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Exercise 1 Computations in an extension of Q (100 pts)
Let F(z) = 2® + 2z — 2, let a € C be a root of F', and let K = Q(a).

1. (15 pts) Prove that [K : Q] = 3.

w
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2. (10 pts) Find a, b, c € Q such that a* = aa® + ba + c. Are a, b, ¢ unique?
)

(15 pts) Find d, e, f € Q such that =do®+ea+ f. Are d, e, f unique?

a2+a+3

s

(20 pts) Does v2 € K?
Hint: Think in terms of degrees.

5. (20 pts) Find all fields L such that Q C L C K.
6. (20 pts) Prove that Q(a?) = K.

Solution 1

1. F(x) is Eisenstein at 2 which is irreducible in Z, so F'(z) is irreducible in (Z[z]
and) Q[x]. Since it is monic, it is the minimal polynomial of «, so

(K : Q] =[Q(a) : Q] = degya = deg F = 3.
2. Since 0 = F(a) = a® 4+ 2a — 2, we have 0 = aF(a) = o’ + 2a* — 2a, whence
at = —2a% + 2a.

We may thus take a = —2, b = 2, ¢ = 0. In fact, this is the only possibility
since a?, a, 1 is a Q-basis of K as degg o = 3.

3. We use the Euclidean algorithm, as when we proved that Q(a) = Q[a] in the
lecture. Dividing 2 + 22 — 2 by 22 +x + 3 yields quotient x — 1 and remainder
1. Dividing by 1 will yield remainder 0 , so we stop. We have

Flz)=(2*+2+3)(z—1)+1
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so, evaluating at * = a, we get
0=(*+a+3)(a—1)+1

whence

We may thus take d = 0, e = —1, f = 1. And gain this is the only possibility
since o, o, 1 is a Q-basis of K.

. Ifwehad vV2€ K , then we would have
QcQ(v2) C K,
whence
[K:Q(V2)l[Q(v2): Q) = [K: Q] =3.

But [Q(v/2) : Q] = 2 by the same logic as in 1., since 2> — 2 is Eisenstein at 2.
So we would have [K : Q(v/2)] = 3/2 ¢ N, absurd.

. Given such L, we have
K LL: Q= [K:Q) =3

so [K:L]=1or [L:Q]=1since 3 is prime. In the first case, L = K, and in
the second case, L = Q. So the only such L are L = Q and L = K.

. Let L = Q(a?). Then Q C L, and L C K since o* € K. By the previous
question, we deduce that L is either Q or K. But if L = Q, then o? € L = Q,
so there exists g € Q such that a* — g = 0. Then G(x) = 2? — g € Q] has
« as a root, so it is divisible by the minimal polynomial of «, which is F(z);
that is, F' | G. But this is absurd, since deg ' = 3 whereas deg G = 2. So
L=K.



