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1. Vector spaces and linear maps

1.1. Recollection from LA I.

1.1.1. Vector spaces. We will consider (finite-dimensional) vector spaces over K = R or K = C
(or over any other field K). Elements of K are called scalars. Recall that a vector space V is a

set equipped with operations

(1) vector addition V × V → V , (u, v) 7→ u+ v,

(2) scalar multiplication K × V → V , (λ, v) 7→ λv,

that satisfy certain axioms. A subset 0 ∈ U ⊂ V is called a subspace (vector subspace, linear

subspace) if, under the operations of V , it is a vector space. Equivalently, if

(1) u+ v ∈ U for all u, v ∈ U .

(2) λu ∈ U for all λ ∈ K, u ∈ U .

Given a vector space V and a set of vectors S = {v1, . . . , vr} in V , we define a span (linear

span, vector space generated by S)

span(S) = span(v1, . . . , vr) =

{∑
i

λivi

∣∣∣∣∣λi ∈ K
}
⊂ V.

It is the minimal subspace of V that contains vectors v1, . . . , vr. We can similarly define span(S)

for an arbitrary set S ⊂ V .

1.1.2. Linear maps. A map φ : U → V between two vector spaces is called a linear map if

(1) φ(u+ v) = φ(u) + φ(v) for all u, v ∈ U .

(2) φ(cu) = cφ(u) for any scalar c ∈ K and any vector u ∈ U .

Given linear maps φ : U → V and ψ : U → V , we define a new linear map

φ+ ψ : U → V, (φ+ ψ)(u) = φ(u) + ψ(u), u ∈ U.

For any scalar c ∈ K, define a linear map

cφ : U → V, (cφ)(u) = c · φ(u), u ∈ U.

Remark 1.1. A bijective linear map φ : U → V is called an isomorphism. In this case the

vector spaces U, V are said to be isomorphic and we write U ' V . A surjective linear map is

called an epimorphism. An injective linear map is called a monomorphism.

1.1.3. Linear map associated with a matrix. Given an m× n matrix

A = (aij) =


a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . . . . . . . . .

am1 a22 . . . amn


we define the linear map associated with it

A = LA : Kn → Km, x =

x1...
xn

 7→ A ·

x1...
xn

 =


∑

j a1jxj
...∑

j amjxj

 .

Let e = (e1, . . . , en) be the standard basis of Kn and f = (f1, . . . , fm) be the standard basis

of Km. Then

LA(ej) =

a1j
...

amj

 =
∑
i

aijfi. (1)
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1.2. Matrix associated with a linear map. Let U be a vector space with a basis e =

(e1, . . . , en), V be a vector space with a basis f = (f1, . . . , fm) and φ : U → V be a linear map.

Using formula (1) as a motivation, we define the m× n matrix associated with φ

[φ]e,f = A = (aij), φ(ej) =
∑
i

aijfi.

This means that the j-th column of the matrix A is given by the coordinates of the vector φ(ej)

with respect to the basis f . Note that the matrix A depends on the choice of the bases e and f .

Given a basis e = (e1, . . . , en) of U and a vector u ∈ U , define the coordinate vector of u

[u]e = (x1, . . . , xn)T ∈ Kn, u = x1e1 + · · ·+ xnen.

Lemma 1.2. Let φ : U → V be a linear map, u ∈ U and e, f be bases of U, V respectively. Then

[φ(u)]f = [φ]e,f · [u]e.

Proof. Let A = [φ]e,f and x = [u]e ∈ Kn. Then

φ(u) = φ

(∑
j

xjej

)
=
∑
j

xjφ(ej) =
∑
j

xj
∑
i

aijfi =
∑
i

(∑
j

aijxj

)
fi =

∑
i

(Ax)ifi.

This implies [φ(u)]f = Ax. �

The following result is the statement that composition of linear maps corresponds to the

multiplication of matrices.

Proposition 1.3 (Composition). Let φ : U → V and ψ : V → W be linear maps and let e, f , f ′

be bases of U, V,W respectively. Then

[ψ ◦ φ]e,f ′ = [ψ]f ,f ′ · [φ]e,f ,

where ψ ◦ φ : U → W is the composition map, defined by (ψ ◦ φ)(u) = ψ(φ(u)), for u ∈ U .

Proof. Let A = [φ]e,f , B = [ψ]f ,f ′ and C = [ψ ◦ φ]e,f ′ . Then∑
i

cijf
′
i = ψφ(ej) = ψ

(∑
k

akjfk

)
=
∑
k

akj
∑
i

bikf
′
i =

∑
i

(∑
k

bikakj

)
f ′i .

Taking the coefficient of the basis vector f ′i , we obtain

cij =
∑
k

bikakj = (BA)ij.

Therefore C = BA. �
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1.3. Base change. Let V be a vector space and e, e′ be two bases of V . Define the transition

matrix

Me,e′ = Me→e′ = (mij) = [id]e,e′ ,

where id : V → V , x 7→ x, is the identity map. Explicitly, this means

ej = id(ej) =
∑
i

mije
′
i,

hence the j-th column of Me→e′ is given by the coordinates of ej with respect to the basis e′.

Lemma 1.4. Given two bases e, e′ of a vector space V and a vector v ∈ V , we have

[v]e′ = Me→e′ · [v]e.

Proof. We obtain from Lemma 1.2 [v]e′ = [id]e,e′ · [v]e = Me→e′ · [v]e. �

Proposition 1.5. We have

(1) Me→e = I (the identity matrix).

(2) Me′→e = M−1
e→e′ (the inverse matrix).

Proof. (1) The entries of Me→e = (mij) satisfy ej =
∑

imijei, hence mij = δij.

(2) We have (by applying Proposition 1.3)

Me′→e ·Me→e′ = [id]e′,e · [id]e,e′ = [id ◦ id]e,e = [id]e,e = I,

hence the statement. �

Transition matrices allow us to express matrices of linear maps with respect to different bases.

Proposition 1.6. Let φ : U → V be a linear map and let e, e′ be two bases of U and f , f ′ be

two bases of V . Then

[φ]e′,f ′ = Mf→f ′ · [φ]e,f ·Me′→e.

Proof. Applying Proposition 1.3, we obtain

Mf→f ′ · [φ]e,f ·Me′→e = [id]f ,f ′ · [φ]e,f · ide′,e = [id ◦φ ◦ id]e′,f ′ = [φ]e′,f ′ .

�

1.3.1. Elementary operations and base change. Let φ : U → V be a linear map and

A = (aij) = [φ]e,f , φ(ej) =
∑
i

aijfi

be its matrix with respect to a basis e of U and a basis f of V . Consider a new basis

f ′ = (f1 − λf2, f2, f3, . . . ), λ ∈ K,

of V and the corresponding matrix B = (bij) = [φ]e,f ′ . Then

φ(ej) =
∑
i

bijf
′
i = b1j(f1 − λf2) + b2jf2 + · · · = b1jf1 + (b2j − λb1j)f2 + . . . .

This implies that for all j

bij = aij ∀i 6= 2, b2j = a2j + λa1j.

Therefore the matrix B is obtained from A by an elementary row operation, where the first row

is multiplied by λ and added to the second row. Similarly, every elementary row operation (as

well as their composition) corresponds to a base change on the vector space V . In the same

way, every elementary column operation corresponds to a base change on the vector space U .

In particular, performing Gauss elimination and reducing the matrix A to a row echelon form

corresponds to a choice of a different basis of V .
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1.4. Rank and nullity.

Definition 1.7. Let φ : U → V be a linear map. Define

(1) The kernel (or the null space) of φ to be Kerφ = {u ∈ U |φ(u) = 0} ⊂ U .

(2) The image of φ to be Imφ = {φ(u) |u ∈ U} ⊂ V .

Lemma 1.8. Given a linear map φ : U → V , we have

(1) Kerφ ⊂ U is a subspace of U .

(2) Imφ ⊂ V is a subspace of V .

Proof. (1) If u, v ∈ Kerφ, then φ(u) = φ(v) = 0 =⇒ φ(u + v) = φ(u) + φ(v) = 0 =⇒
u + v ∈ Kerφ. For any scalar λ ∈ K and u ∈ Kerφ, we have φ(λu) = λφ(u) = 0, hence

λu ∈ Kerφ. These properties imply that Kerφ ⊂ U is a subspace. �

Lemma 1.9. Let φ : U → V be a linear map. Then φ is injective ⇐⇒ Kerφ = 0.

Proof. If φ is injective and u ∈ Kerφ, then φ(u) = φ(0) = 0, hence u = 0. This implies

that Kerφ = 0. Conversely, let Kerφ = 0 and u, v ∈ U be such that φ(u) = φ(v). Then

φ(u− v) = φ(u)− φ(v) = 0, hence u− v ∈ Kerφ and u− v = 0. This implies that u = v, hence

φ is injective. �

Because of the above results we can consider dimensions of vector spaces Kerφ and Imφ.

Definition 1.10. Let φ : U → V be a linear map. Define

(1) The rank of φ to be rk(φ) = dim(Imφ).

(2) The nullity of φ to be null(φ) = dim(Kerφ).

Remark 1.11.

(1) Given an m× n matrix A, consider the corresponding linear map

A = LA : Kn → Km, x 7→ A · x

and define

rkA = rkLA, nullA = nullLA.

(2) The kernel KerLA is equal to the set of solutions of the system of linear equations
a11x1 + · · ·+ a1nxn = 0

. . .

am1x1 + · · ·+ amnxn = 0

corresponding to the matrix A. This set is also called the null space of A. We conclude

that nullA is equal to the dimension of the null space of A.

(3) The image ImLA is equal to the column space of A, generated by the columns of A.

Therefore rkA is equal to the dimension of the column space of A, also called the

column rank of A. It is equal to the maximal number of linearly independent columns

of A. Note that the rank of the linear map LA is independent of a choice of basis.

(4) Similarly, define the row space of A to be the space generated by the rows of A and

define the row rank of A to be the dimension of this space. It is equal to the maximal

number of linearly independent rows of A. Applying transposition, we can transform

rows into columns. Therefore the row rank of A is equal to the column rank rkAT of

the transposed matrix AT. We will see that the column and the row ranks of a matrix

are equal.
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Example 1.12. Consider the matrix A =

(
1 2 1 1 1

2 5 0 1 0

)
. Applying elementary row opera-

tions, we obtain(
1 2 1 1 1

2 5 0 1 0

)
r2−2r1−−−−→

(
1 2 1 1 1

0 1 −2 −1 −2

)
r1−2r2−−−−→

(
1 0 5 3 5

0 1 −2 −1 −2

)
.

This means that we have free variables x3, x4, x5 and pivot variables

x2 = 2x3 + x4 + 2x5, x1 = −5x3 − 3x4 − 5x5.

The null space KerA consists of the vectors
−5x3 − 3x4 − 5x5

2x3 + x4 + 2x5
x3
x4
x5

 = x3


−5

2

1

0

0

+ x4


−3

1

0

1

0

+ x5


−5

2

0

0

1

 ,

hence KerA is the span of the above three vectors and nullA = dim(KerA) = 3. On the other

hand, the linear map A : K5 → K2 is surjective, hence ImA = K2 and rkA = 2. Note that

rkA+ nullA = 5, the dimension of the domain of A. We will see that this is true in general.

Theorem 1.13 (Rank-nullity theorem). Let φ : U → V be a linear map. Then

rk(φ) + null(φ) = dimU.

Proof. Choosing bases e = (e1, . . . , en), f = (f1, . . . , fm) of U and V respectively, we can

represent φ as an m × n matrix A = [φ]e,f so that rkA = rkφ and nullA = nullφ. We know

that elementary row and column operations on A correspond to base changes in V and U . These

base changes don’t affect rkφ and nullφ, hence new matrices will have the same rank and nullity

as A. We can transform the matrix A to the form

B =

(
Ik 0k,n−k

0m−k,k 0m−k,n−k

)
.

This matrix has k pivots and n−k free variables, hence rkφ = rkB = k, nullφ = nullB = n−k
and rkφ+ nullφ = k + (n− k) = n = dimU . �

Lemma 1.14. For any linear map φ : U → V , we have rkφ ≤ min {dimU, dimV }.

Proof. We have rkφ ≤ dimV as Imφ ⊂ V . On the other hand rkφ + nullφ = dimU , hence

rkφ ≤ dimU . �

Theorem 1.15. The column and the row ranks of a matrix are equal.

Proof. Let A be an m×n matrix. The column rank of A is equal to rkA and the row rank of A is

equal to rkAT, the rank of the transposed matrix. We have seen in the proof of the rank-nullity

theorem that the rank of A is unchanged under elementary row and column operations. The

same applies to rkAT. We can transform the matrix A to the form B =

(
Ik 0k,n−k

0m−k,k 0m−k,n−k

)
.

Then rkA = rkB = k, rkAT = rkBT = k. Therefore rkA = rkAT. �

Lemma 1.16. Let φ : U → V be an injective (or surjective) linear map and dimU = dimV .

Then φ is an isomorphism.

Proof. If φ is injective, then Kerφ = 0 and nullφ = 0. Therefore by the rank-nullity theorem

rkφ = dimU = dimV , hence Imφ ⊂ V has the same dimension as V . This implies that

Imφ = V , hence φ is surjective. Therefore φ is an isomorphism. �
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1.5. Sums and direct sums.

Definition 1.17. Let V be a vector space and V1, . . . , Vr be its subspaces. The sum
∑

i Vi =

V1 + · · ·+ Vr ⊂ V is defined to be the set of all vectors of the form v1 + · · ·+ vr, where vi ∈ V
for 1 ≤ i ≤ r. It is said to be a direct sum if 0 + · · ·+ 0 is the only way to write 0 ∈ V as a

sum v1 + · · ·+ vr with vi ∈ Vi. In this case it is denoted by
⊕

i Vi = V1 ⊕ · · · ⊕ Vr.

Lemma 1.18. Let V1, . . . , Vr ⊂ V be subspaces. Then V1 + · · ·+ Vr ⊂ V is a subspace.

Example 1.19. Let v1, . . . , vr ∈ V and let Vi = span(vi) = Kvi = {λvi |λ ∈ K}. Then

V1 + · · ·+ Vr = {λ1v1 + · · ·+ λrvr |λi ∈ K} = span(v1, . . . , vr).

Example 1.20. Let V = Km+n, V1 = span(e1, . . . , em), V2 = span(em+1, . . . , em+n). Then

V = V1 ⊕ V2.

Remark 1.21. Let V1, V2 ⊂ V be subspaces of a vector space. Then V1 + V2 is a direct sum

⇐⇒ V1 ∩ V2 = 0. Indeed, if V1 + V2 is not a direct sum, then we have v1 + v2 = 0 for some

0 6= vi ∈ Vi. Therefore v1 = −v2 is contained in V1 ∩ V2, hence V1 ∩ V2 6= 0. The converse is

similar. On the other hand, for r ≥ 3, there exist subspaces V1, . . . , Vr ⊂ V such that Vi∩Vj = 0

for i 6= j, while V1 + · · · + Vr is not a direct sum. For example, consider V = K2, V1 = Ke1,

V2 = Ke2, V3 = K(e1 + e2).

Lemma 1.22. Let V1, . . . , Vr ⊂ V be subspaces. Then the following are equivalent

(1) V1 + · · ·+ Vr is a direct sum.

(2) Every vector in V1 + · · · + Vr can be uniquely written in the form v1 + · · · + vr with

vi ∈ Vi.

Proof. (1) =⇒ (2). Assume that we have two representations v =
∑

i vi =
∑

iwi, where

vi, wi ∈ Vi. Then
∑

i(vi − wi) = 0, where vi − wi ∈ Vi. By our assumption we conclude that

vi − wi = 0, hence vi = wi for all i.

(2) =⇒ (1). Is clear. �

Theorem 1.23. Let V1, V2 ⊂ V be subspaces. Then

dim(V1 + V2) = dimV1 + dimV2 − dim(V1 ∩ V2).

Proof. Consider a basis (e1, . . . , ek) of V1 ∩ V2 and extend it to a basis (e1, . . . , ek, f1, . . . , fl) of

V1 and a basis (e1, . . . , ek, f
′
1, . . . , f

′
m) of V2. We claim that

(e1, . . . , ek, f1, . . . , fl, f
′
1, . . . , f

′
m)

is a basis of V1 + V2. It generates V1 + V2 as it contains a basis of V1 and a basis of V2. Assume

that we have a linear dependence∑
aiei +

∑
bifi +

∑
cif
′
i = 0, ai, bi, ci ∈ K.

Then v =
∑
aiei +

∑
bifi = −

∑
cif
′
i is contained in V1 ∩ V2, hence is a linear combination of

e1, . . . , ek. This linear combination together with expression v = −
∑
cif
′
i give two representa-

tions of v with respect to the basis (e1, . . . , ek, f
′
1, . . . , f

′
m) of V2. We conclude that ci = 0 for

all i. This implies that
∑
aiei +

∑
bifi = 0, hence ai = 0 and bi = 0. We conclude that the

above collection of vectors is indeed a basis of V1 + V2. Therefore

dim(V1 + V2) = k + l +m, dimV1 = k + l, dimV2 = k +m, dim(V1 ∩ V2) = k

and we conclude the statement of the theorem. �

Corollary 1.24. We have dim(V1 ⊕ V2) = dimV1 + dimV2.
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Remark 1.25. Given vector spaces V1, . . . , Vr, we define their (external) direct sum V =⊕
i Vi = V1⊕· · ·⊕Vr to be the set {(v1, . . . , vr) | vi ∈ Vi} equipped with a vector space structure

(v1, . . . , vr) + (w1, . . . , wr) = (v1 + w1, . . . , vr + wr), λ(v1, . . . , vr) = (λv1, . . . , λvr).

Every vector space Vi can be considered as a subspace of V , where vi ∈ Vi is identified with

(0, . . . , 0,
i
vi, 0, . . . , 0). Then the previous (internal) direct sum

⊕
i Vi is equal to V , hence we

can identify both direct sums.

Remark 1.26 (Direct sum of matrices). Let φi : Vi → Vi be linear operators for 1 ≤ i ≤ r and

let V =
⊕r

i=1 Vi. Then we can define a linear operator

φ =
r⊕
i=1

φi : V → V, (v1, . . . , vr) 7→ (φ1v1, . . . , φrvr).

Let e(i) be a basis of Vi and Ai = [φi]e(i) be the matrix associated with φi. Then the matrix of φ

with respect to the basis e = (e(1), . . . , e(r)) of V is equal to

[φ]e =
r⊕
i=1

Ai =


A1 0 . . . 0

0 A2 . . . 0

. . . . . . . . . . . . . . . .

0 0 . . . Ar

 ,

called the direct sum of the matrices A1, . . . , Ar.
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1.6. Intersection of subspaces. Let V1, V2 ⊂ V = Kn be subspaces and let (e1, . . . , ek) and

(f1, . . . , fl) be their respective bases. Then every vector in the intersection V1 ∩ V2 is of the form

a1e1 + · · ·+ akek = −(b1f1 + · · ·+ blfl), ai, bj ∈ K.

Considering ei, fj ∈ Kn as column vectors, the above equation can be interpreted as a system

of linear equations corresponding to an n× (k + l) matrix A (with k + l variables ai, bj). The

space of solutions has dimension (by the rank-nullity theorem)

nullA = k + l − rkA = dimV1 + dimV2 − dim(V1 + V2) = dim(V1 ∩ V2).

This implies that in order to determine a basis of V1∩V2 we should find a basis of KerA and, for

each vector (a1, . . . , ak, b1, . . . , bl) in this basis, consider the vector a1e1 + · · ·+ akek in V1 ∩ V2.

Example 1.27. Consider V = K3 and its subspaces

V1 = span

1

1

0

 ,

0

1

1

 ,

 1

0

−1

 , V1 = span

1

1

1

 ,

0

1

0

 .

Note that the first two vectors of V1 form its basis. By the previous discussion we need to find

the null space of

A =

1 0 1 0

1 1 1 1

0 1 1 0

 r2−r1−−−→

1 0 1 0

0 1 0 1

0 1 1 0

 r3−r2
r1−r3+r2−−−−−→

1 0 0 1

0 1 0 1

0 0 1 −1


We choose a free variable x4 and obtain x3 = x4, x2 = −x4, x1 = −x4. Therefore the kernel is

generated by the vector (1, 1,−1,−1)T. The corresponding basis vector of V1 ∩ V2 is

1 ·

1

1

0

+ 1 ·

0

1

1

 =

1

2

1

 .
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1.7. Quotient space. Let V be a vector space and U ⊂ V be a subspace. Define a binary

relation on V (it corresponds to a subset of V × V )

v ∼ w ⇐⇒ v − w ∈ U.

It is an equivalence relation as it satisfies the axioms

(1) v ∼ v (reflexivity).

(2) v ∼ w ⇐⇒ w ∼ v (symmetry).

(3) u ∼ v, v ∼ w =⇒ u ∼ w (transitivity).

For every v ∈ V , consider its equivalence class (or coset)

[v] = {w ∈ V |w ∼ v} = v + U = {v + u |u ∈ U} .

The set of all equivalence classes is denoted by V/U and is called the quotient space. It is

equipped with a vector space structure with addition and scalar multiplication given by

[u] + [v] = [u+ v], λ[v] = [λv], u, v ∈ V, λ ∈ K.

There is a surjective linear map

π : V → V/U, v 7→ [v],

called the quotient map.

Theorem 1.28. Given a subspace U ⊂ V , we have dimV/U = dimV − dimU .

Proof. Consider the quotient map π : V → V/U . Then Kerπ = U and Im π = V/U . Therefore

by the rank-nullity theorem

dimV/U + dimU = rkπ + nullπ = dimV

and the statement follows. �

Remark 1.29. Given subspaces V1, V2 ⊂ V , consider the composition

φ : V1 → V1 + V2 → (V1 + V2)/V2.

This map is surjective and Kerφ = V1 ∩ V2. Therefore by the rank-nullity theorem

dimV1 = rkφ+ nullφ = dim(V1 + V2)/V2 + dimV1 ∩ V2 = dim(V1 + V2)− dimV2 + dimV1 ∩ V2.

We obtain dim(V1 + V2) = dimV1 + dimV2 − dimV1 ∩ V2 which is Theorem 1.23.

Theorem 1.30. Let V = U ⊕W . Then the composition

φ : W → V
π−→ V/U, w 7→ [w] = w + U,

is an isomorphism.

Proof. If w ∈ W and [w] = 0, then w ∈ U , hence w ∈ W ∩ U = 0 and w = 0. This implies that

Kerφ = 0 and φ is injective. Every vector v ∈ V can be written in the form v = u+w for some

u ∈ U and w ∈ W . Then v − w = u ∈ U , hence [v] = [w] = φ(w) and φ is surjective. �

Let us discuss a way to find a basis of V/U . A collection of vectors (e1, . . . , ek) in V is

called a basis of V relative to U if these vectors, together with a basis of U , give a basis of V .

Equivalently, this means that (e1, . . . , ek) are linearly independent and

V = span(e1, . . . , ek)⊕ U.

Lemma 1.31. Let U ⊂ V be a subspace and (e1, . . . , ek) be a basis of V relative to U . Then

([e1], . . . , [ek]) is a basis of V/U .
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First proof. By the previous result, there is an isomorphism W = span(e1, . . . , ek) ' V/U .

Under this isomorphism, the basis (e1, . . . , ek) of W is mapped to the basis ([e1], . . . , [ek])

of V/U . �

Second proof. Let (f1, . . . , fl) be a basis of U so that (e1, . . . , ek, f1, . . . , fl) is a basis of V . For

every v ∈ V , we can write v =
∑

i aiei +
∑

j bjfj. Then u =
∑
bjfj ∈ U and [v] = [v − u] =

[
∑

i aiei] =
∑

i ai[ei], hence these vectors span V/U . If these vectors are linearly dependent,

then we have 0 =
∑

i ai[ei] = [
∑

i aiei], hence
∑

i aiei ∈ U and we can write
∑

i aiei =
∑

j bjfj
for some bj ∈ K. As all these vectors form a basis of V , we conclude that ai = 0. �

Remark 1.32. Using the above notation, the vector space V/U has a basis ([e1], . . . , [ek]),

hence dimV/U = k. On the other hand dimV = k + dimU , hence dimV/U = dimV − dimU ,

giving an alternative proof of Theorem 1.28.

Let V = Kn and U = span(f1, . . . , fl) ⊂ V (these vectors can be linearly dependent). In

order to find a basis of V relative to U , we write down a matrix consisting of the column vectors

(f1, . . . , fl, e1, . . . , en)

where (e1, . . . , en) is the standard basis of V (or any other basis). Then we perform column

operations to bring the first l columns to the column echelon form and then bring the last n

columns to the column echelon form. The non-zero columns among the last n columns give a

relative basis.

Example 1.33. Let V = K3 and let U = span

1 0 1

1 1 2

1 0 1

. Then U is generated by the first

two vectors and we can remove the third vector and consider1 0

1 1

1 0

∣∣∣∣∣∣
1 0 0

0 1 0

0 0 1

 c3−c1−−−→

1 0

1 1

1 0

∣∣∣∣∣∣
0 0 0

−1 1 0

−1 0 1

→
1 0

1 1

1 0

∣∣∣∣∣∣
0 0 0

0 0 0

−1 0 1

→
1 0

1 1

1 0

∣∣∣∣∣∣
0 0 0

0 0 0

1 0 0


Therefore there is a relative basis consisting of the vector

(
0 0 1

)T
.
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2. Linear operators

2.1. Linear operators. A linear operator (or a linear transformation or an endomorphism)

is a linear map φ : V → V . Let e = (e1, . . . , en) be a basis of V . Then we define the matrix

associated with φ relative to basis e

[φ]e = [φ]e,e = (aij), φ(ej) =
∑
i

aijei.

Lemma 2.1. Let φ : V → V be a linear operator and e, f be two bases of V . Then

[φ]f = M−1
f→e · [φ]e ·Mf→e,

where Mf→e is the transition matrix.

Proof. We have [φ]f = [φ]f ,f = Me→f · [φ]e,e ·Mf→e = M−1
f→e · [φ]e ·Mf→e. �

Remark 2.2. Two square matrices A,B are called similar or conjugate if there exists an

invertible matrix M such that B = M−1AM . Note that in this case A = N−1BN , where

N = M−1. The previous result implies that the matrices [φ]f and [φ]e are conjugate.

Example 2.3. Consider the vector space V = K2, the standard basis e of V and the basis

f =

((
1

0

)
,

(
1

1

))
. Then

M = Mf→e =

(
1 1

0 1

)
, M−1 = Me→f =

(
1 −1

0 1

)
Consider a linear map A : V → V given by the matrix A =

(
1 2

3 4

)
. Then

Af1 =

(
1

3

)
= −2f1 + 3f2, Af2 =

(
3

7

)
= −4f1 + 7f2.

Therefore the matrix of this linear map with respect to the basis f is B =

(
−2 −4

3 7

)
. We can

check that

M−1AM =

(
1 −1

0 1

)(
1 2

3 4

)(
1 1

0 1

)
=

(
−2 −4

3 7

)
= B.

Remark 2.4. We used the fact that if A =

(
a b

c d

)
is invertible, then A−1 = 1

detA

(
d −b
−c a

)
.
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2.2. Invariant subspaces and eigenvectors. Recall that a linear operator is a linear map

φ : V → V .

Definition 2.5. Let φ : V → V be a linear operator.

(1) A subspace U ⊂ V is called an invariant subspace of φ (or φ-invariant) if φ(U) ⊂ U .

This means that φ(u) ∈ U , for all u ∈ U .

(2) A nonzero vector v ∈ V is called an eigenvector of φ if φ(v) = λv for some λ ∈ K.

The scalar λ is called an eigenvalue of φ.

Remark 2.6. Given an n×n matrix A, we consider the corresponding linear map A : Kn → Kn

and similarly define invariant subspaces, eigenvectors and eigenvalues of A.

Example 2.7. Let v ∈ V be an eigenvector of φ. Then U = span(v) = Kv is an invariant

subspace. Indeed, assume that φ(v) = λv. Then, for every cv ∈ Kv with c ∈ K, we have

φ(cv) = cφ(v) = (cλ)v ∈ Kv, hence φ(U) ⊂ U . Conversely, assume that U ⊂ V is a one-

dimensional invariant subspace. Let U = Kv, for some v ∈ V . Then φ(v) ∈ U = Kv, hence

φ(v) = λv, for some λ ∈ K. This implies that v is an eigenvector of φ.

Lemma 2.8. Let A,B be commuting square matrices (AB = BA) of size n. Then KerB ⊂ Kn

is an A-invariant subspace.

Proof. If v ∈ KerB, then BA(v) = AB(v) = 0, hence A(v) ∈ KerB. �

Theorem 2.9. Let A be an n× n matrix. Then λ ∈ K is an eigenvalue of A ⇐⇒ it is a root

of the polynomial

χA(t) = det(tI − A),

called the characteristic polynomial of the matrix A.

Proof. Assume that Av = λv for some 0 6= v ∈ Kn. Then (λI−A)v = 0, hence v ∈ Ker(λI−A).

This implies that λI − A is not invertible (is singular), hence det(λI − A) = 0. Therefore

χA(λ) = 0. Conversely, if det(λI − A) = 0, then λI − A is singular, hence there exists

0 6= v ∈ Ker(λI − A). This implies that Av = λv and λ is an eigenvalue of A. �

Example 2.10. Let A =

(
a b

c d

)
. Then

χA(t) =

∣∣∣∣t− a −b
−c t− d

∣∣∣∣ = (t− a)(t− d)− bc = t2 − (a+ d)t+ (ad− bc)

= t2 − tr(A)t+ det(A).

Example 2.11. Let A =

(
1 1

0 1

)
. Then χA(t) = t2 − 2t+ 1 = (t− 1)2. This polynomial has a

unique root λ = 1. This is the only eigenvalue of A. If x ∈ K2 is the corresponding eigenvector,

then Ax = λx, hence (A− λI)x = 0.We have

A− λI = A− I =

(
0 1

0 0

)
, (A− λI)x =

(
0 1

0 0

)(
x1
x2

)
=

(
x2
0

)
.

Therefore we require x2 = 0, hence x ∈ K
(

1

0

)
. All nonzero vectors of this form are eigenvectors

of A.
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Example 2.12. Given θ ∈ R, consider the linear map (rotation by angle θ anti-clockwise)

eiθ : C→ C, z 7→ eiθz = (cos θ + i sin θ)z.

The matrix of this linear map with respect to the basis (1, i) of C over R is given by

A = [eiθ] =

(
cos θ − sin θ

sin θ cos θ

)
.

Note that detA = cos2 θ + sin2 θ = 1 and the characteristic polynomial is equal to χA(t) =

t2 − 2(cos θ)t + 1. In particular, for θ = π
2
, we have eiθ = i, A = [eiθ] =

(
0 −1

1 0

)
and

χA(t) = t2 + 1. This polynomial does not have real roots (elements t ∈ R such that χA(t) = 0).

Therefore A does not have eigenvalues or eigenvectors over R.

Lemma 2.13. A square matrix (linear operator) over K = C has an eigenvector.

Proof. Every (non-constant) polynomial over C has a root and is a product of linear factors.

In particular, the characteristic polynomial χA(t) has a root λ ∈ C. By Theorem 2.9, λ is an

eigenvalue of A, hence A has an eigenvector. �

Lemma 2.14. If A and B are conjugate matrices, then χA(t) = χB(t).

Proof. Assume that B = MAM−1 for an invertible matrix M . Then

det(tI−B) = det(tI−MAM−1) = det(M(tI−A)M−1) = det(M−1M(tI−A)) = det(tI−A).

Therefore χA(t) = χB(t). �

Corollary 2.15. Let φ : V → V be a linear operator, e = (e1, . . . , en) be a basis of V and

A = [φ]e be the corresponding matrix of φ. Then

χφ(t) = χA(t) = det(tI − A)

is independent of the basis e. It is called the characteristic polynomial of φ.

Proof. Let f be another basis of V , A = [φ]e and B = [φ]f . Then B = Me→f ·A·Mf→e = MAM−1,

where M = Me→f is the transition matrix. Now we apply the previous result. �

Remark 2.16. The above results imply that in order to find eigenvectors and eigenvalues of a

matrix A, we should compute the characteristic polynomial χA(t), find the roots of χA(t) and,

for each root λ, find the kernel Ker(λI − A) = Ker(A− λI).

Remark 2.17. Let φ : V → V be a linear operator and U ⊂ V be an invariant subspace. Let

(e1, . . . ek) be a basis of U and (f1, . . . , fl) be its complement to a basis of V . Then the matrix

of φ with respect to the basis (e1, . . . , ek, f1, . . . , fl) is of the form

(
A B

0 C

)
, where A is a k × k

matrix corresponding to φ acting on U and C is an l × l matrix corresponding to φ acting on

V/U . This implies that χφ(t) = det(tI − A) · det(tI − C).
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2.3. Diagonalizable operators.

Definition 2.18. A linear operator φ : V → V is called diagonalizable if one of the following

equivalent conditions is satisfied

(1) V is a direct sum of one-dimensional invariant subspaces.

(2) There exists a basis of V in which the matrix of φ is diagonal.

Proof of equivalence. (1) =⇒ (2). Assume that V =
⊕n

i=1 Vi, where dimVi = 1 and Vi are

invariant. If 0 6= ei ∈ Vi, then φ(ei) ∈ Vi = Kei, hence φ(ei) = λiei for some λi ∈ K. This implies

that the matrix of φ with respect to the basis (e1, . . . , en) is the diagonal matrix diag(λ1, . . . , λn).

(2) =⇒ (1). Let (e1, . . . , en) be a basis of V in which the matrix of φ is a diagonal matrix

diag(λ1, . . . , λn). Then V =
⊕

i Vi, where Vi = Kei. We have φ(ei) ∈ Kei, hence φ(Vi) =

φ(Kei) ⊂ Kei = Vi. This means that subspaces Vi are invariant. �

Remark 2.19. Note that the second condition means that there exists a basis of V consisting

of eigenvectors of φ.

Remark 2.20. We say that an n × n matrix A is diagonalizable if the corresponding linear

operator LA : Kn → Kn is.

Lemma 2.21. A matrix A is diagonalizable ⇐⇒ it is conjugate to a diagonal matrix.

Proof. Assume that LA : Kn → Kn is diagonalizable. Then there exists a basis f = (f1, . . . , fn)

such that B = [LA]f is diagonal. Note that A = [LA]e, where e = (e1, . . . , en) is the standard

basis. We have

[LA]f = Me→f · [LA]e ·Mf→e = M−1
f→e · [LA]e ·Mf→e.

This implies B = M−1AM , where M = Mf→e = (f1| . . . |fn) is the transition matrix.

Conversely, assume that B = M−1AM is diagonal, for some invertible matrix M . Let us define

a basis f = (f1, . . . , fn) consisting of the columns of the matrix M , that is, M = (f1| . . . |fn).

Then Mf→e = M , hence

[LA]f = M−1
f→e · [LA]e ·Mf→e = M−1AM

is diagonal. This implies that A is diagonalizable. �

Example 2.22. Let A =

(
0 −2

1 3

)
. Then

χA(t) = det(tI − A) =

∣∣∣∣ t 2

−1 t− 3

∣∣∣∣ = t(t− 3) + 2 = (t− 1)(t− 2).

This implies that A has eigenvalues λ1 = 1, λ2 = 2. The corresponding eigenvectors are vectors

in the null spaces of the matrices

A− I =

(
−1 −2

1 2

)
, A− 2I =

(
−2 −2

1 1

)
.

We can take f1 =

(
2

−1

)
∈ Ker(A − I) and f2 =

(
−1

1

)
∈ Ker(A − 2I). Then M = Mf→e =(

2 −1

−1 1

)
. We can see that M−1 =

(
1 1

1 2

)
and

M−1AM =

(
1 1

1 2

)(
0 −2

1 3

)(
2 −1

−1 1

)
=

(
1 0

0 2

)
is diagonal.
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Example 2.23. Consider the matrix A =

(
λ 1

0 λ

)
, for some λ ∈ K. Then χA(t) = (t − λ)2,

hence A has only one eigenvalue λ. The corresponding eigenvectors are contained in Ker(A−

λI) = Ker

(
0 1

0 0

)
= K

(
1

0

)
. This implies that there is only one eigenvector (up to a scalar),

hence A is not diagonalizable.

Lemma 2.24. Let λ1, . . . , λr be distinct eigenvalues of A. Then the sum
∑r

i=1 Ker(A− λiI) is

direct.

Proof. Let vi ∈ Vi = Ker(A− λiI) be such that
∑

i vi = 0 and some vi are nonzero (there are at

least two of them). We can assume that the number of non-zero summands is minimal. We

have Avi = λivi for all i. If vk 6= 0, then

(A− λkI)
∑
i

vi =
∑
i

(λi − λk)vi = 0

has one less non-zero summand as (λk − λk)vk = 0. This is a contradiction. �

Corollary 2.25. Let A be an n× n matrix having n distinct eigenvalues. Then A is diagonal-

izable.

Proof. Let λ1, . . . , λn be distinct eigenvalues and v1, . . . , vn be distinct eigenvectors. Then

Kvi ⊂ Ker(A−λiI), hence
⊕n

i=1Kvi ⊂ Kn is a direct sum by the previous result. These spaces

have the same dimension, hence Kn =
⊕n

i=1Kvi and (v1, . . . , vn) is a basis of V . �

Remark 2.26. The previous lemma actually implies that if V =
∑

i Ker(A− λiI), then A is

diagonalizable.
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2.4. Polynomials of matrices and linear operators.

2.4.1. Polynomials. We define a polynomial over K to be an expression of the form

f(t) =
n∑
i=0

fit
i = fnt

n + · · ·+ f1t+ f0, fi ∈ K.

Let K[t] denote the set of all polynomials over K. Given two polynomials f, g ∈ K[t] and

λ ∈ K, we can define the sum f + g ∈ K[t], the product fg ∈ K[t] and the scalar product

λf ∈ K[t] in an obvious way.

We define the degree deg f of a nonzero polynomial f to be the maximal n ≥ 0 such that

fn 6= 0. For the zero polynomial, we define deg 0 = −∞. We say that a polynomial f is monic

if fn = 1, where n = deg f .

Theorem 2.27 (Euclidean division). Given nonzero polynomials f, g ∈ K[t], there exist poly-

nomials q ∈ K[t] (called the quotient) and r ∈ K[t] (called the remainder) such that

f = qg + r, deg r < deg g.

The pair (q, r) is uniquely determined.

Remark 2.28. Note that if f = qg, then r = 0, hence deg r = −∞ < deg g automatically.

Proof. Let d = deg g and assume for simplicity that gd = 1. Let q ∈ K[t] be such that r = f−qg
is of minimal possible degree. If e = deg r ≥ d, consider q̄ + ret

e−d. Then

r̄ = f − q̄g = r − rete−dg =
e−1∑
i=0

rit
i − rete−d

d−1∑
i=0

git
i

has degree < e, contradicting to the choice of r. Therefore deg r < d = deg g. Given a different

pair of polynomials (q̄, r̄) with f = q̄g + r̄ and deg r̄ < deg g. We obtain r− r̄ = (q̄ − q)g, hence

deg(r − r̄) ≥ deg g, a contradiction. �

2.4.2. Evaluation of polynomials. Given a polynomial f(t) =
∑d

i=0 fit
i and a linear operator

φ : V → V , we define a new linear operator

f(φ) =
d∑
i=0

fiφ
i = fdφ

d + · · ·+ f1φ+ f0 id,

where φi = φ ◦ · · · ◦ φ denotes the composition of i maps equal φ. Similarly, for any square

matrix A, we define a new square matrix

f(A) =
d∑
i=0

fiA
i = fdA

d + · · ·+ f1A+ f0I.

We say that the polynomial f(t) annihilates the linear operator φ if f(φ) = 0 (similarly for

matrices).

Remark 2.29. Given a block upper-triangular matrix T =

(
A B

0 C

)
, we have

f(T ) =

(
f(A) ∗

0 f(C)

)
.

Let Mm,n(K) denote the set (vector space) of all m× n matrices with entries in K.

Lemma 2.30. We have f(MAM−1) = Mf(A)M−1, for A,M ∈Mn,n(K) with invertible M .
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Proof. For any k ≥ 0, we have

(MAM−1)k = (MAM−1) . . . (MAM−1) = MA . . . AM−1 = MAkM−1.

Therefore f(MAM−1) =
∑

k fk(MAM−1)k = M
(∑

k fkA
k
)
M−1 = Mf(A)M−1. �

Theorem 2.31. For any A ∈ Mn,n(K), there exists a nonzero polynomial f ∈ K[t] that

annihilates A.

Proof. Note that the set of matrices Mn,n(K) is a vector space (with the usual addition and

scalar multiplication of matrices) of dimension n2. This implies that the matrices (considered as

vectors in Mn,n(K))

I, A,A2, . . . , AN

are linearly dependent, for N ≥ n2. Therefore there exist f0, . . . , fN ∈ K, not all of which are

zero, such that
∑N

i=0 fiA
i = 0. Then f(A) = 0, for f(t) =

∑N
i=0 fit

i. �

Definition 2.32. Define the minimal polynomial of A ∈Mn,n(K) to be the monic polynomial

p ∈ K[t] of minimal degree such that p(A) = 0.

Lemma 2.33. Let p ∈ K[t] be the minimal polynomial of A ∈Mn,n(K) and f ∈ K[t] be such

that f(A) = 0. Then p is a factor of f (meaning that f = pg for some g ∈ K[t]).

Proof. We can divide with a remainder f = qp+ r, where deg r < deg p. Then f(A) = p(A) = 0

implies r(A) = 0. By the minimality of deg p, we conclude that r = 0. �

Theorem 2.34 (Cayley-Hamilton Theorem). Let φ : V → V be a linear operator and χφ(t) be

its characteristic polynomial. Then χφ(φ) = 0.

Remark 2.35. Similarly, if A is an n× n matrix, then χA(A) = 0.

Proof. Let f(t) = χφ(t) be the characteristic polynomial of φ and let λ ∈ K be its root. Let e1
be an eigenvector corresponding to the eigenvalue λ. We extend it to a basis (e1, . . . , en) of V .

Then the matrix of φ relative to this basis is of the form A =

(
λ ∗
0 C

)
. We have

f(t) = det(tI − A) = (t− λ)g(t), g(t) = det(tI − C) = χC(t).

We can assume by induction that g(C) = χC(C) = 0. Then

g(A) =

(
g(λ) ∗

0 g(C)

)
=

(
g(λ) ∗

0 0

)
.

This implies that g(A)(V ) ⊂ Ke1. Therefore

f(A)(V ) = (A− λI)g(A)(V ) ⊂ (A− λI)(Ke1) = 0

as Ae1 = λe1. We conclude that f(A) = 0. �

Remark 2.36. The above theorem implies that the minimal polynomial of a matrix A is a

factor of χA(t). These polynomials can be different. For example, consider a diagonal matrix

A = diag(λ, . . . , λ) of dimension n. Then the minimal polynomial of A is p(t) = t− λ, while

the characteristic polynomial of A is χA(t) = (t− λ)n. One can show that generally χA(t) is a

factor of some power of the minimal polynomial.
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2.5. Jordan matrices.

Definition 2.37. (1) An n× n matrix of the form

Jn,λ = Jn(λ) =


λ 1 0 . . . 0

0 λ 1 . . . 0

. . . . . . . . . . . . . . . . .

0 0 . . . λ 1

0 0 . . . 0 λ


is called a Jordan block having dimension n and eigenvalue λ.

(2) A block diagonal matrix

Jn1(λ1)⊕ · · · ⊕ Jnr(λr)
consisting of diagonal blocks Jni(λi) is called a Jordan matrix.

(3) Define a Jordan basis for a linear operator φ : V → V to be a basis of V in which the

matrix of φ is a Jordan matrix. This matrix is called the Jordan normal form of φ.

Remark 2.38. Let A be a square n×n matrix and let V = Kn be equipped with the standard

basis e. If f is a Jordan basis for LA : V → V , then

J = [LA]f = M−1
f→e · A ·Mf→e

is a Jordan matrix, conjugate to A. We call it the Jordan normal form of A.

Example 2.39. Let A = Jn(λ) and let (e1, . . . , en) be the standard basis of Kn. Then

Aei = λei + ei−1 for 2 ≤ i ≤ n. Therefore ei−1 = (A − λ)ei = Bei, where B = A − λI. This

implies that ei = Bn−ien and the basis (e1, . . . , en) can be written in the form

Bn−1en, . . . , Ben, en.

Theorem 2.40 (Jordan normal form). Let V be a vector space over C and φ : V → V be a

linear operator. Then there exists a Jordan basis for φ. Equivalently, for any square matrix A

over C, there exists an invertible matrix M such that J = M−1AM is a Jordan matrix. The

matrix J is unique (up to a permutation of Jordan blocks).

We will prove this theorem in several steps occupying the next two sections.

Remark 2.41. Consider the matrix A =

(
0 −1

1 0

)
over R. Then χA(t) = t2 + 1, hence A does

not have eigenvalues or eigenvectors (over R). This implies that A is not conjugate to a Jordan

matrix (over R) as a Jordan matrix always has eigenvalues.

Remark 2.42. The minimal polynomial of J = Jn(λ) is p(t) = (t − λ)n. Indeed, p(t) is the

characteristic polynomial of J , hence p(J) = 0. The minimal polynomial should be a factor of

p(t), hence it is of the form (t− λ)k for some 1 ≤ k ≤ n. One can check that (J − λ)k 6= 0 for

1 ≤ k < n. Consider an arbitrary Jordan matrix J =
⊕

λ∈K,n≥1 Jn(λ)⊕mλ,n . For every λ ∈ K,

the minimal polynomial of
⊕

n≥1 Jn(λ)⊕mλ,n is (t− λ)nλ , where nλ = max {n ≥ 1 |mλ,n 6= 0} is

the maximal size of a Jordan block with eigenvalue λ appearing in J . The minimal polynomial

of J is
∏

λ∈K(t− λ)nλ .



20

2.6. Generalized eigenvectors. Let A : V → V be a linear operator (or a square matrix if a

basis of V is chosen). We will often write A− λ instead of A− λI.

Definition 2.43. A vector v ∈ V is called a generalized eigenvector of A corresponding

to λ ∈ K, if (A − λ)kv = 0 for some k ≥ 1. The set V (λ) ⊂ V consisting of all generalized

eigenvectors of A corresponding to λ is called a generalized eigenspace of A.

Remark 2.44. For any λ ∈ K, we have a chain of subspaces

Ker(A− λ) ⊂ Ker(A− λ)2 ⊂ . . . ⊂ V.

This chain stabilizes, meaning that Ker(A− λ)m = Ker(A− λ)m+1 = . . . for some m ≥ 1. Then

V (λ) = Ker(A− λ)m.

Lemma 2.45. The generalized eigenspace V (λ) ⊂ V of A : V → V is an A-invariant subspace

and V (λ) 6= 0 ⇐⇒ λ is an eigenvalue of A.

Proof. (1) We have seen that V (λ) = Ker(A−λ)m for some m ≥ 1. This implies that V (λ) is a

subspace. If v ∈ V (λ), then (A−λ)m(Av) = A(A−λ)mv = 0, hence Av ∈ Ker(A−λ)m = V (λ).

This implies that V (λ) is A-invariant.

(2) If V (λ) 6= 0, let 0 6= v ∈ V (λ) and let (A − λ)kv = 0 with the minimal k ≥ 1. Then

w = (A− λ)k−1v 6= 0 and (A− λ)w = 0. Therefore λ is an eigenvalue. Conversely, if λ ∈ K is

an eigenvalue, then Ker(A− λ) 6= 0, hence V (λ) 6= 0. �

Lemma 2.46. Assume that f, g ∈ K[t] are coprime (don’t have non-constant common factors).

Then there exist u, v ∈ K[t] such that uf + vg = 1.

Proof. Let I = {uf + vg |u, v ∈ K[t]} and let p ∈ I be a non-zero polynomial of minimal

degree. Given h ∈ I, we can divide it with a remainder h = qp + r, where deg r < deg p. As

h, p ∈ I, we have r = h− qp ∈ I, hence r = 0 by the minimality of deg p. This implies h = qp.

As f, g ∈ I, we obtain that f = q1p and g = q2p, for some q1, q2 ∈ K[t]. Therefore f, g have a

common factor p. By our assumption this is a constant polynomial and we can assume p = 1.

By construction, it is of the form p = 1 = uf + vg for some polynomials u, v. �

Theorem 2.47. Let A : V → V be a linear operator (or a square matrix) annihilated by a

polynomial f(t) =
∏r

i=1(t− λi)mi with distinct roots λi. Then V has a direct sum decomposition

V = V1 ⊕ · · · ⊕ Vr, Vi = Ker(A− λi)mi .

Proof. It is enough to show that if f = gh, where g and h are coprime, then we have a direct

sum decomposition

V = U ⊕W, U = Ker g(A), W = Kerh(A).

Namely, we can consider g = (t−λ1)m1 , h =
∏r

i=2(t−λi)mi and proceed by induction on dimV .

The subspace W ⊂ V is A-invariant: if v ∈ W = Kerh(A), then h(A)(Av) = A(h(A)v) = 0,

hence Av ∈ Kerh(A) = W . The restriction A|W satisfies h(A|W ) = h(A)|W = 0, hence by

induction W =
⊕r

i=2 Ker(A− λiI)mi and then

V = U ⊕W =
r⊕
i=1

Ker(A− λiI)mi .

By Lemma 2.46, there exist polynomials p, q ∈ K[t] such that pg+ qh = 1. Therefore, for any

v ∈ V ,

(q(A)h(A) + p(A)g(A))(v) = Iv = v.
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Consider the summands u = q(A)h(A)(v) and w = p(A)g(A)(v). We have

g(A)(u) = g(A)q(A)h(A)(v) = q(A)f(A)(v) = 0,

hence u ∈ Ker g(A) = U and similarly w ∈ Kerh(A) = W . As v = u+w, we obtain V = U +W .

If v ∈ U ∩W , then g(A)v = h(A)v = 0, hence v = (pg + qh)(A)v = 0. This implies U ∩W = 0,

hence V = U ⊕W . �

Remark 2.48. In particular, we can apply the above theorem to the characteristic polynomial

χA(t) of a linear operator (or a square matrix) A.

Corollary 2.49. Let A : V → V be annihilated by a polynomial f(t) =
∏r

i=1(t − λi)mi with

distinct roots λi. Then V (λi) = Ker(A− λi)mi and V (λ) = 0 for λ 6= λi.

Proof. We will just show that V (λi) = Ker(A−λi)mi (if λ 6= λi for all i, we can consider λ0 = λ,

m0 = 0 and f(t) =
∏r

i=0(t − λi)
mi). We have Ker(A − λi)

mi ⊂ V (λi). If v ∈ V (λi), then

v ∈ Ker(A−λi)m for some m ≥ mi. Let g(t) = (t−λi)m
∏

j 6=i(t−λj)mj . Then g(A) = f(A) = 0

and by Theorem 2.47 we have

V = Ker(A− λi)m ⊕
⊕
j 6=i

Ker(A− λj)mj = Ker(A− λi)mi ⊕
⊕
j 6=i

Ker(A− λj)mj .

As m ≥ mi, we have Ker(A − λi)
mi ⊂ Ker(A − λi)

m and the above equality implies that

Ker(A− λi)mi = Ker(A− λi)m. Therefore v ∈ Ker(A− λi)mi and V (λi) ⊂ Ker(A− λi)mi . �

Remark 2.50. Because of the decomposition V =
⊕

i Ker(A − λi)mi =
⊕

i V (λi), to prove

Theorem 2.40 about the Jordan normal form it is enough to show that the restriction of A to

V (λ) has a Jordan basis. Let us assume that V = V (λ) (hence λ is the unique eigenvalue of A).

Then (A− λ)m = 0 for some m ≥ 1. A Jordan basis of A is also a Jordan basis of B = A− λI
which satisfies Bm = 0. Such operator (or matrix) is called nilpotent. Next we will construct

a Jordan basis of a nilpotent operator.

Example 2.51. Consider the matrix

A =
(

1 −1 1
0 −1 2
1 −1 1

)
.

Its characteristic polynomial is χA(t) = t2(t − 1) and the eigenvalues are λ = 0 and λ = 1.

Generalized eigenspaces of A are V (0) = KerA2 and V (1) = Ker(A− I). We obtain

A2 =
(

2 −1 0
2 −1 0
2 −1 0

)
, A− I =

(
0 −1 1
0 −2 2
1 −1 0

)
,

V (0) = KerA2 = span
((

0
0
1

)
,
(

1
2
0

))
, V (1) = Ker(A− I) = span

(
1
1
1

)
.

Note that KerA = span
(

1
2
1

)
. For a Jordan basis of A|V (0), consider a vector in KerA2\KerA,

for example v =
(

0
0
1

)
. Then Av =

(
1
2
1

)
and A2v = 0. The matrix of A|V (0) with respect to the

basis (Av, v) is equal to ( 0 1
0 0 ) = J2(0) which is a Jordan block. For a Jordan basis of A|V (1),

consider a generator of V (1), for example w =
(

1
1
1

)
. We found a Jordan basis of A

f = (Av, v, w) =
((

1
2
1

)
,
(

0
0
1

)
,
(

1
1
1

))
.

The corresponding Jordan normal form of A is

J = J2(0)⊕ J1(1) =
(

0 1 0
0 0 0
0 0 1

)
.

Note that J = [A]f = M−1AM , where M = Mf→e = (Av|v|w).
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2.7. Nilpotent operators.

Definition 2.52.

(1) A linear operator A : V → V is called nilpotent if Ar = 0 for some r ≥ 1. The minimal

r with this property is called the index of A.

(2) Given a vector 0 6= v ∈ V , define its index (relative to A) to be the minimal r ≥ 1 such

that Arv = 0.

If A has index r, then there exists v ∈ V having index r.

Lemma 2.53. Let v ∈ V have index r relative to A. Then the vectors

v, Av, . . . , Ar−1v

are linearly independent.

Proof. We can assume that V = span (v, Av, . . . , Ar−1v) (this space is A-invariant) so that

Ar = 0 on V . Assume that
∑r−1

i=0 aiA
iv = 0 with some ai 6= 0 and let 0 ≤ j ≤ r − 1 be the

minimal index with aj 6= 0. Dividing by −aj, we can assume that aj = −1. Then

Ajv =
∑
k≥0

aj+k+1A
j+k+1v = Aj+1

∑
k≥0

aj+k+1A
kv = Aj+1w.

Therefore Ar−1v = Ar−j−1Ajv = Ar−j−1Aj+1w = Arw = 0. This contradicts to the assumption

that v has index r. �

Definition 2.54. Let A : V → V be a linear operator. A vector v ∈ V is called cyclic relative

to A (or A-cyclic) if the vectors v, Av,A2v, . . . generate V . The vector space V is called cyclic

relative to A if there exists a cyclic vector v ∈ V relative to A.

Remark 2.55. Given a vector v ∈ V , consider the subspace U = span (v, Av,A2v, . . . ) ⊂ V .

It is an A-invariant, cyclic subspace of V , called the cyclic subspace generated by v. Let r ≥ 1

be the maximal number such that the vectors v,Av, . . . , Ar−1v are linearly independent. Then

we can write Arv =
∑r−1

i=0 ciA
iv for some ci ∈ K and the above vectors form a basis of U .

Remark 2.56. Let v ∈ V be a cyclic vector of index r. By Lemma 2.53, the vectors

Ar−1v, . . . , Av, v

form a basis of V . The matrix of A with respect to this basis has the form
0 1 0 . . . 0

0 0 1 . . . 0

. . . . . . . . . . . . . . . . .

0 0 . . . 0 1

0 0 . . . 0 0


which is the Jordan block Jr,0.

Theorem 2.57. Let A : V → V be a nilpotent linear operator. Then A has a Jordan basis.

Proof. We need to show that there exists a decomposition V =
⊕

i Vi, where Vi are A-invariant

and cyclic relative to A. We have seen that A|Vi is represented by a Jordan block in an

appropriate basis.

Let W = A(V ) ⊂ V . By induction, there exists a decomposition W =
⊕m

i=1Wi, where Wi

are A-invariant and have cyclic vectors wi ∈ Wi of index ri. We have wi = Avi for some vi ∈ V .

Then Vi = span (vi, Avi, . . . , A
rivi) are A-invariant cyclic spaces.
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We claim that V ′ =
∑

i Vi is a direct sum. Assume that there are polynomials fi(t) of degree

≤ ri such that
∑

i fi(A)vi = 0. Then
∑

i fi(A)wi = 0 and we conclude that fi(A)wi = 0 for all i.

We have Ariwi = 0, hence fi(t) = cit
ri for some ci ∈ K (otherwise the vectors wi, . . . A

ri−1wi
are linearly dependent). Therefore 0 =

∑
i fi(A)vi =

∑
i ciA

ri−1wi and we conclude that ci = 0.

This implies fi(t) = 0, hence V ′ =
∑

i Vi is a direct sum as required.

Next, we claim that V ′ + KerA = V . For any v ∈ V , we have Av ∈ W = AV ′ (as Wi = AVi),

hence Av = Av′ for some v′ ∈ V ′. Then v − v′ ∈ KerA and our claim follows. This implies that

we can choose vectors u1, . . . , uk in KerA that form a basis of V relative to V ′. Then

V = V ′ ⊕ span (u1, . . . , uk) =
m⊕
i=1

Vi ⊕
k⊕
i=1

Kui

is the required decomposition. �

Proof of uniqueness. It is enough to prove uniqueness of the Jordan normal form for nilpotent

matrices. If J = Jn(0), then null J = dim Ker J = 1, null J2 = 2 and generally null Jk =

min {k, n}. If A is conjugate to J =
⊕

n≥1 Jn(0)⊕mn , then

null Jk =
∑
n≥1

mn min {k, n} =
k−1∑
n=1

nmn + k
∑
n≥k

mn,

null Jk − null Jk−1 =
∑
n≥k

mn,

mk = (null Jk − null Jk−1)− (null Jk+1 − null Jk).

Therefore the multiplicities mn are uniquely determined by null Jk = nullAk for k ≥ 0. �

Remark 2.58. To find a Jordan basis of a nilpotent operator A, we construct cyclic vectors of

cyclic summands (defined in the theorem) as follows. Let r be the index of A and let Vk = KerAk

for k ≥ 0. We obtain a chain of subspaces

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vr = V.

(1) Let Wr = 0 and let (e
(r)
1 , . . . , e

(r)
mr) be a basis of V = Vr relative to Vr−1 +Wr = Vr−1.

(2) Assuming that Wk+1 ⊂ Vk+1 and (e
(k+1)
i ∈ Vk+1)i are already constructed, define

Wk = A
(
Wk+1 ⊕ span

(
e
(k+1)
i : i ≥ 1

))
⊂ AVk+1 ⊂ Vk

and let (e
(k)
1 , . . . , e

(k)
mk) be a basis of Vk relative to Vk−1 +Wk.

Then the vectors e
(k)
i are the required cyclic vectors and the Jordan basis of A consists of vectors

Ak−1e
(k)
i , . . . , Ae

(k)
i , e

(k)
i , 1 ≤ k ≤ r, 1 ≤ i ≤ mk.
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2.8. Examples.

Example 2.59. Consider the matrix A =

(
2 −1

1 0

)
. Then χA(t) = t2 − 2t+ 1 = (t− 1)2 and

the only eigenvalue of A is λ = 1. The matrix B = A− I =

(
1 −1

1 −1

)
is nilpotent (B2 = 0) and

we have

KerB ⊂ KerB2 = K2,

where KerB = span

(
1

1

)
. For a Jordan basis of B (and A) we choose a basis vector of

KerB2 = K2 relative to KerB, for example v =

(
1

0

)
. Then Bv =

(
1

1

)
and the Jordan basis is

f = (Bv, v) =

((
1

1

)
,

(
1

0

))
.

The corresponding Jordan normal form of A is J =

(
1 1

0 1

)
= J2(1). We have

J = [A]f = M−1AM, M = Mf→e = (Bv|v) =

(
1 1

1 0

)
.

Example 2.60. Consider the matrix

A =

−3 −2 −1

5 3 2

1 1 0

 .

We can check directly that A3 = 0, hence A is nilpotent. Alternatively, we can verify that

χA(t) = t3, hence A3 = χA(A) = 0. We have

KerA ⊂ KerA2 ⊂ KerA3 = K3,

where

A2 =

−2 −1 −1

2 1 1

2 1 1

 , KerA2 = span

 1

−1

−1

 ,

 0

1

−1

 .

Choose a basis vector of KerA3 = K3 relative to KerA2, for example, v =

0

0

1

. Then

Av =

−1

2

0

 ∈ KerA2, A2v =

−1

1

1

 ∈ KerA

The Jordan basis of A is f = (A2v, Av, v) and the corresponding Jordan matrix is

J =

0 1 0

0 0 1

0 0 0

 = J3(0).

We have J = M−1AM , where M = Mf→e = (A2v|Av|v).
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2.9. Applications. We can write a Jordan block in the form

J = Jn(λ) = λI + Jn(0).

Therefore

Jk = (λI + Jn(0))k =
k∑
i=0

(
k

i

)
λk−iJn(0)i

=



λk kλk−1
(
k
2

)
λk−2

(
k
3

)
λk−3 . . . . . . . . . . . . . . .

0 λk kλk−1
(
k
2

)
λk−2 . . . . . . . . . . . . . . .

0 0 λk kλk−1
(
k
2

)
λk−2 . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . . . . . . . . . . . . . λk kλk−1

0 . . . . . . . . . . . . . . . . . . . . . . . . 0 λk


,

where (
k

i

)
=

k!

i!(k − i)!
=
k(k − 1) . . . (k − i+ 1)

1 · · · · · i
are the binomial coefficients and k! = 1 · · · · · k (with 0! = 1). Using the polynomial f(t) = tk,

we can write

λk = f(λ), kλk−1 = f ′(λ),

(
k

i

)
λk−i =

f (i)(λ)

i!
,

where f (i)(t) is the i-th derivative of f(t). We obtain for an arbitrary polynomial f(t)

f(J) =



f(λ) f ′(λ) f ′′(λ)
2!

f ′′′(λ)
3!

. . . . . . . . . . .

0 f(λ) f ′(λ) f ′′(λ)
2!

. . . . . . . . . . .

0 0 f(λ) f ′(λ) f ′′(λ)
2!

. . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 . . . . . . . . . . . . . . . . . . f(λ) f ′(λ)

0 . . . . . . . . . . . . . . . . . . 0 f(λ)


.

A similar formula can be written for an arbitrary Jordan matrix J . Assume now that A is a

square n× n matrix with a Jordan basis v and a Jordan matrix J . Then J = [A]v = M−1AM ,

where M = Mv→e. Therefore A = MJM−1 and

f(A) = f(MJM−1) = Mf(J)M−1.

Using the above formula for f(J), we can compute f(A).

Example 2.61. Consider a sequence xn+2 = xn + xn+1 with x0 = 0, x1 = 1 (called a Fibonacci

sequence). Setting vn =

(
xn
xn+1

)
, we obtain

vn+1 =

(
xn+1

xn + xn+1

)
=

(
0 1

1 1

)(
xn
xn+1

)
= Avn, A =

(
0 1

1 1

)
.

Therefore vn = Anv0. We have χA(t) = t2 − t − 1 with roots λ1,2 = 1
2

(
1±
√

5
)
. Then

A − λ1I =

(
−λ1 1

1 ∗

)
has a null space generated by

(
1

λ1

)
and A − λ2I has a null space
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generated by

(
1

λ2

)
. We obtain a Jordan basis

f1 =

(
1

λ1

)
, f2 =

(
1

λ2

)
and the corresponding (diagonal) Jordan matrix J =

(
λ1 0

0 λ2

)
. The transition matrix is

M = Mf→e =

(
1 1

λ1 λ2

)
with detM = λ2 − λ1 = −

√
5 and M−1 = 1

−
√
5

(
λ2 −1

−λ1 1

)
. Then

A = MJM−1 and

An = MJnM−1 =
1√
5

(
1 1

λ1 λ2

)(
λn1 0

0 λn2

)(
−λ2 1

λ1 −1

)
=

1√
5

(
λn1 λn2
λn+1
1 λn+1

2

)(
−λ2 1

λ1 −1

)
=

1√
5

(
∗ λn1 − λn2
∗ ∗

)
.

Therefore

vn =

(
xn
xn+1

)
= Anv0 = An

(
0

1

)
=

1√
5

(
λn1 − λn2
∗

)
,

xn =
1√
5

(λn1 − λn2 ) =
(1 +

√
5)n − (1−

√
5)n

2n
√

5
.

Example 2.62. Let A =

(
2 −1

1 0

)
and let us compute

eA =
∑
n≥0

An

n!
.

The Jordan normal form of A is (see Example 2.59)

J =

(
1 1

0 1

)
= M−1AM, M =

(
1 1

1 0

)
, M−1 =

(
0 1

1 −1

)
.

Considering the function f(t) = et, we obtain f ′(t) = et, hence

eJ =

(
f(1) f ′(1)

0 f(1)

)
=

(
e e

0 e

)
eA = eMJM−1

= MeJM−1 =

(
1 1

1 0

)(
e e

0 e

)(
0 1

1 −1

)
=

(
e 2e

e e

)(
0 1

1 −1

)
=

(
2e −e
e 0

)
Example 2.63. Let us compute A100 for the above matrix A. If f(t) = t100, then f(1) = 1 and

f ′(1) = 100. Therefore

A100 = MJ100M−1 =

(
1 1

1 0

)(
1 100

0 1

)(
0 1

1 −1

)
=

(
1 101

1 100

)(
0 1

1 −1

)
=

(
101 −100

100 −99

)
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3. Inner products

3.1. Dual spaces.

Definition 3.1. Let V be a vector space over K.

(1) Define a linear functional on V to be a linear map f : V → K.

(2) Define the dual space of V to be the set of all linear functionals on V , denoted by V ∗.

The dual space V ∗ has a vector space structure with addition and scalar multiplication defined

pointwise. Namely, for any f, g ∈ V ∗ and c ∈ K, we define

f + g ∈ V ∗, (f + g)(v) = f(v) + g(v), v ∈ V,

cf ∈ V ∗, (cf)(v) = c · f(v), v ∈ V.

Define a pairing

〈−,−〉 : V ∗ × V → K, 〈f, v〉 = f(v), f ∈ V ∗, v ∈ V.

It is bilinear, meaning that

〈c1f1 + c2f2, v〉 = c1 〈f1, v〉+ c2 〈f2, v〉 , 〈f, c1v1 + c2v2〉 = c1 〈f, v1〉+ c2 〈f, v2〉 ,

for v, v1, v2 ∈ V , f, f1, f2 ∈ V ∗, c1, c2 ∈ K. Similarly, we define a bilinear pairing

〈−,−〉 : V × V ∗ → K, 〈v, f〉 = f(v), f ∈ V ∗, v ∈ V.

Example 3.2. One can identify vectors of V = Kn with column vectors (or n × 1 matrices)

and vectors of V ∗ with row vectors (or 1× n matrices). Then, given v ∈ V and f ∈ V ∗, we can

interpret f(v) ∈ K as a matrix product f ·v which is a 1×1 matrix. For example, f =
(
1 2 1

)
defines a linear functional

f : K3 → K, x 7→ f · x =
(
1 2 1

)x1x2
x3

 = x1 + 2x2 + x3.

Lemma 3.3. Let V be a vector space with a basis (e1, . . . , en). For any y ∈ Kn, there exists a

unique linear functional f ∈ V ∗ such that f(ei) = yi for all i.

Proof. Every vector v ∈ V can be written uniquely in the form v =
∑

i xiei, where xi ∈ K. For

any f ∈ V ∗, we have

f(v) =
∑
i

xif(ei),

hence the values f(ei) = yi determine f uniquely. Conversely, given y ∈ Kn, we define f : V → K

by the formula

f(v) =
∑
i

xiyi, v =
∑
i

xiei ∈ V.

Then f is a linear functional and f(ei) = yi. �

Theorem 3.4. Let V be a vector space with a basis e = (e1, . . . , en). For every 1 ≤ j ≤ n,

define e∗j ∈ V ∗ by the formula

e∗j(ei) = δij, 1 ≤ i ≤ n.

Then (e∗1, . . . , e
∗
n) is a basis of V ∗, called the dual basis for the basis e.
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Proof. (1) The linear functionals e∗j ∈ V ∗ are uniquely determined by the previous lemma.

(2) Given f ∈ V ∗, let yi = 〈f, ei〉 for all i. Then g =
∑

j yje
∗
j , satisfies

〈g, ei〉 =
∑
j

yj
〈
e∗j , ei

〉
=
∑
j

yjδij = yi = 〈f, ei〉 .

This implies that for any v =
∑

i xiei, we have

〈g, v〉 =
∑
i

xi 〈g, ei〉 =
∑
i

xi 〈f, ei〉 = 〈f, v〉 ,

hence f = g =
∑

j yje
∗
j and V ∗ is generated by e∗1, . . . , e

∗
n.

(3) If
∑

j yje
∗
j = 0, then

0 =

〈∑
j

yje
∗
j , ei

〉
=
∑
j

yj
〈
e∗j , ei

〉
=
∑
j

yjδij = yi

for all i. This implies that e∗1, . . . , e
∗
n are linearly independent, hence they form a basis of V ∗. �

Remark 3.5. For any v ∈ V , f ∈ V ∗, we have

v =
∑
i

〈e∗i , v〉 ei, f =
∑
i

〈f, ei〉 e∗i .

Example 3.6. Let V = K2 be equipped with a basis e1 = ( 1
1 ), e2 = ( 0

1 ). The dual basis e∗1, e
∗
2

consists of row vectors such that e∗i · ej = δij . Let us define matrices A = (e1|e2) and B =

(
e∗1
−−
e∗2

)
(with rows equal the row vectors e∗i ). Then we obtain B ·A = I, hence B = A−1. In our example

we have A =

(
1 0

1 1

)
, hence B = A−1 =

(
1 0

−1 1

)
. We conclude that

e∗1 =
(
1 0

)
, e∗2 =

(
−1 1

)
.

Remark 3.7. The above theorem implies that the vector spaces V and V ∗ have the same

dimension. Therefore they are isomorphic to each other. However, there is no canonical

isomorphism between them (independent of a basis choice).

Lemma 3.8. Let φ : U → V be a linear map. Then there exists a unique linear map φ∗ : V ∗ → U∗

satisfying the condition

〈φ∗(f), u〉 = 〈f, φ(u)〉 , ∀f ∈ V ∗, u ∈ U.

The map φ∗ is called the transpose (or dual) of φ.

Proof. Uniqueness follows immediately from the above formula. For any f ∈ V ∗, we define

φ∗(f) : U → K by the formula φ∗(f)(u) = 〈f, φ(u)〉, for u ∈ U . We verify that φ∗(f) is a linear

functional, hence φ∗(f) ∈ U∗. Finally, we verify that the map V ∗ → U∗, f 7→ φ∗(f) is linear. �

Theorem 3.9. Let φ : U → V be a linear map, e, f be the bases of U and V respectively, and

A = [φ]e,f be the corresponding matrix of φ. Then the matrix of φ∗ : V ∗ → U∗ with respect to

the dual bases f∗, e∗ is equal to the transpose matrix AT.

Proof. Let B be the matrix of φ∗ : V ∗ → U∗ with respect to the dual bases. We have φ(ej) =∑
k akjfk and φ∗(f ∗i ) =

∑
k bkie

∗
k. Therefore

〈φ∗(f ∗i ), ej〉 =
∑
k

bki 〈e∗k, ej〉 = bji = 〈f ∗i , φ(ej)〉 =
∑
k

akj 〈f ∗i , fk〉 = aij.

This implies bji = aij, hence B = AT. �
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Let V ∗∗ = (V ∗)∗ be the dual space of V ∗ (the double dual of V ). We mentioned earlier

that V and V ∗ are not canonically isomorphic. But it turns out that V and V ∗∗ are (if V is

finite-dimensional).

Theorem 3.10. Let V be a (finite-dimensional) vector space. Then there is a (canonical) linear

map

J : V → V ∗∗, J(v)(f) = f(v), v ∈ V, f ∈ V ∗,
which is an isomorphism. We say that V is a reflexive space.

Proof. One can verify that J(v) : V ∗ → K is linear, hence J(v) ∈ V ∗∗. One can also verify

that the map V → V ∗∗, v 7→ J(v) is linear. We know that dimV ∗∗ = dimV ∗ = dimV .

Therefore to show that J is an isomorphism, it is enough to show J is injective or that

Ker J = 0. If v =
∑

i xiei ∈ Ker J , then f(v) = J(v)(f) = 0 for all f ∈ V ∗. Therefore

0 =
〈
e∗j , v

〉
=
∑

i xi
〈
e∗j , ei

〉
= xj for all j. This implies that v = 0, hence Ker J = 0. �
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3.2. Bilinear forms.

Definition 3.11. Let V be a vector space over K. A bilinear form on V is a map

σ : V × V → K

such that, for all v1, v2, w ∈ V , c1, c2 ∈ K, we have

(1) σ(c1v1 + c2v2, w) = c1σ(v1, w) + c2σ(v2, w) (linearity in the first argument).

(2) σ(w, c1v1 + c2v2) = c1σ(w, v1) + c2σ(w, v2) (linearity in the second argument).

It is called symmetric if σ(v, w) = σ(w, v), for all v, w ∈ V .

Remark 3.12. Given vector spaces V,W , one can similarly define a bilinear form

σ : V ×W → K.

Example 3.13. The dot product on Kn

σ(x, y) =
n∑
i=1

xiyi = xT · y, x, y ∈ Kn,

is a symmetric bilinear form. More generally, for any n× n matrix A, define a bilinear form on

Kn by

σ(x, y) =
∑
i,j

aijxiyj = xTAy.

Note that for the standard basis of Kn we have

σ(ei, ej) = eTi Aej = eTi

a1j...
anj

 = aij.

Definition 3.14. Let σ be a bilinear form on V and e be a basis of V . Define the matrix

A = [σ]e of σ with respect to the basis e to be the matrix with entries aij = σ(ei, ej).

Remark 3.15. If σ is a symmetric bilinear form, then its matrix A is symmetric, meaning

that aij = aji (or AT = A). Indeed, aij = σ(ei, ej) = σ(ej, ei) = aji.

Lemma 3.16. Let A = [σ]e be the matrix of a bilinear form σ on V with respect to a basis e.

Then for all vectors u, v ∈ V , we have

σ(u, v) = [u]Te · A · [v]e,

where [v]e is the coordinate vector of v with respect to the basis e.

Proof. Let x = [u]e ∈ Kn and y = [v]e ∈ Kn. Then u =
∑

i xiei, v =
∑

i yiei and

σ(u, v) =
∑
i,j

xiyjσ(ei, ej) =
∑
i,j

xiaijyj =
∑
i

xi(Ay)i = xTAy.

�

Theorem 3.17. Let σ : V × V → K be a bilinear form, e, f be two bases of V and A = [σ]e,

B = [σ]f be the corresponding matrices of σ. Then

B = MTAM,

where M = Mf→e is the transition matrix.

Proof. We know that [v]e = M · [v]f (see Lemma 1.4). Therefore

σ(u, v) = [u]TeA[v]e = (M [u]f )
TA(M [v]f ) = [u]Tf · (MTAM) · [v]f

On the other hand σ(u, v) = [u]Tf B[v]f for all u, v ∈ V . We conclude that B = MTAM . �
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Definition 3.18. A bilinear form σ : V × V → K is called non-degenerate (in the first

argument) if σ(v, w) = 0 for all w ∈ V implies v = 0. Similarly, we define non-degenerate forms

in the second argument.

Theorem 3.19. Let σ : V ×V → K be a bilinear form and A be its matrix with respect to some

basis. Then following are equivalent

(1) σ is non-degenerate in the first argument.

(2) σ is non-degenerate in the second argument.

(3) A is invertible.

We call σ non-degenerate under any of these conditions.

Proof. It is enough to show that (2) and (3) are equivalent. Let A = [σ]e be the matrix of σ

with respect to a basis e. Define a linear map

φ = σ′ : V → V ∗, v 7→ σ(−, v) ∈ V ∗,

where σ(−, v) : V → K, u 7→ σ(u, v). The matrix B of the map φ with respect to the basis e

of V and the dual basis e∗ of V ∗ satisfies σ(−, ej) = φ(ej) =
∑

k bkje
∗
k. Therefore

aij = σ(ei, ej) =
∑
k

bkj 〈ei, e∗k〉 = bij

and A = B. Assume that σ is non-degenerate (in the second argument). If v ∈ Kerφ, then

φ(v) = σ(−, v) = 0, hence σ(u, v) = 0 for all u ∈ V . Therefore v = 0. This implies that

Kerφ = 0 and φ is injective. As dimV ∗ = dimV , we conclude that φ is an isomorphism.

Therefore A = B is invertible. The converse statement goes through the same lines. �

Corollary 3.20. Let σ : V × V → K be a non-degenerate bilinear form. Then, for every

linear functional f : V → K, there exists a unique v ∈ V such that f = σ(−, v), meaning that

f(u) = σ(u, v) for all u ∈ V .

Proof. We have seen that the map σ′ : V → V ∗, v 7→ σ(−, v) is an isomorphism. Therefore, for

any f ∈ V ∗, there exists a unique v ∈ V such that f = σ′(v) = σ(−, v). �
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3.3. Euclidean vector spaces. In this section we will denote our bilinear form by (−,−).

Definition 3.21. A bilinear form (−,−) on a real vector space V is called positive definite if

(v, v) > 0 ∀v ∈ V \ {0} .

A real n× n matrix A is called positive definite if xTAx > 0 for all x ∈ Rn\ {0}.

Definition 3.22. An inner product on a real vector space V is a map

(−,−) : V × V → R

satisfying (for all u, v, u1, u2 ∈ V , c1, c2 ∈ R)

(1) (u, v) = (v, u) (symmetry).

(2) (c1u1 + c2u2, v) = c1(u1, v) + c2(u2, v) (linearity in the first argument).

(3) (v, v) > 0 for all v ∈ V \ {0} (positive definiteness).

Equivalently, it is a bilinear, symmetric, positive definite form on V . A real vector space

equipped with an inner product is called a Euclidean vector space.

Example 3.23. Consider the dot product on Rn

(x, y) =
n∑
i=1

xiyi, x, y ∈ Rn

It is a symmetric, bilinear form. Moreover, (x, x) =
∑

i x
2
i > 0 for all x ∈ Rn\ {0}. Therefore

this form is positive definite, hence it is an inner product on Rn.

Remark 3.24. Note that an inner product is non-degenerate as (v, v) 6= 0 for all v ∈ V \ {0}.

Definition 3.25. Given a Euclidean vector space V , we define the length (or norm) of a

vector v ∈ V to be

‖v‖ =
√

(v, v).

A vector of length 1 is called a unit vector.

Definition 3.26. Let V be a Euclidean vector space.

(1) A collection of vectors (v1, . . . , vn) in V is called orthogonal if (vi, vj) = 0 for i 6= j.

(2) A collection of vectors (v1, . . . , vn) in V is called orthonormal if it is orthogonal and

‖vi‖ = 1. Equivalently, (vi, vj) = δij for all i, j.

(3) In the same way we define orthogonal and orthonormal bases of V .

Example 3.27. Let V = Rn be equipped with the dot product. Then the standard basis

(e1, . . . , en) is an orthonormal basis as (ei, ej) = δij for all i, j. But there are other orthogonal

and orthonormal bases in V . For example, let V = R2 and let v1 = ( 1
1 ), v2 = ( 1

−1 ). Then

(v1, v2) = 0, hence these vectors form an orthogonal basis.

This basis is nor orthonormal as ‖v1‖ = ‖v2‖ =
√

2. To get an orthonormal basis, we consider

f1 =
v1
‖v1‖

=
1√
2

(
1

1

)
, f2 =

v2
‖v2‖

=
1√
2

(
1

−1

)
.

Then ‖fi‖ = ‖vi‖
‖vi‖ = 1 and (fi, fj) = δij for all i, j.

Lemma 3.28. Let e = (e1, . . . , en) be an orthogonal basis of V . Then, for any vector v ∈ V ,

we have

v =
∑
i

xiei, xi =
(v, ei)

(ei, ei)
.

If e is an orthonormal basis, then v =
∑

i(v, ei)ei.
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Proof. Let v =
∑

j xjej for some x ∈ Rn. Then (v, ei) =
∑

j xj(ej, ei) = xi(ei, ei), hence

xi = (v,ei)
(ei,ei)

. If e is orthonormal, then (ei, ei) = ‖ei‖2 = 1, hence xi = (v, ei). �

Theorem 3.29 (Gram-Schmidt orthogonalization process). Any Euclidean vector space V has

an orthonormal basis. Given a basis (v1, . . . , vn) of V , we define w1 = v1
‖v1‖ and then inductively

wk+1 =
u

‖u‖
, u = vk+1 −

k∑
i=1

(vk+1, wi)wi.

Then (w1, . . . , wn) is an orthonormal basis such that wk ∈ span (v1, . . . , vk), for all k.

Proof. Let (v1, . . . , vn) be any basis of V . We will construct an orthonormal basis (w1, . . . , wn) of

V having the property that every wk is a linear combination of v1, . . . , vk. First we set w1 = v1
‖v1‖

so that ‖w1‖ = 1. Assuming that vectors w1, . . . , wk are already constructed, let us consider a

vector of the form

u = vk+1 −
k∑
i=1

ciwi, ci ∈ K.

Then

(u,wi) = (vk+1, wi)− ci(wi, wi) = (vk+1, wi)− ci, 1 ≤ i ≤ k.

If we set ci = (vk+1, wi), then (u,wi) = 0 for 1 ≤ i ≤ k. The vector u is nonzero as otherwise

vk+1 =
∑k

i=1 ciwi ∈ span (v1, . . . , vk) contradicting to the assumption that (v1, . . . , vn) are

linearly independent. We define wk+1 = u
‖u‖ so that ‖wk+1‖ = 1 and

(wk+1, wi) =
1

‖u‖
(u,wi) = 0, 1 ≤ i ≤ k.

This implies that vectors w1, . . . , wk+1 are orthonormal. Assuming that span (w1, . . . , wk) =

span (v1, . . . , vk) (by induction), we obtain that

wk+1 ∈ span (vk+1, w1, . . . , wk) = span (v1, . . . , vk+1) , vk+1 ∈ span (w1, . . . , wk+1) .

Therefore span (w1, . . . , wk+1) = span (v1, . . . , vk+1). Continuing this procedure we obtain an

orthonormal basis (w1, . . . , wn) of V . �

Remark 3.30. Alternatively, we can define first an orthogonal basis (w1, . . . , wn) by the

formulas w1 = v1 and

wk+1 = vk+1 −
k∑
i=1

(vk+1, wi)

(wi, wi)
wi.

Then we get an orthonormal basis by considering vectors wi
‖wi‖ . In this way we avoid taking

square roots in the process of orthogonalization.

Example 3.31. Let V = R3 (we will use row vectors) and let v1 = (1, 1, 0), v2 = (1, 1, 1),

v3 = (1, 0, 1). We define

w1 = v1 = (1, 1, 0), w2 = v2 −
(v2, w1)

(w1, w1)
w1 = (0, 0, 1),

w3 = v3 −
(v3, w1)

(w1, w1)
w1 −

(v3, w2)

(w2, w2)
w2 =

1

2
(1,−1, 0).

One can check that w1, w2, w3 are indeed orthogonal. The corresponding orthonormal basis is
1√
2
(1, 1, 0), (0, 0, 1), 1√

2
(1,−1, 0).
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Theorem 3.32 (Bessel’s inequality). Let e1, . . . , en be an orthonormal sequence of vectors in V

(meaning that (ei, ej) = δij). For any v ∈ V , we have∑
i

(v, ei)
2 ≤ ‖v‖2 .

Proof. Let ai = (v, ei). Then

0 ≤

(
v −

∑
i

aiei, v −
∑
i

aiei

)
= (v, v)− 2

∑
i

ai(v, ei) +
∑
i,j

aiaj(ei, ej)

= (v, v)− 2
∑
i

a2i +
∑
i

a2i = (v, v)−
∑
i

a2i .

Therefore
∑

i a
2
i ≤ (v, v) = ‖v‖2. �

Theorem 3.33 (Cauchy-Schwarz inequality). We have

(v, w) ≤ ‖v‖ · ‖w‖ .

Proof. We can assume that w 6= 0. Then the vector e = w/ ‖w‖ is a unit vector. By the previous

result (v, w/ ‖w‖)2 = (v, e)2 ≤ ‖v‖2 , hence (v, w)2 ≤ ‖v‖2 · ‖w‖2. �

Remark 3.34. We define the angle θ ∈ [0, π] between two nonzero vectors v, w ∈ V by the

formula

cos θ =
(v, w)

‖v‖ · ‖w‖
.

Note that the right hand side is contained in [−1, 1] by the Cauchy-Schwarz inequality.
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3.4. Unitary vector spaces. Recall, that given a complex number z = a + bi ∈ C (with

a, b ∈ R), we define the complex conjugate z̄ = a− bi.

Definition 3.35. An inner product on a complex vector space V is a map

(−,−) : V × V → C

satisfying (for all u, v, u1, u2 ∈ V , c1, c2 ∈ C)

(1) (u, v) = (v, u) (conjugate symmetry).

(2) (c1u1 + c2u2, v) = c1(u1, v) + c2(u2, v) (linearity in the first argument).

(3) (v, v) > 0 for all v ∈ V \ {0} (positive definiteness).

A complex vector space equipped with an inner product is called a unitary vector space.

Remark 3.36. Our earlier definition of an inner product on a real vector space can be formulated

using the above three axioms, where the conjugate sign is ignored.

Example 3.37. Define a pairing on V = Cn by the formula

(x, y) =
n∑
i=1

xiȳi, x, y ∈ Cn.

Note that (y, x) =
∑

i yix̄i =
∑

i xiȳi = (x, y), hence the first axiom is satisfied. The pairing

is linear in the first variable, hence the second axiom is satisfied. Finally, (x, x) =
∑

i xix̄i =∑
i |xi|

2 > 0 if x ∈ Cn\ {0}. Therefore the third axiom is satisfied. This implies that the above

pairing is an inner product.

Remark 3.38. A map satisfying the first two axioms is called a Hermitian form. Note that

(v, c1u1 + c2u2) = (c1u1 + c2u2, v) = c̄1(u1, v) + c̄2(u2, v) = c1(v, u1) + c2(v, u2).

Therefore such map satisfies

(1) (c1u1 + c2u2, v) = c1(u1, v) + c2(u2, v).

(2) (v, c1u1 + c2u2) = c1(v, u1) + c2(v, u2).

A map satisfying these two properties is called a sesquilinear form. An inner product is a

sesquilinear form that is conjugate symmetric and positive definite.

Remark 3.39. Given a vector space V over C, define the complex conjugate space V̄ to

be the set V with the same vector addition and with the new scalar multiplication

λ ◦ v = λ̄v, λ ∈ C, v ∈ V̄ .

Then a sesquilinear form σ : V × V → C corresponds to a bilinear form σ : V × V̄ → C as

σ(u, λ ◦ v) = σ(u, λ̄v) = λσ(u, v).

Remark 3.40. Given a unitary vector space, one can define orthogonal and orthonormal bases,

apply Gram-Schmidt orthogonalization process, prove Bessel and Cauchy-Schwartz inequalities

in the same way as for Euclidean spaces.

Theorem 3.41 (Bessel’s inequality). Let e1, . . . , en be an orthonormal sequence of vectors in a

unitary vector space V . Then, for any v ∈ V , we have∑
i

|(v, ei)|2 ≤ ‖v‖2 .

Theorem 3.42 (Cauchy-Schwarz inequality). For any vectors v, w ∈ V , we have

|(v, w)| ≤ ‖v‖ · ‖w‖ .
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3.5. Orthogonal complement. Let V be a Euclidean vector space (or a unitary vector space).

Definition 3.43. Given a subspace U ⊂ V , define its orthogonal complement

U⊥ = {v ∈ V | (v, u) = 0 ∀u ∈ U} .

Lemma 3.44. For any subspace U ⊂ V , the orthogonal complement U⊥ ⊂ V is a subspace.

Proof. If v, v′ ∈ U⊥, then (v + v′, u) = (v, u) + (v′, u) = 0 for all u ∈ U . Therefore v + v′ ∈ U⊥.

If c ∈ K, then (cv, u) = c(v, u) = 0 for all u ∈ U . Therefore cv ∈ U⊥. �

Theorem 3.45. For any subspace U ⊂ V , we have V = U ⊕ U⊥.

Proof. If v ∈ U ∩ U⊥, then (v, v) = 0, hence v = 0. This implies that U ∩ U⊥ = 0. Let

(u1, . . . , uk) be an orthonormal basis of U . For any v ∈ V , consider u =
∑

i(v, ui)ui ∈ U and

w = v − u = v −
∑

i(v, ui)ui. Then

(w, uj) = (v, uj)−
∑
i

(v, ui)(ui, uj) = (v, uj)− (v, uj) = 0, ∀1 ≤ j ≤ k.

This implies that (w, u′) = 0 for all u′ ∈ U , hence w ∈ U⊥. Therefore v = u + w ∈ U + U⊥,

hence V = U + U⊥. We conclude that V = U ⊕ U⊥. �

Remark 3.46. Given a symmetric non-degenerate bilinear form σ on a vector space V and

a subspace U ⊂ V , we can similarly define U⊥ = {v ∈ V |σ(v, u) = 0 ∀u ∈ U} and prove that

V = U ⊕ U⊥.

Remark 3.47. Let V = Rn be equipped with the dot product and let U = span (u1, . . . , uk) ⊂ V

be a subspace. Then x ∈ U⊥ if and only if uTi · x = 0 for all i. Let A be a k× n matrix with the

rows uTi :

A = (u1| . . . |uk)T.
Then we can write the above condition as A · x = 0. Therefore

U⊥ = KerA.

Example 3.48. Let V = R3 be equipped with the dot product and let

U = span
((

1
1
0

)
,
(

1
2
1

))
⊂ V.

To find U⊥, we consider A = (u1|u2)T =

(
1 1 0

1 2 1

)
. Then U⊥ = KerA. Consider(

1 1 0

1 2 1

)
r2−r1−−−→

(
1 1 0

0 1 1

)
r1−r2−−−→

(
1 0 −1

0 1 1

)
.

Fixing the free variable x3 = 1, we get x1 = 1, x2 = −1. Therefore U⊥ = KerA = span

 1

−1

1

.
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3.6. Self-adjoint operators. Let V be a Euclidean or a unitary vector space.

Lemma 3.49. Given a linear operator A : V → V , there exists a unique linear operator

A∗ : V → V satisfying

(Au, v) = (u,A∗v) ∀u, v ∈ V.

It is called the adjoint operator of A.

Proof. For any v ∈ V , consider the linear functional f : V → K, u 7→ (Au, v). By Corollary 3.20,

there exists a unique vector A∗v ∈ V such that f = (−, A∗v). Then f(u) = (Au, v) = (u,A∗v)

for all u ∈ V . This defines a map A∗ : V → V satisfying the required relation and one can check

that A∗ is linear. If B : V → V is another linear operator satisfying the required relation, then

(Au, v) = (u,A∗v) = (u,Bv), hence (u,A∗v − Bv) = 0 for all u ∈ V . Therefore A∗v − Bv = 0

and we conclude that A∗ = B. This proves uniqueness. �

Remark 3.50. Note that (A∗v, u) = (u,A∗v) = (Au, v) = (v, Au). Therefore (A∗)∗ = A.

Definition 3.51. A linear operator A : V → V is called self-adjoint if A∗ = A. Equivalently

(Au, v) = (u,Av) ∀u, v ∈ V.

Example 3.52. Let V = Rn be equipped with the dot product. Given an n × n matrix A,

consider the corresponding linear map A : Rn → Rn and its adjoint operator A∗. Then

(A∗ei, ej) =
∑
k

(a∗kiek, ej) = a∗ji = (ei, Aej) =
∑
k

(ei, akjek) =
∑
k

akj(ei, ek) = aij.

This implies that the matrix of the adjoint operator A∗ is the transpose matrix AT. The linear

operator A is self-adjoint if and only if the corresponding matrix is symmetric (A = AT).

Example 3.53. Let V = Cn be equipped with the inner product (x, y) =
∑

i xiȳi. Given an

n× n matrix A, consider the corresponding linear map A : Cn → Cn and its adjoint operator

A∗. Then

(A∗ei, ej) =
∑
k

(a∗kiek, ej) = a∗ji = (ei, Aej) =
∑
k

(ei, akjek) =
∑
k

ākj(ei, ek) = āij.

This implies that the matrix of the adjoint operator A∗ is equal to (A)T = AT, called the

conjugate transpose of A. The linear operator A is self-adjoint if and only if the corresponding

matrix satisfies A = AT. Such matrices are called Hermitian or self-adjoint.

Lemma 3.54. Let V be a unitary vector space and A : V → V be a self-adjoint operator. Then

(1) All eigenvalues of A are real.

(2) If u, v ∈ V are eigenvectors of A corresponding to two distinct eigenvalues, then u, v are

orthogonal, meaning that (u, v) = 0.

Proof. (1) Assume that Av = λv for some λ ∈ C and 0 6= v ∈ V . Then

λ(v, v) = (λv, v) = (Av, v) = (v, Av) = (v, λv) = λ̄(v, v).

Therefore λ̄ = λ and λ ∈ R.

(2) Let Au = λu and Av = µv for some λ 6= µ. We have seen that λ, µ ∈ R. Therefore

(Au, v) = (λu, v) = λ(u, v) = (u,Av) = (u, µv) = µ(u, v).

This implies that (λ− µ)(u, v) = 0, hence (u, v) = 0. �
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Example 3.55. Let A =
(

3 −1
−1 3

)
. Then χA(t) = t2 − 6t+ 8 = (t− 2)(t− 4). The eigenvalues

are λ = 2 and λ = 4. For λ = 2, we consider A−2I =
(

1 −1
−1 1

)
and find the eigenvector v1 = ( 1

1 ).

For λ = 4, we consider A− 4I =
( −1 −1
−1 −1

)
and find the eigenvector v2 = ( 1

−1 ). We observe that

(v1, v2) = 1− 1 = 0, hence v1, v2 are orthogonal.

Corollary 3.56. Let A be a real symmetric matrix (or a Hermitian matrix). Then

(1) All eigenvalues of A are real.

(2) If u, v are eigenvectors of A corresponding to two distinct eigenvalues, then u, v are

orthogonal, meaning that (u, v) = 0.

Proof. The matrix A defines a linear operator Cn → Cn which is self-adjoint. Now we apply

the previous result. �

Theorem 3.57 (Spectral theorem). Let V be a unitary vector space and A : V → V be a

self-adjoint operator. Then there exists an orthonormal basis of V consisting of eigenvectors of

A (the matrix of A with respect to this basis is diagonal).

Proof. Let λ ∈ R be an eigenvalue of A. Then U = Ker(A− λ) is A-invariant. The subspace

U⊥ ⊂ V is also A-invariant: for every v ∈ U⊥ and u ∈ U , we have (Av, u) = (v, Au) = 0 as

Au ∈ U . Therefore Av ∈ U⊥. We proved earlier that V = U ⊕U⊥. By induction, the restriction

A|U⊥ is diagonalizable in an orthonormal basis of U⊥. We extend this basis by an orthonormal

basis of U . Then A is diagonal in this basis. �

Remark 3.58. Let V be a unitary vector space. A linear operator A : V → V is called normal

if A∗A = AA∗. For example, self-adjoint operators (A∗ = A) and unitary operators (A∗A = I,

see below) are normal. One can prove a spectral theorem for normal operators (existence of an

orthonormal basis of V consisting of eigenvectors of A) in the same way as Theorem 3.57.

Remark 3.59. Let e, f be orthonormal bases and M = Mf→e. Then fj =
∑

kmkjek. Therefore

δij = (fi, fj) =
∑
k,l

mkimlj(ek, el) =
∑
k

mkimkj = (MTM)ij

and MTM = I. Such matrices M are called orthogonal. Note that Me→f = M−1 = MT.

Theorem 3.60 (Spectral theorem). Let A be a real symmetric matrix. Then there exists an

orthogonal matrix M such that M−1AM = MTAM is diagonal.

Proof. The matrix A defines a linear operator A : Cn → Cn which is self-adjoint. By the previous

theorem, there exists an orthonormal basis f of Cn such that [A]f is diagonal. The vectors fi
are eigenvectors of A corresponding to real eigenvalues λi. Therefore fi ∈ Ker(A− λi) and we

can choose them to be real vectors. Let e be the standard basis of Cn (which is orthonormal).

Then [A]f = M−1AM , where M = Mf→e is an orthogonal matrix by the previous remark. �

Example 3.61. In the previous example we had an orthogonal basis v1 = ( 1
1 ), v2 = ( 1

−1 ).

We make it orthonormal by considering f1 = v1/ ‖v1‖ = 1√
2

( 1
1 ), f2 = v2/ ‖v2‖ = 1√

2
( 1
−1 ).

Then M = (f1|f2) = 1√
2

( 1 1
−1 1 ) is an orthogonal matrix: MTM = I. One can check that

MTAM = ( 2 0
0 4 ).
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3.7. Orthogonal operators and matrices. Let V be a Euclidean vector space.

Definition 3.62. A linear operator A : V → V is called orthogonal if

(Au,Av) = (u, v) ∀u, v ∈ V.

Remark 3.63. In the case of a unitary vector space V , a linear operator A : V → V satisfying

the above condition is called a unitary operator.

Theorem 3.64. Given a linear operator A : V → V , the following are equivalent

(1) A is orthogonal.

(2) ‖Av‖ = ‖v‖ for all v ∈ V .

(3) A∗A = I.

Proof. (1) =⇒ (2). We have ‖Av‖2 = (Av,Av) = (v, v) = ‖v‖.
(2) =⇒ (1). If ‖Av‖ = ‖v‖, then (Av,Av) = (v, v). This implies

2(u, v) = (u+v, u+v)−(u, u)−(v, v) = (A(u+v), A(u+v))−(Au,Au)−(Av,Av) = 2(Au,Av).

(1) =⇒ (3). We have (u, v) = (Au,Av) = (u,A∗Av) for all u, v. Therefore A∗Av = v, hence

A∗A = I.

(3) =⇒ (1). We have (Au,Av) = (u,A∗Av) = (u, Iv) = (u, v). �

Remark 3.65. Let V = Rn be equipped with the dot product. An n× n matrix A defines a

linear operator LA : Rn → Rn. Then the adjoint operator L∗A corresponds to the transpose AT.

Therefore LA is an orthogonal operator if and only if ATA = AAT = I. We called such matrices

orthogonal in Remark 3.59.

Remark 3.66. Let A = (f1| . . . |fn). Then the entries of ATA have the form fT
i fj . Therefore A

is orthogonal if and only if (fi, fj) = fT
i fj = δij . This means that (f1, . . . , fn) is an orthonormal

basis. A similar condition can be formulated for the rows of A.

Lemma 3.67. If A is an orthogonal matrix, then detA = ±1.

Proof. We have ATA = I, hence 1 = det I = det(ATA) = det(AT) ·det(A) = det(A)2. Therefore

det(A) = ±1. �

Example 3.68. Let A = ( a bc d ) be an orthogonal matrix with detA = 1. Then a2 + c2 =

b2 + d2 = 1 and ab+ cd = 0. The last condition implies that (b, d) = λ(−c, a) for some λ ∈ R.

Then detA = ad − bc = λ(a2 + c2) = λ, hence λ = 1 Therefore (b, d) = (−c, a) and we have

just one condition a2 + c2 = 1. There exists θ ∈ [0, 2π) such that a = cos θ, c = sin θ. Then

A =
(
cos θ − sin θ
sin θ cos θ

)
(compare to Example 2.12). Every operator of this form is orthogonal.

Note that for general θ, the matrix A can not be diagonalized (over real numbers). On the

other hand, we can consider A as a unitary operator (matrix) and then we can diagonalize A

over complex numbers according to Remark 3.58.
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3.8. Quadratic forms.

Definition 3.69. Let V be a real vector space. A map q : V → R is called a quadratic form

if there exists a basis (e1, . . . , en) of V and scalars aij ∈ R such that

q (x1e1 + · · ·+ xnen) =
∑
i,j

aijxixj.

Remark 3.70. If the above condition holds for one basis of V , then it holds for any basis.

Indeed, let e, f be two bases of V and let A be a matrix such that q(v) =
∑

i,j aijxixj = xTAx,

for v =
∑

i xiei (or x = [v]e). We have x = My, where y = [v]f and M = Mf→e is the transition

matrix. Therefore

q(v) = xTAx = (My)TA(My) = yT(MTAM)y = yTBy, B = MTAM.

This means that q(y1f1 + · · ·+ ynfn) =
∑

i,j bijyiyj.

Example 3.71. Let σ : V ×V → R be a bilinear form. Then q(v) = σ(v, v) is a quadratic form.

Indeed, given a basis e = (e1, . . . , en), consider the matrix A = [σ]e with entries aij = σ(ei, ej).

Then

σ(v, w) =
∑
i,j

aijxiyj, v =
∑
i

xiei, w =
∑
i

yiei.

In particular, q(v) = σ(v, v) =
∑

i,j aijxixj, for v =
∑

i xiei. If σ is symmetric, then we can

reconstruct it from q by the formula

σ(v, w) =
1

2
(q(v + w)− q(v)− q(w)) .

This gives a 1-1 correspondence between quadratic forms and symmetric bilinear forms.

Remark 3.72. In what follows we will consider quadratic forms on Rn of the form

q(x) = xTAx = (Ax, x),

where A is a symmetric matrix and (x, y) =
∑

i xiyi is the dot product. Note that there is a 1-1

correspondence between quadratic forms, symmetric bilinear forms, symmetric matrices and

self-adjoint operators. Therefore we can apply our earlier results about symmetric matrices

(and self-adjoint operators) to the study of quadratic forms.

Example 3.73. Consider the quadratic form on R4 (Minkowski space)

q(x1, x2, x3, t) = x21 + x22 + x23 − t2.

We will see later that there is no change of variables (of the form x = My for some invertible

matrix M) such that the above quadratic form takes the form
∑

i y
2
i .

Theorem 3.74 (Canonical form). Let q(x) = xTAx, for a real symmetric n× n matrix A.

(1) There exists an orthogonal change of variables x = My (meaning that M is an orthogonal

matrix) such that q(x) =
∑

i,j aijxixj =
∑

i λiy
2
i , where λi are (real) eigenvalues of A.

(2) There exists a change of variables x = Mz (meaning that M is invertible) such that

q(x) =
∑

i,j aijxixj =
∑

i εiz
2
i , where εi ∈ {1,−1, 0}.

Proof. (1) By the spectral theorem, there exists an orthogonal matrix M such that MTAM =

diag(λ1, . . . , λn), where λi are the eigenvalues of A. With x = My, we obtain q(x) =

(My)TA(My) = yT(MTAM)y =
∑

i λiy
2
i .
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(2) Using the same notation as before, let us define new variables zi =

{√
|λi| · yi, λi 6= 0,

yi, λi = 0.

Then λiy
2
i = εiz

2
i , where

εi = sgn(λi) =


1, λi > 0,

0, λi = 0,

−1, λi < 0.

Therefore q(x) =
∑

i λiy
2
i =

∑
i εiz

2
i . �

Example 3.75. Let A = ( 0 1
1 0 ) and q(x) = xTAx = 2x1x2. Then there are eigenvalues λ1 = 1,

λ2 = −1 and orthonormal eigenvectors f1 = 1√
2

( 1
1 ), f2 = 1√

2
( 1
−1 ). Consider the transition

matrix M = (f1|f2) = 1√
2

( 1 1
1 −1 ) and new coordinates x = My, hence x1 = 1√

2
(y1 + y2),

x2 = 1√
2
(y1 − y2). Then the quadratic form in new coordinates is

2x1x2 =
2

2
(y1 + y2)(y1 − y2) = y21 − y22.

Theorem 3.76 (Sylvester’s law of inertia). Let A be a real symmetric n× n matrix and

q(x) = xTAx =
∑
i

εiy
2
i ,

for some change of variables x = My and εi ∈ {1,−1, 0}. Then the numbers n+, n−, n0 of

positive, negative, zero values among εi are independent of the choice of variables. They are equal

respectively to the number of positive, negative, zero eigenvalues of A. The triple (n+, n−, n0) is

called the inertia (or the signature) of the quadratic form q (or the matrix A).

Proof. We have to show that given invertible matrices M1,M2 such that

MT
1 AM1 = D1 = diag(λ1, . . . , λn), MT

2 AM2 = D2 = diag(µ1, . . . , µn),

the numbers of positive, negative, zero values among λi and µi are the same. We will do this

for positive values. Assume that

(1) λi > 0 for 1 ≤ i ≤ k and λi ≤ 0 for k < i ≤ n,

(2) µi > 0 for 1 ≤ i ≤ l and µi ≤ 0 for l < i ≤ n

and assume that l > k without loss of generality. We have

D2 = MT
2 ((MT

1 )−1D1M
−1
1 )M2 = MTD1M, M = M−1

1 M2.

Let (e1, . . . , en) be the standard basis and let fi = Mei. Then

eTi D1ei = λi ≤ 0, k < i ≤ n

and eTi D1ej = 0 for i 6= j, hence xTD1x ≤ 0 for x ∈ U = span (ek+1, . . . , en). On the other hand

fT
i D1fi = (Mei)

TD1(Mei) = eTi D2ei = µi > 0, 1 ≤ i ≤ l.

and similarly fT
i D1fj = 0 for i 6= j. Therefore xTD1x > 0 for 0 6= x ∈ V = span (f1, . . . , fl).

This implies that U ∩ V = 0. But dimU + dimV = (n− k) + l > n, hence U ∩ V 6= 0. This is a

contradiction. �

Remark 3.77. If A in the above theorem is an invertible matrix (meaning that the corresponding

bilinear form is non-degenerate), then n0 = 0 and n+ + n− = n. This implies that the triple

(n+, n−, n0) is uniquely determined by the value n+ − n−, usually called the signature of the

quadratic form (or the matrix A). For example, the quadratic form q(x) = x21 + x22 + x23 − x24
has signature 2.
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3.9. Positive definiteness. Recall that a real symmetric n× n matrix A is called positive

definite if xTAx > 0 for all x ∈ Rn\ {0}. Given such a matrix, the corresponding bilinear form

σ(x, y) = xTAy is an inner product on Rn. Therefore it is important to give a characterization

of such matrices.

Definition 3.78. Let A be an n × n matrix. We define a minor of order k of A to be the

determinant of a k × k submatrix of A (obtained by removing n− k rows and n− k columns

from A). If the submatrix is the square upper-left submatrix of A, then the corresponding minor

is called a corner (principal) minor of A.

Example 3.79. Let A = ( 1 2
2 3 ). Then the corner minors of A are 1 and 1 · 3− 2 · 2 = −1.

Theorem 3.80. Let A be a real symmetric n× n matrix. Then the following are equivalent

(1) A is positive definite.

(2) All eigenvalues of A are positive.

(3) The corner minors of A are positive (Sylvester’s criterion).

Proof. (1) =⇒ (2) and (2) =⇒ (1). We know that there exists an orthogonal matrix M such

that MTAM = diag(λ1, . . . , λn), where λi are eigenvalues of A. Every vector x ∈ Rn can be

written as x = My for some y ∈ Rn. Then

xTAx = (My)TAMy = yT(MTAM)y =
∑
i

λiy
2
i .

If A is positive definite, we consider y = ei, x = Ay and obtain λi = xTAx > 0. If all λi > 0,

then we obtain
∑

i λiy
2
i > 0 for all y 6= 0. Therefore A is positive definite.

(1) =⇒ (3). Let Ak be the left top k × k submatrix of A. Considering x ∈ Rn with

xk+1 = · · · = xn, we obtain xTAx =
∑

1≤i,j≤k aijxixj, hence Ak is positive definite. This

implies that all eigenvalues of Ak are positive, hence detAk > 0.

(3) =⇒ (1). We use induction on the size of A. Let A be an (n+ 1)× (n+ 1) matrix. Then we

can write it in the form A =

(
An v

vT λ

)
, where v ∈ Kn is a column vector of dimension n and

λ ∈ K. Consider a matrix M =

(
In x

0 1

)
, where x ∈ Kn is to be determined. Then

MTAM =

(
In 0

xT 1

)(
An v

vT λ

)(
In x

0 1

)
=

(
An v

∗ ∗

)(
In x

0 1

)
=

(
An Anx+ v

∗ ∗

)
We have detAn > 0, hence An is invertible and we can find x ∈ Kn such that Anx + v = 0.

The matrix MTAM is symmetric as (MTAM)T = MTATM = MTAM . Therefore MTAM =(
An 0

0 µ

)
for some µ ∈ K. Note that

det(MTAM) = detAn · µ = (detM)2 · detA = detA.

Therefore µ > 0. By induction An is positive definite and has positive eigenvalues, hence

MTAM has positive eigenvalues and is positive definite. For every 0 6= x ∈ Kn, we can write

x = My, for some 0 6= y ∈ Kn, and then xTAx = yT(MTAM)y > 0. This implies that A is

positive definite. �

Example 3.81. Consider the matrix A = ( 2 1
1 1 ). Its corner minors are 2 and 2 · 1− 1 · 1 = 1.

Both are positive, hence A is positive definite. We can also prove this directly:

xTAx = 2x21 + 2x1x2 + x22 = x21 + (x1 + x2)
2 > 0

for x ∈ R2\ {0}.
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3.10. Applications.

3.10.1. Minimum of quadratic functions. A quadratic function f(x) = ax2 + bx+ c with a > 0

attains its minimum at the extremal point satisfying 2ax+ b = 0, hence x = −1
2
a−1b. One can

formulate a similar result in higher dimensions.

Theorem 3.82. Consider a quadratic function

f : Rn → R, x 7→ xTAx+ bTx+ c,

where A is a symmetric positive definite n× n matrix and b, c ∈ Rn. Then f attains its unique

minimum at x = −1
2
A−1b.

Proof. If x0 = −1
2
A−1b, then b = −2Ax0 and f(x0) = xT0Ax0 − 2xT0Ax0 + c = −xT0Ax0 + c.

Therefore

f(x)− f(x0) = (xTAx− 2xTAx0 + c)− (−xT0Ax0 + c) = (x− x0)TA(x− x0) > 0

if x 6= x0. Therefore f(x) > f(x0) for all x 6= x0. �

3.10.2. Min/Max of quadratic functions over spheres.

Theorem 3.83. Consider the function f : Rn → R, x 7→ xTAx, where A is a symmetric

n × n matrix. Then the minimal/maximal values of f(x) over the sphere ‖x‖ = 1 are the

minimal/maximal eigenvalues of A. These values are attained at the (unit) eigenvectors.

Proof. There exists an orthogonal matrix M such that MTAM = diag(λ1, . . . , λn). If x = My,

then (x, x) = xTx = (My)T(My) = yT(MTM)y = yTy = (y, y). Therefore ‖x‖ = ‖y‖. On the

other hand f(x) = xTAx =
∑

i λiy
2
i . Assuming that λ1 ≤ · · · ≤ λn, we have∑

i

λiy
2
i ≤ λn

∑
i

y2i = λn ‖y‖2 = λn

if ‖y‖ = 1. The equality holds for y = en. Note that M = Mf→e = (f1| . . . |fn), where fi are the

(orthonormal) eigenvectors of A. Therefore the maximal value is attained at x = My = Men = fn
which is an eigenvector. The statement about the minimal value is similar. �

Example 3.84. Let us find the min/max values of f(x1, x2) = x21 +4x1x2 +4x22 over x21 +x22 = 1.

We have f(x) = xTAx, where A = ( 1 2
2 4 ). Then χA(t) = t2 − 5t and the eigenvalues are

λ1 = 0, λ2 = 5. The eigenvectors are v1 = 1√
5

( 2
−1 ), v2 = 1√

5
( 1
2 ). These are the vectors where

respectively the minimum 0 and the maximum 5 are attained. For example f(v1) = vT1Av = 0

3.10.3. Second derivative test. Let f(x1, . . . , xn) be a differentiable function in n variables.

(1) A point p ∈ Rn is called critical if ∂f
∂xi

(p) = 0 for all i.

(2) Given a critical point p, define the Hessian matrix A =
(

∂2f
∂xi∂xj

(p)
)
i,j

.

We can approximate f(x) at x = p+ h with ‖h‖ � 1 as (Taylor’s expansion)

f(x) ∼ f(p) +
∑
i

∂f

∂xi
(p)hi +

1

2

∑
i,j

∂2f

∂xi∂xj
(p)hihj =

1

2
hTAh+ f(p).

We have seen that if A is positive definite, then the quadratic function on the right attains its

minimum at h = −A−1b = 0 (as b = 0 in our setting). This corresponds to x = p+ h = p. We

obtain, for a critical point p, that

(1) If the Hessian matrix A at p is positive definite, then p is a local minimum.

(2) Similarly, if the Hessian matrix A at p is negative definite (meaning that −A is positive

definite or that A has negative eigenvalues), then p is a local maximum.

(3) If the Hessian matrix A has positive and negative eigenvalues, then p is a saddle point.


	Contents
	1. Vector spaces and linear maps
	1.1. Recollection from LA I
	1.2. Matrix associated with a linear map
	1.3. Base change
	1.4. Rank and nullity
	1.5. Sums and direct sums
	1.6. Intersection of subspaces
	1.7. Quotient space

	2. Linear operators
	2.1. Linear operators
	2.2. Invariant subspaces and eigenvectors
	2.3. Diagonalizable operators
	2.4. Polynomials of matrices and linear operators
	2.5. Jordan matrices
	2.6. Generalized eigenvectors
	2.7. Nilpotent operators
	2.8. Examples
	2.9. Applications

	3. Inner products
	3.1. Dual spaces
	3.2. Bilinear forms
	3.3. Euclidean vector spaces
	3.4. Unitary vector spaces
	3.5. Orthogonal complement
	3.6. Self-adjoint operators
	3.7. Orthogonal operators and matrices
	3.8. Quadratic forms
	3.9. Positive definiteness
	3.10. Applications


