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1. RINGS AND IDEALS

1.1. Prime and maximal ideals. A ring will always mean a commutative ring unless otherwise
stated. Given a ring A, we will usually denote the zero ideal {04} by 0. We will allow rings A
with 14 = 04. In thiscasea=a-14 =a-04 =04 for all a € A, hence A = {04}. This ring is
called the zero ring.

Definition 1.1.

(1) Anideal I C A is called proper if I # A.

(2) A proper ideal p C A is called prime if ab€p = a €porb € p.

(3) A proper ideal m C A is called maximal if there is no ideal I such that m C I C A.
(4) The set of all prime ideals of A is denoted by Spec(A), called the spectrum of A.
()

The set of all maximal ideals of A is denoted by Max(A), called the mazimal spectrum
of A.

Example 1.2 (Maximal and prime ideals in Z). Maximal ideals of Z have the form (p) = Zp,
where p > 2 is a prime number. The set of prime ideals consists of the maximal ideals and the
zero ideal.

Remark 1.3. A nonzero element p € A is called prime if p is not invertible and if p | ab implies
p|aorp|b One can show that p € A is prime <= (p) = Ap is a nonzero prime ideal. If A
is a PID, then every prime ideal is either zero or of the form (p) for a prime element p € A. The
maximal ideals of A are all nonzero prime ideals.

Lemma 1.4.
(1) An ideal p is prime <= A/p is an integral domain.
(2) An ideal m is mazimal <= A/m is a field.
(3) A mazimal ideal is prime.

Proof. (1) Let p be prime and [a],[b] € A/p be nonzero. Then a,b ¢ p = ab ¢ p (as p is
prime) = [a] - [b] = [ab] # 0 in A/p. This means that A/p is an integral domain. The converse
is similar.

(2) If m is maximal, then there are no ideals in A/m except 0 and A/m. If a« € A/m is nonzero
= the principal ideal (a) is nonzero = (a) = A/m = 3b € A/m such that ab =1 =
a is invertible. This means that A/m is a field. Conversely, if A/m is a field, then there are no
ideals in A/m except 0 and A/m. This implies that there are no ideals m C I C A except I =m
or I = A.

(3) Using the previous statements we obtain: if m is maximal = A/mis a field = A/m is
an integral domain = m is prime. Alternatively, assume that m is maximal, ab € m and a ¢ m.
Then (a)+m=A = 1l—acemforsomece A = b—abcem = bec masabem. This
proves that m is prime. O]

Exercise 1.5. Show that if R is a PID and p C R is a non-zero prime ideal, then p is maximal.

Remark 1.6. We know that for any ideal I C A, there is a bijection between ideals I C J C A
and all ideals of A/I, where an ideal J C A is mapped to the ideal J/I of A/I. This implies that
there is a bijection between all prime (maximal) ideals I C J C A and all prime (maximal) ideals
of A/I. Indeed, an ideal I C J C A is prime (maximal) <= A/J ~ (A/I)/(J/I) is an integral
domain (a field) <= J/I C A/I is prime (maximal).

Remark 1.7. We obtain that Max A C Spec A. The set Spec A (hence also Max A) can be
equipped with a topology as follows. For any subset (or ideal) I C A, define

(1) Z(I)={peSpecAlI Cp}

and define closed sets in Spec A to be subsets of the form Z(I). This topology is called the Zariski
topology.

Later we will require the following set-theoretic result.
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Lemma 1.8 (Zorn). Let X be a non-empty poset (partially ordered set) such that every chain
Y C X (a totally ordered subset, meaning that if x,y € Y, then x <y ory < x) has an upper
bound in X (meaning an element x € X such that y < x Yy € Y ). Then X has at least one
mazximal element (meaning an element x € X such that z <y — z =y).

Theorem 1.9. A proper ideal I C A is contained in at least one mazximal ideal.

Proof. To apply Zorn’s lemma, let X be the set all of proper ideals of A that contain I. We define
the partial order on X given by inclusion of ideals. The set X is non-empty as I € X.

Given a chain Y C X of ideals, we consider the subset J =]y J' C A. It is an ideal of A.
Indeed, ifa,b € J = a € J',be J’ for some J',J” € Y. Then J' C J” or J” C J' by the chain
assumption. Assuming that J' C J”, we obtain a,b € J” = a+b € J” C J. Other axioms of
an ideal are verified in the same way.

The ideal J is proper, as otherwise 1 € J = 1 € J' for some J' € Y = J' = A, which
contradicts to the assumption that all elements of X are proper ideals. Therefore J € X and J
is an upper bound of the chain Y. By Zorn’s lemma, X has a maximal element, which is the
required maximal ideal of A that contains I. ]

Definition 1.10. For an ideal I C A and a subset J C A, define the product I.J to be the ideal
1J = {Zaibi a; € I,b; JVi}.

Definition 1.11. Let f: A — B be a ring homomorphism.

(1) For an ideal I C A, define the extension ideal 1¢° = Bf(I) C B (ideal generated by f(I)).
(2) For an ideal J C B, define the contraction ideal J¢ = f~1(J) ={a € A| f(a) € J} C A.

Lemma 1.12. Let f: A — B be a ring homomorphism and q C B be a prime ideal. Then
f~1q) C A is a prime ideal.

Proof. One can show that p = f~1(q) is an ideal of A. Let ab € p. Then f(ab) = f(a)f(b) € q,
hence f(a) € q or f(b) € q. Therefore a € p or b € p. O

Example 1.13. There exist ring homomorphisms f: A — B and maximal ideals n C B such
that f~!(n) is not necessarily maximal. For example, let f: Z — Q be the inclusion. Then the
zero ideal n = 0 C Q is maximal in Q, but f~!'(n) = 0 C Z is not maximal in Z (for example,
0cC(2) Cz).

Remark 1.14. We will see later (Hilbert’s Nullstellensatz 5.26) that if B is a finitely-generated
algebra over a field k (meaning that B ~ k[x, ..., x,]/I for some ideal I) and n C B is a maximal
ideal, then B/n is a finite field extension of k. If f: A — B is an algebra homomorphism and
m = f~!(n), then k C A/m C B/n, hence A/m is a finite-dimensional integral domain. This
implies that A/m is a field (exercise), hence m C A is a maximal ideal.
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1.2. Radicals.

Definition 1.15.
(1) An element a € A is called nilpotent if a™ = 0 for some n > 0.
(2) Define the nilradical of A to be the set of all nilpotent elements of A

N(A) ={aec Ala" =0 for some n > 0}.
(3) For any ideal I C A, define the radical of I to be
VI=1{aec Ala™ I for some n > 0}.

Note that N(A4) = /0, hence N(A) is an ideal of A by the following result.

Lemma 1.16. /T is an ideal of A and +/ VI=+TI.
Proof. If a,b € V/T, then a™ € I, b" € I for some m,n > 0. Therefore

(a+b)m+n: Z (ml—:n)akblej
k+l=m+n
as either k > m or | > n, hence either a* € I or b* € I. This implies that a + b € v/I. Similarly,
—a € V1. Finally, for any ¢ € A, we have (ca)™ = ¢™a™ € I, hence ca € v/I. Therefore /T is an
ideal.
Ifac VVI = a™ €I forsomem >0 = a™ = (a")" € I for some n >0 =
a€ VI O

Lemma 1.17. N(A) is the intersection of all prime ideals of A.

Proof. Let I = N(A) and let I’ be the intersection of all prime ideals of A. If a € I = " =0
for some n > 0. For any prime ideal p C A, we have a” =0 € p = a € p (by the property of
prime ideals). This implies that a € I’ and I C I'.

Conversely, assume that ¢ € I’ and ¢ ¢ I. Then ¢™ ¢ I for all n > 0, as otherwise ¢ € I = N(A)
= cis nilpotent = c¢ € I. Consider the set X of all ideals J such that

¢ J Vn > 0.

and order it by inclusion. Then X satisfies the conditions of the Zorn lemma (see Theorem 1.9),
in particular X # @ as I € X. Therefore X has a maximal element, say p. We claim that p is
prime. Assume that ab € p and a ¢ p, b ¢ p. Then p+aA, p+bA are strictly larger than p, hence

" ep+ad, " ep+bA

for some m,n > 0. Therefore ¢™*t" € (p + aA)(p + bA) C p + abA = p, which contradicts to
p € X. We found a prime ideal p such that ¢ ¢ p, hence ¢ ¢ I’ (intersection of primes), a
contradiction. N

Lemma 1.18. For any ideal I C A, we have

(1) VI/T = N(A/T),

(2) VT is the intersection of all prime ideals of A that contain I.
Proof. (1) If [a] € VI/I = a" € I for some n >0 = [a]" =0in A/] = [a] € N(A/I).
The converse is similar.
(2) We know that +/T/I = N(A/I) is the intersection of all prime ideals of A/I. These prime
ideals can be identified with prime ideals of A that contain I, hence v/T is equal to the intersection
of the latter ideals. g

Definition 1.19. Define the Jacobson radical R(A) of a ring A to be the intersection of all
maximal ideals of A.

Remark 1.20. We always have N(A) C R(A) as every maximal ideal is prime. Later we will
show that if A is a finitely-generated algebra over a field, then every prime ideal is an intersection
of maximal ideals and therefore N(A) = R(A). Such rings are called Jacobson rings.

Example 1.21.
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(1) Consider the ring Z and a € R(Z). For any prime number p € Z, the ideal pZ is maximal
as Z/pZ is a field. This implies that a € R(Z) C pZ, hence p | a. We conclude that p | a
for all prime p, hence a = 0. Therefore R(A) = 0.

(2) Consider the ring A = k[z]/(z?). Every ideal in A can be written as I/(z?) for some ideal
(x2) C I C k[z]. We can write I = (f) for some f € k[z]. Then (22) C (f) implies f | 22
= f = 1,2,2% up to a scalar. The corresponding ideal is maximal (or prime) only if
f = z. We conclude that N(A4) = R(A) = (z)/(z?).

(3) Let A = k][] be the ring of formal power series over a field k. A power series f =Y.~ fit!
is invertible <= fy # 0. Therefore m = {f € A| fo = 0} is a unique maximal ideal of
A, hence R(A) = m. On the other hand N(A) = 0.

Lemma 1.22. a € R(A) <= 1 — ab is invertible for all b € A.

Proof. (=) If 1 — ab is not invertible for some b € A = (1 —ab) C A is a proper ideal —
there exists a maximal ideal (1 —ab) Cm C A. Wehavea € R(A) Cm = abem = lem,
a contradiction.

(«<=) We need to show that, for any maximal ideal m, we have a € m. But otherwise m+ (a) = A
— c+ab=1forsomecemandbe A — 1 — ab = cis not invertible, a contradiction. [
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1.3. Local rings.

Definition 1.23. A ring A is called a local ring if it has a unique maximal ideal m. The field
k = A/m is called the residue field of A. Sometimes we will write (A, m) to specify a local ring A
with its maximal ideal m.

Remark 1.24. Let (A, m) be a local ring.
(1) We have R(A) = m.
(2) If I C A is a proper ideal, then I C m. Indeed, we know that I is contained in some
maximal ideal of A. As there exists a unique maximal ideal m in A, we have I C m.

Example 1.25. Let A = k[t] be the ring of formal power series over a field k. A power series
[ =50 fit" is invertible <= fy # 0. Therefore m = {f € A| fo =0} is a unique maximal
ideal of A.

Example 1.26. Let X be a topological space and = € X. Consider the set of pairs (U, f), where
x € U C X is open and f: U — R is continuous. Define an equivalence relation on the set of
such pairs as (U, f) ~ (V, g) if there exists open x € W C U NV such that f|yw = g|lw. The cor-
responding equivalence classes are called germs and form a commutative ring A, (with pointwise
addition and multiplication), called the ring of germs. The set m, = {[f] € 4, | f(x) =0} is a
maximal ideal (it is the kernel of the evaluation map A, — R, [f] — f(x)). If [f] € Az\my, then
f(z) #0 = f is nonzero on some open neighborhood V' of x = [f] is invertible (the inverse
is given by g(y) = f(y)~! for y € V). If m # m, is another maximal ideal = 3[f] € m\m,
= [f] is invertible = m = A,, a contradiction. We proved that m, is the unique maximal
ideal of A,, hence A, is local. This example explains the name “local”.

Lemma 1.27. Let A be a ring and m C A be a proper ideal. Then f.a.e.

(1) A is a local ring with the mazimal ideal m.
(2) m is mazimal and all elements in 1 +m are invertible.
(3) All elements in A\m are invertible.

Proof. (1) = (2). If 1 4 a is not invertible for some a € m = (1 + a) is a proper ideal =
it is contained in a maximal ideal = (14+a) Cm = 1= (1+a)—a € m, a contradiction.
(2) = (3). Ifac Am = (a)+m=A = there exist b € A and ¢ € m such that ab+c =1
= ab =1 —cis invertible = a is invertible.

(83) = (1). Let I C A beaproperideal. If ]  m = Ja € I\m. By assumption a is invertible,
hence A = (a) = I, a contradiction. We proved that every proper ideal is contained in m, hence
m is the unique maximal ideal. O]
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1.4. Rings of fractions. Recall that one can obtain the field of rational numbers Q from the
ring of integers Z by formally inverting all non-zero integers. More generally, given an integral
domain A, we can construct its field of fractions Q(A) by formally inverting all nonzero elements
of A. More precisely, we consider the set of pairs (a,s) with a,s € A and s # 0, consider an
equivalence relation
(a,s) ~ (b,t) <= at =bs

and define a ring structure on the set of equivalence classes, where we interpret the equivalence
class of (a, s) as a fraction ¢. We would like to generalize this construction for an arbitrary ring A
in which we invert an appropriate subset S C A.

Definition 1.28. A subset S C A is called a multiplicative set (or multiplicatively closed set) if
1 € S and if S is closed under multiplication (i.e. a,b € S = ab € 9).

Remark 1.29. Equivalently, a multiplicative set is a submonoid of the monoid (A, ).

We define the ring of fractions S™'A of A with respect to a multiplicative set S as follows:
We define an equivalence relation ~ on the set A x S by the rule

(a,s) ~ (b,t) <= (at —bs)u =0 for some u € S.
This relation is indeed an equivalence relation:
(1) Reflexivity: (a,s) ~ (a,s) is obvious.
(2) Symmetry: (a,s) ~ (b,t) <= (b,t) ~ (a,s) is obvious.
(3) Transitivity: assume that (a,s) ~ (b,t) and (b,t) ~ (c,u). Then (at — bs)v = 0 and
(bu — ct)w = 0 for some v, w € S. Therefore
(atv)uw = (bsv)uw = (buw)sv = (ctw)sv
and (au — cs)tvw = 0. This implies (a, s) ~ (¢, u) as tow € S.
We denote the equivalence class of (a,s) by ¢ = a/s and we denote the set of all equivalence
classes by S~'A. We define the ring structure on S~'A by the rule
a b at+bs a b _ab

st ts s t st
This ring is called the ring of fractions (or localization) of A with respect to S. There is a natural
ring homomorphism

it A ST1A, a'—>%.

We will usually denote i(a) by a, although the map 4 is not necessarily injective. In particular,
we denote % by 0 and % by 1.

Example 1.30. Let A be an integral domain and let S = A\{0}. Then S is a multiplicative set
(if a,b #0 == ab # 0) and the fraction ring S~ A is the field of fractions of A.

Example 1.31. Assume that 0 € S. Then we always have (a,s) ~ (0,1). Therefore S~1A
consists of one element % =0, hence S~!A is the zero ring.

Remark 1.32. The map i: A — S~'A is not always injective. For example, if 0 € S, then
S~1A = 0. For a different example, consider A = Z/6Z and S = {1,2,4}. Then (3,1) ~ (0,1) as
2(3—0)=01in A and 2 € S. This implies that i(3) = 0.

Lemma 1.33. The map i: A — S™'A is injective <= S does not contain zero divisors.

Proof. (<) If i(a) = 0 for some a # 0, then (a,1) ~ (0,1) = wa = 0 for some u € § =
u € S is a zero divisor. The converse is similar. O

Example 1.34. Let p C A be a prime ideal and S = A\p. Then S is a multiplicative set. Indeed,
ifa,be S = a,b¢p = abg¢p = abe S. We denote the ring S™1A by A, in this case.
The set a
mp:S*lp:{f‘aep,seS}cAp
s
is an ideal in Ay,. Moreover, if 2 ¢my, = a¢p = a €S = £ is invertible in A, with the

inverse ~. This implies that Ay is a local ring and m,, is its maximal ideal. The ring A, is called
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the localization of A at the prime ideal p. The residue field k, = A,/m, is called the residue field
at p. It is isomorphic to the field of fractions of the integral domain A/p (we will show later that
Ay/my = S7LA/Sp = S1(Afp).

Example 1.35. Let f € A and let S = {f"|n >0}. Then S is a multiplicative set. We denote
S~LA by Ay in this case. The elements of Ay are of the form fi” for some a € A and n > 0. Note
that if f is nilpotent, then 0 € S and Ay = 0.

Lemma 1.36 (Universal property). Let f: A — B be a ring homomorphism such that f(s) is
invertible Vs € S. Then there exists a unique ring homomorphism f: STYA — B such that

f=foi
Proof. Uniqueness: f(a/1) = i(a) = f(a) = (1/s) = f(s)™" = F(a/s) = F(a)/1(5)
Existence: let f(a/s) = f(a)/f(s). O

Remark 1.37. Given an ideal I C A, its extension I¢ with respect to i: A — S™'A is given by

€ — G 1A i(]) = i
IF=57'4 z(I)—{Zlek

Theorem 1.38. There is a bijection between the set of prime ideals in S~'A and the set of prime
ideals in A that don’t intersect S:

S1ASqg—qc=i"l(q)c A, ADpe—pc=SlpcSTlA

akEI,skGS}:{Z’aGI,SGS}:S_lL

Proof. We know that if ¢ C S~'A is prime, then p = i~!(q) C A is also prime. If s € p NS, then
i(s) € q is invertible, hence q = S™'A. This is a contradiction, hence p NS = @.

Conversely, let p C A be prime and pN .S = @. We claim that S~'p € S~ A4 is prime. Indeed,
(S71A)/(S~'p) = S~1(A/p), where S is the image of S in A/p (exercise). The quotient A/p
is an integral domain (as p is prime), hence S7'(A/p) is also an integral domain. Therefore
S~y c S7'A is prime.

Let us show that if ¢ C S™'A is prime, then q® = S~1(q°) = q. We always have ¢ C q. If
a/s€q = a/leq = acq® = a/s € q°. Therefore q° = q.

Let us show that if p C A is prime and p NS = @, then p© = (S~1p)¢ = p. We always have
p C p. If a € p®, then a/1 € p¢ = S~'p, hence a/1 = b/s for some b € p, s € S. Therefore
(as — b)u = 0 for some u € S. This implies a(su) = bu € p, hence a € p or su € p. But su € S
and SNp =, hence a € p. We conclude that p¢¢ = p. O

Corollary 1.39. If p C A is a prime ideal, then there is a 1 — 1 correspondence between prime
ideals of Ay and prime ideals of A contained in p.

Remark 1.40. The above bijection does not extend to arbitrary ideals in general. For example,
consider the ring A = Z, a prime ideal p = 27Z and the localization A,. The element 3 is invertible
in Ay, hence (6Z)° = (2Z)°. This means that ideals 6Z and 2Z (both contained in p) are mapped
to the same ideal in A,.



2. MODULES

2.1. Preliminaries. We will assume the knowledge of the following notions:

1) A module over a ring.

2) A homomorphism between two modules.

3) A submodule of a module and a quotient module.
4) The kernel and the image of a homomorphism.

(
(
(
(
Let M be a module over a ring A.

Definition 2.1.
(1) For an ideal I C A and a subset N C M, we define

7

aiEI,l‘iEN}

which is a submodule of M.
(2) Given submodules L, N C M, define (L: N) ={a € A|aN C L}. It is an ideal of A.
(3) Define the annihilator of M to be Ann M = Anng M ={a € A|aM =0}.
(4) We will say that M is faithful if Ann M = 0.

Remark 2.2.
(1) Let I C A be an ideal and M = A/I. Then Ann M = 1.
(2) If I ¢ Ann M is an ideal, then IM = 0 and M can be considered as a module over A/I.
(3) If I = Ann M, then M is faithful as a module over A/I.

Definition 2.3. For a family (M;);cg of submodules of M, we define the sum

where all but a finite number of x; are zero. It is a submodule of M and it is the minimal
submodule that contains all the M.

Remark 2.4. The intersection (), M; is is the maximal submodule of M contained in all of the
M;.

Definition 2.5.
(1) For any = € M, define Az = {ax|a € A}. It is a submodule of M.
(2) A module M is said to be generated by a family (z;);cg of elements in M if M =" Ax;.
The family (x;); is called the set of generators of M.
(3) A module M is said to be finitely generated if it has a finite set of generators. This means
that the exist elements z1,...,x, € M such that

M:Ax1+---+Axn:{Zaixi

=1

aieAV1§i§n}.

Lemma 2.6 (Nakayama’s lemma). Let M be a finitely generated A-module and I C R(A) be an
ideal.
(1) If IM = M, then M = 0.
(2) If M =IM + N for some submodule N, then M = N.
(3) If f: N — M is a homomorphism such that f: N/IN — M/IM is surjective, then f is
surjective.

Proof. (1) Let z1,...,x, be a minimal set of generators of M. Then z, € M = IM implies
Tp = @121 + -+ - + apx, with a; € I. Therefore (1 — ap)x, = a121 + -+ + ap—12,—1. We have
ap € R(A) = 1 —a, is invertible = =z, is a linear combination of z1,..., 2,1 = M is
generated by x1,...,%,_1, a contradiction to the minimality of n.

(2) If M =IM+ N, then M/N =(IM+ N)/N =I(M/N) —= M/N=0 — M = N.

(3) If f is surjective, then f(N)+IM =M = f(N)= M. O
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Lemma 2.7. Let (A, m) be a local ring and M be a finitely generated A-module. If the classes of
X1y...,Tn € M form a basis of M/mM over k = A/m, then x1,...,xz, generate M over A.

Proof. Let N C M be generated by x1,...,z, over A. Then the map N — M — M/mM is
surjective, hence N + mM = M = N = M by Nakayama’s lemma as m = R(A). O
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2.2. Direct sums and products. Given two A-modules M, N, we define their direct sum M &N
to be the set of all pairs (x,y) with z € M and y € N and with operations of addition and scalar
multiplication

(z,y) + (@ y) = (@ +2",y+y), a- (v,9)=(az,ay), @,2'€ M, y,y € N,a€ A
More generally

Definition 2.8. Let (M;);c5 be a family of A-modules.
(1) Define their direct sum ;g M; = [];c5 M; to be the set of families (z; € M;); with almost
all z; = 0 (i.e. all but a finite number).
(2) Define their direct product [];c; M; to be the set of all families (z; € M;); (we allow
infinitely many x; to be nonzero).

These sets are equipped with an A-module structure using pointwise addition and scalar multi-
plication. Note that if J is finite, then @@, M; =[], M.

Remark 2.9. For every ¢ € J, we define a canonical inclusion

a;: M; — @ M, z; — (0,...,0,2;,0,...,0)
J
and a canonical projection
T . HMj — M;, (a:j)j — Z;.
J
Lemma 2.10 (Universal properties). Let M and (M;);cg be a family of A-modules.
(1) Given a family of homomorphisms (fi: M; — M);, there exists a unique homomorphism
[+ @, M; — M such that f o a; = f;.
(2) Given a family of homomorphisms (f;: M — M;);, there exists a unique homomorphism
f: M — 1], M such that ;o f = f;.

Proof. (1) We define f((x;);) = Y, fi(w;) € M for all (z;); € @; M;. It’s not difficult to verify
that this is a well-defined homomorphism (note that almost all z; = 0 and the sum on the right
is finite) which satisfies the required conditions.

(2) We define f(z) = (fi(x)); € [[; M; for all z € M. It’s not difficult to verify that this is a
well-defined homomorphism which satisfies the required conditions. O

Definition 2.11.
(1) For every n > 0, we define A" =[[;"; A=, A, the direct sum of n copies of A.
(2) Given a set J, define AY) = P,y A, the direct sum of copies of A indexed by J.
(3) A module M over a ring A is called free if it is isomorphic to A) for some set J. Equiva-
lently, M has a basis (z;);e5, meaning that (z;);e5 generates M and is linearly independent:
if >, a;z; = 0 for some a; € A, then a; =0 for all i € J.

Lemma 2.12. A module M is finitely generated <= M 1is isomorphic to a quotient of A™ for
some n > 0.

Proof. (=) Assume that M is finitely generated and let (x;);c; be a set of its generators.
Consider the map
f: A" — M, (al,...,an)HZamiEM.
(]

This map is surjective, hence M ~ A"/ Ker f.

(=) Under our assumptions there exists a surjective homomorphism f: A" — M for some
n > 0. Then the elements z; = f(e;), where e; = (0,...,0,1,0,...,0) € A" for 1 < i < n,
generate M. O
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2.3. Hom and tensor product. Given modules M, N over A, consider the set of all A-module
homomorphisms
Hom(M,N) =Homy(M,N)={f: M — N | f is a homomorphism }.

It has an A-module structure, where the sum and the scalar product are defined by the rules

(F+0)@) = f(2) +9(@),  (af)@)=a-flz) VoeM
for f,g € Hom(M,N) and a € A. The set of endomorphisms End(M) = Hom(M, M) has a
(non-commutative) ring structure, where the product is given by composition.
Remark 2.13. Homomorphisms a: M’ — M and 3: N — N’ induce maps
(1) a*: Hom(M,N) — Hom(M',N), f — foa,
(2) B«: Hom(M,N) — Hom(M,N'), f — Bo f
which are again A-module homomorphisms.
We define the tensor product M @ N = M ® 4 N of two modules to be an A-module generated
by elements of the form x ® y for x € M, y € N subject to the relations

(1) (z4+2)Qy=2y+2 @y forz,2’ € M and y € N.
2z @y+y)=2zy+zy forx € M and y,y € N.
B) alz®y)=(ar) @y =2® (ay) fora € A, z € M and y € N.

Remark 2.14. A general element of M ® N can be written in the form ), z; ® y;, where x; € M
and y; € N, although this representation is not unique. If (z;); and (y;); are families of generators
of M, N respectively, then x; ® y; generate M ® N.

Proposition 2.15 (Universal property). Let M, N be A-modules. Then

(1) The map ¢: M x N - M Q@ N, (x,y) — x ®y is A-bilinear.
(2) For any A-module L and any A-bilinear map f: M x N — L, there exists a unique A-linear
map f: M & N — L such that f = fog.
Proof. (1) We have
(1) ¢(x+a’y)=(x+2)@y=20y+2' @y =d,y) + oz, y).
(2) ¢laz,y) = (ax) ®y = a(z @ y) = ad(z,y).
Other axioms of bilinearity are verified in the same way.
(2) Uniqueness follows from the fact that f(z ® y) = fo(z,y) = f(x,y) and elements z ® y

generate M ® N. For the existence we verify that that the map f given by f(z ® y) = f(z,y)
satisfies all the required properties. O

Remark 2.16. Homomorphisms a: M — M’ and 3: N — N’ induce a homomorphism
a@B:MON—-MeN, z0y-—ax) /iy

In particular, there is a homomorphism a ® 1: M @ N - M' @ N, 2 @ y — a(z) @ y.
Lemma 2.17. We have

(1) Hom(A, M) ~ M.

(2) A M ~ M.

3 M®N ~N®M.

4 Le(M®N)~ (Lo M)®N.

B) (LEM)®N~(LoN)®(M®N).
Lemma 2.18 (Tensor-Hom adjunction). Given modules L, M, N, there is a natural isomorphism

Hom(L ® M, N) ~ Hom(L,Hom(M, N)).
Proof. Given f: L ® M — N, define f': L — Hom(M, N) by the rule
fOm) = fl®m).

Conversely, given f’: L — Hom(M, N), define f”: L x M — N by the rule f(I,m) = f'(I)(m). It
is easy to see that f is A-bilinear, hence it factors through f: L® M — N. 0
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Definition 2.19 (Restriction and extension of scalars). Let f: A — B be a ring homomorphism.

(1) Given a B-module N, we can equip it with an A-module structure by the rule ax = f(a)z
fora € A, x € N. It is said to be obtained from N by restriction of scalars. In particular,
the ring B is equipped with an A-module structure. We call B an A-algebra in this
situation.

(2) Given an A-module M, we can equip Mp = B ®4 M with a B-module structure by the
rule b(V/ @ z) = (bV') @ x for b,b’ € B and x € M. It is said to be obtained from M by
extension of scalars.

Example 2.20. Consider a natural projection 7: A = Z — B = Z/27 and consider a Z-module
M =27Z/3Z. Then Mp = B®a M = (Z/2Z) ®y (Z/3Z) = 0.

Lemma 2.21. We have Mp ®p Np ~ (M ® N)p.

Proof.
! Mp ®@p (Np) M @4 BRpBRaN~M®s BoaN~(M®N)p
as B®p B~ B. O
Lemma 2.22. Given an A-module M and a B-module N, we have
Homp(Mp, N) ~ Homu (M, N).
Proof. By the adjunction isomorphism
Homp(Mp, N) = Homp(B ®4 M, N) ~ Hom4(M,Homp(B, N)) ~ Hom4 (M, N)
as Homp(B,N) ~ N. O
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2.4. Exact sequences.

Definition 2.23.
(1) A sequence of modules and homomorphisms

di—1 d;
—>M271—>MZ—1>M1+1—>

is called a (cochain) complex if d;od;—1 = 0 for all 7. This is equivalent to the requirement
Imd;_1 C Kerd;.

(2) The complex is said to be ezact at M; if Imd;_1 = Kerd;. The complex (or sequence) is
called exact if it is exact at every M;.

Lemma 2.24.
(1) 0 - M Iy N is exact (at M) <= f is injective.
(2) ML N =0 is exact (at N) < g is surjective.
(3) A complez 0 — L Iy M5 N S 0is ezact — f is injective, g is surjective and induces
an isomorphism g: M/Im f — N. Such sequence is called a short exact sequence.

Proof. (3) If the sequence is exact, then f is injective by (1) and g is surjective by (2). We also
have Im f = Ker g, hence N ~ M/ Ker g = M/Im f. Conversely, we get injectivity of f by (1) and
surjectivity of g by (2). Finally, we have Im f = Ker(M — M/Imf) = Ker(M — N) =Kerg. O
Lemma 2.25.
(1) A complex
0— M1 — M2 — M3
is exact <= for any module N the following sequence is exact
0 — Hom(N, M;) — Hom(N, Ms) — Hom(N, M3)
(2) A complex
M1 — MQ — M3 =0
1s exact <= for any module N the following sequence is exact
0 — Hom(Ms, N) — Hom(Mz, N) — Hom(M;, N).
(3) If a complex
My — My — M3 —0
1s exact, then for any module N, the following complex is exact

Mi®@N —-> My N - MsxN — 0
Proof. (2) Consider an exact sequence M i> My 2 My — 0 and the corresponding sequence

0 — Hom(Ms, N) > Hom(Ms, N) = Hom(My, N).
If ¢ € Hom(M3, N) is mapped to zero = ¢*(¢) = ¢g = 0. But g is surjective = ¢ = 0.
This means that Kerg* = 0. If ¢ € Hom(Ma>, N) is mapped to zero = f*(¢) = ¢f =0
= ¢(Imf) =0 = ¢: My — N factorizes through ¢: My/Im f — N. But My/Im f =
Ms/ Ker g ~ Mz and we obtain ¢: M3 — N satisfying g*(¢) = ¢. This implies Ker f* = Im g*.
The converse statement is proved similarly.
(3) According to (2), the required complex is exact <= for any module L, the complex

0 — Hom(Ms ® N, L) - Hom(Ms ® N, L) — Hom(M; ® N, L)

is exact. Using the isomorphism Hom(M ® N, L) ~ Hom(M,Hom(N, L)), we can rewrite the

above complex as
0 — Hom(Ms, L") — Hom(Ms, L") — Hom(M;, L'),
where L' = Hom(N, L). The latter complex is exact by (2). O

Remark 2.26. Using categories and functors we can interpret the above result by saying that

(1) The functor Hom (N, —): Mod A — Mod A is left exact.
(2) The contravariant functor Hom(—, N): Mod A — Mod A is left exact.
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(3) The functor — ® N: Mod A — Mod A is right exact.

Example 2.27. Let A =7 and N = Z/27. Then Hom(N, —) does not preserve exactness. For
example, we can apply it to the short exact sequence

05237 7/27 -0

and observe that Hom(N,Z) = 0 and Hom(N,N) = N.
Similarly, N ® — does not preserve exactness. We can apply N ® — to the above sequence and
obtain a sequence

0—> N g N—->N-—=0
which is not exact on the left.
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2.5. Projective and flat modules.

Definition 2.28.
(1) A module P is called projective if Hom(P, —) preserves exact sequences.
(2) A module P is called flat if P ® — preserves exact sequences.

Lemma 2.29. FAE
(1) P is projective.
(2) Hom(P, —) preserves short exact sequences.

3) If f: M — N, g: P — N are homomorphisms and f is surjective, then there exists
h: P — M such that g = fh

M —— N

(4) Every surjective homomorphism f: M — P splits, that is, there exists s: P — M such
that fs = 1p.
(5) P is a direct summand of a free module.

Proof. (1) = (2). is clear.
(2) = (1). follows from the fact that we can split every exact sequence

di_ s
s = My —1>Mi—>Mi+1 d—)
into short exact sequences
0—>Ki—>Mi—>Ki+1—>O,
where K; = Kerd; and K;;1 = Kerd;;1 = Imd;.
(2) = (3). Given a surjective f: M — N, we consider a short exact sequence

O—>Kerf—>Mi>N—>0

Then f.: Hom(P, M) — Hom(P, N) is surjective, in particular 3h € Hom(P, M) such that g =
£.(h) = fh.

(3) = (4). Considering g = 1p, we can find h: P — M such that fh =g =1p.

(4) = (5). Let (x;)iey be a set of generators of P. Then there exists a surjective homomorphism
f: F =AY — P, ¢; — x;. By assumption, there exists s: P — F such that fs = 1p. We claim
that ' = Ims @ Ker f. If z € Ims @ Ker f, then z = s(y) and f(z) =0 = y = fs(y) =
f(x) =0 = 2 = 0. On the other for every x € F, consider 2/ = sf(x). Then 2’ € Im S and
flx —2a') = f(z) — f(x) =0, hence z — 2’ € Ker f. Finally, note that P ~ Ims as s: P — F is
injective. Therefore F' ~ P & Ker f.

(5) = (1). Note that Hom(A, M) ~ M, hence Hom(A, —) preserves exactness. Similarly, we
have Hom(A(j), M) ~ M, hence Hom(A(j), —) preserves exactness. This implies that for every
direct summand P of A”), Hom(P, —) preserves exactness. g

Lemma 2.30. FAE

(1) P is flat.

(2) P ® — preserves short exact sequences.

(3) If f: M — N is injective, then f @ 1: P®@ M — P ® N is injective.
Lemma 2.31. Every projective module is flat.

Proof. If P is projective, then P is a direct summand of a free module (assume for simplicity that
it is finitely generated), say A™. We have A" @ M ~ M", hence A" ® — preserves exactness. This
implies that P also preserves exactness. O
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2.6. Localization of modules. Let S C A be a multiplicative system and let M be an A-module.
Define an equivalence relation on M x S by the rule

(m,s) ~(m',t) < FueS: ultm—sm')=0

We denote an equivalence class of (m, s) by " = m/s and denote the set of all equivalence classes
by S™'M. It can be equipped with a structure of an S~!A-module in an obvious way.

Remark 2.32.
(1) If p C A is prime and S = A\p, we denote S~1M by M,,.
(2) If f € Aand S = {f"},5, we denote S™IM by M;.
Lemma 2.33. The map
FisAeaM =5, Lome
S S
is well-defined and is an isomorphism of S~' A-modules.
Proof. One can see that the map
ST'Ax M — S™'M, (g,m) o 2
S S
is A-bilinear, hence induces the required homomorphism f. It is clear that f is surjective. Let
> ‘;—Z ® m; € Ker f. We can bring it to the form % ®m. As f(% ® m) = = = 0, there exists
u € S such that um = 0. But then
1 U 1
- @m=—Qm=—Qum=0.
S us us
This implies that f is injective, hence is an isomorphism. O

Lemma 2.34. The operation S~' preserves exact sequences.

Proof. Consider an exact sequence L i> M % N and the corresponding sequence

s s 2 57N
We have gf =0 = hence ¢'f' =0 = Im(f’) C Ker(¢'). If m/s € Ker(¢')) = g(m)/s=0
in STIN = Jue S ugm) =0in N = gum) =0 = um € Kerg = Imf =

um = f(m') for some m" € L = m/s = f(m')/us = f'(m//us) € Im(f’). This proves that
Ker(g') = Im(f"). O

Corollary 2.35. S7'A is a flat A-module.

Example 2.36. The last corollary implies that Q is a flat module over Z. On the other hand Q is
not projective: otherwise it is a direct summand of a free module, hence there is an injective map
f: Q— ZW for someset I. Let f(1) = (2;)icr € ZY) and let n = max; |z|+1. If £(1/n) = (yi)ic,
then (x;); = nf(1/n) = (ny;)i. But |ny;| > |z;| whenever y; # 0. A contradiction.

Lemma 2.37. Let M be an A module. Then FAE
(1) M =0.
(2) My =0 for every prime ideal p C A.
(3) My =0 for every mazximal ideal m C A.

Proof. (1) = (2) = (3) is clear.

Assume that M, = 0 for every maximal ideal m C A and M # 0. Let 0 # x € M and
I = Ann(A). Then I is a proper ideal (1-x =2 # 0 = 1 ¢ I), hence it is contained in a
maximal ideal m. Since x/1 = 0 in My, there exists some u € A\m such that uz = 0. But then
u € Annx =1 C m. A contradiction. O

Lemma 2.38. Let f: M — N be a module homomorphism. Then FAE
(1) f is injective/surjective.
(2) fo: My — Ny is injective/surjective for every prime ideal p C A.
(3) fm: My — Np is injective/surjective for every mazimal ideal m C A.
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Proof. (1) = (2). As localization preserves exact sequences.
(2) = (3). As every maximal ideal is prime.
(3) = (1). Assume that fy is injective for every maximal ideal m. Let L = Ker f and consider

an exact sequence 0 - L — M i> N. For every maximal ideal m, the corresponding sequence

0— Ly — My f—m> Ny is exact = Ly ~ Ker f, = 0 as fi, is injective. This implies that L = 0,

hence f is injective. The proof for surjectivity is similar. O
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3. CHAIN CONDITIONS
3.1. Noetherian rings and modules.

Definition 3.1. Let A be a ring.

(1) An A-module M is called Noetherian if every submodule of M is finitely generated.
(2) The ring A is called Noetherian if it is Noetherian as a module over itself.

Example 3.2.
(1) A PID A is Noetherian. Indeed, every submodule of A is an ideal, hence a principal ideal,
generated by one element.
(2) In particular, the algebra of polynomials k[z] over a field k is Noetherian. We will see
later that k[z1,...,zy,] is also Noetherian. As well as k[z1,...,xy]/I for every ideal I.

Lemma 3.3. Let M be an A-module. The following conditions are equivalent
(1) Every submodule of M 1is finitely generated.
(2) Every increasing chain of submodules
MicMyc...cM
stabilizes, that is, My, = Mp+1 = ... for some n > 0.
Proof. (1) = (2). Consider an increasing chain
MicMyc...cM
and let N = Up,>1M,, C M. Then N is a submodule of M and by assumption it is finitely
generated. Let zy, ...,z be generators of N. Then x; € M,,, for some n; > 1. Taking n = max; n;,
we obtain x; € M, for all ¢, hence N C M,, and M,, = M41 =....
(2) = (1). Let us show that a submodule N C M is finitely generated. Choose z9 =0 € N and,
assuming that elements xg, ...,z € N are constructed, let My C N be the module generated by

them. If My = N, then N is finitely generated and we are done. If My # N, we let xg41 € N\ Mj
and continue the process. In this way we obtain a chain of modules

MicM,Cc...CNCM
with My # Mj.; for all £ > 1. A contradiction. O
Definition 3.4. Let A be a ring.

(1) An A-module M is called Artin if every decreasing chain of submodules
M DM, DMyD...

stabilizes, that is, M,, = M,4+1 = ... for some n > 0.
(2) The ring A is called Artin if it is Artin as a module over itself.

We will see later that every Artin ring is automaticaly Noetherian.

Example 3.5.

(1) The algebra k[z1,x2,...] is neither Noetherian nor Artin. Indeed, it contains chains of

ideals
(x1) C (z1,22) C ..., (x1,22,...) D (T2,...) D ....

(2) The algebra k[z] is not Artinian: (z) D (z?) > ....

(3) A vector space over a field is Noetherian <= it is Artin <= it is finite-dimensional.

(4) Let p € Z be a prime number and let Z, = {m/p™|m € Z,n > 0} C Q be the correspond-
ing localization. Omne can show that the Z-module Z,/Z is Artin, but not Noetherian.

To see this one should verify that the only proper submodules of Z,/Z are of the form
M, = {[m/p"]|m € Z} for n > 0.

Lemma 3.6. Let M be an A-module and L C M be a submodule. Then M is Noetherian <=
L and M/L are Noetherian.
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Proof. First proof. Assume that M is Noetherian. Every increasing chain in L is a chain in M,
hence stabilizes. Given an increasing chain (M}),, in M/L, we consider the chain (7=(M))),
in M, where 7: M — M/L is the projection. Then (7~!(M})), stabilizes, hence (M!), also
stabilizes as M/ = w(7~1(M})). Assume now that L and M/L are Noetherian and let (M), be
an increasing chain in M. Then the chain of modules

m(My) = (Mn + L)/L

stabilizes in M /L and the chain of modules M,, N L stabilizes in L. Therefore there exists n > 0
such that M, + L = M,, + L and M,, " L = M,, N L for all m > n. This implies that the
inclusion M,, C M, is equality (hence the chain stabilizes) as otherwise Jx € M,,\M, —
rEeEM, CM,+L = x=y+Ilforsomeye M,,lel = z—y=1leM,NL=M,NL
= x € M,, a contradiction.

Second proof. Let M be Noetherian. If N C L is a submodule, then N C M, hence N is
finitely generated and L is Noetherian. Let N C M/L be a submodule and let 7: M — M/L be
the projection. The module N’ = 7=}(NN) C M is finitely generated, hence also N = 7(N’) is
finitely generated and M /L is Noetherian.

Assume that L and M /L are Noetherian and let N C M. Then NNL C L is finitely generated
and N/(NNL)~ (N+L)/L C M/L is finitely generated. This implies that N is also finitely
generated. O

Corollary 3.7. If M, N are Noetherian A-modules, then M @& N is also Noetherian.

Proof. Let M' = M & N. Then N € M’ and M'/N ~ M are Noetherian. We conclude that M’
is Noetherian. O

Corollary 3.8. If A is a Noetherian ring and M is a finitely generated A-module, then M is
Noetherian.

Proof. Let M have a generator set (z1,...,x,). Then there is a surjection f: A" — M, (a;); —
>;a;x;. The module A™ is Noetherian by Cor. 3.7. Therefore the module M ~ A"/Ker f is
Noetherian by Lemma 3.6. U

Lemma 3.9. Let M be a Noetherian module over A and S C A be a multiplicative set. Then
S~IM is Noetherian over S™LA.

Proof. Consider the map i: M — S™'M, x ~ x/1. For any submodule N C S™'M, let

L = i7Y(N) ¢ M. Tt is Noetherian, hence has generators z1,...,r, over A. We claim that
r1/1,...,2,/1 generate N over S~'A. For any z/s € N, we have /1 = s-x/s € N, hence = € L.
Therefore x = ), a;z; for some a; € A. This implies that £ =}, %%, O

Theorem 3.10 (Hilbert’s basis theorem). If A is noetherian, then Alx] is noetherian.

Proof. Let I C Alz] be an ideal. For any f € Alx], let le(f) be its leading coefficient. The set
J=A{le(f)|f €1} isanideal in A. As A is noetherian, J is finitely generated, say by elements
ai,...,an. For every 1 < i < mn, choose f; € I C Alx] such that a; = lc(f;) and let r; = deg f;.
Let I' = (f1,..., fn) C I and let r = max{ry,...,r,}. For any f € I, if m = deg f > r, consider
a =lc(f) € J and write a = ), bja; for some b; € A. Then f — > . b;f;x™ " has degree < m
and is still in 7. Note that Y, b; fiz™ " € I'. Proceeding in this way, we obtain a decomposition
f=g+h, where degg < r and h € I'.

Let M C A[z] be an A-module generated by 1,z,...,2"~!. Then g € M and g = f —h € I
= g€ MnNI. Weproved that I = (M NI)+ 1. As M is finitely generated over A, it is
noetherian = M N1 is finitely generated over A. We also know that I’ = (fi,..., f,) is finitely
generated over Afzx]. This implies that I = (M N I)+ I’ is finitely generated over A[z]. We
conclude that Alz] is Noetherian. O

Definition 3.11. Let B be an A-algebra (this means that A C B or more generally, we are given
a ring homomorphism ¢: A — B). We say that B is a finitely generated A-algebra if there exists
a finite set of elements by,...,b, C B such that every element in B can be written in the form
f(b1,...,by) for some polynomial f € A[zy,...,z,].
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Remark 3.12.
(1) Note that there is a surjective ring homomorphism Alzy,...,z,] = B, f — f(b1,...,by),
hence B ~ Alzy,...,z,]/ Ker f. Conversely, if B = Az, ..., xy]/I for some ideal I, then
B is a finitely-generated A-algebra.
(2) Note that k[xy,...,z,] is a finitely-generated k-algebra, but not a finitely-generated k-
module.

Corollary 3.13. If A is a Noetherian ring and B is a finitely-generated A-algebra, then B is also
Noetherian.

Proof. There is a surjective ring homomorphism Alz1,...,z,] — B. By the Hilbert’s basis theo-
rem, the ring A[x1,...,z,] is Noetherian, therefore its quotient is also Noetherian. O

Definition 3.14. A minimal prime ideal over an ideal I C A is a prime ideal I C p C A minimal
among all prime ideals that contain I.

Lemma 3.15 (Noether). If A is Noetherian and I C A is an ideal, then there are only finitely
many minimal prime ideals over I (and every prime ideal over I contains one of them). In
particular, \/I is a finite intersection of prime ideals.

Proof. Assume that the statement is wrong and let I be a maximal ideal among all ideals that
do not satisfy the required condition (it exists as A is Noetherian). Then [ is not prime, hence
Jda,b ¢ I such that ab € I. Ideals (I,a) and (I,b) are strictly greater than I, hence there are
finitely many minimal primes over them. We have Z(I,a) U Z(1,b) C Z(I). On the other hand,
if p D[ is prime, thenabep = a€porbep = pe Z(l,a)orp e Z(I,b). Therefore
Z(I) = Z(I,a)U Z(1,b) and minimal prime ideals over I are contained in the union of (finitely
many) minimal primes over (I, a) and minimal primes over (I,b). O
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3.2. Artin rings. Our goal in this section is to get a better understanding of Artin rings and to
show that they are always Noetherian.

Lemma 3.16. In an Artin ring every prime ideal is maximal.

Proof. Let A be an Artin ring and p C A be a prime ideal. Then B = A/p is an Artin integral

domain. For every nonzero x € B, the chain () D (22?) D ... stabilzes = (2") = (2"*1) for
somen >1 = 2" = 2"y for some y € B = xy = 1 and z is invertible. This implies that
B is a field and p C A is maximal. d

Lemma 3.17. In an Artin ring there are only finitely many mazimal ideals.

Proof. Given an infinite sequence of different maximal ideals my, mo, ..., consider a decreasing
chain of ideals I,, = my N ---Nm, for n > 1. This chain stabilizes, hence my N --- Nm, =
myN---Nm, M4y = myN---Nmy, C Mmyy1. This implies that m; C my, 1 for some 1 <i < n
(otherwise Ja; € mj\mp41, 1 < i <n = [[i;a; € Nym;\my41 as myyq is prime). But
m; C My41, implies m; = my, 41, a contradiction. O

Lemma 3.18. In an Artin ring the Nilradical is equal to the Jacobson radical and is nilpotent.

Proof. The nilradical J = N(A) is equal to R(A) as every prime ideal is maximal. By the
assumption, the chain J D J? O ... stabilizes, hence J® = J"t! for some n > 0. Assume that
J" £ 0 and let I C A be the minimal ideal such that I - J™ # 0. It exists by our assumption on
decreasing chains. For any x € I with xJ" # 0, we have I = Axz by minimality of I, hence I is
finitely-generated. Moreover, JI - J* = IJ""! = IJ" # 0, hence JI = I by minimality of I. By
Nakayama’s lemma, we conclude that I = 0, a contradiction to IJ" # 0. ]

Lemma 3.19. Let (my,...,my,) be a sequence of mazimal ideals in A such that [[,m; = 0. Then
A is Artin <= A is Noetherian.

Proof. Assume that A is Artin. Consider a chain of ideals
A=Iy>ID>...01,=0,

where I; = my ... m; for 0 < i <n. As Ais Artin, we conclude that I; and I;_;/I; are Artin over A.
Each factor I;_1/1; = I;_1/m;I;_; is a vector space over a field A/m;. It is finite-dimensional over
A/m; as it is Artin over A and over A/m;. But this implies that I;_1/1; is Noetherian over A/m;,
hence also over A. Assuming that we proved that I; is Noetherian (it is automatic for I,, = 0), we
consider an exact sequence 0 — I; — Iy — I;_1/1; — 0 with Noetherian modules on the sides
and conclude that I;_1 is Noetherian. Continuing this process, we prove that A is Noetherian.
Assuming that A is Noetherian, we go through the same lines to show that A is Artin. O

Theorem 3.20. A ring A is Artin <= A is Noetherian and every prime ideal of A is maximal.

Proof. Assume that A is Artin and let my, ..., m, be all of its maximal ideals. Then R(A) = N;m;
and R(A)k = 0 for some k > 0. Therefore [[, m¥ = 0 and we can apply the previous lemma.
Assume that A is Noetherian and its every prime ideal is maximal. Then every prime ideal is
automatically a minimal prime ideal over 0, hence there are finitely many prime ideals by Lemma
3.15, say my,...,m,. The nil-radical N(A) = M;m; is finitely generated, hence N(A4)¥ = 0 for
some k > 0. Indeed, let N(A) = (a1,...,qa;) with afi = 0 for some k; > 0 and let k = > _k;. For
any element Y, a;b; € N(A), every summand of (3, a;b;)* is of the form [],(a;b;)" with at least
one t; > k; (otherwise k = >_t; < > k; = k). Therefore [];(a;b;)% =0 and (>, a;b;)¥ = 0, hence
N(A)* = 0. This implies that IL m¥ = 0 and we can apply the previous lemma. O

Lemma 3.21. Let (A,m) be a Noetherian local ring . Then A is Artin <= m is nilpotent.

Proof. If A is Artin, then m = R(A) is nilpotent. Conversely, if m"™ = 0 for some n > 1, then we
can apply the previous Lemma and conclude that A is Artin. ]
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Theorem 3.22. An Artin ring is a finite product of Artin local rings.

Proof. Let my, ..., m, be all maximal ideals of A. Then R(A) = N;m; and R(A)¥ = 0 for some
k > 1. Therefore Hlmf = 0. For any i # j, we have m;, m; C |/mF +m§, hence A =m; +m; C

\/mE+ m;?. Therefore m¥ + m? = A and these ideals are coprime. By the Chinese remainder

theorem, there is an isomorphism A/ M; m¥ — [, A/m¥, where N;m¥ = [[,m¥ = 0. The rings
A/m¥ are Artin. They are also local, as the maximal ideal m; = m;/m¥ is nilpotent (see the proof
of the previous lemma). O

Remark 3.23. Let A be an Artin, finitely generated algebra over a field k. We will show that A
is finite-dimensional over k. Note that conversely, if A is a finite-dimensional algebra over k, then
A is obviously Artin. By the previous theorem we can assume that A is local, with a maximal
ideal m. Then m™ = 0 for some n > 0. Every quotient m’/m‘*! is finitely generated over A and
over the residue field A/m. Therefore m?/m‘*! is finite-dimensional over A/m. On the other hand
A/m is finite-dimensional over k (Hilbert Nullstellensatz), hence m‘/mi*! is finite-dimensional
over k. This implies that A is also finite-dimensional over k.
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4. ALGEBRA AND GEOMETRY
We start with a topological example that should serve us as a motivation.

Example 4.1. Let X be a compact Hausdorff topological space and A = C(X) be the algebra
of continuous functions f: X — R. Then the map

¢: X — Max A, z—my={f€A|f(z)=0},

is a bijection, where Max A is the set of maximal ideals of A. The ideal m, is maximal as it is
the kernel of the (surjective) evaluation map ev,: A — R, f — f(z). Note that f(z) =0 <=
f € my. The map ¢ is injective as by Urysohn’s lemma, for any x # y in X, there exists f € A
with f(z) = 0 and f(y) = 1, hence f € m;\m, and m, # m,. To see that ¢ is surjective, let
I € Max A and assume that I # m, for all x € X. For every x € X, let us choose f, € I\m,.
Then f,(z) # 0, hence x € U, = {y € X | fz(y) # 0}. This implies that X = |J, U, is an open
cover and we can find a finite subcover X = U, U---UU,. The function f = Zfi €1lis
nowhere zero on X, hence is invertible. Therefore I = A, a contradiction.

We claim that the map ¢: X — Max A is a homeomorphism, where Max A is equipped with
the Zariski topology, meaning that the closed sets are of the form Z(I) = {m € Max A|m D I}
for all ideals I C A. The map ¢: X — Max A is continuous as

o7N(Z(1) = {z € X| f(x) =0Vf e I} = ({z € X | f(z) = 0}
fel
is closed. To see that ¢ is a homeomorphism it is enough to show that Max A is Hausdorff (as
X is compact). Consider two maximal ideals m,, m, with  # y. There exist open subsets
relUcCX,yeV C X withUNV =@. By Urysohn’s lemma 3f,g € A such that f(x) = 1,
flx\v = 0 and g(y) = 1, glx\v = 0. Then fg is zero on X. We have m, € U’ = Max A\Z(f),
my, € V' =Max A\Z(g) and U' NV' = Max A\(Z(f)U Z(g)) = Max A\Z(fg) = @.

The above example implies that instead of a topological space X we can consider the algebra of
functions on X and interpret the points of X as the maximal ideals of this algebra. Next, we will
substitute X with an algebraic set and substitute C'(X) with an algebra of polynomial functions.

Definition 4.2. Let k be a field and A = k[z1,...,z,]. Given a set of polynomials I C A, we
define the corresponding algebraic subset of k™

(2) Z2(I) = {(a1,...,an) €K"| flay,...,an) =0 Vf € I}.

Note that I may be replaced by the ideal it generates without changing Z(I). As A is a Noetherian
ring by the Hilbert’s basis theorem (see Cor. 3.13), every ideal I has a finite set of generators,
hence I = (f1,..., fr) for some f; € A. it I = (f1,..., fr), we denote Z(I) by Z(f1,..., fr)-

Example 4.3.
(1) Let f(x,y) =22 +y* — 1 € R[z,y]. Then

Z(f)={(z,y) e R*|2* +¢y* =1}

is the radius one circle in R2.
(2) Let f(z,y) =2" 4+ y" —1 € Clz,y] for n > 3. Then

Z(f) ={(z,y) e C*|a" +y" =1}
is called the Fermat curve. Fermat’s last theorem asserts that the Fermat curve has no
nontrivial rational points (that is, (z,y) € Q* with 2y # 0).
(3) For a € k™, let mg = (x1 — a1,...,2n — ap) C A =Kk[z1,...,2,]). Then A/m, ~ k, hence
m, is a maximal ideal. We have

Z(mg) = {b e k™ |b; —a; =0 Vi} = {a}.

This implies that m, # my, if a # b. We will see later that if k is algebraically closed, then
every maximal ideal of A = k[z1,...,x,] is of the form m, for some a € k™ (Hilbert’s

Nulstellensatz). Therefore there is a bijection between k™ and the set of maximal ideals
Max A.
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Lemma 4.4. Let A =Kk|x1,...,z,]. Then

(1) Z(0) =k™, Z(A) = 2.

(2) Z(HVZ(J)=Z(INJ) for arbitrary ideals I,J C A.

(3) MiZ(IL;) = Z(>; I;) for arbitrary ideals I; C A.

4) IcJ = Z(I) > Z(J).
Definition 4.5. Define the Zariski topology on k™ with closed sets of the form Z(I) for all
I C k[z1,...,zy,]. It restricts to a topology on every algebraic subset X C k™.

Example 4.6. Consider the Zarisky topology on k = k', where k is an algebraically closed
field. Every ideal I C k[z| is principal, hence is of the form I = (f) for some polynomial
f=clx—ar)...(x —ar) € k[z]. If ¢ =0, then I =0 and Z(I) = k. If ¢ # 0, then Z(I) =
Z(f) ={a1,...,ar} C k is a finite set. Hence all algebraic sets in k are finite subsets of k and
the whole space k. Therefore the open sets in the Zariski topology on k are the complements of
finite subsets and the empty set.

Definition 4.7. Let X C k™ be a subset.
(1) Define the ideal of X

IX)={feA|fla,...,an) =0¥(a1,...,a,) € X} C A.
(2) Every polynomial f € k[xy,...,x,] defines a function
f: k" =k, (a1, ...,an) — flai,...,an),

called a polynomial function. Its restriction f: X — k is called a polynomial function
on X.

(3) Two polynomial functions f,g agree on X (that is, f(z) = g(z) for all x € X) if and
only if f — g € I(X). Therefore the ring of different polynomial functions on X can be
identified with

k[X] =k[zy,...,z,]/1(X)

called the coordinate ring of X.

Example 4.8. Let a = (a1,...,a,) € kK". Then m, = (x1 —a1,...,2n —an) C I(a) as x; — a;
vanishes at a. The ideal m, is maximal and 1 ¢ I(a), hence I(a) = m,. Equivalently,
fla) =0 <= fem,, feklry,. ...,z

Lemma 4.9.

(1) XCY = I(X)DI(Y).
(2) I(o ) k[z1,...,2,] and I(k™) =0 (if k is an infinite field).
(3) 1(UX,) = NI(X)).
(4) I(X) is a radical ideal: 1(X) = \/I1(X).

Proof. (2) To prove that I(k™) = 0, we need to show that if f € k[x1,...,z,] is nonzero, then
f(a) # 0 for some a € k™. If n =1, then f can have only a finite number of roots and we are done

as k is infinite. For n > 1, consider f as a polynomial in one variable z,, over k[z1, ..., x,_1]
F=> fiah,  ficklr,... 2]
i>0

If fi # 0, then by induction there exists (ag,...,an,_1) € k" ! such that f;(a1,...,an_1) # 0.
Then the polynomial
flar,...;an—1,2,) = Zfz aly...,ap—1)T,,
>0
is nonzero and can have only a finite number of roots. Hence we are done as k is infinite.
(4) Assume that f € \/I(X), hence f*¥ € I(X) for some k > 0. Then f*(a) = 0 for all a € X
= f(a)=0forallae X = fel(X). O

Remark 4.10. Let k = Fy = Z/2Z and f(z) = 2*+xz. Then f(0) = f(1) =0 = f € I(k) =
I(k) # 0 (one can show that I(k) = (22 + z)). This is an illustration of the fact that I(k") # 0
for finite fields k and n > 1.
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Lemma 4.11. Let k be a field.
(1) For any algebraic subset X C k™, we have Z(I(X)) = X.
(2) For any ideal J C k[x1,. .., x,], we have I(Z(J)) DV J.

Proof. (1) We always have X C Z(I(X)). By assumption X = Z(J) for some ideal J. Therefore
JCIZ(J)=1(X) = Z(I(X))C Z(J)=X. We conclude that Z(I(X)) = X.
(2) We know that J C I(Z(J)) and I(Z(J)) is a radical ideal. Therefore v/.J C I(Z(J)). O

Example 4.12. For k = Fy and J = (0) C k[z], we have Z(J) =k and I(Z(J)) = I(k) > 2% + =,
while v/J = (0). Therefore I(Z(J)) # v/J.

Theorem 4.13 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Then, for every
ideal J C k[21, ..., 2], we have I(Z(J)) = V/J.

Hilbert’s Nullstellensatz (zero-points-theorem in german) will be proved later. It implies that
there is a 1-1 correspondence between algebraic subsets of k™ and radical ideals of k[z1, ..., 2]
(if k is algebraically closed). Let us formulate several equivalent forms of Hilbert’s Nullstellensatz
(we will prove later the third statement for algebraically closed fields).

Theorem 4.14. Given an (algebraically closed) field k, the following are equivalent

(1) If J Ck[x1,...,x,] is an ideal, then I(Z(J)) = V/J.

(2) If J CKk[z1,..., 2] is a proper ideal, then Z(J) # @.

(3) Every mazimal ideal in k[z1, ..., x,)] is of the form mg = (x1 — a1, ...,z — ay) for some

ack”.
Proof. (1) = (2). Let Z(J) = @ for some J C A = k[z1,...,2,]. Then V.J = I(Z(J)) =
I(@)=A = 1eVJ = 1¥cJforsomek>0 = J=A.
(2) = (3). Let J C A be a maximal ideal. Then J # A = Z(J) # @ and we can choose
a€ Z(J). Then J C I(a) =m, — J =m, as J is maximal.
(3) = (2). If J # A, then there exists a maximal ideal m O J. By (3) we have m = m,, for some
a € k™. Therefore a € Z(m) C Z(J) and Z(J) # @.
(2) = (1) (Rabinowitsch trick). We know that v/J C I(Z(J)). Conversely, assume that
feI(Z(J)). Consider the ideal
J = (J, ft—1) Ck[z,...,2n, 1.

If (a1,...,an,c) € Z(J'), then (aq,...,a,) € Z(J) = f(a1,...,a,) =0 = ft —1 does not
vanish at this point. Therefore Z(J') = @. By (2) we have J' = (1) and we can write

1= (ft—go+ > figi
i
for some g¢; € k[z1,...,zy,,t] and f; € J. After substitution ¢ = 1/f, we obtain

1 :Zfigi(xh--.,wml/f)

and after multiplication with a sufficiently high power of f, we get fN = >, fihi € J for some
N >0and h; = fNgi(x1,..., 20, 1/f) €K[z1,...,2,]. Therefore fN € J = fe/J. O
Corollary 4.15. Let k be an algebraically closed field and X C k™ be an algebraic set. Then

(1) There is a bijection between kK™ and the set of mazximal ideals of k[x1, ..., ).

(2) There is a bijection between X and the set of mazimal ideals of kK[ X] = k[z1, ..., z,]/I(X
X

).
Proof. (1) Follows from the previous theorem and Hilbert’s Nullstellensatz. (2) If J = I(X),
then X = Z(I(X)) = Z(J). Wehave a € X <— f(a)=0VfeJ < fem,VfeJ <
J C mg,. Therefore a € X corresponds to the maximal ideal my/J C klz1,...,zy,]/J. O
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5. INTEGRAL DEPENDENCE

5.1. Integral and finite algebras. We say that a ring B is an algebra over a ring A if A is
a subring of B. If f: A — B is a ring homomorphism, then B is an algebra over f(A) and
sometimes we will say that B is an algebra over A.

Definition 5.1. Let B be an algebra over a ring A.

(1) An element b € B is called integral over A if it is a root of a monic polynomial with
coefficients in A, meaning that there exist ag,...,a,—1 € A such that

W+ ap " 4 4 ag = 0.

(2) The algebra B is called an integral algebra over A if all elements of B are integral over A.

(3) The algebra B is called a finite algebra over A if B is finitely generated as an A-module,
meaning that there exist bq,...,b, € B such that B =), Ab;.

(4) The algebra B is called a finite type algebra over A if B is finitely generated as an A-
algebra, meaning that there exist b1, ...,b, € B such that

B =Alby,... b)) = { > i b b |, € A}.

11500500 20

Remark 5.2. An algebra B over A, where both A and B are fields, is called a field extension.
An element b € B integral over A is also called algebraic over A. If B is finite over A, then B is
called a finite field extension of A.

Example 5.3. An algebra B over a field k is a finite algebra (in the above sense) if and only if
the dimension of B over k is finite. In particular, the algebra of polynomials k[x] is not finite over
k. But it is of finite type over k as it is generated by a single element = as an algebra over k.
On the other hand, the algebra B = k[z]/(z" — 1) is finite over k. It is generated (as a module
over k) by the elements 1,x,...,2""!. The element = € B is integral over k as it is a root of the
polynomial " — 1.

Exercise 5.4. Let B be an integral algebra over A.

(1) If J C B is an ideal, then B/J is integral over A/(ANJ).
(2) If S C A is a multiplicative set, then S~!B is integral over S~1A.

Lemma 5.5. Let A C B C C be rings such that B is finite over A and C is finite over B. Then
C s finite over A.

Proof. Let B have generators by, ...,b, over A and C have generators cy,...,c, over B. Then
B =3, Abjand C =}, Bej. Hence C =3, Bej =3 .5, Abic; = >, ; Abicj. Therefore the
elements b;jc; (for 1 <7 <m, 1 <j <n) generate C over A as a module. O

Lemma 5.6. Let B be an algebra over A and b € B be integral over A. Then the algebra
Alb) = {>"; aib’ |a; € A} is finite over A.

Proof. We have b" = —(a,_1b" "' +--- + ag) for some ayg, ...,a, 1 € A. Therefore
bR = (a1 bR 4 ggbb), k> 0.

By induction, we can express b" ¥ as a linear combination of 1,b,...,b" ! with coefficients in A.
This implies that A[b] is generated by 1,b,...,b" ! as an A-module. O

Corollary 5.7. Let by,...,b, € B be integral over A. Then Alby,...,by] C B is finite over A.

Proof. We can write Aby,...,b,] = A’[by], where A" = Alby,...,b,—1]. We have A C A" C A'[by],
where A" = A[by,...,by—1] is finite over A by induction and A’[b,,] is finite over A’ by Lemma 5.6.
Therefore A'[by] is finite over A by Lemma 5.5. O

Lemma 5.8. Let B be a finite algebra over A. Then B is integral over A.
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Proof. Let us show that every b € B is integral over A. Let uq,...,u, generate B as a module
over A. Let bu; = Zj ciju; for some ¢;; € A and let C' = (¢i5) € Myxn(A). Then

(oI, — C)u =0, u=(ui,...,up)".
Multiplying the last equation by the adjoint of the matrix bl,, — C, we obtain det(bl,, — C)u = 0.
Therefore det(bl,, — C)u; = 0 for all i = det(bl, — C)B =0 = det(bl,, — C) = 0. This
implies that b is a root of the monic polynomial
det(zl, — C) = 2" + ap_12" ' +--- 4+ ag € Alz].
Therefore b is integral over A. O

Remark 5.9. The proof of the last lemma can be generalised as follows. Let B be an algebra over
A such that there exists a faithful B-module M (meaning that Ann M = {b € B|bM =0} = 0),
finitely generated over A. Then B is integral over A.

Corollary 5.10. Let B be an algebra over A and b € B. Then the following are equivalent:

(1) b is integral over A.
(2) A[b] is finite over A.
(3) There exists a ring Alb] C C' C B such that C' is finite over A.

Lemma 5.11. An algebra B is finite over A <= it is integral and of finite type over A.

Proof. If B is finite over A, then it is finitely-generated as an A-algebra. It is integral over A by
Lemma 5.8. Conversely, let B be integral and of finite type over A. Then B = Alby,...,b,] for
some b; € B. The elements b; are integral over A, hence B = A[by,...,b,] is finite over A by
Cor. 5.7. 0

Lemma 5.12. Let A C B C C be rings such that B is integral over A and C' is integral over B.
Then C is integral over A.

Proof. For every ¢ € C, there exist by, ...,b,—1 € B such that ¢ + b,_1¢" ' ---+by = 0. Then
B’ = Albo, . ..,bp—1] is finite over A by Cor. 5.7 and B’[c] is finite over B’ by Lemma 5.6. Therefore
B’[c] is finite over A by Lemma 5.5. Then ¢ € B’[] is integral over A by Lemma 5.8. O

Lemma 5.13. For a subring A C B, the set C of all elements in B integral over A is a subring
of B.

Proof. If b,b' € C, then they are integral over A, hence A[b,b'] is finite over A by Cor. 5.7.
Therefore b+b, bb’ € A[b, V'] are integral over A by Lemma 5.8. This implies that b/, b0 € C. O

Definition 5.14.

(1) For a subring A C B, the ring A = Ap consisting of all elements in B integral over A is
called the integral closure of A in B.

(2) A subring A C B is called integrally closed in B if A = A. This means that every element
b € B integral over A is contained in A.

(3) A ring A is called integrally closed (without a reference to a larger ring) if A is integrally
closed in the ring of fractions F(A) = S~A, where S C A is the set of non-zero-divisors
of A.

Example 5.15. If B is an integral algebra over A, then A = B. For example, if f e Alz]is a
monic polynomial, then B = A[x]/(f) is finite over A, hence is integral over A and A = B.

Example 5.16. Let us show that Z is integrally closed in F(Z) = Q. Let b = 7 € Q (with
coprime m,n) be integral over Z. Then b" + a,_1b" "' + --- 4+ a9 = 0 for some a; € Z, hence
m" + a,_1m""tn+ .-+ agn” = 0. This implies n | m". As m,n are coprime, we conclude that
n = =1, hence b € Z. This example can be generalized to show that every UFD is integrally
closed.

Lemma 5.17. Let A be the integral closure of A C B. Then A is integrally closed in B.

Proof. Let b € B be integral over A. Then A C A C A[b] are integral inclusions, hence A[b] is
integral over A. In particular, b € A[b] is integral over A, hence b € A. O
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Lemma 5.18. Let A be the integral closure of A C B and let S C A be a multiplicative set. Then
S~LA is the integral closure of STYA in ST'B.

Proof. Every element g € S7'A is integral over ST'A. Indeed, b € A is integral over A, hence

b + Z?:_()l a;b® = 0 for some a; € A. Dividing by s”, we obtain (g) + 3 s (7)1 = 0.
This implies that Q is integral over ST'A. Conversely, let b € S7!B be integral over ST'A.

Then (g) + >0 1@(7) = 0 for some {* € S~ LA. Multlplymg this equation by (st) , where

=0 s;

t =50...5,_1 € S, we obtain integral dependence of bt over A. Therefore bt € A and & . = % €
S—1A. -
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5.2. Going-up theorem.
Theorem 5.19. Let A C B be integral domains such that B is integral over A. Then A is a field
if and only if B is a field.
Proof. Assume that A is a field. Every 0 #£ b € B is integral over A, hence
V" +ap 10" 4+ atb+ag=0
for some a; € A. Assume that n is minimal. Then ag # 0 as otherwise b(b"* + -+ + a;) = 0,
hence b" ! +--. +a; = 0 and n would be not minimal. We have ag = —b(b" ! +--- + ay), hence
bl = '+ +a1) €B.
Therefore B is a field.
Assume that B is a field. For 0 # b € A, the element b~! € B is integral over A, hence
b+ ap_1b " 4 ag =0
for some a; € A. Therefore
bl = —(ap_1+ - +agh" ) € A
This implies that A is a field. d
We say that a ring homomorphism f: A — B is integral if B is integral over f(A).

Lemma 5.20. Let f: A — B be an integral ring homomorphism. Then a prime ideal @ C B is
mazimal <= p = f71(q) is mazimal.

Proof. The rings A/p C B/q are integral domains and B/q is integral over A/p. By the previous
result B/q is a field <= A/p is a field. O

Corollary 5.21. Let f: A — B be an integral ring homomorphism and ¢ C q' C B be prime
ideals. Then f='(q) # f~1(q).

Proof. Considering f(A) instead of A, we can assume that f is injective. Assume that p =
f~1(q) = f~%(q’). Taking localizations A, and B, we can assume that p is maximal (there is a
bijection between prime ideals of B, and prime ideals of B that don’t intersect S = A\p; ideals
q,q" don’t intersect S). But then q and ¢’ are maximal by the previous result and q € ¢, a
contradiction. O

Theorem 5.22. Let f: A — B be an integral ring homomorphism. Then, for every prime ideal
p C A, there exists a prime ideal q C B such that p = f~1(q). Equivalently, the following map is
surjective

f*: Spec B — Spec A, q— f1(q).
Proof. Consider S = A\p, A, =S —14, By, =S !B and a commutative diagram

A%B

A

Ap L By
The induced map f,: Ay — By is integral. Let n C By be a maximal ideal. Then m = f,° ) c A
is also maximal by Lemma 5.20. Hence m = p,, the unique maximal ideal of A,. We have

b= i (pp) =i '(fy (W) = (G (w) = £(q) for the prime ideal = j~'(w) € B. O
Corollary 5.23 (Going-up theorem). If f: A — B is integral, then for any chain of prime ideals
po C ... C pn C A, there exists a chain of prime ideals qo C ... C ¢, C B with p; = f~1(q).

Proof. We choose qo C B such that f~1(qg) = po. Then we apply induction to f: A/pg — B/qo
and the chain of prime ideals p; /po C ... C pp/Po C A/po. O

Exercise 5.24. If f: A — B is finite and p € Spec A, then the set {q € Spec B ’ fq) = p} is
finite.
Hint: Substitute A by A/p and B by B/pB, then invert nonzero elements of A. Use Lemma
3.17.
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5.3. Proof of the Nullstellensatz.

Theorem 5.25 (Noether’s normalization theorem). For any finitely generated algebra B over a
field k, there exists a polynomial subalgebra A =K[yi,...,y] C B such that B is finite over A.

Proof. We will assume that k is infinite. Let b1,...,b, be generators of B over k. If they are
algebraically independent (meaning that f(by,...,b,) # 0 for all 0 # f € k[z1,...,2zy]), then
B ~K[z1,...,x,] and we can take A = B.

Otherwise, f(b1,...,b,) = 0 for some 0 # f € Kk[z1,...,2,]. For every monomial m =
2t xin we define its (total) degree deg(m) = iy + --- 4 i,. We can write f = Zszo T
where f; has only monomials of degree k and fy # 0. Using the substitution b, = b; — a;b,, for
some a; €k, 1 <7 <n—1, we obtain

N
0=f(br,....0n) = > fulV) + arbn, ..., b1 + an_1bn,by)
k=0
N—1
= fN(a'la <oy n—1, 1)b7{y + Z gi( /17 SRR ;1—1)1):1
i=0
for some polynomials g in n — 1 variables. We claim that fy(z1,...,2,-1,1) # 0. Indeed,
we can write fy = Zz‘]\io hixN =t £ 0, where h; € k[z1,...,2, 1] has total degree i. Then

In(x1,. ., xp—1,1) = > hi # 0. As k is infinite, there exist aq,...,an,—1 € k such that
fn(ai, ... an—1,1) # 0 (see Lemma 4.9). Dividing the above equation by fy(ai,...,an—1,1)
we obtain that by, is integral over A" =Kk[V),...,b), ;] C B, hence B = A’[b,] is finite over A’. By

induction on n, there exists a polynomial subalgebra A = Kklyi,...,y,] C A’ such that A’ is finite
over A. But then B is also finite over A. O

Theorem 5.26 (General Hilbert’s Nullstellensatz). Let k be a field. Then

(1) If A is a finitely-generated k-algebra and is a field, then A is a finite field extension of k.
(2) If A is a finitely-generated k-algebra and m C A is a mazimal ideal, then A/m is a finite
field extension of k.

Proof. (1) By Theorem 5.25, there exists a polynomial subalgebra B = k[yi,...,y,] of A such
that A is finite (hence integral) over B. Then B is a field by Theorem 5.19, hence r = 0 and
B = k. This implies that A is finite over k, meaning that it is a finite field extension of k.

(2) The algebra A/m is finitely generated and is a field. By (1) it is a finite field extension of k. [

Theorem 5.27 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Then every
mazximal ideal in K[x1, ..., x,] is of the form (1 — ai,...,x, — ay) for some aq,...,a, € k.

Proof. Let m C k[zi,...,2,] be a maximal ideal. Then L = k[zj,...,x,]/m is a finite field
extension of k by the previous theorem. Therefore every element a € L is algebraic over k. As k
is algebraically closed, the minimal polynomial of « is linear. Therefore a € k and we conclude
that L = k. Consider the projection map

m:klxy, ..,z = K[z, .., zp]/m=L =k
Let a; = w(x;) € k for 1 <i <nand m, = (z; —ay,...,z, — a,). We have x; — a; € Kerm = m,
hence m, C m. But m, is a maximal ideal, hence m = m,. O

Theorem 5.28. Let A be a finitely-generated algebra over a field k. Then
(1) N(A) =R(A).
(2) For every ideal I C A, the intersection of the mazimal ideals containing I is equal to \/T.
(3) Every prime ideal of A is an intersection of mazximal ideals.

Proof. (3) = (1). The nilradical N(A) is equal to the intersection of all prime ideals of A and
the Jacobson radical R(A) is equal to the intersection of all maximal ideals of A. Every maximal
ideal is prime, hence N(A) C R(A). By our assumption, every prime ideal p is an intersection of
maximal ideals, hence R(A) C p. Therefore R(A) C Myegpec(a) P = N(A).
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(1) = (2). Let J be the intersection of all maximal ideals containing I. Then J/I = R(A/I) =
N(A/I) = VI/I, hence J = /1.

(3) We can substitute A by A/p and assume that p = 0 and A is an integral domain. Then
the intersection of all maximal ideals containing p is equal to R(A) and we need to show that
R(A) = 0. Let f € A be nonzero. The algebra B = A[f~!] is finitely-generated over k, hence
for any maximal ideal m C B, the field B/m is finite over k. We have k C A/q C B/m, where
q = Anm. Therefore A/q is an integral domain and A/q is finite (hence integral) over k. By
Theorem 5.19, the algebra A/q is a field (one can also show directly that an integral domain,
finite-dimensional over a field is itself a field). This implies that q C A is a maximal ideal. We
have f ¢ q as otherwise f € ¢ C m, hence m = A[f~!] is not maximal. We conclude that
f ¢ R(A), hence R(A) = 0. O
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6. DEDEKIND DOMAINS
6.1. Valuation rings.

Definition 6.1. Let A be an integral domain and K = F(A) be its field of fractions. Then A is
called a wvaluation ring of K if for every 0 # = € K, either x € Aor 27! € A.

Example 6.2. Let A = Z and K = F(Z) = Q be its field of fractions. Then 2 = 2 € Q and

7l = % are not integers, hence Z is not a valuation ring.

Example 6.3. Let A = k[z] = {Zz‘zo fizt

Every nonzero element of k[z] can be written in the form z"g, where n > 0 and g = Eizo gixt,
gi € k, satisfies g9 # 0 (the element g is invertible in k[z]). To construct the field of fractions
K = F(A), we only need to invert z (for example, (z"g)~! = 27 "¢g~!, where g~! € A). Therefore

F(A) = k(x) = {ZizN fixt|fiek, N € Z}, called the field of Laurent series over k. Every
nonzero element of k() can be written in the form f = z"g, where n € Z and g = 3,5 giz’
satisfies gg # 0. If n > 0, then f € k[x] and if n < 0, then f~! = 27"¢~! € k[z]. Therefore k[z]

is a valuation ring.

fi € ]k} be the ring of power series over a field k.

Example 6.4. Let A be a principal ideal domain, p € A be a prime element and p = (p) (a
maximal ideal as A/(p) is a field). Then 4, = S71A4, S = A\p, is a valuation ring. Indeed, every
nonzero element of K = J(A,) = F(A) can be written in the form z = ¢, where a,b € A are
coprime. If b ¢ p, then x = § € Ap. If a ¢ p, then 7t = g € Ap. Ifa,bep, thenp|aandp|b,
a contradiction.

Exercise 6.5. Let A be a valuation ring and K = F(A). Show that

(1) The group I' = K*/A* with the relation z > y if z/y € A is a totally ordered set.
(2) If z >y in T, then = + z > y + z (using additive notation for the multiplication in T).
(3) The map v: K* — I', x — [z], satisfies
(a) vl(zy) = v(w) + v(y)
(b) v(z +y) = minfv(z), v(y)}-
The map v as above is called a valuation of the field K.

Lemma 6.6. If A is a valuation ring of a field K, then
(1) A is a local ring.
(2) A is integrally closed in K.

Proof. (1) It is enough to show that the set m C A of all non-invertible elements is an ideal. Then
every proper ideal of A is contained in m, hence m is the unique maximal ideal of A.

If a € A and x € m, then ar € m. Indeed, if az ¢ m, then az is invertible, hence baz = 1 for
some b € A. But this implies that x is invertible, a contradiction.

If z,y € m are nonzero, then x + 3 € m. Indeed, either 2y~! or 71y is in A. Assuming that
vy~l € A weget xy~t +1€ A, hence x +y = (zy~! + 1)y € m by the previous argument.

We conclude that m is an ideal.
(2) Assume that x € K\ A is integral over A. Then we have

"+ ap 12"+ 4+ ag=0

for some a; € A. As z ¢ A, we obtain 7! € A, hence z = —(a,_1 + -+ +apx!™) € A. A
contradiction. O
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6.2. Discrete valuation rings.

Definition 6.7. A discrete valuation on a field K is a surjective map v: K* — Z such that
(1) v(zy) = v(z) + v(y) (that is, v is a group homomorphism).
(2) v(z +y) > min{o(z),v(y)}.

We define v(0) = 400 for convenience.

Remark 6.8. An absolute value on a field K is a map |—|: K — R such that
(1) |z >0 and || =0 <= z=0.
(2) |yl =[] - [yl
(3) |z +yl < |zl + 1yl
It is called non-archimedean if a stronger condition is satisfied:
(37) |z +y| < max{[z], |y[}.
Given a discrete valuation v and a constant 0 < ¢ < 1, we can define a non-archimedean absolute
value |z| = @),

Lemma 6.9. Let v be a discrete valuation on a field K, then
A={ze K|v(x) >0}

is a valuation ring (hence local and integrally closed), called the discrete valuation ring (DVR) of
v. Its mazimal ideal is
m={xe€ K|v(z)>0}.

Proof. 1t is clear that A is a ring. We have v(1) = 0. If 0 # 2 € K is not in A, then v(z) < 0,
hence v(z~!) = v(1) — v(x) = —v(z) > 0 and 27! € A. This implies that A is a valuation ring.
It is clear that m is an ideal. An element z € A is invertible <= v(z) > 0 and v(z~!) > 0
<= v(x) = 0. This means that m consists of all non-invertible elements of A, hence is the unique
maximal ideal of A. O

Example 6.10. Let K = Q and p be a prime number. Every non-zero z € QQ can be written

in the form pk%, where m,n are coprime with p and £ € Z. We define the valuation v, with
km

— with k > 0 and m,n coprime with

vp(z) = k. The valuation ring of v, consists of fractions p
= S71Z, where S = Z\(p).

Example 6.11. Let K = k() be the field of Laurent power series f = Y .2\ fiz" over a field k.
We define the valuation v(f) = min{i € Z| f; # 0}. Its valuation ring is k[z], the ring of power
series.

p. This is the local ring Z,)

An element t € A with v(t) =1 is called a uniformizer.

Lemma 6.12. Ift € A is a uniformizer, then every element x € K can be expressed uniquely in
the form ut®, where u € A is a unit and k € Z.

Proof. Let k = v(x) and u = xt=*. Then v(u) = 0, hence u € A is invertible. Note that if 2 = ut,
where u is invertible, then v(z) = k, hence k is uniquely determined. Therefore u = xt=* is also
uniquely determined. O

Lemma 6.13. FEvery non-zero ideal I C A is of the form m™ = (t") for some n > 0.

Proof. Let n = min{v(a)|a € I} and let a € I satisfy v(a) = n. It is clear, that (a) C I.
Conversely, if b € I, then v(ba™!) = v(b) — v(a) > 0, hence ba™! € A and b = (ba™)a € (a).
Therefore I = (a). We can write a = ut" for some invertible v € A. Then I = (a) = (t"). In
particular, m = (¢), hence I = (") = m". O

The above result implies that A is a Noetherian local domain of dimension one (every nonzero
prime ideal is maximal).
Theorem 6.14. Let (A,m) be a Noetherian local domain with the residue fieldk = A/m. Then
FAE

(1) Aisa DVR
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(2) A is integrally closed and every nonzero prime ideal is mazximal.

(3) m is principal.

(4) dimy m/m? = 1.

(5) Ewvery nonzero ideal is a power of m.

(6) There exists t € A such that every nonzero ideal is of the form (t") for some n > 0
7)

(7) Ais a PID.

Proof. (1) = (2). A is a valuation ring, hence integrally closed by Lemma 6.6. If p C A is a
non-zero prime ideal, then p = m” for some n >0 = mCp = p=m.

(2) = (3). Let 0 # a € m. Then +/(a) is an intersection of prime ideals, hence /(a) = m. This
implies that m™ C (a) for some n > 1 and we can assume that m"~! ¢ (a). Let b € m" 1\ (a) and
x=2%¢ A If zm C m, then m is a faithful Az]-module, finitely generated over A. Therefore z

in integral over A, hence x € A, a contradiction. On the other hand xm C %Am C %(a) = A
We conclude that 2m = A, hence m = 27! A is principal.

(3) = (4). If m is principal, then dimm/m? < 1. On the other hand, if m* = m, then m = 0 by
Nakayama lemma. Therefore dimm/m? = 1.

(4) = (3). If dimm/m? = 1, then Az +m? = m for some x € m. By Nakayama lemma, this
implies that Az = m, hence m is principal.

(3) = (5). Let m = (t). We claim that N,m™ = 0. If a € N, m", then we can write a = b,t"
for some b, € A. This implies b,t" = b, 1" = b, = b,.1t = (bn) C (bpr1). This chain
of ideals stabilizes, hence b, 1 = ub,, for some invertible u. Therefore b, = utb, and b, = 0 as
otherwise ut = 1 and m = (t) = A. We conclude that a = 0.

Let 0 # I C A be a proper ideal. Then I C m and I ¢ N, m", hence there exists n > 0 such
that I C m™, but I ¢ m"*!. Ifa € \m"™! = a€m” = (t") = a = ut" for some u ¢ m
(otherwise a € m™*1). This implies that u is invertible, hence m"™ = (t") = (a) C I C m" and
I =m"

(5) = (6). We have m # m? by Nakayama’s lemma. Let ¢ € m\m?. Then (t) = m" for some
n>1. If n > 2, then (t) = m™ C m?, hence t € m?, a contradiction. Therefore n = 1 and (¢) = m.
By assumption, every nonzero ideal is of the form m™ = (¢") for some n > 0.

(6) = (1). We have m = (¢). If (") = (t"*!) = m(#"), then (¢") = 0 by Nakayama lemma, a
contradiction. For every a # 0, we have (a) = (t¥) for exactly one k > 0. We define v(a) = k and
extend v to K* by defining v(a/b) = v(a) —v(b). One can check that v is a discrete valuation and
A is its valuation ring.

(6) = (7). Obvious. (7) = (3). Obvious. O

Example 6.15. Let A = k[z],) (localization of the ring k[z] at the prime ideal p = (z)). This is
a Noetherian local domain with the maximal ideal m = (x) which is principal. Therefore A is a
DVR. Its field of fractions is k(z), the field of rational functions over k. The valuation is given by
the formula v(z"f/g) = n for the polynomials f, g € k[z] with non-trivial constant coefficients.
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6.3. Dedekind domains.

Definition 6.16. Let A be an integral domain.

(1) A is said to have dimension one if every nonzero prime ideal of A is maximal. In particular,
DVR have dimension one.

(2) Ais called integrally closed if it is integrally closed in its field of fractions.

(3) An integral domain A is called a Dedekind domain if A is Noetherian, integrally closed
and has dimension one.

Example 6.17.

(1) Any DVR is a Dedekind domain.

(2) Z is a Dedekind domain. We proved earlier that Z is integrally closed. Every nonzero
prime ideal if of the form (p) for some prime number p € Z. But Z/(p) is a field, hence
(p) is a maximal ideal.

(3) More generally, every PID is a Dedekind domain.

(4) Z]—+/5] is a Dedekind domain (although it is not a PID).

(5) Let K be a finite field extension of Q, called a number field. The integral closure A of
Z in K is called the ring of integers of K. One can prove that A is a Dedekind domain.
Moreover, A is a free module of finite rank over Z.

Lemma 6.18. Let A be an integral domain. Then f.a.e.

(1) A is integrally closed.
(2) Ay is integrally closed for every prime ideal p.
(3) Am is integrally closed for every maximal ideal m.

Proof. Let K be the field of fractions of A and C' be the integral closure of A in K. Then C, is
the integral closure of A, in K by 5.18. A is integrally closed <= A=C <= (C/A=0 <
Cp/Ay = (C/A), = 0 for all prime ideals p <= A, = C, <= A, is integrally closed for all
prime ideals p. The same proof works for maximal ideals. O

Theorem 6.19. Let A be a Noetherian domain of dimension one. Then f.a.e.

(1) A is a Dedekind domain.
(2) Ay is a DVR for all prime ideals p # 0.

Proof. (1) = (2). By assumption A, has dimension one. We proved in Lemma 5.18 that if
A C B is integrally closed and S C A is a multiplicative system, then S~ A is integrally closed
in S7'B. Taking B = K and S = A\p, we obtain that A, is integrally closed. This implies that
Ay is a DVR.

(2) = (1). As A, is a DVR, it is integrally closed. This implies that A is also integrally closed.
If 0 # p C p are prime ideals, then 0 # p; C Aq is a non-maximal prime ideal. This contradicts
to the assumption that A is a DVR. U

6.3.1. Fractional ideals. Let A be an integral domain and K be its field of fractions.

Definition 6.20.
(1) An A-submodule I C K is called a fractional ideal of A if al C A for some 0 # a € A.
(2) For any A-submodule I C K, define I~! = (A:1)={a € K|al C A}.
(3) An A-submodule I C K is called invertible if there exists an A-submodule J C K such
that IJ = A. Wehavethen J =I"tasJCI '=I"11JCcAJ=J.

Remark 6.21. We have I~'7 C A. If I C A is an ideal, then A C 171,

Remark 6.22. If I C K is invertible, then I is a fractional ideal. Indeed, if I='1 = A, then
1= Z;;l x;y; for some z; € I~' and y; € I. For any « € I, we have x = > (zxy)y; with zz; € A.
This implies that I is generated by y1,...,yn, hence is a fractional ideal. The same argument
implies that I~! is a fractional ideal.

Remark 6.23. If I, J is are fractional ideals, then al C A and bJ C A for some nonzero a,b € A.
Therefore ab(I.J) C A with ab # 0, hence I.J is also a fractional ideal. This implies that fractional
ideals form a commutative monoid (with an identity given by A).
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Exercise 6.24. Show that if KI = K, then I~! is isomorphic to Hom (I, A).

Lemma 6.25. Let A be a Noetherian integral domain and I C K be an A-submodule. Then I is
a fractional ideal < I is finitely generated over A.

Proof. If I is a fraction ideal, then al C A for some a € A, hence I C %A. The A-module %A CK
is Noetherian, hence I is finitely generated. Let I be finitely generated, say by elements a;/b; for
1 < i < n. Taking b =[] b;, we obtain bl C (ay,...,a,) C A, hence I is a fractional ideal. O

Lemma 6.26. Let A be a Noetherian ring and I C A be an ideal. Then I contains a product of
prime ideals Py . .. Py such that I C p; for all i.

Proof. Assume the contrary and let I be a maximal ideal that does not satisfy the required
property (it exists as A is Noetherian). Then I is not prime, hence Ja,b € A such that ab € I,
a ¢ I,b¢ I Bymaximality of I, ideals [+aA, I+bA contain products of non-zero prime ideals (all
of primes contain 7). Then the product of all these prime ideals is contained in (I +aA)(I+bA) C
I+ abA = I, a contradiction. O

Lemma 6.27. Let A be a Dedekind domain. For any prime 0 # p C A, we have p~* # A and
pip=A

Proof. We claim that p~! # A. Choose 0 # a € p and choose the smallest n > 0 such that Aa
contains a product of non-zero primes p;p...p, (there is such n by the previous result). Then
P1...pn C aA C p and p contains one of the factors, say p;. The prime ideal p; is maximal, hence
p1 = p. By minimality of n, we have pa...p, ¢ aA and we can choose b € py...py\aA. Then
bp C p1...pn C aA, hence b/a € p~t. On the other hand b/a ¢ A as b ¢ aA. We conclude that
pt# A

To show that p~!'p = A, we note that p C p~'p C A and p is maximal. Assume that p~'p = p.
Then, for any = € p~!, we have zp C p. This implies that x is integral over A (see Lemma 5.10),
hence z € A. We conclude that p~! = A, a contradiction. U

Theorem 6.28. Let A be a Dedekind domain. Then every ideal I C A can be uniquely (up to a
permutation of factors) written as a product of prime ideals I =py...py.

Proof. Let I # 0 be a maximal ideal that can not be written as a product of prime ideals.
There exists a maximal ideal p that contains I. Then I; = p~'1 C p~'p = A is an ideal in A and
pI; = (pp~')I = I. If I} can be written as a product of prime ideals, then we are done. Otherwise,
from I C p~'I = I; and maximality of I, we conclude that I = I; = p~'I. Then for any z € p~*,
xI C I, hence x is integral over A and z € A. This implies p~! = A, a contradiction.

Assume that I = pi...pp = q1...q,. Then [[q; C p1, hence q; C py for some j, say j = 1.
By maximality of qi, we conclude that p; = q1. Multiplying both sides with pl_l, we obtain
P2...Pm =2 ...qn and conclude by induction that m = n and p; = q; up to a permutation. U

Corollary 6.29. For any non-zero fractional ideal I, we have I™'1 = A.

Proof. We have al C A for some 0 # a € A. Then (al)™! = a7t and IT7! = (al)(al)™ .
Substituting I by al, we can assume that I C A. We can write I = p;...p,, where p; are prime.
Then [’1:p1_1...p7;1,hence II-1=A. 0
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6.4. AKLB setup.

Theorem 6.30. Let A be an integrally closed domain and K be its field of fractions with char K =
0. Let L/K be a finite field extension and B be the integral closure of A in L. Then

(1) L = KB is the field of fractions of B.
(2) There exists a basis v1,...,v, of L over K such that B C @, Av;.
(3) If A is a Dedekind domain, then B is a Dedekind domain, finite over A.

Proof. (1) If z € L, then z is algebraic over K, hence satisfies an equation of the form

Amx™ + a1+ ag =0, a; € A, am # 0.

m—1

Multiplying this equation by a;'~", we see that a,,x is integral over A, hence a,,x € B. Applying
this procedure to a basis of L over K, we find a new basis ui,...,u, with u; € B, hence L = K B.
The field of fractions of B contains K and B, hence is equal to L.
(2) For any = € L, consider the multiplication operator x: L — L, y — xy, which is K-linear (we
obtain an embedding L C Endg(L)). Define a K-bilinear form (z,y) = Try /k(zy) on L. This
bilinear form is non-degenerate as (z,27') = Tr/k(id) = n # 0 for any 0 # = € L. Consider the
basis v1,...,v, of L over K dual to ui,...,u,, that is, satisfying (u;,v;) = d;;.

For any = € B, consider the characteristic polynomial x.(t) = dety /i (¢ -id —z) € K[t]. Then
x is a root of this polynomial. On the other hand z is a root of some monic polynomial f € A[t],
hence x,(t) is a factor of some power of f. All roots of f (in some finite field extension of K) are
integral over A, hence all the coefficients of x.(t) (and in particular Try k(7)) are integral over
A, hence Trp, i (z) € A. We have u; € B, hence zu; € B and Trp /i (wu;) € A. This implies that
x =7y .(x,u;))v; € Y, Av;, hence B C @, Av;.
(3) As A is Noetherian, B C €, Av; is Noetherian as an A-module (in particular, finite over A),
hence also Noetherian as a B-module. B is integrally closed by its definition. Let 0 # q C B be
a prime ideal. Given 0 # x € q, we have

2" 4 a1 z™ T b ag =0

for some a; € A with ag # 0. This implies that ag € Bzt N A C qN A, so the prime ideal qN A
is nonzero, hence maximal as A is a Dedekind domain. We conclude that g is also maximal by
Lemma 5.20. O

Corollary 6.31. Let K be a finite field extension of Q and A be the integral closure of Z in K.
Then A is a Dedekind domain and is a free Z-module of rank [K: Q]. The corresponding basis of
A over Z is called an integral basis.

Proof. As Z is a Dedekind domain, we conclude that A is a Dedekind domain, finite over Z. This
implies that A is a free Z-module of finite rank. If A = @' ;| Zv;, then v; are linearly independent
over Q (otherwise there would be a linear dependence over Z). The elements vy, ..., v, generate
K over Q as K = QA, hence they form a basis of K over Q. O

Example 6.32. Let B be the integral closure of Z in L = Q[/m], where m € Z is square-free. An
element a + by/m € L has a minimal polynomial p(z) = 22 — 2az + (a? — mb?). If this element is
integral over Z, then p(z) is a factor of some polynomial in Z[z], hence p € Z[z] by Gauss lemma.
This implies that a +by/m € B <= 2a € Z and a?> — mb? € Z. In particular, 4mb*> € Z, hence
2b € Z. If a = %k and b = %l for k,l € Z, then one requires 4 | (k? — ml?). For example
(1) If m = 2, then we obtain 2 | k and 2 | [, hence B = Z[/2].

2) If m = 5, then we obtain 4 | (k? —12) <= k=1 (mod 2). Therefore B = Z[%(1 + v/5)].
) If m = —5, then we obtain 4 | (k% +12) <= 2|k, 2| [. Therefore B = Z[\/—5].

) Generally, if m # 1 (mod 4), then B = Z[/m]. If m = 1 (mod 4), then B = Z[1(1 +
Vm)l.

(
(3
(4
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7. DIMENSION
7.1. Krull dimension.

Remark 7.1. Consider a vector space k™ over a field k. We can interpret its dimension n as the
length of the maximal strictly increasing chain of vector spaces 0 C k C k? C ... C k™, where

k™ ={(z1,...,2m,0,...,0) |z; ek Vi <m} = Z(xmt1,...,2,) Ck"

On the level of ideals in k[z1, ..., z,] we have a chain of length n

(1, 2p) D (w2, .., @p) D ... D (zp) DO.
Note that all these ideals are prime as k[z1, ..., 2,/ (Tmi1, ..., Tn) = Kk[x1, ..., 2] is an integral
domain. We can use this interpretation to define the dimension of k[z1, ..., z,] or any other ring to

be the maximal length of a chain of prime ideals. We don’t use arbitrary ideals here as, for example,
there is an infinite chain of ideals in k[x] (only one of them is prime) (z) D (z%) D (23) D ...

Definition 7.2. Let A be a ring.
(1) A finite sequence pg C p1 S -+ € p,, C A of prime ideals is called a prime chain of length
n.
(2) For a prime ideal p C A, we define its height ht(p) to be the supremum of the lengths of
all prime chains contained in p.
(3) We define the Krull dimension dim(A) of A to be the supremum of the lengths of all
prime chains in A. Equivalently,

dim(A) = sup{ht(p) |p € Spec A} = sup{ht(m) | m € Max A }.

Example 7.3.
(1) If k is a field, then dim(k) = 0. The only prime chain in k is pg = 0 which has length 0.
(2) if A is a principal ideal domain, then dim A = 1. Maximal prime chains in A are of the
form pp = 0 C p1 = (p), where p € A is a prime element. These chains have length 1.
(3) If A is a Dedekind domain, then dim A = 1.
(4) Let A =Kklx1,...,x,], where k is a field. Then there is a prime chain

0C (z1) C... C(x1y...,2p),
hence dim(A) > n. We will see later that dim(A4) = n.
Lemma 7.4. For every prime ideal p C A, we have

(1) ht(p) = dim(4,).
(2) dim(A) > ht(p) + dim(A/p).

This lemma implies that dim(A) = sup{dim(Ay) | m € Max A} and it is enough to know Krull
dimensions of local rings.

Lemma 7.5. Let A be a Noetherian ring. Then dim(A) =0 <= A is Artinian.

Proof. We have dim(A) = 0 <= every prime ideal of A is maximal. This is equivalent to A
being Artinian by Theorem 3.20. g

Theorem 7.6. Let f: A — B be a finite (or integral) ring homomorphism. Then dim A = dim B.

Proof. Given a prime chain in B, its preimage in A consists of distinct prime ideals by Cor. 5.21,
hence dim A > dim B. Conversely, any prime chain pg C ... C p,, in A can be lifted to a prime
chain qg C ... C q,, in B by Cor. 5.23, hence dim A < dim B. O

Lemma 7.7. We have dimKk|z1,...,x,] = n for any field k.

Proof. We have seen that A = k[x1,...,z,] satisfies dimA >n. Let 0=py C ... Cpr C Abea
prime chain and 0 # f € p;. Then dim(A/Af) > k — 1. There exists a polynomial subalgebra
B = Kklyi,...,yr] C AJ/Af such that r < n and A/Af is finite over B (Theorem 5.25). Then
kE—1<dim(A/Af) = dimB = r < n (we have dim B = r by induction on n), hence k < n.
This implies dim A < n. O
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7.2. Hilbert-Poincaré series.

Definition 7.8.
(1) A graded ring A is a ring equipped with a decomposition A = €P,,5 Ay, where 4, C A
are subgroups and A, A, C Apmin.
(2) A graded A-module M is an A-module equipped with a decomposition M = B, 5 My,
where M,, C M are subgroups and A,,M,, C My,1p,.
(3) An element x € M is called homogeneous of degree n € Z if x € M,,.

Example 7.9. (1) Every ring can be considered as a graded ring concentrated in degree zero.
(2) Let A be a ring and I C A be an ideal. Then A* = @, ~,I"/I""! is a graded ring, with
Af = A/I, A} = I/I?. Multiplication (I™/I™"1) x (I"/I"1) — 7/ [+ +L g induced by the
multiplication in A. Similarly, if M is an A-module, then M* = @,~o ["M/I" 1M is a graded
A*-module.

Lemma 7.10. Let A be a graded ring. Then FAE

(1) A is Noetherian.
(2) Ay is Noetherian and A is finitely generated as an Ag-algebra.

Proof. (1) = (2). If A is Noetherian, then Ay = A/I, where I = @, -, An, is also Noether-
ian. The ideal I is finitely generated over A, say by homogeneous elements x1,...,z, of degrees
di,...,d, > 0. Let us show that these elements generate A as an algebra over Ag. For any x € A,
we can write x = Y a;x; for some a; € A,_g4,. By induction, A,_4, is contained in the algebra
generated by x1,...,x, over Ag, therefore z is also contained in this algebra.

(2) = (1). This follows from the Hilbert’s basis theorem. O

Lemma 7.11. Let A be a Noetherian graded ring and M be a finitely-generated graded A-module.
Then every M, is a finitely-generated Ag-module.

Proof. We can assume that A = Ag[x1,...,z,], where x; has degree d; > 0. Let M be generated
by homogeneous elements myi, ..., ms of degree kq,...,ks. Every element in M,, can be written
in the form 7 ; a;m;, where a; € A,_y,. Therefore M, is generated over Ay by the elements
f(z1,...,2,)m;, where f is a monomial in z1, ..., x, of total degree n—k; (there are finitely many
such monomials for every 1 <i < s). O

If the conditions of Lemma 7.11 are satisfied and k = Ay is a field, then every M, is finite-
dimensional over k and we define the Hilbert-Poincaré series of M

P(M,t) = dim(M,)t" € Z[t].

n>0
Example 7.12. Let A = k[z] be a graded ring with degz = d > 0. Then
1
_ kd _
P(A ) =Yt = T
k>0

More generally, let A = k[z1,...,x,]| be a graded ring with degx; = d; > 0. Then

T

oty 1
P(A,t) — Z tFrditAkedr H e

K1,..kr>0 i=1

We will need to generalize Hilbert-Poincaré series to the case where Ag is Artinian.

Theorem 7.13. Let A be an Artinian ring and M be a finitely-generated A-module. Then
(1) M is both Artinian and Noetherian.
(2) M has a composition series, meaning a chain of submodules
O=MycCcM;C...CM,=M

such that M;/M;_1 # 0 is simple for all 1 < i < n. We say that M has finite length.
(3) All composition series of M have the same length, called the length of M and denoted by
O(M).
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Proof. (1) A is Artinian, hence also Noetherian. We can represent M as a quotient of A" for some
r > 0. Therefore M is also Artinian and Noetherian.

(2) As M is Artinian, we can choose a minimal nonzero submodule M; C M. Then M;/Mj is
simple. Similarly, we choose a minimal submodule My C My C M and show that My /M is simple.
Continuing this process, we obtain a chain of submodules 0 = My C M; C My C --- = M such
that M;/M;_1 # 0 are simple. As M is Noetherian, this chain should stabilize, hence M,, = M
for some n > 0.

(3) This follows from the Jordan-Holder theorem. O

Example 7.14. If Ais a field and M is a finitely-generated A-module, then M is finite-dimensional
and (M) = dim M.
Lemma 7.15. If0 — L — M — N — 0 is an exact sequence, then {(M) = ¢(L) + ¢(N).

Let A be a Noetherian graded ring and M be a f.g. graded A-module. Assume that A is
Artinian (for example a field). Then every M, is finitely generated over Ay, hence has finite
length. We define the Hilbert-Poincaré series of M

P(M,t) = ((M,)t" € Z[t].
n>0
Theorem 7.16 (Hilbert-Serre). Let A be a graded ring generated over Artinian Ay by homoge-

neous elements x1,...,x, of degrees dy,...,d, > 0. For every graded finitely generated A-module
M, the series P(M,t) can be written in the form f(t)/[[;(1 — t%) for some polynomial f € Z[t].

Proof. We can assume that A = Ag[zy,...,x,], where z; has degree d;. If r = 0, then M is
f.g. over A = Ag, hence M,, =0 for n > 0. Therefore P(M,t) is a polynomial.

For any d € Z, we define the shifted graded A-module M(d) by the rule M(d), = Mgy It
satisfies P(M(d),t) = t~2P(M,d). There is an exact sequence of graded A-modules

0— K(—d.) = M(—d,) > M - L—0
As the length ¢ is additive (with respect to exact sequences), we obtain
P(K(—d,),t) — P(M(—d,),t)+ P(M,t) — P(L,t) =0,
hence (1 —t4)P(M,t) = P(L,t) — t% P(K,1).

Multiplication by x, is trivial on K and L, hence we can consider them as modules over the
graded ring Ag[z1,...,z,—1] and apply induction on r. O

Corollary 7.17. Let d(M) be the pole order of P(M,t) att = 1. Then d(M) < r, where r is the
number of homogeneous generators of A over Ag.

Lemma 7.18. Assume that A is generated over Ay by homogeneous elements x1,...,x, of de-
gree 1. Then £(M,,) is a polynomial in n (with rational coefficients) of degree d(M)—1 for n > 0.
It is called the Hilbert polynomaial of M.

Proof. By the previous theorem, we can write P(M,t) = f(t)/(1 — t)?, where d = d(M) and
f(t) € Z[t] with f(1) # 0. We have Taylor series

_ dd+1)...(d+ k-1 d+ k-1
TP Y A >tk:kz>0< e

k>0

If f(t) = 3o~ fit', then

N N
i=0 ‘
hence

N .
d+n—i+1
o(M,) =Y fi< +Z_i+ ) for n > 0.
=0

This is a polynomial in n with the leading term Zi]io fi% = f(l)% # 0. It has degree
d—1. g
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7.3. Dimension theorem. Let (A, m) be a Noetherian local ring, I C A be an m-primary ideal
(m™ C I C m for some n > 0) and let M be a finitely-generated A-module. Consider the graded
ring and the graded module

Ar=gpryrtt, M =grmiattu.
n>0 n>0
The ring Aj = A/I is Artinian as it is a quotient of A/m™. If z1,...,2, € I generate I over
A, then the the classes [z;] € I/I? = A% generate the algebra A* over A%. The module M* is
finitely-generated over A*. By the previous results, the pole order d(M*) of P(M*,t) at t = 1
satisfies d(M*) < r. Moreover, ¢(M,) is a polynomial in n > 0 of degree d(M*) — 1. Therefore
the function

n—1 n—
Xi(M,n) = 6(M/I"M) = LI M/T* M) =Y " o(My)
k=0
is a polynomial in n > 0 of degree d(M*), called the Hilbert-Samuel function (polynomial). We
denote x7(A,n) by xr(n).

Remark 7.19. The function p;(n) = Zz;(l) k' is a polynomial of degree i + 1 in n. For example,

po(n) =n, pi(n) = w For any polynomial f = Z?:o fit" € Q[t] of degree d, we have
n—1 d n—1 d
=2 S0 =) ) k=) fmln
k=0 i=0 k=0 =0

which is a polynomial of degree d + 1 in n.
Lemma 7.20. Ifm" C I C m, then deg x1(M,n) = deg xm(M,n). We denote it by d(M).

Proof. We have m"M C I"M C m"M, hence xm(M,rn) > x1(M,n) > xm(M,n). Therefore
these polynomials have equal degrees. O

Lemma 7.21. Consider a short exact sequence 0 — L — M — N — 0. Then
(1) d(M) = max{d(L), d(N)}.
(2) x1(M,n) —x1(L,n) — x1(N,n) is a polynomial of degree < d(L).

Proof. We have ¢(N/I"N) =4(M/L+ I"M) < ¢(M/I"M), hence d(N) < d(M). Moreover,

(3) x(M,n) — x(N,n) = 6(M/I"M) — ¢(M/L + I"M) = ((L + I"M/I"M) = ¢(L/L N I"M).

One can show that I(LNI*M) = LN I*¥1M for k> 0 (Artin-Rees lemma). Therefore
I"LC LNI"M =1 LnI"M)cI"*L

for all n > k, hence

(4) ¢(L/I"L) > 0(L/LNI"M) > 0(L/I"*L).

We obtain from (3) and (4) that x(M,n)—x(N,n) and x(L,n) have the same degree and the same
leading coefficient. This implies the second statement. If d(IN) < d(M), we obtain d(M) = d(L) =
max{d(L),d(N)}. If d(N) = d(M), we obtain d(L) < d(M), hence d(M) = max{d(L),d(N)}. O

Corollary 7.22. Let x € A be a non-zero-divisor. Then d(A/xA) < d(A).

Proof. Consider an exact sequence 0 — A 5 A — A/xzA — 0. By the previous result y(A4/zA,n)
is a polynomial of degree < d(A). O

Theorem 7.23 (Dimension theorem). For a Noetherian local ring (A, m), let d(A) denote the
degree of the polynomial ((A/m™) for n > 0 and §(A) denote the minimal number of generators
of m-primary ideals of A. Then

dim(A) = d(A) = 5(A).
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Proof. We will prove inequalities dim(A) < d(A) < 0(A) < dim(A).
(1) dim(A) < d(A). If d(A) = 0, then ¢(A/m") is constant for n > 0, hence m" = m"*!
for n > 0. By Nakayama lemma, m™ = 0. Therefore A is Artinian, hence dim A = 0. Let
p=1poCp C...C Pg, be a prime chain. Choose = € p1\p. Then dim(A/Az +p) > k — 1.
The element [z] € A/p is a non-zero-divisor, hence d(A/Az + p) < d(A/p) < d(A). Therefore, by
induction on d(A),

kE—1<dim(A/Ax +p) < d(A/Az +p) < d(A),
hence k < d(A) and dim(A) < d(A).
(2) d(A) < 06(A). Let I be an m-primary ideal with r = §(A) generators over A. Then the algebra
A* is generated over A/I by r elements. Therefore d(A) = d(A*) < r by the previous results.
(3) 0(4) < dim(A). If dim(A) = 0, then A is Artinian, hence m” = 0 for some n > 0. Taking
I =m" = 0, we obtain §(A4) = 0. Let r = dim(A) > 0. Let pi,...,p; be minimal prime ideals
over 0. If m C |, pi, then m C p; for some 4 (prime avoidance), hence m = p; is a minimal prime
ideal and dim A = 0, a contradiction. Consider any € m\J,; p;. Then dim(A/Az) < r — 1,
hence §(A/Az) < r — 1 by induction and there exists an ideal m™ + Ax C I C m such that I/Az
has r — 1 generators over A/Azx. Then I has r generators over A, hence §(A) < r. O

Lemma 7.24 (Prime avoidance). Let pi,...,p, C A be prime ideals and I C A be an ideal such
that I C \J;pi. Then I C p; for some i.

Proof. Let I C p1 U---Up,. We may assume that p; are not contained in each other. Assume
that I ¢ p; for all i. Then Ipy...p,—1 & pr and I ¢ p; U---Up,—1 (by induction). Consider
a € Ipy...pp—q\prand b € S = I\(p1U---Upr—1) C pr. Thena+b € [ and a+b ¢ p; for
1 <i < r. Therefore a +b € S C p,, hence a = (a + b) — b € p,, a contradiction. O

Corollary 7.25. We have dim A < dim g/, m/m2. In particular, dim A is finite.

Proof. Let z1,...,7, € m be elements such that their images in m/m? form a basis. By Nakayama
lemma, these elements generate m. Therefore dim(A) = 6(A) < r = dimm/m?.

Example 7.26. Let A be a DVR. Then dim(4) = 1 and dimm/m? = 1, hence dim A =
dimm/m? in this case.

Theorem 7.27 (Krull’s principal ideal theorem). Let A be a Noetherian ring and © € A be a
non-zero-divisor and not a unit. Then every minimal prime ideal p over (x) has height 1.

Proof. Taking Ay, we can assume that A is local and p is its maximal ideal, hence ht p = dim(A).
Then p is the only prime ideal containing (), hence \/(z) = p and p™ C (x) C p for some n > 0.
Therefore dim(A) = §(A) < 1. If dim(A) = 0, then A is Artinian, hence p” = 0 for some n > 0.
But this would imply that x is a zero-divisor. ([l

Lemma 7.28. Let (A,m) be a Noetherian local ring and x € m be a non-zero divisor. Then
dimA/(z) =dimA — 1.

Proof. Let Ax C pg C ... C pr = m be a prime chain with k& = dim(A/Az). Then htpy = 1,
hence dim A > k + 1. On the other hand, let m™ + Az C I C m be an ideal such that I/Axz has
0(A/Ax) = k generators. Then I has k+ 1 generators, hence dim A = 6(A) < k+1. We conclude

that dim A =k + 1 = dim(A/Ax) + 1. O
Lemma 7.29. Let A be Noetherian and p be a minimal prime ideal over (ay,...,ar) C A. Then
htp < k.

Proof. Taking A, we can assume that A is local and p is its maximal ideal. As before, p is a
minimal prime over I = (ay,...,ax), hence it is the only prime ideal containing I. Therefore
VI =p and p™ C I C p for some n > 0. We conclude that ht p = dim A = d(A) <k. O
Corollary 7.30. If k is algebraically closed, then dimk[zy, ..., z,] = n.

Proof. We have seen that A = k[x1,...,z,] has dimension dim A > n. Every maximal ideal of A
is of the form m = (z1 —aq,...,z, — ay,) for some a; € k. Therefore ht m < n, hence dim A < n.

We conclude that dim A = n. O
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7.4. Transcendence degree.

Definition 7.31. Let L/K be a field extension.

(1) Wesay that elements ay, ..., a, € L are algebraically independent over K if f(aq,...,a,) #
0 for all nonzero polynomials f € Klx1,...,zy].

(2) Define the transcendence degree trdeg(L/K) of L over K to be the maximal number of
algebraically independent elements of L over K.

(3) A collection (ay,...,a,) of elements in L is called a transcendence base of L/K if they are
algebraically independent over K and L is algebraic over K (ay,...,a,).

Example 7.32. We will see that trdeg(K (z1,...,z,)/K) = n.

Lemma 7.33. Let ay,...,a, € L be algebraically independent over K. Then b € L is algebraic
over K(ay,...,an) <= ai,...,an,b are algebraically dependent over K.

Proof. Assume that b is algebraic over K (aq,...,a,). Multiplying the corresponding polynomial
by the common denominator, we obtain 0 # f € Klai,...,a,|[z] such that f(b) = 0. It can be

interpreted as a polynomial f € KJ[z1,...,%,,z] such that f(ai,...,a,,b) = 0. The converse is
similar. O
Lemma 7.34. Let ay,...,a, € L be algebraically independent over K and b € L be algebraic over
K(ai,...,an), but not algebraic over K(ag,...,an). Then ay is algebraic over K(b,as, ..., ay).

Proof. By the previous lemma, the elements b, as, ..., a, are algebraically independent over K,
while the elements b, a1, ..., a, are algebraically dependent. Applying the lemma again, we obtain
that ap is algebraic over K (b, as,...,ay). O

Theorem 7.35. If ai,...,a, € L is a transcendence base over K, then trdeg(L/K) = n.

Proof. We only have to show that trdeg(L/K) < n and we can assume that n is minimal with
the property that aq,...,a, € L is a transcendence base over K. Assume that by,...,b,, € L are
algebraically independent over K. We will prove by induction on k that

Sk = {bl,...,bk,ak+1,...,an}
is a transcendence base (after reordering a;). This is true for £ = 0. Assume that it is true for k.
Then by is algebraic over K(S). This implies that by,...,bgt1, @gt1,-- ., ayn are algebraically
dependent over K. Then there exists ¢ > k + 1 such that S = {b1,...,bg+1,ak11,...,0;—1} 1S
algebraically independent, while S U {a;} is algebraically dependent. Then a; is algebraic over
K (Sky1), where S = Sp U {bg+1}\{ai}, hence L is also algebraic over K(Ski1). The set
Sk11 is algebraically independent by minimality of n, hence is a transcendence base. If m > n,
then S, = {b1,...,b,} is a transcendence base, hence b, is algebraic over K (by,...,by,), a
contradiction. This implies that trdeg(L/K) < n. O

Lemma 7.36. Let K C L C M be field extensions. Then
trdeg(M/K) = trdeg(L/K) + trdeg(M/L).

Proof. Let S ={ai,...,an} be a transcendence base of L/K and T = {by,...,b,} be a transcen-
dence base of M/L. Then S UT is algebraically independent over K. Moreover, L is algebraic
over K(5), hence L(T') is algebraic over K (S UT'). As M is algebraic over L(T"), we obtain that
M is algebraic over K(SUT). O

Let now A be an integral domain, finitely generated over a field K and let L be the fraction
field of A. It is a finitely generated field extension of K, hence trdeg(L/K) < cc.

Theorem 7.37. We have dim A = trdeg(L/K).

Proof. By Noether normalization theorem, we can embed B = Klz1,...,z,] C A so that A is
finite over B. Then dim A = dim B = n by Theorem 7.6 and Cor. 7.30.

Let L' = K(x1,...,x,) be the field of fractions of B. Then L is a finite field extension of L/,
hence trdeg(L/K) = trdeg(L'/K) = n. O

Remark 7.38. One can show that for any maximal ideal m C A, we have ht m = trdeg(L/K).
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APPENDIX A. CATEGORIES AND FUNCTORS

Definition A.1. A category A consists of the following data
(1) A family Ob A, whose elements are called objects of A.
(2) For all objects X,Y of A, a set Hom(X,Y) = Homy(X,Y), whose elements are called
morphisms from X to Y.
(3) For all objects X,Y, Z of A, a map
Hom(X,Y) x Hom(Y, Z) — Hom(X, Z), (f,9)—gof,
called the composition map.
This data should satisfy
(1) VX € ObA, J1x € Hom(X, X) sit. ly o f = folx = f for any f € Hom(X,Y).
(2) The composition of morphisms is associative.

Remark A.2.
(1) The element 1x is unique for every X € ObA.
(2) We write f: X — Y for f € Hom(X,Y).
(3) A morphism f: X — Y is called an isomorphism if 3g: Y — X such that gf = 1x and
fg=1y.
Example A.3.
(1) The category Mod A of modules over a ring A and homomorphisms between them.
(2) The category Set of sets and all maps between them.
(3) The category Top of topological spaces and continuous maps between them.
(4) The category Com of commutative rings and ring homomorphisms.
(5) The category Grp of groups and group homomorphisms.
(6) The category Ab of abelian groups and group homomorphisms. It can be identified with
Mod Z.

Definition A.4. Let A and B be two categories. A (covariant) functor F from A to B consists
of the following data

(1) A map F': Ob(A) — Ob(B).
(2) A map F': Homy(X,Y) — Homg(FX, FY) for all objects X,Y € Ob(A).
This data should satisfy
(1) F(lx) = 1px for all X € Ob(A).
(2) Flgo f) = F(g) o F(f).
Definition A.5.
(1) Given a category A, we define the opposite category A°P using the data
ODb(A°P) = Ob(A), Homgop (X,Y) = Homy (Y, X).
(2) A functor from A°P to B is called a contravariant functor from A to B.
Example A.6.
(1) Given a category A and an object X, there is a (covariant) functor
Hom(X,—): A — Set, Y — Hom(X,Y).
There is also a contravariant functor
Hom(—, X): A — Set, Y — Hom(Y, X).

(2) For the category Mod A and an A-module M, we have similar functors Hom(M, —) and
Hom(—, M) from Mod A to Mod A.
(3) For any A-module N, there is a functor

—®N: Mod A — Mod A4, M w— M ® N.
Definition A.7. Let F, G be two functors from A to B. A morphism (or natural transformation)

¢ from F to G consists of the data
(1) Morphism ¢x: FX — GX for every object X € Ob(B)
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such that for every f € Homy(X,Y) the following diagram commutes

rx Y, py

¢Xl l¢y
ax 29 qy
Definition A.8. Let f: A — B be a ring homomorphism.

(1) Given a B-module M, we can consider it as an A-module by setting az = f(a)zx for a € A,
x € M. In this way we obtain a functor Mod B — Mod A, called a restriction of scalars.
(2) Given an A-module M, we consider a B-module

Mp=B®s M, bt @ 1) = bb @ =, bt € B,z € M.
In this way we obtain a functor B4 —: Mod A — Mod B, called an extension of scalars.

Definition A.9. Two functors F': A — B, G: B — A are called adjoint if there exist natural
bijections
Homg (F(X),Y) ~ Homy (X, G(Y)) V X € Ob(A), Y € Ob(B).
In this case F' is called a left adjoint functor to G and G is called a right adjoint functor to F.
Example A.10. There is a Tensor-Hom adjunction (see Lemma 2.18)
Hom(L ® M, N) ~ Hom(L, Hom(M, N)).

for A-modules L, M, N. It implies that the functors

F: Mod A — Mod A, L— L®M,

G: Mod A — Mod A, N — Hom(M, N)

are adjoint.
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APPENDIX B. LIMITS

Recall that a poset (a partially ordered set) J is a set equipped with a binary relation < (a
subset R C J x J, where (x,y) € R is denoted as = < y) satisfying

(1) z<zxforzel.
2)z<yandy<z = z=yforz,yecl
B)rx<yandy<z = x<zforuxyzel

A poset J is called a chain (or a totally ordered set) if x <y or y < z for all z,y € J.

Example B.1.

(1) The sets N, Z,R with the usual order are chains.

(2) The set N2 with the order (i,5) < (i',4') if i < i’ and j < j’ is a poset. Note that (1,0)
and (0, 1) are incomparable, hence the order is partial.

(3) A set J with the only relations x < z for z € J is a poset.

(4) The power set 2% of a set X is the set of all subsets of X. It has the partial order given by
inclusion of sets: U <V <= U C V. Every subset of 2% has the induced partial order.
In particular, for a commutative ring A, the spectrum Spec A C 24 is partially ordered.

Definition B.2. Let J be a poset.

(1) Define an J-diagram of modules to be a family (M;);cg5 of A-modules together with homo-
morphisms ¢;;: M; — M; for i < j such that ¢;; = id for ¢ € J and ¢, o ¢;; = ¢4, for all
1<j<k

(2) Given an J-diagram (M;);cg and modules M, N, define a morphism f: (M;); — M to be
a collection of homomorphisms (f;: M; — M); such that fjo¢;; = f; for all i < j. Define
a morphism g: N — (M;); to be a collection of homomorphisms (g;: N — M;); such that
¢ij ©g; = 3j for all ¢ < ]

M; M;
¢1] M N ¢1J
e PN
M; M;

(3) Given an J-diagram of modules (M;);ey, define its direct limit (or colimit) lim, . M; to
be an A-module M with a morphism 1: (M;); — M such that, for any module M’
with a morphism f: (M;); — M’ there exists a unique morphism f: M — M’ such that

fovi=fiViel
fi

. N I
My = M —— M

(4) Given an J-diagram of modules (M;);ecq, define its inverse limit lim, _ M; to be an A-

module N with a morphism ¢: N — (M;); such that, for any module N ! with a morphism
f: N" — (M;); there exists a unique morphism f: N’ — N such that ¢; o f = f; Vi € J.

fi

Example B.3. Let (M;);cy be a family of modules. Equip J with the partial order i < for i € J.

Remark B.4. Note that direct and inverse limits are unique up to an isomorphism.

Theorem B.5. Any J-diagram of modules has a direct limit and an inverse limit.
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Theorem B.6. Given a poset I and an J-diagram of A-modules (M;);cg, we have

Proof. 1t is easy to see that the above subset M C [], M; is an A-submodule. We define ¢;: M —
IL M; T4y M;, where the first map is an embedding and the second map is the canonical projection.
If f: M’ — (M;); is a morphism, then we obtain a canonical morphism f: M’ — [], M; by the
universal property of products. Given y € M’ and = = f(y) € [[, Mi, we have x; = f;(y) and
¢ij(z:) = ¢ fi(y) = fij(y) = z;j for all i < j. This implies that f(y) = 2 € M and we obtain a

homomorphism f: M’ — M as required in the definition of an inverse limit. O

Theorem B.7. Let J be a filtered poset (i.e. Vi,j € 3 Ik € J withi < k, j < k) and (M;);eg be
an J-diagram of A-modules. Then hgll M; =\, M;/ ~, where for x; € M;, x; € M;

zj = gij(wi) Vi Sj}-
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APPENDIX C. PRIMARY DECOMPOSITION

Throughout this section we will assume that A is a Noetherian ring. This implies that every
set of ideals of A has a maximal element.

Definition C.1. Let M be an A-module.

(1) A prime ideal p C A is called associated to M if p = Annx for some z € M. Equivalently,
M contains a submodule isomorphic to A/p (consider A/p — M, [a] — az). The set of
all primes associated to M is denoted by Ass(M) = Assy(M).

(2) M is called co-primary if it has only one associated prime.

(3) A submodule N C M (or an ideal I C A) is called primary if M /N (respectively A/I) is
co-primary. Submodule N is called p-primary if Ass(M/N) = {p}.

Example C.2. For any prime ideal p C A, we have Asss(A/p) = {p}. Indeed, for every 0 #
[z] € A/p, we have Annylz] = {a € Alax €p} = p: if a € p, then ax € p and conversely, if
ax € p, then a € p as x ¢ p and p is prime.

Remark C.3. We will see later that an ideal I C A is primary <=
(5) abel = a" €1 forsomen>1lorbel.

Moreover, the associated prime to A/I is equal to V1. Equivalently, every zero divisor in A /1 is
nilpotent.

Let us show currently that condition (5) implies that p = /T is prime and I is p-primary. If
abe VI = (ab)™ €I for some m >0 = a™ € [ forsomen >0or b™ € I = a €I or
b€ VI. If ¢ = Anna[b] is prime for some 0 # [b] € A/I, then I C q C /T = p. The first inclusion
implies p = v/T C q, hence q = p. Therefore Ass A/I = {p} (assuming that it is non-empty, which
we will prove shortly) and [ is p-primary.

Condition (5) means that a primary ideal is an analogue of an ideal (p") C Z for a prime
number p € Z. If ab € (p™), then p" | ab. Therefore either p | a and then p™ | a™ or p t a and
then p" | b. This means that either a™ € (p™) or b € (p™). The primary decomposition that we
will discuss later is an analogue of the fact that every nonzero integer m € Z can be written in
the form m = [, p;"* with distinct p;. In terms of ideals this means (m) = [],(p;") = ;(p;")-

1
Example C.4.

(1) A prime ideal is primary.

(2) An ideal (n) C Z is primary <= n =0 or n is a prime power.

(3) If m = /T is a maximal ideal, then I is primary and m is the associated prime. The
maximal ideal m/I = v/T/I = N(A/I) is contained in every prime ideal of A/I, hence
m/I is the only prime ideal. Every zero divisor of A/I is contained in m/I = N(A/I),
hence is nilpotent.

(4) Let A = k[z,y] and I = (x,y?). Then m = /I = (x,y) is a maximal ideal, hence T is
primary. Note that [ is not a power of m.

(5) Let A = Kk[x,y,2]/(xy — 2%) and p = (x,2)4. Then A/p ~ k[y], hence p is prime. The
ideal I = p? = (22, 22,2y)4 = 2(x,y,2)4 is not primary. The element = + I € A/I has
annihilator (x,y, z)4 which is maximal and different from p = v/I. Another way to see
that p? is not primary is to consider 2y = 2% € p? and note that = ¢ p2 while y ¢ \/pi2 =p.

Lemma C.5. Let M be a nonzero A-module.

(1) Ifp is a maximal element in the set of ideals {Annx |0 # x € M}, then p € Ass(M). In
particular, Ass M is nonempty.
(2) For every 0 # x € M, the ideal Annx is contained in some prime associated to M.

Proof. (1) We need to show that p is prime. Let p = Ann(z), ab € p and b ¢ p. Then bx # 0 and
abr = 0. As p = Ann(x) C Ann(br) is maximal, we obtain p = Ann(bz), hence a € Ann(bx) = p.
(2) Follows from 1. O
Lemma C.6. Let 0 - L - M — N — 0 be a short exact sequence of A-modules. Then

AssL € AssM C AssL U Ass N.
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Proof. If p € Ass L, then A/p is isomorphic to a submodule of L, hence to a submodule of M.
Therefore p € Ass M.

Let p € M and M’ C M be isomorphic to A/p. If LN M’ = 0, then M’ — N is injective,
hence p € AssN. If LN M' # 0, let 0 # x € LN M’. We have seen that Anna = p for all
0#xz€ M ~ A/p, hence p € Ass L. O

Lemma C.7. If N,N' C M are p-primary, then N NN’ is also p-primary.

Proof. There is an injection M/N N N' — M/N; & M/Na, hence @ # Ass(M/N; N Na) C
Ass(M/N1) U Ass(M/Ny) = {p}. O

Definition C.8. Let N C M be a submodule. A primary decomposition of N is an expression of
N as a finite intersection

N = ﬂ Qi
i=1

of primary submodules Q; C M. Such a decomposition is called irredundant (or minimal) if no
Q; can be omitted and the associated primes of M/Q); are all distinct.

Theorem C.9 (Lasker-Noether). Let M be a finitely-generated module over a Noetherian ring
A. Then every (proper) submodule N C M has an irredundant primary decomposition.

Proof. We say that N C M is irreducible in M if whenever N = Nj N Na, we have N = Ny or
N = Ny. Let N C M be a maximal submodule that is not a finite intersection of irreducible
submodules. Then N is not irreducible, hence N = N1N Ny, where N1, No are strictly greater than
N, hence can be written as finite intersections of irreducibles. This implies that N is also a finite
intersection of irreducibles. We claim that if N C M is irreducible, then N is primary. Taking
M/N, we can assume that N = 0. Assume that p,q € Ass(M) and p # q. Then M contains
submodules isomorphic to A/p and A/q. We have seen that Anna[z] = p for every 0 # [z] € A/p
and similarly for q. Therefore the intersection of these submodules is equal to zero, hence N =0
is not irreducible, a contradiction.

If any @; can be removed from the intersection, we omit it. If @);, Q); have the same associated
prime, we consider (); N (); which is again primary. O

Lemma C.10. Let N C M be a submodule and N = N}_,Q; be an irredundant primary decom-
position with Ass M/Q; = {p;}. Then Ass M/N = {p1,...,pn}.

Proof. There is an injection M/N — @, M/Q;, hence Ass M/N C U Ass M/Q; = {p1,...,pn}.
Let N'=Q2N...Qn. Then N = QNN and N'/N = N'/JQ1 NN’ ~ (Q1+ N")/Q1 C M/Q1,

hence Ass N'/N C Ass M/Q1 = {p1} = p1 € AssN’/N C Ass M/N. Similarly p; € Ass M/N

for all 4. ]

Lemma C.11. If M is a finitely generated A-module, then there exists a chain of submodules
O=MyCcMyC...CM,=M
such that M;/M;_1 ~ A/p; for some prime p; C A and 1 < i <n.

Proof. If M # 0, choose p; € Ass M and M; C M isomorphic to A/p;. Then apply the same
procedure to M /M; to find My, and so on. As M is finitely-generated and A is Noetherian, we
obtain that M is also Noetherian, hence an increasing chain of submodules stabilizes and our
process stops after a finite number of steps. O

We have seen already that a Noetherian module has a primary decomposition, hence has a
finite number of associated ideals. Here is a direct proof of this fact.

Lemma C.12. Let M be a finitely-generated A-module. Then Ass M is a finite set.

Proof. Consider the chain from Lemma C.11. Then Ass M C U; Ass M;/M;_1. Moreover, we have
Mi/Mi—l ~ A/pz; hence Ass Mi/Mi—l = {pz} ]
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Let S C A be a multiplicative set and i: A — S™'A, a + a/1 be the natural ring homomor-
phism. We proved in Theorem 1.38 that there is a bijection

i*: Spec(ST'A) = {p € Spec A|pNS =3}, q— i (q)
with an inverse given by p — S~ !p.

Lemma C.13. Given an A-module M, the map i*: Spec S™'A — Spec A induces a bijection
Assg 1S "M ~{pcAssyM|pnS =0}

Proof. Let q = Anng-1,4(m/s) be prime, for some m/s € S~1M, and let p =i~ 1(q) = (a1,...,an)
(p is finitely-generated as A is Noetherian). Then a;m/s = 0 in S~1M, hence a;t;m = 0 for some
ti € S. With t =[], t;, we have a;tm =0 = a; € Ann(tm) = p C Ann(tm). Conversely, if
a € Ann(tm), then ats-m/s =01in S'M = ats/l €q = a/l €qanda € p.

On the other hand, let p = Anny4(m) be prime, for some m € M, and let pN S = &. We claim
that g = S~'p C S71A is equal to Anng-1,4(m/1). For any a/s € S™'p, we have a/s-m/1 =
am/s = 0, hence a/s € Anng-1,(m/1). Conversely, if a/s € Anng-14(m/1), then am/s = 0
= atm=0forsomet €S = at € Anng(m)=p = a€pasteSand SNp=0. O

Remark C.14. For any prime ideal p C A, consider the multiplicative set S = A\p. Then we
obtain a bijection between Assa, M, and {p’ € Assq M |p’ Cp}.

Theorem C.15. We have
Ass(M) C Supp(M) = {p € Spec A| M, #0}
and every minimal element of Supp(M) is in Ass(M).

Proof. If p € Ass M, then there exists an exact sequence 0 — A/p — M, hence 0 — (A/p), — M,.
The residue field (A/p), = Ap/pp is nonzero, hence M, # 0.

Let p € Supp M be a minimal element. Localizing with respect to S = A\p, we obtain that
p € Assgy M <= pA, € Assy, M, (by the previous lemma). After localization we can assume
that A = A, and M = M,. Then all prime ideals are contained in p and by the minimality of p,
Supp M = {p}. As Ass M C Supp M is non-empty, we conclude that p € Ass M. O

Lemma C.16. Let M be a finitely-generated non-zero A-module. Then
(1) M s co-primary <= Annz C VAnn M for 0 # x € M. The associated prime of M is
v Ann M.
(2) Ideal I C A is primary <= ab € I implies a € VI orb € I, for a,b € A. The associated
prime of A/ is V.

Proof. (1) Let AssM = {p}. By Lemma C.5, Annz is contained in some prime associated
to M, hence Annz C p. As M is finitely-generated, we have Supp M = Z(Ann M) (prove this!).
By Theorem C.15, p is the unique minimal prime ideal over Ann M (see Lemma 3.15), hence
VAnn M =p and Annx C p = VAnn M.

Conversely, let I = vAnn M. For every p € Ass M, we have p = Annz C vVAnn M = I,
for some 0 # = € M, by our assumption. On the other hand Ann M C Annz = p, hence
I =+VAnn M C p. We conclude that I = p, hence [ is prime and Ass M = {I}.

(2) Consider M = A/I. Then Ann M = I and we apply the previous statement. O
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