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Submit your answers in class or to mismet@tcd.ie by Wednesday 2 April, 12:00.

Exercise 1 The character table of Ds,, n odd (100 pts)

In this exercise, we fix an odd integer n = 2m + 1 > 3, and we consider the
dihedral group G = D,, of transformations of the plane R? that leave a regular
n-gon invariant.

This group has 2n elements, n of which (including the identity) are rotations,
whereas the other n are axial symmetries across lines joining a vertex to the midpoint
of the opposite edge. We call p the rotation of angle 27 /n, which has this order n,
and 7 one of the axial symmetries.

The following picture illustrates the situation in the case n = 5:

We write H for the subgroup of G generated by p; H is therefore a cyclic group
isomorphic to Z/nZ. Since Tpr~! = p~!, H is actually a normal subgroup of G. Its
index is [G : H] = 2, so the quotient G/H is isomorphic to Z/2Z.

We recall that the irreducible representations of H are all of degree 1; they are
naturally indexed by y € Z/nZ so that their characters are x, : p* e2miay/n.
Observe that

Z/nZ ={-m,---,—1,0,1,2,--- ,m} without repetition;

you may find this fact useful later.
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1. (5 pts) Explain why the conjugacy classes of G are as follows:

° {Id},
o {p.p7'},
o {p*,p7?},

o {p",p7™},

e { All the n axial symmetries }.

2. (10 pts) Use the fact that G/H ~ Z/27 to write down two irreducible char-
acters of degree 1 of G.

3. Lety € Z/nZ, let x, : p® = *™@¥/" be the corresponding irreducible character
of H, and let 1, = Ind% x,.

(a) (20 pts) Write down the values of the character 1,,.
You may want to use the identity e + e~ = 2cost.

(b) (10 pts) Determine the decomposition of Res 1, into irreducible char-
acters of H.

(c) (25 pts) Use Frobenius reciprocity to determine whether 1), is irreducible.
Your answer may depend on y!

4. (20 pts) Sketch the character table of G.

5. (10 pts) Determine the centre of G and the derived subgroup of G.

Solution 1

1. We already know the conjugating by 7 takes p to p~!, and therefore p® to
p~* for all x € Z. Besides, the rotations commute since H is Abelian. Thus
conjugating a rotation by a symmetry inverses it, whereas conjugating it by a
rotation leaves it invariant. Since these are all the elements of G, it follows that
the conjugacy class of p® is indeed {p®, p~*}. Finally, the axial symmetries are
all conjugate to each other by rotations, in view of the conjugacy principle.

2. We can inflate all the representations of G/H ~ 7 /27 into representations of
G. Doing so for the two irreducible representations of degree 1 of Z /27, which
are 1 and Z/27Z ~ {41}, we obtain the following characters of G:

Class | Id p pr pmT
411 2 2 2 n
111 1 1 1 1

el 1 1 1 1 -1

These characters are irreducible because they are inflated from irreducible
characters and the projection from G to G/H is surjective, or simply because
they are of degree 1.



3. (a) Let ¢ € G. If g = 1Id, we see directly that i,(g) = degv, = [G
H]degx, = 2. Else, the second formula for induced characters (which
also applies if g = Id of course!) tells us that

Indg Xy(9) = #CCG Z #cen(h hi),

where ccg(g) N H = []; cca(hy).
If g = p® is anontrivial rotation, then ccq(g) = {p®, p~*} = ccu(p®) [[ ccu(p™)
since the conjugacy classes of the Abelian group H are all singletons,

whence
2 —x TiTY /N —2mizy/n
D7) = 5 (") + Txyp®) = €7 4 &3m0/ = 9 cos(2may )

If g is a symmetry, then ccg(g) consists only of symmetries, so cca(g) N
H =), whence 1,(g) = 0 (an empty sum is 0).
(b) We spot directly that for all x € Z/nZ,

hy(p") = XM e TP = (") + Xy ().
As the p® cover H, it follows that Res% Yy = Xy + X—y-
(c¢) By Frobenius reciprocity,
(Uy [Uy) = (Indg Xy | ¥y)a = (xy | Resg Yyl = (Xy | Xy + X—y)H

= (Xy | Xy)H + (Xy | X—y)H
in view of the previous question and of the linearity of the dot product.
We always have (x, | x,)z = 1 by irreducibility of x,, whereas (x, | x—y) is

lify = —yinZ/nZ, and O else. AsZ/nZ = {—m,--- ,—1,0,1,2,--- m},
we see that y = —y only when y = 0; therefore v, is irreducible unless
y # 0.

NB for y = 0, question 3a shows that ¢, = 1 +«.

4. We know that the number of irreducible characters of G is the number of
conjugacy classes of GG, which is m + 2 by the first question. We have already
found 2 irreducible representations of degree 1 in question 2, so we need m
more. By the previous question, the characters y,--- ,,, are irreducible;
besides, they are pairwise distinct since they have distinct restrictions to H
according to question 3b. We have therefore found all irreducible characters

of G:

m

Class | Id p I p T
4+ |1 P p p
1 1 1 1 1 1
c 1 1 . 1 . 1 —1
Yy | 2 2cos(2m/n) .-+ 2cos(2zmw/n) .-+ 2cos(2mm/n) 0
Yy |2 2cos(2ym/n) .-+ 2cos(2zym/n) .-+ 2cos(2mym/n) 0
Uy | 2 2cos(2mm/n) -+ 2cos(2zmm/n) .-+ 2cos(2m?m/n) 0.
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NB it is clear from question 3a that 1, = 1_,.

5. The centre of G is the set of elements which sit alone in their conjugacy class;
it is therefore reduced to {Id}.

The derived subgroup of G is

D(G) = ﬂ Ker¢p =Ker1 NKere = Kere = H.

deg p=1

This was the only mandatory exercise, that you must submit before
the deadline. The following exercise is not mandatory; it is not worth any
points, and you do not have to submit it. However, you can try to solve
it for practice, and you are welcome to email me if you have questions
about them. The solution will be made available with the solution to the
mandatory exercises.

Exercise 2 The character table of Ds,, n even

Redo the same exercise in the case where n = 2m is even.
You may want to consult the previous assignment for inspiration.

Solution 2

The group G = D, still has 2n elements (as its name indicates), n of which (includ-
ing the identity) are rotations, while the other n are axial symmetries. However,
these symmetries now fall into two categories: those whose axis joins opposite ver-
tices, and those whose axis join middle points of opposite edges, resulting in two
conjugacy classes of size m by the conjugacy principle. Let us call o and 7 repre-
sentatives of these two classes.

Let p be the rotation of angle 27w /n; it spans a cyclic subgroup H ~ Z/nZ of
G. Symmetries (of either kind) still conjugate any rotation to its inverse, so the
conjugacy class of p* is still {p*, p~*}; however this time p=* = p® not only when
x = 0, but also when x = m (and indeed p™ = —1Id is central). This results in two
conjugacy classes of size 1, and m —1 of size 2. In total, we thus get m+ 3 conjugacy
classes.

As previously, the subgroup H is normal; however, the above shows that its
subgroup K =~ Z/mZ generated by p? is also norma][]. The quotient G/ K has order
|G : K] =4, and indeed its elements are the identity, the two kinds of symmetries,
and the class of p. Since the square of these elements are all trivial, we conclude as in
the previous assignment that G/K ~ Z/27 x 7 /27, whence 4 irreducible characters
of G of degree 1:

'In the case when n is odd, the subgroup generated by p? is the whole of H, since 2 is then
invertible in Z/nZ.
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Class |[Id p -+ p* - pml ~Id o 7T
+# 1 2 . 2 2 1 m m
1 1 1 .- 1 1 1 1 1
|1 =1 o (=" e (=M (=™ -1
O S O ) R | I
én 1 1 1 1 1 -1 -1

Let now y € Z/nZ ~ H, and v, = Ind% x, as before. The second formula for
induced characters shows that ¢, (p*) = 2 cos(2mzy/n), whereas ¢, (g) = 0 if g is a
symmetry (of either kind).

In particular, Res$ 1y = Xy + X—y, S0 Frobenius reciprocity shows that v, is
irreducible iff. y # —y, which happens unless y = 0 or y = m. For thoroughness,
we observe that ¢y = 14 ¢n and that v, = { +n, and also that v_, = 1,. Anyway,
the ¢, for y € {1,--- ,m — 1} are m — 1 pairwise distinct irreducible characters of
degree [G : H|deg x, = 2. With the 4 characters of degree 1 found above, that’s a
total of m + 3 irreducible characters, so we have found all of them. The character
table of D, is therefore

8

Class | Id p - 0 pmt ~Id o T
# 1 2 2 2 1 m m
1 1 1 e 1 e 1 1 1 1
¢ |1 -1 (—=1)" (=™ (=)™ -1 1
I L A ) L G
én 1 1 e 1 e 1 1 -1 -1
v | 2 2cos(2m/n) .- 2 cos(2zm/n) e —2cos(27/n) -2 0 0
Yy | 2 2cos(2my/n) -+ 2cos(2zym/n) .- (=1)Y2cos(2ym/n) -2 0 0

Ym-1| 2 —2cos(2n/n) --- (=1)"2cos(2zmw/n) --- 2 cos(2m/n) —2 0 0.

For thoroughness, we note the identities ¢,§ = ¥yn = ,,,—,, whence ¥, {n = 1,,.

This character table shows that Z(G) = {£1d} and that D(G) = K. Note that
if m is odd, neither contains the other.



