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1. (a) A particle moves outward along a spiral. Its orbit on the xy-plane is given in polar

coordiantes by the equation

r = Aθ

where θ is measured in units of π. The polar angle θ(t) changes with time according

to the equation

θ(t) =
α

2
t2 ,

where A,α are bot positive constants independent of time.

i. [5 marks] Is this a central orbit? Explain why it is or it is not.

ii. [5 marks] When the particle is at an angle θ = θ0, the radial component of its

acceleration is equal to a fifth of the transverse component of its acceleration.

Find the value of the angle θ0 in terms of the constants A,α.

(b) A particle of unit mass moves in such a way that

r2θ̇ = 1

and its orbit is described the equation

r = ecos θ .

in polar coordinates on the plane.

i. [5 marks] Show that the transverse acceleration of the particle vanishes.

ii. [5 marks] Prove that: ṙ = −e− cos θ sin θ.

iii. [5 marks] Show that the acceleration of the particle is equal to

~a = −e−3 cos θ(1 + cos θ + sin2 θ)r̂ .
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2. (a) Consider a potential energy function V (x) for a particle moving along the x-axis.

i. [2 marks] How are the equilibrium points defined?

ii. [2 marks] When is an equilibrium point x = x0 stable and when is it unstable?

iii. [8 marks] Consider a point x = x0 of stable equilibrium. Show that in

the vicinity of the point x0, the potential energy function is equal (up to

an arbitrary constant) to the potential energy of a harmonic oscillator with

harmonic constant k = V ′′(x0). Hint: Taylor expand the potential energy

function about the point x = x0 and keep up to quadratic terms.

(b) Consider an attractive central force, whose magnitude is inversely proportional to

r2, i.e. |~F | = µ
r2

, with µ a positive constant and r the polar, radial coordinate on

the plane.

i. [2 marks] Find the potential energy function V (r).

ii. [3 marks] Write down the radial energy equation and define the effective

potential Veff (r).

iii. [4 marks] Find the minima or maxima of the effective potential Veff (r).

iv. [4 marks] A particle acted upon by this force is located at fixed radial co-

ordinate r equal to r0 = h2m
µ

, where m is the mass of the particle and h its

angular momentum per unit mass. Is the particle moving? If no, explain your

answer, if yes, find the particle’s speed.

3. (a) [12 marks] Show that if a particle moves under a central force in an elliptic orbit,

then the force acting on the particle is inversely proportional to r2, where r is

the radial coordinate on the plane (the polar, radial coordinate). Hint: Use the

equation of an ellipse in polar coordinates and Newton’s law.

(b) The perihelion and the aphelion of the planet Jupiter occur at distances rp, ra

respectively from the centre of the sun. Assume that the gravitational mass of the
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sun, µ̃ = GMs, is given and find:

i. [5 marks] The eccentricity of Jupiter’s orbit.

ii. [8 marks] The length of Jupiter’s planetary year.

Here G denotes the Newton’s constant and Ms the mass of the sun.

4. (a) The Lagrangian function for a charged particle in an electric and magnetic field is:

L =
1

2
m~̇r

2
+ q ~̇r · ~A(~r, t)− qφ(~r, t) .

m, q are the mass and the charge of the particle respectively, ~A(~r, t) is the vec-

tor potential, φ(~r, t) the scalar potential, and ~r is the radius vector in three-

dimensional space.

i. [5 marks] Find the Hamiltonian function.

ii. [5 marks] Assume that the vector and scalar potentials are independent of

time. Show that the total energy is conserved.

(b) A potential energy function which is commonly used to describe the interaction

between two atoms, is the Lennard-Jones 6-12 potential

V (r) = ε

[(r0
r

)12

− 2
(r0
r

)6
]

where ε, r0 are two positive constants and r denotes the saperation of the two

atoms.

i. [10 marks] Write the Lagrangian function describing the system of the two

atoms in terms of the center of mass ~R and the separation ~r.

ii. [5 marks] Write the Euler-Lagrange equations of motion for the system.
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