 + cov9, w) = 10 (v, w) + c20(ve, w) (linearity in the first argument).
(2) o(w, c1vy + cov9) = cro(w, v1) + ca0(w, vy) (linearity in the second argument).
It is called symmetric if o(v, w) = o(w,v), for all v,w € V.
Remark 3.12. Given vector spaces V, W one can similarly define a bilinear form

o:VxW—=K.
Example 3.13. The dot product on K"
o(w,y) =Y wyi=2"-y,  wyek"
i=1
is a symmetric bilinear form. More generally, for any n x n matrix A, define a bilinear form on
K™ by
o(z,y) = Z a;riy; = o' Ay.
1,
Note that for the standard basis of K™ we have
1,

T T
o(e;,ej) =e; Aej = e, = a;;.
anj

Definition 3.14. Let o be a bilinear form on V' and e be a basis of V. Define the matrix
A = [0]e of o with respect to the basis e to be the matrix with entries a;; = o(e;, €;).

Remark 3.15. If ¢ is a symmetric bilinear form, then its matrix A is symmetric, meaning
that a;; = aj; (or AT = A). Indeed, a;; = o(e;,e;) = o(ej, ;) = aj;.

Lemma 3.16. Let A = [0]e be the matriz of a bilinear form o on V with respect to a basis e.
Then for all vectors u,v € V', we have

0(“? U) = [u];l' A [U]e7
where [v]e is the coordinate vector of v with respect to the basis e.
Proof. Let © = [u]e € K™ and y = [v]e € K™. Then v =), z;e;, v =Y. y;e; and
o(u,v) = inyja(ei, e;) = inaijyj = le(Ay)Z =" Ay.
i\j i\j i
O

Theorem 3.17. Let 0: V x V. — K be a bilinear form, e,f be two bases of V and A = [0]e,
B = [o]¢ be the corresponding matrices of o. Then

B=M"AM,
where M = M¢_,o is the transition matriz.
Proof. We know that [v]e = M - [v]¢ (see Lemma 1.4). Therefore
o(u,v) = [ulg Av]e = (MTu]e)" A(M[v]) = [ulf - (MTAM) - [v]¢
On the other hand o(u,v) = [u]{ B[v]¢ for all u,v € V. We conclude that B = MTAM. O
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Definition 3.18. A bilinear form o: V' x V — K is called non-degenerate (in the first
argument) if o(v, w) = 0 for all w € V' implies v = 0. Similarly, we define non-degenerate forms
in the second argument.

Theorem 3.19. Let o: V xV — K be a bilinear form and A be its matrix with respect to some
basis. Then following are equivalent

(1) o is non-degenerate in the first argument.

(2) o is non-degenerate in the second argument.

(8) A is invertible.

We call o0 non-degenerate under any of these conditions.

Proof. 1t is enough to show that (2) and (3) are equivalent. Let A = [0]. be the matrix of o
with respect to a basis e. Define a linear map

p=0:V =3V v o(—,v) eV,

where o(—,v): V — K, u > o(u,v). The matrix B of the map ¢ with respect to the basis e
of V' and the dual basis e* of V* satisfies o(—, ¢;) = ¢(e;) = > _,. bjei. Therefore

ai; = o(e; ;) = Zbkj (€i, ex) = bij
k

and A = B. Assume that o is non-degenerate (in the second argument). If v € Ker ¢, then
¢(v) = o(—,v) = 0, hence o(u,v) = 0 for all u € V. Therefore v = 0. This implies that
Ker¢ = 0 and ¢ is injective. As dimV* = dim V', we conclude that ¢ is an isomorphism.
Therefore A = B is invertible. The converse statement goes through the same lines. 0

Corollary 3.20. Let 0: V x V. — K be a non-degenerate bilinear form. Then, for every
linear functional f: V — K, there exists a unique v € V' such that f = o(—,v), meaning that
f(u) =o(u,v) for allu e V.

Proof. We have seen that the map o’: V — V* v+ o(—,v) is an isomorphism. Therefore, for
any f € V*, there exists a unique v € V such that f = o’(v) = o(—,v). O
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3.3. Euclidean vector spaces. In this section we will denote our bilinear form by (—, —).

Definition 3.21. A bilinear form (—, —) on a real vector space V is called positive definite if
(v,v) >0 Vv e V\{0}.
A real n x n matrix A is called positive definite if 2" Az > 0 for all x € R™\ {0}.

Definition 3.22. An inner product on a real vector space V is a map
(—,—):VxV =R
satisfying (for all u, v, uj,us € V', ¢1,co € R)
(1) (u,v) = (v,u) (symmetry).

(2) (crug + coug,v) = c1(ug,v) + c2(ug, v) (linearity in the first argument).
(3) (v,v) > 0 for all v € V\ {0} (positive definiteness).

Equivalently, it is a bilinear, symmetric, positive definite form on V. A real vector space
equipped with an inner product is called a Euclidean vector space.

Example 3.23. Consider the dot product on R™
(xvy)zleyh SC,yERn
i=1

It is a symmetric, bilinear form. Moreover, (x,2) = Y, 27 > 0 for all z € R™\ {0}. Therefore
this form is positive definite, hence it is an inner product on R".

Remark 3.24. Note that an inner product is non-degenerate as (v,v) # 0 for all v € V'\ {0}.

Definition 3.25. Given a Euclidean vector space V, we define the length (or norm) of a

vector v € V to be
[v]l = v/ (v, v).

A vector of length 1 is called a unit vector.

Definition 3.26. Let V' be a Euclidean vector space.
(1) A collection of vectors (vq,...,v,) in V is called orthogonal if (v;,v;) = 0 for ¢ # j.
(2) A collection of vectors (vy,...,v,) in V is called orthonormal if it is orthogonal and
|vi|| = 1. Equivalently, (v;,v;) = d;; for all 4, j.
(3) In the same way we define orthogonal and orthonormal bases of V.
Example 3.27. Let V = R” be equipped with the dot product. Then the standard basis
(é1,...,e,) is an orthonormal basis as (e;, e;) = d;; for all 4, j. But there are other orthogonal
and orthonormal bases in V. For example, let V = R? and let v; = (1), v2 = (). Then

(v1,v9) = 0, hence these vectors form an orthogonal basis.
This basis is nor orthonormal as ||v; || = |[vs|| = v/2. To get an orthonormal basis, we consider

leL:LC) fzzgzi(l)
[ RVORN Y Jo2f V2 \~1
Then || f;|| = Lol — 1 and (fi, f;) = 045 for all 4, j.

[[osl

Lemma 3.28. Let e = (ey,...,€e,) be an orthogonal basis of V. Then, for any vector v € V,

we have
_ _ (v7€i)
U—inei, ZEZ—( N
i

€, €;)

If e is an orthonormal basis, then v =" .(v,€;)e;.
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Proof. Let v = 3 x;e; for some z € R". Then (v,e;) = >, x;(ej,€) = xi(es,e;), hence
(v,e;)
(eiei)”

T = If e is orthonormal, then (e;,e;) = ||e;||* = 1, hence x; = (v, €;). O

Theorem 3.29 (Gram-Schmidt orthogonalization process). Any Fuclidean vector space V' has

an orthonormal basis. Given a basis (vq,...,v,) of V, we define w; = m and then inductively
y k
Wk4+1 = m> U = Vg1 — Z(%H, w;)w;.
i=1
Then (wy, ..., w,) is an orthonormal basis such that wy € span (vy, ..., v), for all k.
Proof. Let (v1,...,v,) be any basis of V. We will construct an orthonormal basis (wy, ..., w,) of
V' having the property that every wy, is a linear combination of vy, ..., v;. First we set w; = Hz_iﬂ
so that ||wq]| = 1. Assuming that vectors wy, ..., w; are already constructed, let us consider a
vector of the form
k
u:ka—Zciwi, c € K.
i=1
Then
(u, w;) = (Vgy1,w;) — ¢i(wi, wi) = (Vggr, wi) — ¢, 1<i<k.
If we set ¢; = (Vpy1,w;), then (u,w;) =0 for 1 <i < k. The vector u is nonzero as otherwise
Vg1 = Zle c;w; € span (vy,...,v) contradicting to the assumption that (vq,...,v,) are
linearly independent. We define w41 = i so that ||lwks1|| = 1 and
1 .
(Wht1, w;) = W(u,wi) =0, 1<i<k.
U
This implies that vectors wy, ..., w1 are orthonormal. Assuming that span (wq,...,w;) =
span (vq, ..., vg) (by induction), we obtain that
Wit1 € span (Vgy1, W, . .., wx) = span (vi, ..., V1) , Vg1 € span (wi, . .., Wet1) -
Therefore span (wy, ..., wgy1) = span (vy, ..., vg1). Continuing this procedure we obtain an
orthonormal basis (wy, ..., w,) of V. O

Remark 3.30. Alternatively, we can define first an orthogonal basis (wy,...,w,) by the
formulas w; = v; and

k
(Vgy1, w;)
W41 = Vk41 — ———W;.
; (wy, w;) '
Then we get an orthonormal basis by considering vectors Hﬁ—” In this way we avoid taking
square roots in the process of orthogonalization.

Example 3.31. Let V = R?® (we will use row vectors) and let v; = (1,1,0), vy = (1,1,1),
vg = (1,0,1). We define

Wy =V = (17170)7 Wy =V — 77—~ (UQ,wl) - (Oa071)7
(wq,w
<U37w1) (U3aw2) 1
= Ve — 22y — —(1,—1,0).
w3 = U3 (wl,wl)wl <w27w2) 2( ) ) )

One can check that wq, ws, w3 are indeed orthogonal. The corresponding orthonormal basis is

7(1,1,0), (0,0,1), Z5(1, ~1,0).
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Theorem 3.32 (Bessel’s inequality). Let ey, ..., e, be an orthonormal sequence of vectors in V.
(meaning that (e;,e;) = ;). For anyv € V, we have
> (we) < |lvf*
i

Proof. Let a; = (v,e;). Then
0< (v — Zaiei,v — Zaiei> = (v,v) — QZ%(U, ei) + Zaiaj(ei, e;)
i i i 2
= (v,v) —22&?—1—2(1? = (v,v) —Za?.

Therefore >, a? < (v,v) = |v||*. O
Theorem 3.33 (Cauchy-Schwarz inequality). We have
(v, w) < Jvf| - [Jw]].

Proof. We can assume that w # 0. Then the vector e = w/ ||w|| is a unit vector. By the previous
result (v, w/ [lw]])* = (v,¢)* < [|v]|*, hence (v,w)* < [lo]|*- Jw]]*, O

Remark 3.34. We define the angle 6 € [0, 7] between two nonzero vectors v,w € V by the

formula
cosf = —(v,w) )
o]l - fJwll

Note that the right hand side is contained in [—1, 1] by the Cauchy-Schwarz inequality.
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3.4. Unitary vector spaces. Recall, that given a complex number z = a + bi € C (with
a,b € R), we define the complex conjugate z = a — bi.

Definition 3.35. An inner product on a complex vector space V' is a map
(=, —=):VxV=>C
satisfying (for all u,v,uy,us € V, ¢1,¢9 € C)
(1) (u,v) = (v,u) (conjugate symmetry).
(2) (cruq + coug,v) = c1(ug,v) + ca(ug, v) (linearity in the first argument).
(3) (v,v) > 0 for all v € V\ {0} (positive definiteness).
A complex vector space equipped with an inner product is called a unitary vector space.

Remark 3.36. Our earlier definition of an inner product on a real vector space can be formulated
using the above three axioms, where the conjugate sign is ignored.

Example 3.37. Define a pairing on V' = C" by the formula
(a:,y):Za:zyz, nyECn’
i=1

Note that (y,x) = 3., 4% = 3., %% = (x,y), hence the first axiom is satisfied. The pairing
is linear in the first variable, hence the second axiom is satisfied. Finally, (z,2) =), x;7; =
S |z > 0if 2 € €\ {0}. Therefore the third axiom is satisfied. This implies that the above
pairing is an inner product.

Remark 3.38. A map satisfying the first two axioms is called a Hermitian form. Note that

(v, crug + caug) = (cruy + coug, v) = &1 (ug, v) + Ca(ug, v) = ¢ (v, u1) + T2 (v, ug).

Therefore such map satisfies

(1) (cruy + coua,v) = c1(uy,v) + ca(ug, v).

(2) (v, cruy + coug) =1 (v, u) + C2(v, us).
A map satisfying these two properties is called a sesquilinear form. An inner product is a
sesquilinear form that is conjugate symmetric and positive definite.
Remark 3.39. Given a vector space V over C, define the complex conjugate space V to
be the set V' with the same vector addition and with the new scalar multiplication

Aowv = v, ANeC,veV.
Then a sesquilinear form o: V x V — C corresponds to a bilinear form o: V x V — C as
o(u,Aov) = o(u, \w) = Ao (u,v).

Remark 3.40. Given a unitary vector space, one can define orthogonal and orthonormal bases,

apply Gram-Schmidt orthogonalization process, prove Bessel and Cauchy-Schwartz inequalities
in the same way as for Euclidean spaces.

Theorem 3.41 (Bessel’s inequality). Let ey, ..., e, be an orthonormal sequence of vectors in a
unitary vector space V. Then, for any v € V', we have

2 2
>l e)* < loff*
i

Theorem 3.42 (Cauchy-Schwarz inequality). For any vectors v,w € V', we have

| (v, w)| < o]l - Jwl]
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3.5. Orthogonal complement. Let V' be a Euclidean vector space (or a unitary vector space).
Definition 3.43. Given a subspace U C V, define its orthogonal complement
Ut ={veV|(vu)=0VucU}.
Lemma 3.44. For any subspace U C V., the orthogonal complement U+ C V is a subspace.

Proof. If v,v" € U+, then (v +v',u) = (v,u) + (v/,u) = 0 for all u € U. Therefore v +v' € U™t.
If c € K, then (cv,u) = c¢(v,u) = 0 for all u € U. Therefore cv € U™. O

Theorem 3.45. For any subspace U C V, we have V = U @ U+,

Proof. If v € U N U™, then (v,v) = 0, hence v = 0. This implies that U N U+ = 0. Let
(u1,...,u;) be an orthonormal basis of U. For any v € V, consider u = >, (v, u;)u; € U and
w=v—u=v—y (v,u;)u. Then

(w,5) = (v,u) = > (v, ) (ug, 05) = (v,u5) = (v,u5) =0, V1< j <k
This implies that (w,u’) = 0 for all ' € U, hence w € U*. Therefore v = u+w € U + U™,
hence V = U + U*. We conclude that V =U @ U+, U

Remark 3.46. Given a symmetric non-degenerate bilinear form o on a vector space V' and
a subspace U C V, we can similarly define Ut = {v € V |o(v,u) = 0 Yu € U} and prove that
V=UaU"

Remark 3.47. Let V = R" be equipped with the dot product and let U = span (uy,...,ux) C V

be a subspace. Then z € U+ if and only if u] -z = 0 for all i. Let A be a k x n matrix with the
T

TOWS U,
A= (ug].. . Jup)T.
Then we can write the above condition as A - £ = 0. Therefore
Ut = Ker A.

Example 3.48. Let V = R3 be equipped with the dot product and let

e (1), (1) v

To find U™*, we consider A = (u]ug)" = G ; (1)> Then U+ = Ker A. Consider
1 1 0\ ey, (1 1 0O\ -y (1 0 —1
1 21 0 11 01 1)/
1
Fixing the free variable x5 = 1, we get z; = 1, 15 = —1. Therefore Ut = Ker A = span | —1
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3.6. Self-adjoint operators. Let IV be a Euclidean or a unitary vector space.

Lemma 3.49. Given a linear operator A: V. — V, there exists a unique linear operator
A*: V. =V satisfying
(Au,v) = (u, A*v) Yu,v € V.

It is called the adjoint operator of A.

Proof. For any v € V', consider the linear functional f: V — K, u + (Au,v). By Corollary 3.20,
there exists a unique vector A*v € V such that f = (—, A*v). Then f(u) = (Au,v) = (u, A*v)
for all w € V. This defines a map A*: V — V satisfying the required relation and one can check
that A* is linear. If B: V — V is another linear operator satisfying the required relation, then
(Au,v) = (u, A*v) = (u, Bv), hence (u, A*v — Bv) = 0 for all u € V. Therefore A*v — Bv =0
and we conclude that A* = B. This proves uniqueness. 0

Remark 3.50. Note that (A*v,u) = (u, A*v) = (Au,v) = (v, Au). Therefore (A*)* = A.
Definition 3.51. A linear operator A: V' — V is called self-adjoint if A* = A. Equivalently
(Au,v) = (u, Av) Yu,v e V.

Example 3.52. Let V' = R" be equipped with the dot product. Given an n X n matrix A,
consider the corresponding linear map A: R” — R" and its adjoint operator A*. Then

(A*e;ej) = Z(a}ziek, ej) = aj; = (&, Aej) = Z €, Qkj€k) Zak] €, ex)
k k
This implies that the matrix of the adjoint operator A* is the transpose matrix AT. The linear

operator A is self-adjoint if and only if the corresponding matrix is symmetric (4 = AT).

Example 3.53. Let V = C” be equipped with the inner product (z,y) = >, z;7;. Given an
n x n matrix A, consider the corresponding linear map A: C" — C" and its adjoint operator
A*. Then

(A*e; ej) = Z(a};iek, ej) = aj; = (e;, Aej) = Z €, Qkj€k) Zak? €, k)
k

k

This implies that the matrix of the adjoint operator A* is equal to (A)T = AT, called the
conjugate transpose of A. The linear operator A is self-adjoint if and only if the corresponding
matrix satisfies A = AT. Such matrices are called Hermitian or self-adjoint.

Lemma 3.54. Let V' be a unitary vector space and A:'V — V be a self-adjoint operator. Then

(1) All eigenvalues of A are real.
(2) If u,v € V are eigenvectors of A corresponding to two distinct eigenvalues, then u,v are
orthogonal, meaning that (u,v) = 0.

Proof. (1) Assume that Av = Av for some A € C and 0 # v € V. Then
Mv,v) = (\v,v) = (Av,v) = (v, Av) = (v, \v) = A\(v,0).

Therefore A = X and A € R.
(2) Let Au = \u and Av = po for some X # . We have seen that A, u € R. Therefore

(Au, 0) = (i, v) = A(w,0) = (1, Av) = (u, ) = u(u,v).
This implies that (A — p)(u,v) = 0, hence (u,v) = 0. O
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Example 3.55. Let A= (? 73'). Then ya(t) =t — 6t + 8 = (t — 2)(¢t — 4). The eigenvalues
are A =2and A =4. For A = 2 we consider A—21 = (!} 7') and find the eigenvector v; = (1}).
For A =4, we consider A — 4] = ( o1 j) and find the eigenvector vy = (1;). We observe that
(v1,v9) =1 —1=0, hence vy, vy are orthogonal.

Corollary 3.56. Let A be a real symmetric matriz (or a Hermitian matriz). Then

(1) All eigenvalues of A are real.
(2) If u,v are eigenvectors of A corresponding to two distinct eigenvalues, then u,v are
orthogonal, meaning that (u,v) = 0.

Proof. The matrix A defines a linear operator C* — C™ which is self-adjoint. Now we apply
the previous result. 0

Theorem 3.57 (Spectral theorem). Let V' be a unitary vector space and A:'V — V be a
self-adjoint operator. Then there exists an orthonormal basis of V' consisting of eigenvectors of
A (the matriz of A with respect to this basis is diagonal).

Proof. Let A € R be an eigenvalue of A. Then U = Ker(A — \) is A-invariant. The subspace
Ut C V is also A-invariant: for every v € U+ and u € U, we have (Av,u) = (v, Au) = 0 as
Au € U. Therefore Av € U+. We proved earlier that V = U @ U*. By induction, the restriction
Alyy is diagonalizable in an orthonormal basis of U+. We extend this basis by an orthonormal
basis of U. Then A is diagonal in this basis. O

Remark 3.58. Let V' be a unitary vector space. A linear operator A: V' — V is called normal
if A*A = AA*. For example, self-adjoint operators (A* = A) and unitary operators (A*A = I,
see below) are normal. One can prove a spectral theorem for normal operators (existence of an
orthonormal basis of V' consisting of eigenvectors of A) in the same way as Theorem 3.57.

Remark 3.59. Let e, f be orthonormal bases and M = M;g_,.. Then f; = >, my;ex. Therefore
f'wfj kalml] ekael kalmkj — M M)

and MTM = I. Such matrices M are called orthogonal. Note that Mg,y = M~ = MT.

Theorem 3.60 (Spectral theorem). Let A be a real symmetric matriz. Then there exists an
orthogonal matriz M such that M~YAM = MTAM is diagonall.

Proof. The matrix A defines a linear operator A: C" — C" which is self-adjoint. By the previous
theorem, there exists an orthonormal basis f of C" such that [A]f is diagonal. The vectors f;
are eigenvectors of A corresponding to real eigenvalues ;. Therefore f; € Ker(A — );) and we
can choose them to be real vectors. Let e be the standard basis of C" (which is orthonormal).
Then [Alf = M~'AM, where M = M;_,, is an orthogonal matrix by the previous remark. [

= (4).
We make it orthonormal by considering f; = vi/||v1]] = \/Li(%)7 fa = v/ ||lvo| = \/Li (1)
Then M = (fi|f2) = —( 1, 1) is an orthogonal matrix: MTM = I. One can check that
MTAM = (39).

Example 3.61. In the previous example we had an orthogonal basis v; = (1), vy
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3.7. Orthogonal operators and matrices. Let V' be a Euclidean vector space.

Definition 3.62. A linear operator A: V' — V is called orthogonal if
(Au, Av) = (u,v) Yu,v € V.

Remark 3.63. In the case of a unitary vector space V', a linear operator A: V — V satisfying
the above condition is called a unitary operator.

Theorem 3.64. Given a linear operator A: V. — V', the following are equivalent

(1) A is orthogonall.
(2) ||Av]| = ||v|| for allv e V.
(3) A*A =1

Proof. (1) = (2). We have ||Av|” = (Av, Av) = (v,v) = ||v|.
(2) = (1). If ||Av|| = ||v||, then (Av, Av) = (v,v). This implies

2(u,v) = (utv,u+v)— (u,u) — (v,v) = (A(u+v), A(u+v)) — (Au, Au) — (Av, Av) = 2(Au, Av).

(1) = (3). We have (u,v) = (Au, Av) = (u, A*Av) for all u,v. Therefore A*Av = v, hence
A*A=1T.
(8) = (1). We have (Au, Av) = (u, A*Av) = (u, Iv) = (u,v). O

Remark 3.65. Let V = R"” be equipped with the dot product. An n X n matrix A defines a
linear operator L4: R® — R™. Then the adjoint operator L% corresponds to the transpose AT.
Therefore L4 is an orthogonal operator if and only if ATA = AAT = I. We called such matrices
orthogonal in Remark 3.59.

Remark 3.66. Let A = (f1|...|f,). Then the entries of AT A have the form f; f;. Therefore A
is orthogonal if and only if (fi, f;) = f;' f; = 6ij. This means that (fy,..., f,) is an orthonormal
basis. A similar condition can be formulated for the rows of A.

Lemma 3.67. If A is an orthogonal matriz, then det A = +1.

Proof. We have ATA = I, hence 1 = det I = det(ATA) = det(AT)-det(A) = det(A)?. Therefore
det(A) = £1. O

Example 3.68. Let A = (2%) be an orthogonal matrix with det A = 1. Then a* + ¢* =
b> +d*> =1 and ab+ cd = 0. The last condition implies that (b,d) = A(—c,a) for some \ € R.
Then det A = ad — bc = A(a? + ¢*) = A, hence A = 1 Therefore (b,d) = (—c,a) and we have
just one condition a* 4+ ¢ = 1. There exists 6 € [0, 27) such that a = cosf, ¢ = sinf. Then
A= (b - snd) (compare to Example 2.12). Every operator of this form is orthogonal.

Note that for general 6, the matrix A can not be diagonalized (over real numbers). On the
other hand, we can consider A as a unitary operator (matrix) and then we can diagonalize A

over complex numbers according to Remark 3.58.
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3.8. Quadratic forms.

Definition 3.69. Let V be a real vector space. A map ¢: V — R is called a quadratic form
if there exists a basis (e1,...,e,) of V and scalars a;; € R such that

q(xie1 4+ -+ xpe,) = E ;T
i?j

Remark 3.70. If the above condition holds for one basis of V', then it holds for any basis.
Indeed, let e, f be two bases of V' and let A be a matrix such that ¢(v) = Z” aijrir; = v Az,
for v=">",z;e; (or x = [v]e). We have z = My, where y = [v]s and M = Ms_,¢ is the transition
matrix. Therefore

q(v) = ' Ar = (My)TA(My) = yT(MTAM)y = y' By, B=MTAM.
This means that q(y1f1 + -+ ynfn) = D2, ; bij¥iy;-

Example 3.71. Let 0: V x V — R be a bilinear form. Then ¢(v) = o(v, v) is a quadratic form.
Indeed, given a basis € = (ey, ..., e,), consider the matrix A = [0]. with entries a;; = o(e;, €;).

Then
o(v,w) = Z ai; Y5, v = inei, w = Zyiei.
irj i i
In particular, q(v) = o(v,v) = 3, ;axz;, for v =3 xie;. If o is symmetric, then we can
reconstruct it from ¢ by the formula

7(o,w) = 3 (alv -+ w) — gfv) — gfw)).

This gives a 1-1 correspondence between quadratic forms and symmetric bilinear forms.

Remark 3.72. In what follows we will consider quadratic forms on R" of the form
q(z) = 2" Az = (Az, 1),

where A is a symmetric matrix and (z,y) = Y, z;u; is the dot product. Note that there is a 1-1
correspondence between quadratic forms, symmetric bilinear forms, symmetric matrices and
self-adjoint operators. Therefore we can apply our earlier results about symmetric matrices
(and self-adjoint operators) to the study of quadratic forms.

Example 3.73. Consider the quadratic form on R* (Minkowski space)

q(z1, 79, 13, 1) = 2] + 15 + 5 — 7.
We will see later that there is no change of variables (of the form x = My for some invertible
matrix M) such that the above quadratic form takes the form Y, y2.

Theorem 3.74 (Canonical form). Let q(z) = 2T Ax, for a real symmetric n x n matriz A.

(1) There exists an orthogonal change of variables x = My (meaning that M is an orthogonal
matriz) such that q(x) = 37, - agrir; = Y, \yi, where \; are (real) eigenvalues of A.

(2) There exists a change of variables x = Mz (meaning that M is invertible) such that
q(z) = Z” aijrir; = Y, 22, where g; € {1,—1,0}.

Proof. (1) By the spectral theorem, there exists an orthogonal matrix M such that MTAM =
diag(A1,...,\,), where \; are the eigenvalues of A. With + = My, we obtain ¢(x) =
(My)TA(My) =y (MTAM)y = 37, Ay
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(2) Using the same notation as before, let us define new variables z; = { Al - i i\\l 7 8’
Then \y? = ¢;22, where " |
1, A >0,
g;=sgn(\) =10, N\ =0,
-1, X\ <O.
Therefore g(x) = >, Niy? = >, €i27. =

Example 3.75. Let A= (9}) and ¢(z) = 2T Ax = 2x125. Then there are eigenvalues \; = 1,

A2 = —1 and orthonormal eigenvectors f; = %(%)7 f2 = \/Li (1). Consider the transition

matrix M = (fi|f2) = \%(% 1) and new coordinates x = My, hence r; = %(yl + v2),
To = \/Lﬁ(yl — 9). Then the quadratic form in new coordinates is
2
2evws = Sy + 1) (91 —92) = 47 — 4.

Theorem 3.76 (Sylvester’s law of inertia). Let A be a real symmetric n X n matriz and
q(z) = 2" Ax = Z ey,

for some change of variables x = My and ¢; € {1,—1,0}. Then the numbers ny,n_,ng of
positive, negative, zero values among €; are independent of the choice of variables. They are equal
respectively to the number of positive, negative, zero eigenvalues of A. The triple (ny,n_,ng) is
called the inertia (or the signature) of the quadratic form q (or the matriz A).

Proof. We have to show that given invertible matrices M;, My such that
M]AM, = D, = diag(\1, ..., \n), MJ AM,y = Dy = diag(py, . . . , fin),
the numbers of positive, negative, zero values among \; and p; are the same. We will do this

for positive values. Assume that

(1) y>0for1 <i<kand )\ <0 for k <i<n,
(2) pi>0for1 <i<land y; <Oforl<i<n

and assume that [ > k without loss of generality. We have
Dy =My ((MD™'D .MMy, = MT"DM, M = M{'M,.
Let (eq,...,e,) be the standard basis and let f; = Me;. Then
e;rDlei:)\iSO, k<i<n
and eiTDlej =0 for i # j, hence 2" D12 < 0 for z € U = span (éxt1,---,€n). On the other hand
fIDifi = (Me;)"Di(Me;) = e] Dye; = pi; > 0, 1<i<l.
and similarly f7D;f; = 0 for i # j. Therefore 2" Dz > 0 for 0 # x € V = span (fy,..., fi).

This implies that UNV = 0. But dimU 4+ dimV = (n — k) +1 > n, hence U NV # 0. This is a
contradiction. O

Remark 3.77. If A in the above theorem is an invertible matrix (meaning that the corresponding
bilinear form is non-degenerate), then ng = 0 and n, + n_ = n. This implies that the triple
(ny,n_,ng) is uniquely determined by the value n, — n_, usually called the signature of the
quadratic form (or the matrix A). For example, the quadratic form q(z) = 2% + z3 + 23 — 22

has signature 2.
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3.9. Positive definiteness. Recall that a real symmetric n x n matrix A is called positive
definite if 2T Az > 0 for all z € R™\ {0}. Given such a matrix, the corresponding bilinear form
o(z,y) = x"T Ay is an inner product on R". Therefore it is important to give a characterization
of such matrices.

Definition 3.78. Let A be an n x n matrix. We define a minor of order k of A to be the
determinant of a k& x k submatrix of A (obtained by removing n — k rows and n — k columns
from A). If the submatrix is the square upper-left submatrix of A, then the corresponding minor
is called a corner (principal) minor of A.

Example 3.79. Let A= (1%). Then the corner minors of A are 1 and 1-3 —2-2 = —1.

Theorem 3.80. Let A be a real symmetric n x n matrixz. Then the following are equivalent
(1) A is positive definite.
(2) All eigenvalues of A are positive.
(3) The corner minors of A are positive (Sylvester’s criterion).

Proof. (1) = (2) and (2) = (1). We know that there exists an orthogonal matrix M such
that MTAM = diag(\y,. .., \,), where )\; are eigenvalues of A. Every vector z € R" can be
written as = My for some y € R". Then

v Az = (My)TAMy = y"(MTAM)y =) Nyl

If A is positive definite, we consider y = e;, # = Ay and obtain \; = 2" Az > 0. If all \; > 0,
then we obtain Y, A\;y? > 0 for all y # 0. Therefore A is positive definite.

(1) = (3). Let Ay be the left top k x k submatrix of A. Considering x € R" with
Tpp1 = -+ = T,, we obtain 27 Ax = Zlgi,jgk a;jx;xj, hence A is positive definite. This
implies that all eigenvalues of Ay are positive, hence det A; > 0.

(3) = (1). We use induction on the size of A. Let A be an (n+ 1) x (n+ 1) matrix. Then we

A
can write it in the form A = ( T K), where v € K™ is a column vector of dimension n and
v
. ) I . .
A € K. Consider a matrix M = (5 T), where x € K™ is to be determined. Then

I, 0\ (A, v\ (I, x A, v\ (I, =z A, Ayx+o
T _ n n n _ n n _ n n
MAM_(xT 1) (UT )\) (0 1)_(* *) (O 1)_<* * )
We have det A,, > 0, hence A,, is invertible and we can find z € K™ such that A,z + v = 0.

The matrix MTAM is symmetric as (MTAM)T = MTATM = MTAM. Therefore MTAM =

(1?)" 2) for some p € K. Note that

det(MTAM) = det A, - = (det M)? - det A = det A.

Therefore ;o > 0. By induction A, is positive definite and has positive eigenvalues, hence
MTAM has positive eigenvalues and is positive definite. For every 0 # z € K", we can write
x = My, for some 0 # y € K", and then 2" Az = y"(MTAM)y > 0. This implies that A is
positive definite. O

Example 3.81. Consider the matrix A = (% }). Its corner minors are 2 and 2-1—1-1= 1.
Both are positive, hence A is positive definite. We can also prove this directly:

o' Ax = 222 + 2wy20 + 23 = 22 + (21 + 22)* > 0
for z € R?\ {0}.
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3.10. Applications.

3.10.1. Minimum of quadratic functions. A quadratic function f(z) = ax?® + bz + ¢ with a > 0
attains its minimum at the extremal point satisfying 2ax + b = 0, hence = = —%a‘lb. One can
formulate a similar result in higher dimensions.

Theorem 3.82. Consider a quadratic function
f:R" = R, z Az 4+ bz +c,

where A is a symmetric positive definite n X n matriz and b,c € R™. Then f attains its unique
minimum at x = —3 A7'b.

Proof. If zy = —%Ailb, then b = —2Axg and f(zo) = xd Arg — 22) Azg + ¢ = —x) Azy + .
Therefore

f(z) = f(mo) = (27 Ax — 22T Axg + ¢) — (—2) Azg +¢) = (. — 20) Az — 20) > 0
if © # xy. Therefore f(z) > f(xg) for all x # . O
3.10.2. Min/Maz of quadratic functions over spheres.

Theorem 3.83. Consider the function f: R" — R, x — 2" Az, where A is a symmetric
n x n matriz. Then the minimal/mazimal values of f(x) over the sphere ||z|| = 1 are the
minimal/mazximal eigenvalues of A. These values are attained at the (unit) eigenvectors.

Proof. There exists an orthogonal matrix M such that MTAM = diag(\y,..., \,). If 2 = My,
then (v,2) = 2Tz = (My)"(My) = y"(M"M)y = y"y = (y,y). Therefore ||z|| = [|ly||. On the
other hand f(z) = 2" Az = >, \;y?. Assuming that A\; < --- < \,, we have

Z&yf < Anny =M llyll® = A

if ||ly|]| = 1. The equality holds for y = e,,. Note that M = My o = (f1|...|fn), where f; are the
(orthonormal) eigenvectors of A. Therefore the maximal value is attained at * = My = Me,, = f,
which is an eigenvector. The statement about the minimal value is similar. 0

Example 3.84. Let us find the min/max values of f(x1,zs) = 2% + 41129 + 423 over 23+ 23 = 1.
We have f(z) = " Az, where A = (13). Then ya(t) = t*> — 5t and the eigenvalues are
1

A1 =0, Ay = 5. The eigenvectors are v; = —= (2), vp= \/Lg (1). These are the vectors where

respectively the minimum 0 and the maximum 5 are attained. For example f(v;) = v{ Av =0
3.10.3. Second derivative test. Let f(x1,...,x,) be a differentiable function in n variables.
(1) A point p € R" is called critical if %(p) = 0 for all 7.

(2) Given a critical point p, define the Hessian matrix A = < afjng (p))w

We can approximate f(x) at x = p+ h with ||h|| < 1 as (Taylor’s expansion)

f@)~ 10+ Y 5o 0)

hi + 1Z‘y—f( Vhih; = AT f(p)
‘ Qi’jﬁxi('?mjplj—Q p)-

We have seen that if A is positive definite, then the quadratic function on the right attains its
minimum at h = —A~'b =0 (as b = 0 in our setting). This corresponds to z = p+ h = p. We
obtain, for a critical point p, that

(1) If the Hessian matrix A at p is positive definite, then p is a local minimum.

(2) Similarly, if the Hessian matrix A at p is negative definite (meaning that —A is positive

definite or that A has negative eigenvalues), then p is a local maximum.
(3) If the Hessian matrix A has positive and negative eigenvalues, then p is a saddle point.
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