Galois theory — Exercise sheet 2
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Email your answers to mascotn@tcd.ie by Friday October 22nd, 4PM.

Exercise 1 A cyclic biquadratic extension (100 pts)
Let a = V13, K = Q(a), f = i\/65 4 18V/13 (where i> = —1), 8’ = i1/65 — 1813
(note that 65 > 18y/13), and L = Q(B).
1. (6 pts) Prove that the minimal polynomial of 3 over Q is
M(z) = (z* 4+ 65)* — 187 - 13 = z* + 1302 + 13.

2. (10 pts) What are the Galois conjugates of § over Q?

3. (14 pts) Prove that L is a Galois extension of Q.
Hint: Check that B = —a.

4. (6 pts) Explain why there exists an element o € Gal(L/Q) such that o(5) = .

5. (10 pts) Let 0 € Gal(L/Q) be such that o(5) = ' as above. Explain why
o(a) makes sense, and determine o(«).

6. (10 pts) Let again o € Gal(L/Q) be such that o(3) = [’ as above. Determine
the action of o on the conjugates of (.

Hint: Again, 58 = —a.
7. (20 pts) Deduce that Gal(L/Q) ~ Z/4Z.

8. (12 pts) Sketch a diagram showing all the fields Q@ C F C L, ordered by
inclusion.

9. (12 pts) Does iy/13 € L?

This was the only mandatory exercise, that you must submit before
the deadline. The following exercises are not mandatory; they are not
worth any points, and you do not have to submit them. However, I
highly recommend that you try to solve them for practice, and you are
welcome to email me if you have questions about them. The solutions
will be made available with the solution to the mandatory exercise.
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Exercise 2 Yes or no?

Let f(x) = 2 + z + 1 € Q[z] (you may assume without proof that f is irreducible
over Q), and let L = Qlx]/(f).

1. Is L a separable extension of Q7 Explain.

2. Is L a normal extension of Q7 Explain.

Hint: What does the fact that f : R — R is strictly increasing tell you about
the complex roots of f7?

3. Is L a Galois extension of Q7 Explain.

Exercise 3 Square roots: warm-up

This exercise is not Galois theory per se, but is meant as a warm-up for the next

exercise. The results it establishes may also be used profitably on future exercises.
Recall that each positive integer can be factored uniquely into a product of primes,

and that each rational number can be written uniquely as n/d with n € Z, d € Zq,

and ged(n, d) = 1.

1. Let r = n/d € Q* be a nonzero rational number, where n € Z, d € Z-;, and
ged(n,d) = 1. Prove that r is a square in Q iff. n and d are squares in N.

2. Let a,b € Q*. Prove that Q(v/a) = Q(vb) iff. a/b is a square in Q.

Exercise 4 Square roots

You may want to use the results established in the previous exercise to solve this
exercise.

Let L = Q(v10, v42).

1. Prove that L is a Galois extension of Q.

2. Prove that [L : Q] = 4.

3. Describe all the elements of Gal(L/Q). What is Gal(L/Q) isomorphic to?

4. Sketch the diagram showing all intermediate extensions Q C E C L, ordered
by inclusion. Explain clearly which field corresponds to which subgroup.

5. Does /15 € L? Use the previous question to answer.



Exercise 5 Bioche vs. Galois

The goal of this exercise is to give a Galois-theoretic interpretation of Bioche’s rules
(cf. https://en.wikipedia. org/wiki/Bioche) 27s_ rules|), which are rules
suggesting appropriate substitutions to turn integrals involving trigonometric func-
tions into integrals of rational fractions. Knowledge of Bioche’s rules is not required
to solve this exercise.

In this exercise, we use the shorthands s for the sine function and c for the cosine
function, and we denote by C(s, ¢) the set of expressions such as
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2s¢3 — i 2sinzxcos®x — i

c—7s—|—3:cosx—7sinx+3

which are rational fractions in s = sinx and ¢ = cosx with complex coefficients.
Observe that C(s, ¢) is a field with respect to point-wise addition and multiplication.

We write C(c) for the subfield of C(s,c) consisting of rational fractions which
can be expressed in terms of ¢ only, and similarly C(s) for rational fractions in s

only. For example, % € C(c), but s € C(c) since all the elements of C(c) are
2

even functions whereas s is not; observe however that s> € C(c) since s> = 1 — ¢
We also define K = C(s) N C(c) C C(s,c), so that for instance the function
¢y = cos(2x) lies in K since ¢y = 2¢ — 1 =1 — 252,
Finally, we define

w:C(s,c) — C(s,c) 7:C(s,c) — C(s,c) o0:C(s,c) — C(s,c)
flz) = fl=x), flz) = flz+m), fx) = flr—x);

observe that these are field automorphisms of C(s, ¢) which are involutive and com-
mute with each other, so they generate the subgroup

G={ld, u=o0r,7=po,0=ury~(Z/2Z) x (Z/27)
of Aut (C(s,c)).

1. Prove that the four inclusions K C C(s) C C(s,c) and K C C(s) C C(s,c)
are all strict.

2. Prove that [C(s) : K] = [C(s,¢) : C(s)] = [C(c), K] = [C(s,¢) : C(c)] = 2.

3. Prove that K = C(cz), where C(c2) is the field of rational fractions expressible
in terms of ¢y only.

4. Prove that the extension C(s,c)/K is Galois, and describe its Galois group.

5. Let f € C(s,c). Prove that if f is invariant by any two of u, 7,0, then it is
also invariant by the third one, and that in this case f € C(cg).

6. Determine the minimal polynomials over K of the elements ¢ = tanz = s/c
and sy = sin(2x) = 2sc of C(s, ¢).

7. Draw a diagram showing all the subgroups of Gal(C(s,c)/K).

8. Draw a diagram showing all the intermediate fields E between K and C(s, c).
Where are the fields C(t), C(s,¢2), and C(s2) on this diagram?

Make sure find an explanation for all the surprising conclusions you may be led to!
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