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1. (a) Consider a particle moving on a plane along the orbit

ρ = a cos θ + b

where (ρ, θ) are plane polar coordinates and (a, b) are positive constants such that:

a > b. Further assume that the polar angle θ(t) changes with time according to

the equation

θ(t) = ωt ,

where ω is another positive constant, independent of time.

i. [5 marks] Is this a central orbit? Give arguments for your answer.

ii. [5 marks] Find the total force acting on the particle.

(b) A particle of unit mass moves in such a way that

ρ2θ̇ = 1

and its orbit is described the equation

ρ = ecos θ .

Here (ρ, θ) are polar coordinates on the plane.

i. [5 marks] Show that the transverse acceleration of the particle vanishes.

ii. [5 marks] Prove that: ρ̇ = −e− cos θ sin θ, where the dot indicates differenti-

ation with respect to time.

iii. [2 marks] Find the two apses points θi of the orbit. What is the maximum

ρmax and minimum ρmin radial distance of the particle from the centre of the

axes?

iv. [3 marks] Find the velocity vector ~v of the particle at the apses.
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2. (a) Consider a potential energy function V (x) for a particle moving along the x-axis.

i. [2 marks] How are the equilibrium points defined?

ii. [2 marks] When is an equilibrium point x = x0 stable and when is it unstable?

iii. [6 marks] Consider a point x = x0 of stable equilibrium. Show that in

the vicinity of the point x0, the potential energy function is equal (up to

an arbitrary constant) to the potential energy of a harmonic oscillator with

harmonic constant k = V ′′(x0). Hint: Taylor expand the potential energy

function about the point x = x0 and keep up to quadratic terms.

(b) Consider the central force ~F =
(
a b sin (b ρ)−m b2

ρ3

)
ρ̂, with (a, b) positive con-

stants, m the mass of the particle and ρ the polar, radial coordinate on the plane.

i. [2 marks] Find a potential energy function V (ρ).

ii. [3 marks] Find the effective potential Veff (ρ) from the energy conservation

equation.

iii. [5 marks] Consider a particle moving on a plane with total angular momen-

tum per unit mass h = b and total energy E = a
2

. Qualitatively sketch the

energy diagram (clearly denote the turning points and distinguish the regions

where motion is and is not possible).

iv. [5 marks] If the particle is found moving in the vicinity of a point of stable

equilibrium, denote the apses of its orbit on the energy diagram and find its

velocity when it passes by each apsis. Assume that the maximum/minimum

distance ρmin/max from the centre of force is known.

3. (a) [10 marks] Show that if a particle is following a circular orbit under the influence

of a central force, the magnitude of the total force acting on the particle is constant.

Assume that the mass m of the particle, the radius of its orbit and the conserved

quantities of motion are known.
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(b) A comet is moving under the gravitational force of the sun. The minimum distance

of the comet from the sun is equal to half the radius of the Earth’s orbit and the

speed of the comet when it is at its minimum distance from the sun is equal to

twicethe Earth’s speed.

Assume that the orbit of the Earth is circular with radius RE and that the mass

of the sun, MS, and Newton’s constant, G, are known and find:

i. [5 marks] The velocity of the comet when it crosses the orbit of the Earth,

ii. [5 marks] What type of orbit the comet follows.

iii. [5 marks] Whether or not the comet will escape the solar system.

Hint: Express the angular momentum per unit mass in terms of the geometrical

data of the orbit.

4. [15 marks] Use Hamilton’s principle to show that if F is any function of the generalized

coordinates, then the Lagrangian functions L and L + dF
dt

yield the same equations of

motion.

5. A potential energy function has the following form

V (r) =
1

2
k(~r − ~r0)

2

where k is a positive constant, ~r0 is a fixed vector and ~r is the position vector of the

particle.

(a) [4 marks] Write the Lagrangian function and the Euler-Lagrange equations of

motion.

(b) [4 marks] Find the generalized momenta and the Hamiltonian function.

(c) [2 marks] Is the total energy conserved? Give arguments for your answer.
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