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Schur’'s lemma
Theorem (Schur’s lemma)

Let R be a ring, and let My, M, be simple R-modules. Then
any module morphism from My to M, is either O or an
isomorphism.

Let f : M; — M, be a morphism. Then Kerf C M; is a
submodule, so it is either {0} or M;.

If Ker f = My, then f = 0.

Else, Ker f = {0}, so f is injective, so Imf C M, is a nonzero
submodule. Thus Im f = M,, so f is also surjective. ]
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Schur’s lemma

Theorem (Schur’s lemma)

Let R be a ring, and let My, M, be simple R-modules. Then
any module morphism from My to M, is either O or an
isomorphism.

Corollary (Non-examinable)

If M is simple, then End(M) is a division ring.
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Schur’s lemma

Corollary (Schur’s lemma for representations over C)

Let G be a group, and let V', W be irreducible representations
of G over K =C. Then

Home(V, W) = { {0}

ifV £ W,
{A\ld, XeC} ifV=W.

Let f € Endg(V). Since C is algrebraically closed, f has at

least one eigenvalue \.
As Id € Endg(V), we also have f — \ld € Endg (V).
Since f — Ald is not injective, it must be 0. O
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Schur’s lemma

Corollary (Schur’s lemma for representations over C)

Let G be a group, and let V', W be irreducible representations
of G over K =C. Then

Home(V, W) = { {0}

ifV £ W,
{A\ld, XeC} ifV=W.

Let f € Endg(V). Since C is algrebraically closed, f has at

least one eigenvalue \.
As Id € Endg(V), we also have f — \ld € Endg (V).
Since f — Ald is not injective, it must be 0. O

From now on, we will only consider representations of finite
groups G over K = C of finite degree. In particular, Maschke
applies.
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Reminders on dot products




Dot products over R

Let V' be an R-vector space. A dot product over V is a map

VxV — R
(v,w) +— (v|w)
which is bilinear: for all A\ € R, v,vi,vo € V, w,wy,wp, € W,
(vi +v2|w) = (vi|w) + (va|w), (Av]w) = A(v|w),
(Vw1 + w2) = (v|m) + (vwz), (v|Aw) = A(v|w),
symmetric: (v|w) = (w|v),
and such that (v|v) > 0, with equality only when v = 0.

e On V =R", usual dot product (v|w) = }_; vkW.
@ On V = R[x], we can define the dot product

1
(P|Q) = / P(x)Q(x)dx.
0




Dot products over C

Definition
Let V be an C-vector space. A dot product over V is a map
VxV — C
(v,w) — (v[w)
which is sesquilinear: for A\ € C, v,vi,vo € V, w,wy,wp € W,
(v + vo|w) = (u|w) + (va|w), (Av|w) = A(v|w),
(vims +wz) = (v|wy) + (v[wz), (v]Aw) = A(v|w),
conjugate-symmetric: (v|w) = (w|v),
and such that (v|v) € Rsq, with equality only when v = 0.

Example
@ On V = C", usual dot product (v|w) = \_, viWk.
@ On V = C[x], we can define the dot product

1
(P]Q):/ P(x)Q(x)dx.
0




Orthonormality

Definition (Orthogonal, orthonormal)

Let V be a vector space with a dot product over R or C, and
let (v;)jes be a family of elements of V.

@ The v; are orthogonal if (v;|vi) = 0 for all j # k.
@ They are orthonormal if furthemore (v;|v;) =1 for all j.

If (&;)jecs if a basis of V' which is orthonormal, then the
coordinates of any vector v € V may be recovered as (v|e;).

If v = ZJ.EJ Ajej, then

(v]e) = (ZAjej ek> =Y N(gle)=x O

Jjed Jjed
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The character of

a representation




Conjugagy and class functions

Let G be a group.

Definition (Conjugacy)

Two elements g, g’ € G are conjugate if g’ = hgh™! for some
heG.
The conjugacy class of g € G is the set of its conjugates.

Definition (Class function)

A class function is a function 1) : G — C such that

Y(hgh™) = ¥(g)
forallg,h e G.

Class functions form a C-vector space, whose dimension is the
number of conjugacy cIasses in G, and WhICh we equip with

the dot product (¢| ) = #G Z P(g

geaiG
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Reminder: traces

Definition (Trace)

The trace of a square matrix is the sum of its diagonal
elements.

1 2
Tr(3 4)—1+4—5.
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Reminder: traces

Definition (Trace)

The trace of a square matrix is the sum of its diagonal
elements.

Proposition
Tr is linear: Tr(A+ B) = Tr(A) + Tr(B), Tr(AA) = ATr(A).
Furthermore Tr(AB) = Tr(BA), whence Tr(BAB™1) = Tr(A).

| \

We can define the trace of a linear map T : V — V.

We record:
TrT= Z coeff. of ¢ in T(e)

for any basis (ey,- -, eq4) of V.
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The character of a representation

Definition (Character)

The character of a representation p: G — GL(V) is
G — C

g — Trp(g).
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The character of a representation

Definition (Character)

The character of a representation p : G —» GL(V) is
G — C
g — Trp(g).

Proposition
The character of a representation is a class function.

Tr p(hgh™) = Tr (p(h)p(g)p(h)~*) = Tr p(g).
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The character of a representation

Definition (Character)

The character of a representation p : G — GL(V) is
G — C

g — Trp(g).

If two representations are equivalent, then they have the same
character.

Tr(P Lo(g )P) Tr p(g).

<
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The character of a representation
Definition (Character)

The character of a representation p : G — GL(V) is
G — C
g — Trp(g).

The character of the trivial representation 1 is the constant
function 1 from G to C. |

We still denote it by 1.
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The character of a representation

Definition (Character)

The character of a representation p : G — GL(V) is
G — C

g — Trp(g).

If x is the character of a representation of a group G of
degree n, then x(1g) = n.

Notation: degx = x(1¢).
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The character of a representation
Definition (Character)

The character of a representation p : G — GL(V) is
G — C

g — Trp(g).

Let G be a group, V1, V, representations of G, and x1, x2
their characters. The the character of Vi & V5, is x1 + Xa2.

Let p1: G — GL(V4), p2 : G — GL(V5). Then the
representation V; @ V, is defined by

& <plég) pz(()g)> ' -
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Characters on inverses; kernels

Theorem (Reminder)

Let A be a square matrix with coefficients in a field K.

If P(x) € K|[x] satisfies P(A) = 0, has all its roots in K, and
no repeated root, then A is diagonalisable, and all its
eigenvalues are roots of P(x).

Let p be a representation of a finite group G of order
n=#G. Then for all g € G, p(g) is diagonalisable, and its
eigenvalues are of the form e2<™'/" k ¢ 7.

Let g € G. By Lagrange, g" = 1¢, so p(g)" = Id.
Take P(x) = x" — 1 = [[;_o(x — e*™/") € C[x]. O
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Characters on inverses; kernels

Let p be a representation of a finite group G of order
n=#G. Then for all g € G, p(g) is diagonalisable, and its
eigenvalues are of the form e?™/" k € 7.

Let x be the character of p. Then for all g € G,
g € Kerp <= x(g) = degp.
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Characters on inverses; kernels

Let x be the character of a representation p of G.
Then for all g € G, x(g™1) = x(g).

For a given g € G, pick a basis of V' such that
e, 0 .
p(g) = A Ny = e,
o
0 0
Then p(g™") = p(g) ™" = X! =l % O
0 0
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The character of Hom




Invariants

Given a representation V of G, we define
Ve={veV|gv=vforallgec G} = m Ker (p(g) —Id).
geiG

This is a subrepresentation of V/; in fact, it is the largest one
which is a direct sum of copies of 1.

Example

Recall that if V and W are representations of G, then so is
Hom(V, W) by

(eT)(v) =&(T(g7'v)).

Then Hom(V, W)¢ = Homg(V, W).
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The dimension of invariants

Letp: G —> GL(V) be a representation.
Then m = %G Zp € End(V) is a projection onto V©.

gei

For all v € V and h € G, we have

p(h)(w(v)) = p(h) ( 2 2 e ) GZp(h (p(8)(v))

geG geaG

#GZp(g #GZp(g = (v).

getG geG
We conclude that 2 = 7 is a projection onto Im7m = V¢. [
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The dimension of invariants

Lemma

Let p: G — GL(V) be a representation.

1
Then 7 = %é;cp(g) € End(V) is a projection onto V€.

Corollary

dim V¢ = # Zx(g).

geai

The matrix of 7 with respect to a suitable basis is (I(’)’ 8)
whence dmVC =n=Trr = ﬁ de(; Tr p(g). O
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The character of Hom

Let G be a group. Recall that if V4 and V, are representations
of G, then so is Hom( V4, V5) by

&T)(v)=g(T(g7'v)).
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The character of Hom

The character of Hom(V4, V») is X1 x2, where x1 is the
character of V; and x, that of V,.
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The character of Hom

Proof.

Fix bases By = (by,---) of V4 and C = (¢p,---) of Va.

Then the T;, defined by T;;(b;) = ¢;, T;;(bk) = 0 for k # J,
form a basis of Hom( V1, V,).

Pick g € G; we have gT;; = p2(g) Tijp1(g) " Let Q be the
matrix of p1(g)~* on B, and R that of py(g) on C.

—1 -
bn P}ﬂ Z Qk,nbk 'L> Qj,nci M Qj,n Z Rm,icm
k m

SO ng,j - Zm,n Qj,an,iTm,n-
Thus the trace of g on Hom(Vy, V,) is

Z coeff. of T;;in gT;; = Z Qi jRii =<ZRi,i) (ZQ’J)
iJj i J

i

= (T"Pz(g))(Trﬂl(g_l)) = x2(g)x1(g) O




The character of Hom

Lemma

The character of Hom(V4, V») is X1 X2, where x1 is the
character of V; and x, that of V,.

Corollary

If V is a representation of character , then the character of
its linear dual V'V isX.
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The character of Hom

The character of Hom(Vy, V,) is X1 x2, where x1 is the
character of V; and x» that of V,.

Corollary

Let Vi, V5 be a representations of G with respective characters
X1, X2- Then (X1|X2) = dim Homg(Vl, V2) S Zzo.

Let x = X1 X2 be the character of Hom( V4, V,). Then

(xalx2) = Gle GZX

geai geai

= dim Hom(V;, V)¢ = dim Homg( V4, V,). O




Characters know everything




First orthogonality of characters

Let G be a finite group, and let Irr(G) be the set of characters
of isomorphism classes of irreducible representations of G.

The set Irr(G) is orthonormal.

Proof.

Let x1, x2 € Irr(G), and let V4, V5 be the corresponding
representations. Then by Schur's lemma,

. 0 if V; Vs,
(x1]x2) = dimHom¢(V4, Vo) = { 1 if \/1 i V; -
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Consequences (Main slide of the module!)

Let V be a representation of G of character x. Suppose that
the decomposition of V' into irreducible representations is

Wl@nl DD Wr@nr.
Then x = > ., njx;, where x; is the character of W;; thus

ni=(xlx) and (x|x)= Zn

We have y = Z}:l n;x; by additivity of characters on direct
sums; the rest follows from orthonormality. ]
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Consequences (Main slide of the module!)

Theorem

Let V be a representation of G of character x. Suppose that
the decomposition of V' into irreducible representations is

Wl@nl @ . @ Wr@nr.
Then x = 21;1 njx;j, where x; is the character of W;, thus

nj=(xlx) and (x|x)= Z 2

V is irreducible iff. (x| x) = 1.
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Consequences (Main slide of the module!)

Let V be a representation of G of character x. Suppose that
the decomposition of V' into irreducible representations is

Wl@nl @ . @ Wr@nr.
Then x = 3, n;x;, where x; is the character of W;; thus

n=(xlx;) and (xIx)=)» n.

.
Il
fan
\

For a given V, the integers ny are unique.

Two representations of G are equivalent iff. they have the
same character.
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Consequences (Main slide of the module!)

Theorem

Let V be a representation of G of character x. Suppose that
the decomposition of V' into irreducible representations is

W1®nl @ . @ Wr@nr.
Then x = Z}:l nyx;, where x; is the character of W;, thus

ni=(xlx) and (x|x)=>_n
j=1

#1rr(G) < #Conj. classes in G.

NB we will prove later that this is actually an equality.
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Example: 53

Take G = S3, order #G = 6.
We already know some representations of G:

Conj. classes

{1c} {(12),(13),(23)} {(123),(132)}

1
€
<
Perm

1 1 1
1 -1 1
2 0 -1
3 1 0

We compute (1|1) = (ele) = (<|<) = 1, so they are

irreducible.

However, since (Perm|Perm) = 2, Perm is not irreducible, but
rather the direct sum of two irreducible representations.

Which ones?

We compute (Perm|1) = 1, (Perm|e) = 0, and (Perm|<) =1,
so we get that Perm ~ 1 & «.
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Isotypic components




Morphisms from class functions

Lemma

Let p: G — GL(V) be a representation, and let f : G — C
be a class function. Then T = . f(g)p(g) € Endg(V).

For all h € G, we have p(h) T = p(h) Z f(g)p(g)
geaG

=> f(&g)p(h)p(g) = f(g)p(hg) = f(g)p(hgh )p(h)

geG geG geG

_— at — G i< bitecti

ut the conjugation s g = hgh™1 is bijective, so

= > f(h g’ h)pg)p(h) = Tep(h). O

g'=hgh
g:h—lg/h g’EG
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Morphisms from class functions

Lemma

Let p: G — GL(V) be a representation, and let f : G — C
be a class function. Then T = . f(g)p(g) € Endg(V).

G
If V is irreducible, then T¢ = dfg V( x| F)Idy.

\

By Schur, we have T = Aldy, for some A\ € C. Take traces. []
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|sotypical components

Theorem (Formula for projection on isotypical component)

Let V = @Xem e W@"x be the complete decomposition of a
representation of G Then for each x, the projection on WX

is given by T, = ZX g)e; € C[G].

geG

Proof

Q.
D

gX deg x
let T = —22 Te.
"1 %0 2% e

Then for all ¢ € Irr(G), T acts on W, by Ald, where

_ degx #G( |:)_{1ifwzx,
_#Gdegﬂ Tl 0ify#x. O
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|sotypical components

Theorem (Formula for projection on isotypical component)

Let V = @Xem - Wf9 "X be the complete decomposition of a
representation of G. Then for each Y, the projection on Wf9 w5

d -
is given by T, = ;gGX Zx(g)eg € C[G].
geG

<

Corollary (Isotypical components)

For each , the subset W;e " does not depend of the chosen
decomposition of V. It is called the x-isotypical component.

v
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Example: symmetries

Let G = G, = {1,g} with g2 = 1. A representation p of G is
determined by S = p(g) since p(1) = Id. Besides S® = Id, so
S is diagonalisable with eigenvalues +1, so S is a symmetry.

The irreducible representations of G are those of degree 1,
namely 1 and ¢ : G — {+1}.

Given a symmetry S € End(V/), the isotypical components are
Vi =Ker(S—1Id)=V, and V.=Ker(S+1Id)=V_.

The decomposition V = V, & V_ is canonical;
the decompositions V, = 19dmVs \/_ — c&dim V- jre not.

The projectors are 7; = 3(1+ S), 7. = 3(1 - 5).
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