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Question 1 Irreducibility

1.

Let K be a field. Determine the units of the polynomial ring K[z]. Explain.

Let R be a commutative ring. Define what it means for an element of R to be irreducible.

Spell out the definition in the case R = K|[z|, where K is a field as above.

Let again K be a field. For which non-negative integers n > 0 is the polynomial z"

irreducible in K[x]?

Give an example of an element of Q[x] which has degree 2020 and is irreducible.

Question 2 Radicals and extensions

Let o = v/2i € C, so that o> = —2, and let K = Q(a).

. Prove that « is algebraic over Q, and determine its minimal polynomial.

Determine [K : Q], and find a Q-basis of K.

Let B = v/2. Using the previous question, prove that § & K.

Is it possible to prove that g ¢ K by degree considerations only?
Determine the minimal polynomial of o over K. Comment

Prove that [ is algebraic over K, and determine its minimal polynomial over K. Also

Let L = K(B). Determine [L : Q], and find a Q-basis of L.

. Prove that ¢ € L. What are its coordinates on the QQ-basis of L that you fond at the

previous question?

Is it true that L = C?
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Question 3 Annihilators and torsion elements

Let R be a commutative domain, and let M be an R-module. Given an element m € M, we

define its annihilator as the subset
Ann(m) ={r € R| rm =0}
of R.

1. An example: determine Ann(m) if m = 0.
2. Prove that for any m € M, Ann(m) is an ideal of R.

3. We say that an element m € M is torsion if its annihilator is not reduced to {0}, i.e. if

there exists r € R, r # 0 such that rm = 0, and we define
Moy = {m € M | m is torsion}.
Prove that M,,, is a submodule of M.

4. We say that M is torsion-free if M., = {0}. Prove that if M is free of finite rank,

then M is torsion-free.

5. Prove that for any module M, the quotient module M /M;,, is torsion-free.
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