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1. (a) Consider a particle moving on the xy-plane whose orbit is given in polar coordiantes

by the equation

r = e−aθ(t)

where θ is measured in units of π. The polar angle θ(t) changes with time according

to the equation

θ(t) = bt ,

where a, b are given constants independent of time.

i. [5 marks] Is this a central orbit? Explain why it is or it is not.

ii. [5 marks] Find the appropriate value of the constant a for which the radial

component of the particle’s acceleration is equal to the 4a times the transverse

component of the acceleration.

(b) A particle of unit mass moves in such a way that

r2θ̇ = 1

and its orbit is described the equation

r = esin θ .

in polar coordinates on the plane.

i. [5 marks] Show that the transverse acceleration of the particle vanishes.

ii. [5 marks] Prove that: ṙ = e− sin θ cos θ.

iii. [5 marks] Show that the acceleration of the particle is equal to

~a = −e−3 sin θ(1 + sin θ + cos2 θ)r̂ .
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2. (a) Consider a potential energy function V (x) for a particle moving along the x-axis.

i. [2 marks] How are the equilibrium points defined?

ii. [2 marks] When is an equilibrium point x = x0 stable and when is it unstable?

iii. [6 marks] Consider a point x = x0 of stable equilibrium. Show that in

the vicinity of the point x0, the potential energy function is equal (up to

an arbitrary constant) to the potential energy of a harmonic oscillator with

harmonic constant k = V ′′(x0).

iv. [2 marks] Assuming (iii) is true, express the period of small oscillations for a

particle moving in the vicinity of a stable equilibrium point, in terms of V ′′(x0)

and the particle’s mass m.

(b) Consider a repulsive central force, whose magnitude is inversely proportional to r2,

i.e. |~F | = µ
r2

, with µ a positive constant and r the polar, radial coordinate on the

plane.

i. [2 marks] Find the potential energy function V (r).

ii. [3 marks] Write down the radial energy equation and define the effective

potential Veff (r).

iii. [3 marks] Find, if they exist, the minima and maxima of the effective poten-

tial Veff (r).

iv. [3 marks] Qualitatively plot the effective potential as a function of the radial

coordinate.

v. [2 marks] Consider a particle which is solely under the influence of this re-

pulsive force and has total energy E which is negative. Is the particle moving?

Explain your answer.
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3. (a) A comet is moving under the gravitational force of the sun. The minimum distance

of the comet from the sun is equal to half the radius of the Earth’s orbit and the

velocity of the comet when it is at its minimum distance from the sun is equal to

twice the velocity of the Earth.

Assume that the orbit of the Earth is circular and find:

i. [4 marks] The velocity of the comet when it crosses the orbit of the Earth,

ii. [4 marks] What type of orbit the comet follows,

iii. [4 marks] Whether or not the comet will escape the solar system.

(b) The orbit of an asteroid extends from the Earth’s orbit to Jupiter’s orbit, just

touching both. Assume that the two planetary orbits are circular and coplanar and

that the gravitational mass of the sun, µ̃ = GMs, and the radii of the Earth’s and

Jupiter’s orbit, RJ , RE , are given. Find:

i. [5 marks] The orbital period of the asteroid.

ii. [8 marks] The maximum and minimum orbital speeds of the asteroid.

Here G denotes the Newton’s constant and Ms the mass of the sun.

4. A potential energy function used to describe the interaction between two atoms, has

the following form

V (r) =
1

2
k(r − r0)2

where k, r0 are positive constants and r denotes the separation of the two atoms.

(a) [6 marks] Assume that the two atoms have approximately equal mass m and

then write (no need to prove this) the Lagrangian function describing the system

of the two atoms in terms of the center of mass variable ~R and their separation

~r. For two atoms of equal masses: ~R = 1
2
(~r1 + ~r2) and µ = m

2
, where µ is the

reduced mass of the system.
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(b) [4 marks] Write the Euler-Lagrange equations of motion for the center of mass

motion.

(c) [3 marks] Solve the equations of motion for the center of mass. How does the

center of mass of the system move?

(d) [4 marks] Write the Euler-Lagrange equations of motion for the separation of the

two atoms.

(e) [4 marks] Solve the equation of motion for the separation between the two atoms,

if at time t = 0 the two atoms are a distance r = a + r0 apart and the rate of

change of their separation is zero.

(f) [4 marks] What is the maximum and what is the minimum distance between the

two atoms? Assume that a < r0.
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